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We study the homogenization and localization of high-frequency waves in a locally
periodic media with period €. We consider initial data that are localized Bloch-wave
packets, i.e. that are the product of a fast oscillating Bloch wave at a given frequency
¢ and of a smooth envelope function whose support is concentrated at a point = with
length scale /. We assume that (£, z) is a stationary point in the phase space of the
Hamiltonian A(, z), i.e. of the corresponding Bloch eigenvalue. Upon rescaling at size
v/€, we prove that the solution of the wave equation is approximately the sum of two
terms with opposite phases which are the product of the oscillating Bloch wave and
of two limit envelope functions which are the solution of two Schrédinger type
equations with quadratic potential. Furthermore, if the full Hessian of the
Hamiltonian A(§, z) is positive definite, then localization takes place in the sense that
the spectrum of each homogenized Schrodinger equation is made of a countable
sequence of finite multiplicity eigenvalues with exponentially decaying eigenfunctions.

1. Introduction

We consider the wave equation in a locally periodic medium with small period € > 0
and study its homogenization, i.e. its limit when & goes to zero. Our wave equation
is

632% . . . + N
o2 div(A*Vu:) =0 in RT x RY,
u:(0) =u? in RV, (1.1)
Oou,

(0) =u! inRY,

ot

where

F(2) ::p(a:,“:) and  A°(z) ;:A(x,f) (1.2)

and the unknown wu.(¢,z) is a function from R* x RY into C. We assume that the
coefficients A(x,y) and p(z,y) are real and sufficiently smooth bounded functions
defined on RY x TV, where TV is the flat unit torus, i.e. the unit cell (0,1)"
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equipped with periodic boundary conditions (see §2 for more precise smooth-
ness assumptions). The initial data u2,u! are highly oscillating in resonance with
the period . More precisely, they are given in terms of so-called Bloch waves
wn(x,y,f)em”f"‘y, where 1, is an eigenfunction, with corresponding eigenvalue

An (2, &), of the Bloch spectral cell problem [9, 22]

—(div, +2mi€) (A(z, y)(Vy, + 27E),) = p(z, y)An (2, &), in TV, (1.3)

By standard arguments of spectral theory, (1.3) admits a countable sequence of real
increasing eigenvalues (A, )n>1, repeating each value as many times as its multiplic-
ity, with corresponding periodic eigenfunctions normalized in L?(T™) by

[ el oF dy =1 (14)

The Bloch parameter £ is usually interpreted as a reduced wave number and the
square root of the eigenvalue is the time frequency defined by

wn(2,8) = An(,§). (1.5)

Such Bloch-wave initial data are called high frequency. In this context, the homog-
enized limit of (1.1) can be studied by means of geometric optic method, also-called
WKB asymptotic expansion [9,15] (this can be made rigorous by using the notion
of semiclassical measures, or Wigner transforms [16,17]). We do not intend to give
a full account of this theory here (we may also refer to [5, § 6] for a brief review).
Rather, we content ourselves by loosely stating that the asymptotic behaviour of
the solution wu. of (1.1) is given by the superposition of two waves, the amplitudes
of which are solutions of Liouville transport equations, and the phases of which are
the solutions of two eikonal equations. Solving these equations is somehow equiva-
lent to solving, in the phase space (z,¢) € RY x TV the following two Hamiltonian
systems:

&= Vf(iwn(wvg))7 f = 7vfc(iwn(1‘,§)), (16)

where the Hamiltonian +w,, (x, £) is precisely the time frequency associated through
(1.5) to the nth Bloch eigenvalue of (1.3).

In the case of a purely periodic medium, i.e. when the coefficients p and A do
not depend on x, the Hamiltonian systems (1.6) simplify considerably and the
corresponding eikonal equations for the phases have explicit global solutions. In
such a case, one can go beyond the geometric optic time scale and study long
time dispersive effects for monochromatic initial data [5,6] (see [13] for constant
or smooth coefficients). Similar dispersive effects have also been described in the
physics literature [19,24].

We stick to the case of locally periodic medium, i.e. the coefficients p and A
depend both on x and y. However, we focus on a special instance of initial data,
so that (1.6) has a trivial solution and a more precise analysis is required in order
to describe the asymptotic behaviour of (1.1). We consider initial data which are
concentrating at a critical point (z",£&") € RY x TV in the phase space, i.e.

V§>\n($n7£n) = Vac/\n(l’n,ﬁn) =0, (17)
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which, of course, implies the same for the Hamiltonian
Vewn(2™,€") = Vywn (2™,€7") = 0.

More precisely, for such a given critical point (z™,£™) and for given functions
00 € HY(RYN) and v! € H?(RY), we choose initial data which are wave packets
or coherent states, i.e.

ug(iﬂ) =¢n (xn, ?fn) exp {2i7r£: * }vo <m \_/;n) ) (1.8)

ul(z) = %wn (36"7 z7§n> exp {Qiﬂfng- z }v1 (:v \_/571)’ (1.9)

where the scale of focusing near x" is exactly /2. For the critical point (z™,£"),
we use the notation w, = /A, (x™,£7).

Our first result (theorems 3.1 and 3.2) shows that the solution of equation (1.1)
is asymptotically given by

uc(t, ) = 1y <x"7 g, 5”) exp {ingn&; m }
X | ex iw—nt ot (t T2 + ex —iw—nt v |t ﬂ
P - e p - TR )

(1.10)
where v*(t, 2) are the unique solutions of the two homogenized equations
OvE . *v7, £ . + px * + + yx : + N
i21ﬁ—dlv(z4 Vo) +div(vTB*z) + ¢'vF +v¥D*z-2=0 in RT xRY,
vE(0,2) = 1 00(2) + Lvl(z) in RY
’ 2 iwp, ’
(1.11)

where the tensorial coefficients are the full Hessian of the time frequency
A* = @Vﬁvﬁwn(l‘ a§ )7 B* = ﬂvalwn(x 7£ )7

and the constant ¢* is defined by (3.4). In principle, a Schrodinger equation such
as (1.11) shows the dispersive nature of the envelope functions v* in the ansatz
(1.10) (as explained in [5]). However, the presence of a quadratic potential and a
‘convective’ term in (1.11) changes dramatically its interpretation.

Our second result is the following. If the full Hessian of the Hamiltonian or
time frequency VVw,(z™,£™) is positive definite (or negative definite), then the
resolvent of (1.11) is compact, implying that (1.11) admits a countable family of
eigenfunctions, with exponential decay at infinity and forming an orthonormal basis
of L2(RY). In other words, any eigenmode of (1.11) is localized in space. One
can interpret this localization phenomenon by saying that the wave is ‘trapped’
exponentially close to ™. Physically, this effect is well-known and is effectively used
for trapping light in perturbed photonic crystals [8] or fibres [23]. Our results are a
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partial explanation of this phenomenon, since real photonic crystals feature line or
point defects in periodic geometries while we consider instead smooth variations,
with respect to x, of the coefficients of the wave equation.

A similar result was already explained in the context of quantum mechanics or,
more precisely, for solid-state physics, where a Schrédinger equation with periodic
coefficients describes the wave function of an electron in a periodic crystal [3] (see
also [4] for the corresponding eigenvalue problem). There, localization is a well-
known phenomenon which is called Anderson localization if the periodicity pertur-
bation is random [7,11]. Localization can also appear for classical waves (see [14]
and the references therein). Usually, localization is obtained by introducing some
randomness into a periodic medium. One original feature of our work is that local-
ization is produced by a deterministic modulation of the periodic coefficients of the
wave equation.

Our assumption about the existence of a critical point (z™,£™) for the Hamilto-
nian, the Hessian of which is positive definite (or negative definite), is reasonable.
It happens, at least generically, at the bottom or top of each Bloch band. On the
other hand, we do not require the existence of a strict gap but, merely, of a smooth
critical point of the Hamiltonian.

Let us finish this discussion by emphasizing that we talk about ‘localization’ only
in the case of a positive definite (or negative definite) full Hessian of the Hamilto-
nian VVw, (2™, £"), which implies pure point spectrum of (1.11) with exponentially
decaying eigenfunctions. In all other cases, the homogenized equation (1.11) for the
envelope function has some essential spectrum and, therefore, no special property
of localization of its eigenfunctions. In other words, our result of localization is
proposition 3.6 rather than theorems 3.1 and 3.2. In our view, ‘localization’ should
not be confused with what we may call ‘concentration’, which merely means that
we can build approximate solutions of the wave equation (1.1) that have a support
concentrating around a single point in the physical space. This latter phenomenon
of ‘concentration’ can be studied in a more general framework than that of theo-
rems 3.1 and 3.2: in particular, it may occur with purely periodic coefficients and
can be checked by simple WKB or Wigner-measure arguments (it corresponds to
a zero-group velocity Vewy(z™,£") = 0 and a constant envelope function, as was
shown in [17]). On the other hand, our type of ‘localization’ can take place only
with a macroscopic modulation of the periodic coefficients in (1.1) and yields a
more precise asymptotic behaviour of the envelope function than ‘concentration’.

The content of our paper is as follows. Section 2 gives some basic properties of
Bloch waves and two-scale convergence, as well as our main assumptions. Our main
results are precisely stated in § 3. Section 4 is devoted to the proof of the required a
priori estimates. Sections 5 and 6 are concerned with the proofs of our convergence
results.

2. Preliminaries

In this section we describe our notation, state our assumptions and give some
preliminary results concerning the Bloch spectral problem. The coefficients A(z, y)
and p(z,y) are real and uniformly bounded Carathéodory functions defined on
RN x TV i.e. they belong to L= (T ; Cy(RY)). The density is uniformly bounded
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from below by a positive constant, p(x,y) > po > 0, and the matrix A is symmetric
and uniformly coercive, i.e. there exists v > 0 such that A(x,y)(-¢ > v|(|? for any
¢ € RY. Our hypotheses are as follows.

HypoTHESIS 2.1. There exist 2" € RY and " € TV such that

(i) Ap(a™ &™) is a simple eigenvalue;

(ii) (™, &) is a critical point of Ap(z,§), i.e. Varn(2™,€") = Ve, (27,6™) = 0;
(iii) the eigenfunction ¥, (z™,- &™) belongs to W (TN).,

HYPOTHESIS 2.2. The coefficients A(x,y) and p(x,y) are of class C? with respect
to the variable x in a neighbourhood of x = x™, and they admit the following second-
order Taylor expansion:

A((E,y) = A(xnvy) + (x - xn) : va(xna y)
+ %(m — 2n) Vo Ve A(@n, y) (@ — ) + 0|z — -Tn|2)
and similarly for p.

We denote by VV .\, the full Hessian matrix of the function A, (z,&) evaluated
at the point (2™,&™), i.e.

VoVadn VeVl

VA= 19 Vah, Vever,| @8-

REMARK 2.3. Because of the simplicity hypothesis 2.1(i), it is perfectly legitimate
to differentiate the eigenvalue A,, as much as we need. Because of hypothesis 2.1(ii),
the Hessians of the eigenvalue A,, and of the time frequency w,, are proportional at
the point (z™, &™), i.e. 2w, VVw, = VVA,.

Hypothesis 2.1(iii) holds true, for example, if the coefficients A(z,y) and p(z,y)
are piecewise smooth with respect to y.

For the sake of notational simplicity, we define

Ao(y) := A(z"™,y), An = A (2™, €7),
VYn(y) = P(a",y,&"), po(y) = p(z",y)

and, similarly, for the derivatives we set

A 2A
A) = g @), Aenly) = o
Analogous notation holds for all derivatives of p, ¥, and A,, with respect to the =
variables and the ¢ variables evaluated at x = 2™ and £ = £".
Recall that we have three space variables corresponding to three different scales,
z, y := (x —2™)/e and z := (x — a™)//e. For any function 6(x,y) defined on
RY x TV, we define

0°(x) == e(g;, ﬁ) - H(x" + ez,

(z",y) forl,h=1,...,N.

7+ 6) = 0 (2). (2.2)
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In what follows, the symbols div, and V, are used to denote the divergence and
gradient operators which act with respect to the y variable, while div and V will
indicate the divergence and gradient operators which act with respect to the x or
z variable, according to the context.

We introduce the operator A,,(z,¢), defined for 1 € L2(TY) by

An(2,8)¢ = —(divy +2im€) (A2, y)(Vy + 27E)) — An(@,E)p(z, y)¢. (2.3)

Under hypotheses 2.1 and 2.2 we can differentiate the Bloch spectral equation (1.3)
in a neighbourhood of the point (z™,£") in the phase space [18]. Denoting the
canonical basis of RY by (er)1<k<n, the first derivatives satisfy

o, )G = 2riei A(Y, + 2mi€) -+ (div, +2miE) (A2riei) + p 3
(2.4)
and
O 04 9 O\
An(z,€) 6ﬁ = (divy, +27r1§)< (Vy + 271y, ) + 87;1)\”1!]” + p%w"’ (2.5)

In the same manner, we can obtain formulae for the second-order derivatives,
namely

0%tn
8£Uhaf

O,
232

gA (Vy + 27mi&) ¢y, + (divy, +27i€) (%42771%%1)

+ 2mie, A(V,, + 2mg)ﬂ + (div, +27i€) <A27riekgwn>
Ty,

Ap(z,8) = (div, —|—27T1£) (V + 27i8) —

+ 2mieg,

ap e\ Ny n O\ Ot Op 0N

T oun " 0g, oz, 06, " ouy, 0
9\, o\, 8wn
MO T R o

0%y, . . 0%A ) 0%p
e (div, +27i€) 92001 (Vy + 271y, + Pen0m Antn

8 n
6‘ wn (div, —|—27T1§) (V —|—27r1§) 8151

awn Op \
8$h 8.231

p . W ) 8)\ O ) 8/\ N

&m "8xh 8ach 8991 a$l 8xh

dp O\, dp O\,

Oy 0wy, " Oy Oy

= ¥n

+ (divy +27r1§) 04 (V + 2mi f)
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Pihn Oy, : . . Oy

Ap(z,€) D606 2mie AV, + 27r1§) + (divy +27i€) A27iey 36x
OYn, OYn,
+ 2mie, AV, + 27r1§)—£ + (divy, +27i€) A2mie, —— o€
1

O, Oy, Oy, O,
4 p— —4 Aejpp
Poe 06 " Pog o6 T oA
2 A
—dn*ejAeythy, + P o606, 1.

By integrating these equations for the second-order derivatives against ,,, recalling
the normalization (1.4) of the eigenfunctions and taking z = 2", we obtain the
following formulae that will be useful later.

LEMMA 2.4. Under hypotheses 2.1 and 2.2, the following equalities hold:

n s T Oy, -
/TN 5 {fh r(Vy + 27ig") (‘;é (Vy = 271" )y, — pl’h)\nalékq/}n} dy
O

+/ [Al,hekwn(vy — 2miE" )b + Aoer 5 By, “(Vy — 27“5”)%] dy
TN

- / [ekwnAl h(v + 2’”15”)#}71 + ekilano(V + 27“5”) ’(/}Z:|
™~

1
271 Oxp O& -
(2.6)

2
[ [, + 2rietyin (9, 2y, = (a4 0 k| a
2%,

+ /TN [Al n(Vy + 27“§n) (Vy — 27Ti§n)1;n - Pl,hAngizlwn] dy

+/TN {A“(V +27r1§”) 1/) (Vy = 2miE™)y, — pl,l)\ngi}:d)n} dy =0,
(2.7)

/T N [27riekAo(V + 2715“)8%"% - <A027nek %ﬁj) (Vy — 2mg“)@zn] dy

—|—/ [Qwiele(Vy + 27ig" )%wn — (A027rielawn) (Vy — 27715")1/)"} dy
N ke k

9\,
0& 08,

_ /N [ar2ex Aoer|ton 2 + 4n2er Ager|n[2] dy + 0. (2.8)
T

We also recall the variational formulations of

Ur (@) = (", x /e, ")

and of its derivatives.
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LEMMA 2.5. Let p(2) be a smooth, compactly supported function defined from RN
into C. Under hypotheses 2.1 and 2.2, the following equalities hold:

[ AT, + 205 (VY = 2 )p(2) — pieip( )] d = 0 (29)
/ [Aéwy +2mie) 2n L (/EV — 2mig™)p(z) — piNs 2L @(zﬂ dz
RN 3§k 8£k
+ / [—2mie, AG(Vy 4 2miE™ )5 p(2) + Af2miers (vVeV — 2mil™)p(z)] dz = 0,
RN
(2.10)
oYe oYe
[ [T+ 2mien 5 (V69 — amienote) - i G et a
+ [ ST, +2mE7) - (VEV = 2mi€")p(2) - o Mol dz =
(2.11)

We recall the notion of two-scale convergence [1,20] with a small parameter § > 0,
which will be equal to /¢ in what follows.

PROPOSITION 2.6. Let fs be a sequence uniformly bounded in L*(RY).

(i) There erists a subsequence, still denoted by fs, and a limit fo(x,y) € L?(RN x
TN), such that f5 two-scale converges weakly to fo in the sense that

. x
i [ awo(s5)ao= [ [ ot dsay
6—0 JrN ) RN JTN
for all functions ¢(z,y) € L2(RY; C(TN)).
(ii) Assume further that fs two-scale converges weakly to fo and that
i | £l = 1 follzeqev o,

Then fs is said to two-scale converge strongly to its limit fo in the sense that,
if fo is smooth enough, e.g. fo(z,y) € L2(RN;C(TY)), we have

fs(z) = fo (% ?)

(iii) Assume that dV f5 is also uniformly bounded in L?(RN)N. Then there exists a
subsequence, still denoted by fs, and a limit fo(z,y) € L*(RY; HY(TN)), such

that fs two-scale converges weakly to fo(x,y) and 8V f5 two-scale converges
weakly to Vy fo(z,y).

2
lim dx = 0.
5—0 RN

3. Main results

In order to apply the two-scale convergence of proposition 2.6, we first need to
remove the oscillating phase in u. and rescale it to the concentration scale +/e.
This is the purpose of the changes of unknowns (3.1) and (3.5) which are necessary
to pass to the limit and obtain the homogenized equations.
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THEOREM 3.1. Assume that hypotheses 2.1 and 2.2 hold true and that the initial
data u? and ul are of the form (1.8) and (1.9), respectively, with v° € H*(RY) and
vt € H?(RN). Define

n

vl (t, a \_/g ) = u(t,z) exp { - 1“’;15} exp{—zméng' a } (3.1)

where ue is the solution of equation (1.1). Then v} (t,z) two-scale converges weakly
to Pn(y)vT (¢, 2) and vt is the unique solution of the homogenized Schridinger
equation

) +
21% — div(A*Vor) + div(vT B*2) + vt + 0t D*z -2 =0 in RN x RY,

1 1
+ _ 2,0 B! in RN
v (0, 2) 5 <’U (2) + iwnv (z)) in RY,
(3.2)
where ) .
A* - n n B* - n n
87T2v£v£wn(x 76 )a 2lﬂ_vﬁvan(x a§ )a (33)

D* = %Vzvan(xn’gn)
and c* is given by

0n

In
9 o “Ppeg

= / [A(Vy + 2inE" )y, - ——er — A(Vy — 2im€"™)
TN Tk
— A1 p(Vy — 20" )y, - wnek] dy.  (3.4)
A similar result holds true for

v <t, x_\/gn> = u.(t,x) exp {f":t} exp{ - infng' : } (3.5)

namely, vZ (t, z) two-scale converges weakly to v, (y)v™(t, z), where v~ is the unique
solution of the homogenized Schrodinger equation

P
—Qi% —div(A*Vo™) +div(v"B*2) + c'v” +v " D*z-2=0 inRY xR*,
v7(0,2) = 1 v0(z) — Lvl(z) in RN

’ 2 iwn, '

(3.6)

Note that, if v° and v! are real-valued functions, then we deduce that v~ =
vt. Theorem 3.1 gives two different limit behaviours for u., according to the two
different phases in (3.1) and (3.5). However, each of these limits carry only half of
the initial data. The next result explains that the sum of these two waves is a valid
approximation of the solution w. of (1.1). In other words we now state a strong
two-scale convergence result instead of a weak one as in theorem 3.1.
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THEOREM 3.2. Assume that hypotheses 2.1 and 2.2 hold true, and assume that
0 € H2(RY) and v € H?*(RY). If €* = 0, assume furthermore that

ol e L'RY) if N >3,

N 3.7
/ v1(2)dz =0 and Fo' e C¥¥(By) withoz>lf? if N <2, (3.7)
RN

where Fvt(€) denotes the Fourier transform of v*(x) and By is a small open ball
around the origin. Define the ansatz

Ut )

_¢n<$nax»£n> eXp{Qlﬂ'gnx}
€ €
X (ex {iw"t}v+(t x—x") + ex {—iw"t}v_(t x—x"))
p E b \/g p 6 b \/g )

(3.8)

where vE(t, z) are the solutions of the two homogenized equations (3.2) and (3.6).
It then satisfies

. llue (t, ) — u2PPr (¢, )| L2 ((0,7) xRN)
11 approx =0
e=0 [[ue” " (t, @) || L2 (0,7) x &™)

for any final time T > 0.

REMARK 3.3. Theorem 3.2 gives a relative error going to zero. Indeed, it is easily
shown, upon rescaling at scale v/, that |[u2PP**(t, z)|| 120, 1) xr~) is of order elN/4,
Actually, this estimate for u2PP** is valid in L?(R) for almost every time ¢. How-
ever, the error estimate requires a time integration and is not valid for almost every
time t.

REMARK 3.4. Assumption (3.7) is technical and is used merely in the a priori
estimate of lemma 6.2. We do not know whether or not it is absolutely necessary.
However, the assumption that v! has zero average is reminiscent of a similar assump-
tion used to prove that the solution of the wave equation in a periodic domain is
uniformly bounded in L (R* : L2(RY)) (see, for example, [2, §2.3.2]).

Before we prove theorems 3.1 and 3.2, let us analyse the homogenized Schrodinger
equation (3.2). We define the following unbounded operator acting in L?(R™):

A*¢ = —div(A*V¢) + div(¢pB*z) + "o + ¢D*z - z, (3.9)

which already appears in the study of localization for the Schrodinger equation [3]
(beware that the star symbol in (3.9) means ‘homogenized’ and not adjoint). We
show that (3.2) or, equivalently, (3.6) are well-posed.

PROPOSITION 3.5 (Allaire and Palombaro [3, proposition 3.4]).  The operator A*
defined in (3.9) is essentially self-adjoint. As a consequence, there exists a unique
solution v*(t,z) of (3.2) in C(RT; L2(RY)). Furthermore, it satisfies the energy
conservation

||’U+(t, ')||L2(RN) = ||’U+(O, ')||L2(RN) for allt € R+.
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Proof. We thank the anonymous referee for pointing out a flaw in the original proof
of this result in [3], where we ignored the fact that the domain of the unbounded
operator A* may be different from that of its adjoint. We thus wrongly concluded
that A* is self-adjoint. We shall now merely prove that it is essentially self-adjoint,
i.e. that its closure is self-adjoint. This last property is sufficient for our purposes
since it implies that A* has a unique self-adjoint extension. We briefly indicate how
to modify the proof in [3]. Firstly, a simple integration by parts shows that A*
is symmetric on C§°(RY) because ((1/2i)tr B* 4+ Imc*) = 0. This last identity is
obtained by a combination of a formula for ¢*, deduced from (2.4) multiplied by
Oy, /Oy, and another formula for V¢V, A, (and, thus, for B*), deduced from (2.6),
where we plug in (2.4) multiplied by 94, /0x},. Secondly, we use [22, theorem 10.37,
volume II] to prove that A* is essentially self-adjoint. Introducing the self-adjoint
operator N = —A + |z|? + 1 with domain H?(R¥)N L2(RY,|z|?> dz), we can easily
check the assumptions of this theorem, namely, that there exists a constant C' > 0
such that, for any ¢ € C§°(RY),

1A% L2@ny < CING||2@yy  and (A", No) —(N§, A*¢)| < CIN2¢|7azw).

Thirdly, by semigroup theory [10,21], we can deduce from the uniqueness of the self-
adjoint extension of A* that there exists a unique solution of (3.2) in C(R*; L?(R™))
which may not belong to C'(R*; H1(RY)) if the matrix A* is not positive definite
or positive negative. The energy conservation for (3.2) is just a consequence of the
symmetry of A*. O

We now recall a compactness result of [3], which is at the root of the localization
phenomenon.

PROPOSITION 3.6 (Allaire and Palombaro [3, proposition 3.5]).  Assume that the
matriz VVw, is positive definite (or, equivalently, positive negative). Then the
resolvent of A* is compact in L*>(RY) and there exists an orthonormal basis (¢n)n>1
of eigenfunctions of A* which decay exponentially, i.e. for each n, there exists a con-
stant v, > 0 such that

e””'zlzapn(z), e'*"‘z‘QV(pn(z) c LQ(RN). (3.10)

REMARK 3.7. As mentioned in the introduction, by ‘localization’ we mean the case
when the homogenized equations (3.2) and (3.6) for the two envelope functions
have pure point spectrum with exponentially decaying eigenfunctions. Therefore,
rather than theorems 3.1 and 3.2, proposition 3.6 is our localization result. In
particular, what we call ‘localization’ should not be confused with ‘concentration’,
which we define as the possibility of having sequences of solutions of the wave
equation (1.1) concentrating around a single point in the physical space. This latter
phenomenon is provided by theorems 3.1 and 3.2, but it can be obtained in the
simpler setting of purely periodic coefficients by means of well-known WKB or
Wigner-measure arguments. In this latter setting, ‘concentration’ means a zero-
group velocity Vew, (2™, £€") = 0 and a constant envelope function. This was already
derived in [17].

The proof of theorem 3.1 relies on the change of unknowns (3.1). It is then possible
to pass to the two-scale limit in the equation satisfied by v (¢, z). We introduce the
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following notation:
~e n < x"
= ,— + — 3.11
) =" vEn S+ D) (3.11)
and similarly for A< and zﬁfl A simple computation yields

.. Ovt 0%t
p (21wn 3: +e 6t2€>

2w ([ L 2imen
(a2 ) (27 T ))

_pelngr in R* x RY, (3.12)
£
vF(0) = S’ in RY,
vt 1-
;; (0) = g’[/],i(—iwn'l}o +ot) in RY.

The solution vl (t,2) of (3.12) satisfies a suitable a priori estimate for using the
notion of two-scale convergence.

LEMMA 3.8. For any final time T > 0, there exists C(T) > 0 independent of € such
that the solution of (5.12) satisfies

+
UE

ot

[vF [l oo (0,7);22®NY) + €

L= ((0,T);L?(RN))
+ VeV [l Lo 0,1y L2 RN~y
<O ([ ey + [0t [ z@ry). (3.13)
Notation In what follows, we shall assume without loss of generality that ™ = 0.

This is always possible by a simple translation and it simplifies the writing of many
formulae.

4. A priori estimates (proof of lemma 3.8)

Although the statement of lemma 3.8 involves v, we shall prove an a priori esti-
mate for u., the solution of (1.1). Then, remarking that, by virtue of (3.1),

N vt (¢, MNrz@yy = llus(t, )l 2@y,

out 0.

N/4 . .
NS (1 Y aqany = lle 5 (1) = dwue (8 ) e

and
eNMVEV T (b, ) 2@ yy = [[EVaue(t, -) + 2im€uc(t, ) || L2 @ayv s

we can easily deduce (3.13) from the corresponding estimates on ..

In a first step, we obtain the usual energy conservation by multiplying equa-
tion (1.1) by 0u. /0t and integrating by parts:
2

e |\ pevu, - vz de

ot

d 1
SR =0 with B(t) = - e
gr (t)=0 wit (t) 5 /RN [p
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Since the initial data u? and ul are defined by (1.8) and (1.9) respectively, and
because 1, belongs to L>=(T™), we deduce

2 eN/2 z
5 dr = —— ~
L. o= [l )

< CEN/2_2||U1||2L2(RN)~
A similar estimate holds for Vu.(0) because hypothesis 2.1(iii) tells us that V¢,
belongs to L>®(TN)V:

2

Oue dz

ot

(o

(0)

/ AVu(0) - Vue (0) dz < Ce272(||o°| 72y + €l VOO |72 nyn ),
RN

which implies
E°(0) < CM2(10° 3 vy + 101 12z ))-

This is only at this point that we use hypothesis 2.1(iii) on the smoothness of ,,.
Note that we always have 1, € L>(T") by standard elliptic regularity, and that
we could have replaced 2.1(iii) by an additional regularity of v" (using integration
by parts as in the proof of lemma 4.1, below). In any case, we obtain

Oug
€
ot
In a second step, we obtain an estimate for u. in L>(RT; L2(RY)) following an
argument of [5] based on a classical idea of time regularization. For a given o # 0,
we introduce a time primitive of u.:

+e|| Ve | oo w2 @nyyy < Ce™A([00] ey + 01 2@ey)-
Lo (R+;L2(RN))

(1) = oo { /0 (. s) ds 4 Xg(x)}, (4.1)

where y. is defined as the unique solution in H!(RY) of the time-independent
equation

—div <A <1’, x)VXE) + a2p(x, I)xa = ozp(:z:, x)ug — p(x, x)u; in RV,
€ € € €

(4.2)
A simple computation shows that ¥, satisfies
0%y,
ola, L s _div(A(z,Z)ve ) =0 in Rt x RV,
e ) Ot? €
7. (0) = xe in RV, (4.3)
Ov,

(0) =u? —ax. inRY.

g

ot

The interest of (4.3) is that its initial data is one order smaller in e than those of
(1.1) as stated in the following lemma.

LEMMA 4.1. The solution of (4.2) satisfies

Ixell i @ey < CA (100 Loy + [0 | 2ey)-
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Postponing the proof of lemma 4.1 for a moment, we are now in a position to
prove that

el oo 0,7y 22 )y < CT)EN (00| L2y + 01 | 2Rry), (4.4)

which concludes the proof of lemma 3.8. Indeed, since u, = 9, /0t + a¥,, the stan-
dard energy conservation for (4.3), together with lemma 4.1, implies that

%

g <O amy + I ). (45)

Loo(RT;L2(RN))
Since Y. (t) = xe + fg (0%, /0t)(s) ds, we deduce (4.4).

Proof of lemma 4.1. Without loss of generality, we take a = 1. By multiplying (4.2)
by Xe, we obtain

/ (A(m,“")ws - vmp(az, ”C)W) a= [ p(x,“")< 0 ul)xeda.
RN € 3 RN €

First, we can easily check that

/N P udxz| dx < CEN/4HUOHL2(RN)”XEHL?(RN)-
R
1 1 T L) 4
=ty 2 2 — .
u, =¢€ Y (6)exp{17r s }v (\ﬁ)
we define

A = / ) p(% )¢<> exp {2175”5' } (2)@@) ds.

Let us now prove that

A < O 0| g2 s X [ 11 vy (4.6)

Since

By [5, lemma 4.4], there exists a solution ¢ € C2(RY; C(TV))N of

—divy (((2,1)e® ™) = p(@, y)tn (y)e? ™" V.
Then

p(m, x)zbn (x) exp {2i7r£n : a:}
€ € €
= —ediv {C (x, :r:) exp {Qiﬂfn L H + ediv, C(a:, x) exp {Qiﬁgn L }
€ € € €

Using ¢ allows us to rewrite

A= e/RN [<<x j) exp {Qingn; x}
(v deaso(2))o

te /RN div, C(x, :) exp {mgné_' z }v1 (\2>X£(x) de.  (47)
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The first and last terms on the right-hand side of (4.7) are of order € as expected,
but the second term is not. We thegefore perform another integration by parts using
the solution 6 € C2(RY; C(TV))N" of

— divy (0(z,y)e? ™" Y) = ((z,y)e? ™"V,

which is given by another application of [5, lemma 4.4]. Thus, we obtain

Ve . C(m, :) exp {ingng. x} X (2) Vol (\2) dz
= g3/2 /RN 9(9:, :) exp {Ziwgng' x} . V()ZEVvl <\2)> dx
+ 63/2/ div 9<x CE) exp {2m§n : w} . (XEVvl (m)) dx
RN xr b 6 E ‘\/g b)

where all terms can be bounded by the Cauchy—Schwarz inequality, using the fact
that ¢ and @ are bounded functions. This leads to the desired result (4.6) and
completes the proof of the lemma. O

5. Weak convergence (proof of theorem 3.1)

For the sake of notational simplicity, we now drop the tilde notation, introduced
in (3.11), which indicates a function of z instead of z. In a first step, we multiply
equation (3.12) by a test function £¢° = £¢(t, 2, z/+/), where ¢(t, z,y) is a smooth,
compactly supported function defined on RT x RY x TV Integrating by parts and
using hypothesis 2.2, we obtain

+o0 8(55 +oo 82(55
. + 2 +
— 21wn5/0 /RN pov] 9 dzdt +¢ /0 /RN p°v] BT dzdt

) 90¢
— 2iwpe /]RN pfv(0)¢°(0)dz — 52/ v (0) g; (0)d=

RN

ver [ VL (0)3%(0) d=
]RN

ot
+oo
+ / / (A5 + A5 \/Eon + LAZ eman + ofe)]
0 RN ’

x (VEV + 2ire™) vt - (Ve — 2ine™) ¢ dz dt

+oo
- / /N (05 + PS5 nVeEzn + 505 mezzn + o(e)]Anvd ¢° dzdt = 0.
0 R

Note that the above o(g) holds true in the L>°(R") norm since the test function ¢
has compact support in z. From proposition 2.6 and because of the a priori estimate
(3.13), there exist a subsequence and a limit v* (¢, z,y) € L (R*; L2(RN; HY(TV)))
such that v (¢, z) and /eVv7 (¢, z) two-scale converge to v* and V,v*, respectively.
Passing to the two-scale limit in the above equality, we deduce a variational formu-
lation for

—(divy +2im€") (Ao (y)(Vy + 2imE™)v™) = poApv™.
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By the simplicity of A, (hypothesis 2.1), there exists a scalar function v*(¢,2) €
L>(R*; L2(RY)) such that

v (t,2,y) = v (t 2)¥n(y)-
In a second step, we multiply equation (3.12) by the complex conjugate of

N

D (t,2) = VS (2)0(t, 2) + ﬁZ( 1 0y ¢ +Zkawi¢))
k=1

2mi 8fk 8zk 8xk

where ¢(t, z) is a smooth, compactly supported function defined on Rt x RV, We
decompose the resulting variational formulation in several pieces and pass to the
limit in each of them separately.

The time derivative terms in (3.12) yield, first, by two successive integrations by
parts,

+oo +
/ / 5 25 @cdtdz
RN

oo _9% | o%E 926 U 06
/ /RN ot {“ﬁ “ﬁ;(_ma@ tozr o, at)]

LA al 1 0YE 0¢ O -
- /]RN ot © [¢n¢(0) " \/EZ ( 2 0 5719(0) o Oy, ¢(0)>}
=1
el SR P (1 0% %6 0% 0%
/ /RN el [w o “EkZ;(_ 21 06y 020 | ¥ Dy, O )}

N

o [200 | 0% % 90 95
s [ o) [wm(on\/é; (- sm o g O+ 25500

Iy al 1 99g 99 ovE -
B /RNE’O ot © [¢"¢(0) - \@kz::l <_ 27 9&, 57%(0) o Oy, ¢(0)>}

== [ I Pt +0)3(0) + o) (51)

and second, by a single integration by parts,

“+o0
21wn/ / ve ¢5dtdz
]RN
_ L 1 ogg 9% 05, 06
—‘2‘“’“/ /RN” [ J”[Z(_zmagk ooz oy atﬂ
_ 1 9%z 96 oYz -
—21wn/ v ()[ ¢+\[Z<—2Tia£kazlc(o)ﬁ-zkaxk(ﬁ(o))}

+oo
= —21wn/ /RN ”E — 2iwy, /]RN P°1E 200 (0) + o(1). (5.2)
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Passing to the two-scale limit in (5.1) added to (5.2) and recalling the normalization
(1.4), we find that

+oo
—2iw, —dd— jwp 0" Hé(0) dz. .
9w / /RN ‘ /RN(W o + v1)$(0) dz (5.3)

We further decompose the test function &, as follows:
N o

. =dL + B2z with &2 = VEY  "(t, 2)ex
st 8a:k

In the remaining terms of the variational formulation of (3.12), we replace A° by
its Taylor expansion (according to hypothesis 2.2) and we look first to those terms
which are of zero order with respect to z. They are

Hoeo 27Ti§") 27miE" \— —\ 1
A5V + vt - ((v- )qsg +¢g) - - EAnqs;] dzdt
/o / [ ( NG NG e

—+o0
/ / { A§(VEV + 2mie™ vt - (V, — 2miE™)ys d — 1p w,‘iv;"(b} dzdt
RN

+OO £ n cn a(l/;'fl aq_b
~ % /]RN [ AS(VeV + 2mig™ v (Vy —2mi¢ )5§k p.

1 £ J,»a/l/}E (Z_S
— Epied e asz dt

+oo 1 _ _
+/ / _AS(VEY + 2mi€™ T - EVHdzdt
0 RN \/g

+/+OO/ —iAg(\ﬁVJr%ig")u w”vﬁd dt
0 gy 2mi 0 9,

¢E

—+oo
- / A5 (VEV + 2mig™ T - ¢e dzdt. (5.4)
0 RN

Using equation (2.9) with ¢ = v ¢, and equation (2.10) with ¢ = vF(9¢/02), we
rewrite the first two integrals on the right-hand side of (5.4) as follows:

+oo 1 _ _
—AS(V, — 2miE™)0E - vV dz dt
/0 RN \ﬁ O( Yy )
I Lo N -
+/O /RN |:21A0(Vy _271'15 )8£k 'UE Vai%
d¢

(Vy - 27"15”)1;761

_ +

+ \/»Aoek U azk
1 - . o
T A€ E . n + 77

7 swier - (VEV + 2mi€ )(va a@)} dzdt.
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Combining the above terms with the other terms in (5.4) and passing to the two-
scale limit in (5.4) yields

400 1 con 6"[% az/jn n )
/0 /]RN/JI‘N {%Aol/]n(vy—lef )5§k —271_1140 D€, (Vy+2mi&"™ )ihn — Aol | ex

- Foo e wn "
X vTV—dydzdt + Ao(Vy + 2im&™ )y, - oex dy dz dt.
(9,216 0 RN JTN
(5.5)

By equation (2.8), the first integral of (5.5) is equal to

—+oo
/ / A*Vot Ve dzdt, (5.6)
0 RN

while the second integral of (5.5) contributes to the first term in formula (3.4) for ¢*.

Next we consider the terms that are linear in z in the variational formulation
of (3.12):

“+oo n
/ / {AE (V + 2mié )v;r (2VE2) — lpg)\nv:!ﬁz} dzdt
RN e
Foo 27ign 2mign
A3 I Ul +w2)|dzdt
o fo e 5 ) (o 5 o)

— e L € €™ +
_/0 /RN [\@AO(\/EV—FZWf Yo

x (Vy — 27715")8 ”(bzk — 7)\ & w” d)zk} dzdt

e 1 € sen,,+
+/O /]RN {\ﬁ T e(VEV + 2mig" o]
x (Vy 2W1§")w5¢zk

1
\[ Anpi 02 1/) gbzk} dzdt

+oo
€ seny,,+
+/O /RN {AO(ﬁV—l—me Jo

os _ - _
X Vo2 + A] 1 (VEV + 2mig" vl - ’l/J,fLV(bZk] dzdt

oxy,
+oo/ W(VEY 4 2miE" ) - (9, — 2mien) 200 00
271’1 RN T Y T Bfk 8zk Fh
(91/)5 ol
= Anpi v B, Oz h]d dt

+oo
€ sen,,+
+/O /]RN {ﬁAl’h(ﬁV—ka{ o

| 05 _ 060U
. <_ 2mi 06, Oz | O (be’“)zh} dzdt >0
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By equation (2.11) with ¢ = v¥ ¢z, and since

V(qbzk) = ¢er + 2V,

the sum of the first two integrals on the right-hand side of (5.7) gives

+oo 6 7€ _
[ (4809, - 2mign G 02 )

+ Af 1 (Vy — 2mie™) oy, - vjV(q_Szk)) dzdt. (5.8)

Therefore, passing to the two-scale limit in (5.7) we have

/0+°° /RN /1rN {Ao( 27“5”)81_}” vt nder

+ A1k (Vy — 278" )y, - v+wn¢ek] dydzdt

_/0+°° /RN /TN _Ao(Vy—27ri§")g;/;:'v+1/}nzkv¢

+ Ay (Vy — 2™ )y, - v b2, Vo | dy dz dt

+f - L. L. (T, + 27" 0 (f”zmb

+ A1k (Vy + 2miE™) Y - v 0,2,V | dy dz dt

+o0 Y

n _ em ’(/}n + a(b

- /R ) /T ) [Alh (Vy + 256" - (V, = 2mi€") ot o
— Anp1p0 Ezngézh} dy dzdt. (5.9)

By equation (2.6) it follows that the last integral in (5.9) is equal to

+ Agtney - (Vy — 27l 5")877&”}1) 0¢

oo o
/ /RN /TN [Al nbner, - (Vy + 2™ )i,

Oy,
8h

/ﬂo/ / ! Pt o 22 dy . (5.10)
o 27r18xh8§k n a2 Y '

dydzdt

+ Ag—e - (Vy +27r1§”)¢n]v Zhgﬁ dydzdt
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Note that the first and the second line of (5.10) cancel out with the second and
third line of (5.9), respectively, and (5.9) therefore reduces to

N

+ A ,(Vy — 27iE™ )y, 'U+1/)n¢€k] dy dzdt

+o0 1 82 6¢
/ /]RN 2im ({)xhafk aizkzh dzdt.  (5.11)

Finally, we consider all quadratic in z terms in the variational formulation of (3.12):

+oo en
1 2im€
5/0 /RN {A;lhszlzh (V—i— NG )v;"

2imeE™ \ - — -
X ((V - 1\7;2 )%1 +W52> - )\np;lhzlzhvjwel] dzdt

Hoo 2imeEn — =
+ / / {Aikezk <V — )vj (2V2) = M 20l 2 Wg} dzdt
0 RN Ve

+o0 o
= % / / A5 ezzn(VEY + 2migm o - (V,, — 2mie" )i ddz dt
0 RN

+o0 _
- % / N Af pon(VEV + 2mig" v - 2 (Y, 27r1§") ¢ ¢dz de
0 R
“+o0 o
h / / %)‘np;lhzlzh’l):’(/),i(ﬁ dz dt
0 RN
“+oo _
- / / Anfi, o(1), (5.12)
0 RN

which give, on passing to the two-scale limit,

“+o0
% /0 /]RN - [AQ,lh(vy + 27Ti£”)wn . (Vy _ 27.‘.1571)12)" . /\np27lh7/1n1/;n]

x vV oz iz, dy dz dt

+oo cen ) B " wn B %
+/O /RN /TN [Al,h<vy+2mg Yo (¥, = 2 T — 2 T

X v+¢>zlzh dydzdt.  (5.13)

Now, using equation (2.7), we find that (5.13) reduces to

o1 PN o
/ /N §axlaxhv+¢zlzh dz dt. (5.14)
R

Summing together (5.3), (5.5), (5.6), (5.11) and (5.14) yields the weak formulation
of (3.2). We know by proposition 3.5 that (3.2) admits a unique solution. Therefore,
the entire sequence v}, and not merely a subsequence, converges. Of course, a
symmetric proof Works for the other sequence v; corresponding to the opposite
phase.
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6. Strong convergence (proof of theorem 3.2)

Recall that u2PP™* has an L? norm of order eN/% 5o we expect the same for w..
Therefore, we define the difference between them in the scale of the z variable. In
other words we define r.(t,2) as

re (t, \2) = ue(t, z) — ¥n (:) exp {2177’5”5' x}
X (ei“’”/%+ (t, \2) 4 e iwnt/egy= (t, \2) ) : (6.1)

Theorem 3.2 proves that r.(t, z) converges strongly to zero in L?((0,7) x RV).
We begin with a technical lemma, the proof of which is postponed for a moment.

LEMMA 6.1. The solution of (1.1) satisfies

: 1 T z 2 +12 -2
tim s [ o2 et Pt = 10 s iy + 1 oy
(6.2)

Equipped with lemma 6.1 we are now able to prove theorem 3.2. We develop the
following norm:

/ [ o(VEe 22 P asar
“on ]| furl D))
:ENl/zATANp(x,§)|ug<t,m>|zdmdt

= W CHIT () (v
T G R (52
] [ (”3*"5)

il LA

e ) fool(2) ()2

w(t, f)(t )/ dedt, 6.3)

2
dx dt

m\H

(OIS

(L
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where v}, and v are defined by (3.1) and (3.5), while R denotes the real part of
a complex number. By virtue of lemma 6.1 we can pass to the limit in the first
integral on the right-hand side of (6.3). By using the changes of variables z = x//¢
and recalling that

'p(ﬁz, \2) - p(O, \2)‘ < C'min{\/zz, 1}, (6.4)

it is easy to pass to the limit in the second and third integrals on the right-hand

side of (6.3) to obtain
X + X
n\ — t77
v (8)” ( JE)

i LT @
S0 eN2 Jo Jan P\

We then pass to the two-scale limit in the fourth and fifth integrals on the right-hand
side of (6.3):

2 X — Xr \— x
] - — — + -
;H%EN/ZR/; /Np<$,g>l)€ (t,l’)wn<5)v (t, \E) dx dt

T
= [ iR ¢ R dyd

2
da dt = [[vF (|72 0.1y xrn)-

= 2||7fi”2L2((o,T)xRN)-

To show that the limit of the last integral on the right-hand side of (6.3) is actually
zero, we take advantage of the time-oscillating phase. We define

<=z [ DS () ()

which is a continuous function of time (because v* belong to C(R*; L?(RY))) and
which converges uniformly to a continuous limit K (¢) as e goes to zero. Therefore,
since wy, # 0,

T
lim [ K.(t)e 2“nt/sdt = 0.

e—0 0

We thus obtain

T
iy [ [ o((VE= 2 et ) s = 2ot 2o 220t P20 <o
€20 Jo JrN Ve

which completes the proof of theorem 3.2.

It remains to prove lemma 6.1: a long task partitioned in several other lemmas.
The main idea is to use the energy conservations for the e-oscillating wave equation
and the homogenized Schrodinger equations to show that the initial energy of the
wave equation converges to the sum of the initial energies of the two homogenized
Schrédinger equations. However, there are additional technical difficulties. Firstly,
the left-hand side of (6.2) does not involve the energy of the wave equation (1.1).
Therefore, we rely on the energy of a time primitive of (1.1) (as introduced in §4)
and on an energy equipartition (see lemma 6.5). Secondly, refined a priori estimates
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are necessary and a second time regularization has to be introduced (see lemmas
6.4 and 6.2).

Let us start by recalling the definition (4.1) of the time primitive of the solution
ue of (1.1):

V. (z,t) =e {/Ot e*u.(z,s)ds + Xg(z)]

with x. solution of (4.2). We know that ¥, is the solution of another wave equation,
(4.3). We improve the a priori estimate of lemma 4.1 on the initial datum x.(z).
Surprisingly, the result is different according to the value of £™.

LEMMA 6.2. Define the sequence

we(z) = éxs(\@z) exp { — 2i7r§1:éz } (6.5)

If €™ # 0, it satisfies
VellVawellp2@vy + well 2 @yy < CE) (100 2ny + [0 |a2eyy),  (6.6)

where the constant C(£™) does not depend on & and it two-scale converges strongly
to —(1n(y)/Anv!(2)), while \/eVwe(z) two-scale converges strongly to

_vywn(y)
Apvi(z)
If £ =0, it satisfies
VeIV awell g2y + vEllwe 2y < C[0° 2y + [0t [ 2 @), (6.7)

where the constant C(€") does not depend on & and \/eVw.(z) two-scale converges
strongly to — (Vb (y)/An)vt(2).

We postpone the proof of lemma 6.2 for a moment and we introduce the energy
functional for ¥.:

s =5 [ (o(=2)|%

LEMMA 6.3. The energy of the initial data satisfies

2
T A (33 :) v v@) dz.

: 1 _ 1 012 1 1112
tiy 7 B0 = 5 (1 gan) + 1o e, )

Proof. In view of the wave equation (4.3), we have

B0 =5 [ (o)) - axc(@) + 4( ) Vrete) - Vel )

By the change of variables z = x/\/e, we rewrite

oN/2

B@)0) =S5 [ (1) - 0k + LAV V) )
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with the notation (3.11) for pf(z) = p(y/ez,2//€) (and similarly for other func-
tions) which satisfies (6.4). From lemma 6.2 we deduce that, as £ goes to 0,

/ Pl — x| dz = / P15 — aewe|* dz — 1001122 gy
RN RN
because, for any value of £, \/ew. is bounded in L?(R¥), and
1 - — -
/ <8A6Vz>~(s : vz>~(€> dz = AE(\EVZ + 2i7r§")w5 : (\ﬁvz - 21’”5”)@5 dz
RN RN

converges to

1
N2
/\n RN JTN

Ao(y)(Vy + 2im€" )b (y)

X (V, — 25mE")n(y)l' ()P dydz = - [ ()2 d
n JRN

because of the strong two-scale convergence of lemma 6.2 (note that, when £"™ = 0,
we do not need the convergence of w,). Summing these two limits completes the
proof of lemma 6.3. O

Although ¥, has a finite non-vanishing energy, as shown in lemma 6.3, its ampli-
tude is asymptotically vanishing (but of course not its first derivatives).

LEMMA 6.4. For any final time T > 0 there exists a constant C(T) > 0, indepen-
dent of €, such that

81\1/4+1/2(

1Wel e 0,7y L2mm)) < C(T) [0 2 vy + 10" | 2 ) )- (6.8)

Proof. As in §4, where we introduced a time primitive ¥, of u., we now iterate this
regularization procedure and introduce a new time primitive &, of ¥, defined as

t
¢5<.’L',t) = e_t |:/ etW€<.’I},S) ds + 7TE:|7
0

where 7. is the unique solution in H!(R™) of the equation

—div (A (.13, x)v#;;) + P(% x)ﬂ'e = 2P<337 x)XE - p<$, $>U’g (69)
€ € € €

Then &, satisfies

2
p(x, f) aaf} _ div (A <x i)vasg) ~0 in R+ x RV,
@.(0) = 7, in RV, (6.10)
9P,

T (0) = x. — 7 in RV,
From lemma 6.2, we know that

IXell 2y < CN A2 ([00 2@y + (0! |2y (6.11)
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Note that the estimate (6.11) is optimal when £ = 0 but is pessimistic when
€™ % 0, because the factor e¥/4t1/2 could be replaced by eV/4+1. However, we do
not need this refinement in what follows. Reproducing the arguments of the proof
of lemma 4.1, we can prove that

Loz

Therefore, from the energy equality of (6.9) we deduce that

< C€N/4+1HUOHHZ’(RN)HWsHHl(RN)-

el vy < CeNF2 (100 g2 vy + [[01 |2 ) (6.12)

The standard energy conservation for (6.10), together with (6.11) and (6.12), imply
that

0P,
5] < =20 numy + sy (6.13)
which, combined with the relations
t
0P 0P
b (t)=m +/ “(s)ds and V.= —-+ &,
g g o at g at g
yields the desired result (6.8). O

We now prove a result on the equipartition of the energy which shows that the
kinetic energy is essentially equal to the deformation energy.

LEMMA 6.5. The following equality holds:

T T 2
/ E(Lpg(t))dt:/ / p(x,x>"m‘ dz dt + o(e™/?).
0 0 RN g 3t

Proof. We multiply equation (4.3) by ¥.(t,z)¢(t), where ¢ is a smooth function
defined on R*. Integrating by parts, we obtain

/T /}RN ¢(t)p(93, §>

0 (c?)(f( )/ p(m E)aag' 7. da dt + [/RNqé(t)p(x )égt 7. dx]o ~0.
(6.14)

ow. |?
ot

T
dz dt + / qb(t)A(x, x)V% -V, da dt
0 RN 13

From (6.8) and (4.5) we have that, for almost every ¢ € [0, 7],

Lor=2)

Thus, (6.14) can be rewritten as

T ag,s 2 _
/0 ¢(t)URNp(x,:>’6t d:v—/]RNA(:L‘,j>V&PE~VWde] dt = o(eN/?).

(6.15)
Taking ¢ = 1 yields the desired result. O

‘ C(T)EN/2+1/2.
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Proof of lemma 6.1. The limit of the initial energy for the solution ¥, of the wave
equation (4.3) is given by lemma 6.3 and it coincides with the sum of the initial
energies of the homogenized Schrodinger equations (3.2) and (3.6). Indeed, we have

_ 1 1
9% 0. M gamy + 1970 Mogany = 5 (I amy + 2 10 ey
1

= lim —75 B(¥.)(0).

From this equality, using the energy conservations for the wave equation (4.3) and
the homogenized Schréodinger equations (as proved in proposition 3.5), we deduce
that

1
1o M Zaqny + 07 (6 ey = lim 75 B(26) ().

Integrating in time and recalling the energy equipartition of lemma 6.5 yields

HHJFH%Z((O,T)XRN)+HU7”i2((0,T)><RN) &11_13%61\7/2/ /RN < )‘ tE

Finally, recalling u. = (0%./0t) + a¥. and using lemma 6.4, which says that ¥,
converges to 0 in a suitable weighted norm, we obtain

da: dt.

_ x
[0 172 0,7y )y + 1071207y xmm) = lim 5N/g/ /RN ( 7€>“e(ta$)|2d$dt7

which is the desired result. O

Proof of lemma 6.2. We begin with the easy case, when £™ # 0. From the definition
(6.5) of w., we have

Xe(VE2) = cwn(2) exp { ot }

which, upon differentiating, yields

(Vaxe)(Vez) = (VEV,we + 2imé™w, ) exp { — Ziwfiéz }

From lemma 4.1, we know that
||(va£)(\EZ)HL2(RN) < C(HUOHL2(RN) + HU1HH2(RN))-
For £ # 0, there exists a positive constant C'(£™) > 0 (see [12]) such that
IVeV.we + 2im€ " we || 2wy = C(E")(IIVeVawe| L2myy + lwellp2@wyy),  (6.16)

which implies the desired estimate (6.6). We now study the two-scale convergence
of the sequence w,, which is a solution of

—(VEV 4 2ime™) - (A®(VEV + 2imE™w,) + 2 p°w. = p*us (ev® —vb).  (6.17)
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We multiply equation (6.17) by ¢¢ = ¢(z, 2/+/€), where ¢(z,y) is a smooth, com-
pactly supported function defined on RY x T¥. Integrating by parts and using
hypothesis 2.2 yields

|45+ oDI(VET + 2" (VEV — 2im") s
2 [ otz = [ [+ o’ — )i ds (619
Because of the a priori estimate (6.6), there exist a subsequence and a limit,
wo(z,y) € L*(RYN; H(TV)),

such that w. and /eVw, two-scale converge weakly to wy and V,wy, respectively.
Passing to the two-scale limit, we obtain

—(divy +2im€") Ao (y)(Vy + 27" Jwo = —po(y)v’ (2)¥n(y).
By the simplicity of \,, we deduce that wq is given by

wo(z9) =~ 2281,
n
and the uniqueness of this limit implies that the entire sequence converges. The
strong two-scale convergence is easily obtained by replacing the test function ¢°
by we in (6.18) and passing to the limit on the right-hand side, which implies
the convergence of the energies in the left-hand side and thus the strong two-scale
convergence according to proposition 2.6(ii).

Now suppose that £ = 0. The above proof no longer works because inequality
(6.16) is not valid for £” = 0. It turns out that w. is no longer bounded in L?(R"Y)
but is precisely of order e ~*/2. We cannot use simple a priori estimates to prove this
result and we instead rely on a comparison with a four-term asymptotic expansion.
We construct a two-scale asymptotic expansion for a version of (6.17) with purely
periodic coefficients (the macroscopic variable y/ez being replaced by 0):

et () (o= o o

where Ay and pg are defined by (2.1). Recall that, by virtue of hypothesis 2.2, the

difference between A(\/ez,z/+/€) and Ag(z/+/€) is small, and the same is true for
p (see (6.4)). The ansatz for w? is taken to be

i =28 (e ) o) (o)

Plugging this into (6.19), we obtain the following cascade of equations:

—divy (Ao (y)Vyu’(z,y) + Ao(y) V™ (2)) = —po(y)Un (y)v' (2),
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—divy (Ao (y)Vyw' (z,y)) = div.(Ao(y) Vyw’(z,y)) + divy (Ao (y) V.u°)
+ div, (Ap(y)V.w"(2)),

— divy (Ao (y)Vyw?(z,y)) = div. (Ao (y) Vyw' (z,y)) + divy (Ao (y) V.w' (2,5))
+ div. (Ao (y) Vo' (2,1)) + po(y)¥n ()" (2).

The first equation allows us to compute w®(z,y) up to an unknown function o (z):

R U (y)vt (2 ow*
w(z,y) = () — L2 SO ) ),
n = 9%
where x;, 2 =1,..., N, are the usual periodic solutions of the cell problems

—div, (A(y)(Vyxi +e)) =0 in TV,

In order to solve the second equation, we must first check the following compatibility
condition:

div. (AHV,w* (2)) — Yln div. (vl(z) /Tr AW, ) dy) —0,  (6.20)

where A is the classical homogenized matrix defined by

Alfe; = | A(y)(Vyxi + e;) dy.
TN
Equation (6.20) has a unique (up to an additive constant) solution w*(z) in the
space
DY2(RYN) = {¢ € HL .(RY) such that V¢ € L?(RY)N}.

It is not obvious, however, that w* belongs to L?(RY). Since equation (6.20) has
constant coefficients, by Fourier analysis we can deduce that

Fur o) < 20O (6.21)

€l
where F¢(&) denotes the Fourier transform of ¢(z). Assumption (3.7) (see remark
3.4 for comments) is precisely designed, so we can deduce from (6.21) that w* does
indeed belong to L?(R"). Knowing w*, we can compute the solution of the second
equation (up to the addition of an unknown function wi(z)) as

N o,
w'(z,y) = Z 82? (2)xi(y) + i1 (2,y),

where 1 (z, %) depends on z only linearly through V_v! and V,V_ w* (which itself
depends only on V,v!) but not on .

In order to solve the third equation (for w?), we must first check the following
compatibility condition:

div, (A7V 16p) + div, /

P ol ow*
Ay [V Wy — V0t + Xivz:| dy =0,
™ ( ) v /\n ; 8zi
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which again admits a unique (up to an additive constant) solution w, € D¥2(R™) if
vt € H'(RYN). Since the coefficients are constant in the above equation, by Fourier
analysis we can easily check that the L2(R™) norm of 1 is bounded by the L?(R™Y)
norm of v'.

Since we have proved that both w* and w, belong to H'(RY), it is now obvious
that the two-scale asymptotic expansion w. satisfies the desired a priori estimate
(6.7), whatever the choices of the underdetermined additive functions w;(z) and
wa(z)). To obtain the same for w,, we bound their difference d.(z) = w.(z) —w.(2),
which satisfies

—ediv,(A°V.6.) 4+ 2p%5. = 53/2f5,

where
e e )
_ V2 gy, ([AO <\2> - A(x@z, \2)} Vzu?5>

[ v, (o) -0 2, 9) = VEdiv (Aol o)) (v = 22

[ div. (o), 2.) — div, (o) V)] (= 2 ).
We check that
[ 77800 < QU liagum) + €729 e
because of hypothesis 2.2 and (6.4). Therefore, we obtain the following inequality:

e[V 22 oy + 210 oy < OVEGENGellamy + VEIVS.l2any),

which implies
VElldell 2@y + Vo]l L2@yy < C

and, in turn, this implies the desired estimate (6.7). We pass to the weak two-scale
limit in equation (6.17) with £&™ = 0, as before. The strong two-scale convergence
of \/eVw, is obtained by remarking that \/e||V.|| 2~y < Cy/e. This completes
the proof of the lemma. O
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