ECOLE POLYTECHNIQUE
Master M2 "Mathematical modelling"
PDE constrained optimization (G. Allaire)

FEzercise 5

Let © be a smooth bounded open set in R?, for d > 1. Its boundary
0f is divided in two disjoint sub-domains of non-zero surface measure, ) =
['yUI'p. We consider the following coupled model (which is a simplification of
either thermo-elasticity or the buoyancy Boussinesq model) for two unknowns
u and v. For given f € L?(Q) and g € L*(T'y), consider the first boundary
value problem

—div (A(p)Vu) = f in Q,
A(p)Vu-n=g on 'y, (1)
u=20 on I'p.

Introduce a C! function F from R to R which, for some positive constant C,
satisfies the growth condition

|[F(s)| <C(1+]s]) and [F'(s)]<C VseR. (2)
For given h € L*(Q2), consider the second boundary value problem
—div (B(p)Vv) = h+ F(u) in Q,

B(p)Vv-n=0 on I'y, (3)
v=0>0 on I'p.

In the above p € U,4 is an optimization variable which, for pin, Pmae € R,
belongs to the admissible set

Z/{ad = {p S Hl(Q) y  Pmax > P(iE) > Pmin a.€. in Q} ,

and the coefficients A(r), B(r) are C! functions from R to the set M? of
symmetric d X d matrices which, for constants 0 < ¢ < C', satisfy

cl¢f* < A(r)e- & B(rg-£ <ClEP VreR,EeRY

Note that (3) is coupled to (1) but not the other way around. We consider
the optimization problem

it {5600 = [ stwoydn s g [ vopac), (@)

where (u,v) are the solutions of (1)-(3) and j is a C' function from R? into

R which, for some positive constant C, satisfies the growth condition

(u,v)| < CA+|ul*+[o[*)  and  [(u,v)] < C(U+|ul+[v]) V(u,v) € R%
(5)



. Prove that the coupled system (1)-(3) admits a unique solution.

2. Prove that there exists at least one minimizer for (4).

. Check that the map

HY(Q) — HYQ) x H(Q)
p + (u,v) solution of (1)-(3),
is Fréchet differentiable and compute its directional derivative in a
direction w.

. Find the Lagrangian of the problem and deduce the adjoint state.
Comment on the coupling in the adjoint system.

. Compute the derivative with respect to p of the objective function.

6. Suggest and describe a numerical algorithm to solve (4).



