HOMOGENIZATION AND APPLICATIONS

TO MATERIAL SCIENCES

Lecture Notes at the Newton Institute, Cambridge, September 1999.

Grégoire ALLAIRE Laboratoire d’Analyse Numérique Université Paris 6 75252 Parix Cedex 05, France

Introduction.

These lecture notes are a brief introduction to the mathematical theory of homogenization and some of its applications to material sciences. For a more advanced presentation of homogenization (which is a huge and fascinating field since its beginning in the early seventies), the reader is referred to the classical books [12], [15], [19], [58], and [70]. Roughly speaking, homogenization is a rigorous version of what is known in physics or mechanics as averaging. In other words, homogenization extracts homogeneous effective parameters from disordered or heterogeneous media.

We shall work in the setting of linearized elasticity which is of paramount importance for applications. We could have exposed the same ideas in the conductivity setting which is simpler and for which stronger and deeper results hold true. We do not discuss the non-linear setting which, of course, is more relevant in the context of, e.g., phase transitions. The reason is that, in this case, the theory is less complete and uses different tools than those presented here.

The first chapter focus on the homogenization of periodic structures. The method of two-scale asymptotic expansions is presented, and its mathematical justification will be briefly discussed. The second chapter introduces the notion of G- or H-convergence which can be applied to any kind of disordered media (not necessarily periodic). The third chapter is devoted to the notion of H-measure, introduced by Gerard [27] and Tartar [65]. It is a default measure which characterizes the lack of compactness of a weakly converging sequence. When specialized to multiphase composite materials it appears as a two-point correlation function which plays a crucial role in estimating their effective properties. The fourth chapter is concerned with the mathematical modelling of two-phase composite materials. Bounds on their effective properties are established with the help of the Hashin-Shtrikman variational principle. Those bounds are optimal being attained by a special class of composites, the so-called sequential laminates. Since the set of all two-phase elastic composites is unknown (this is the so-called G-closure problem), we address its characterization up to second order terms with respect to the contrast between the phases. This so-called small amplitude homogenization is equivalent to a problem of characterizing all possible H-measures of the phases mixtures. Finally, the fifth chapter explores the so-called multiple wells problems in the calculus of variations. In the case of quadratic wells in the linearized elasticity setting, their solution is equivalent to finding all possible H-measures of phases mixtures, i.e. it is similar to characterize the small amplitude Gclosure. Such problems are a crude model for phase transitions, but are already so difficults that a full answer is not yet available. Through these lectures notes, we want to emphasize the link between all these questions which turns out to be the notion of H-measure.

Chapter 1

Periodic homogenization.

Homogenization has first been developed for periodic structures. Indeed, in many fields of science and technology one has to solve boundary value problems in periodic media. Quite often the size of the period is small compared to the size of a sample of the medium, and, denoting by ϵ their ratio, an asymptotic analysis, as ϵ goes to zero, is called for. Starting from a microscopic description of a problem, we seek a macroscopic, or effective, description. This process of making an asymptotic analysis and seeking an averaged formulation is called homogenization.

We emphasize that homogenization is not restricted to the periodic case and can be applied to any kind of disordered media. This is the focus of the second chapter where the notion of G- or H-convergence is introduced. It allows to consider any possible geometrical situation without any specific assumptions like periodicity or randomness.

1.1 Setting of the problem.

We consider a model problem of linear elasticity in a periodic medium (for example, a composite material where stiff fibers are included in a matrix of a more compliant phase). To fix ideas, the periodic domain is called Ω (a bounded open set in IR^N with N ≥ 1), its period ϵ (a positive number which is assumed to be very small in comparison with the size of the domain), and the rescaled unit cell Y (i.e. Y = (0, 1)^N ). The Hooke’s law in Ω is not constant but varies periodically with period ϵ in each direction. It is a fourth order tensor A(y), where y = x/ϵ ∈ Y is the fast periodic variable, while x ∈ Ω is the slow variable. Equivalently, x is also called the macroscopic variable, and y the microscopic variable. If the Hooke’s law A is isotropic, with positive bulk and shear moduli κ and μ, we have A(y) = (κ(y) − 2μ(y) N )I_2 ⊗ I_2 + 2μ(y)I_4,

but, A can be any fourth order tensor satisfying the usual symmetries of linear elasticity, A_{ijkl} = A_{klij} = A_{jikl} = A_{ijlk} for 1 ≤ i, j, k, l ≤ N, and the usual coerciveness assumption, i.e. there exist a positive constant α > 0 such that, for any constant symmetric matrix ξ with entries ξ_{ij} ∈ IR^N and at any point y ∈ Y , α|ξ|^2 ≤ N∑ i,j,k,l=1 A_{ijkl} (y)ξ_{ij} ξ_{kl}. The tensor A(y) is a periodic function of y, with period Y , and it may be discontinuous in y (to model the discontinuity of the elastic properties from one phase to the other).

Denoting by f(x) the external load (a vector function defined in Ω), and enforcing a Dirichlet boundary condition (for simplicity), our model problem of elasticity reads { −div ( A (_x ϵ ) e(u_ϵ) ) = f in Ω u_ϵ = 0 on ∂Ω,

(1.1)

where u_ϵ is the unknown displacement, and e(u_ϵ) is the deformation tensor 1/2(∇u_ϵ +^t ∇u_ϵ).

Remark 1.1.1 From a mathematical point of view, problem (1.1) is well posed in the sense that, if the force f(x) belongs to the space L^2(Ω)^N of square integrable vectors on Ω, then the Lax-Milgram lemma implies existence and uniqueness of the solution u_ϵ in the Sobolev space H^1_0 (Ω)^N of vectors functions which belong to L^2(Ω)^N along with their first derivatives. More smoothness can be obtained for the solution u_ϵ, but it is not necessary in the sequel.

From a mechanical point of view, the domain Ω with its material properties A (_x ϵ ) is highly heterogeneous with periodic heterogeneities of lengthsize ϵ. Usually one does not need the full details of the elastic displacement, but rather some global of averaged behavior of the domain Ω submitted to the force f. From a numerical point of view, solving equation (1.1) by any method will require too much efforts if ϵ is small since the number of elements (or degrees of freedom) for a fixed level of accuracy grows like 1/ϵ^N . It is thus preferable to average or homogenize the properties of Ω and compute an approximation of u_ϵ on a coarse mesh. This process of averaging

1.2. TWO-SCALE ASYMPTOTIC EXPANSIONS. 5

the displacement solution of (1.1) and finding the effective properties of the domain Ω is precisely what is called homogenization.

In order to find this homogenized or averaged behavior of Ω, we perform an asymptotic analysis of equation (1.1) as the period ϵ goes to 0. The solution u_ϵ is written as a series in power of ϵ

u_ϵ = +∞∑ i=0 ϵ^iu_i. The first term u_0 of this series will be identified with the solution of the so-called homogenized equation whose Hooke’s law A^∗ can be exactly computed. Note that A^∗ is a constant tensor describing a homogeneous medium. Numerical computations on the homogenized equation does not require a fine mesh since the heterogeneities of size ϵ have been averaged out. This homogenized tensor A^∗ is usually not a usual average (arithmetic or harmonic) of A(y)... Various estimates will confirm this asymptotic analysis by telling in which sense u_ϵ is close to u_0 as ϵ is small.

Remark 1.1.2 From a mathematical point of view, homogenization can be interpreted as follows. Rather than studying equation (1.1) for the precise value ϵ which is the physical lengthscale of the heterogeneities, we embed this problem in a sequence of problems indexed by the period ϵ which is now regarded as a small parameter going to zero. Therefore, we now consider the sequence of solutions (u_ϵ)_{ϵ>0} as a sequence in the Sobolev space H^1_0 (Ω)^N .

Multiplying equation (1.1) by u_ϵ, integrating by parts, and using Poincaré inequality (i.e. the L^2 norm of u_ϵ is bounded by that of ∇u_ϵ) yields the following a priori estimate

‖u_ϵ‖_H1_{0 (Ω)}N ≤ C‖f‖_L2_{(Ω)}N (1.2)

where C is a positive constant which does not depend on ϵ. It implies that the sequence u_ϵ is bounded in H^1_0 (Ω)^N . Therefore, up to extracting a subsequence, it converges weakly in H^1_0 (Ω)^N to some limit u (and by Rellich’ theorem it converges also strongly to u in L^2(Ω)^N ). Finally, the homogenization process amounts to find what is the equation satisfied by u. Of course, u will turn out to coincide with u_0, the first term in the series defined above, and it is therefore the solution of the homogenized equation.

1.2 Two-scale asymptotic expansions.

The method of two-scale asymptotic expansions is a formal method which allows to homogenize a great variety of models or equations posed in a periodic domain. There are many good reference books on this topic, see in particular [12], [15], and [58]. As already said, the starting point is to consider the following ansatz, or two-scale asymptotic expansion, for the solution u_ϵ of equation (1.1)

u_ϵ(x) = +∞∑ i=0 u_i ( x, x ϵ ) , (1.3)

where each term u_i(x, y) is a function of both variables x and y, periodic in y with period Y = (0, 1)^N . This series is plugged in the equation, and the following derivation rule is used ∇ ( u_i ( x, x ϵ )) = ( ϵ^{−1}∇_yu_i + ∇_xu_i ) ( x, x ϵ ) , where ∇_y and ∇_x denote the partial derivative with respect to the first and second variable of u_i(x, y). For example, one has

∇u_ϵ(x) = ϵ^{−1}∇_y u_0 ( x, x ϵ ) + +∞∑ i=0 ϵ^i (∇_yu_{i+1} + ∇_xu_i) ( x, x ϵ ) . Equation (1.1) becomes a series in ϵ

−ϵ^{−2} [div_y (Ae_y(u_0))] ( x,^x_ϵ )

−ϵ^{−1} [div_y (A(e_x(u_0) + e_y(u_1))) + div_x (Ae_y(u_0))] ( x,^x_ϵ )

− ∑_{+∞} i=0 ϵ^i [div_x (A(e_x(u_i) + e_y(u_{i+1}))) + div_y (A(e_x(u_{i+1}) + e_y(u_{i+2})))] ( x,^x_ϵ ) = f(x). (1.4) Identifying each coefficient of (1.4) as an individual equation yields a cascade of equations (a series of the variable ϵ is zero for all value of ϵ if each coefficient is zero). It turns out that the three first equations are enough for our purpose. The ϵ^{−2} equation is

−div_y (A(y)e_y(u_0(x, y))) = 0,

which is nothing else than an equation in the unit cell Y with periodic boundary condition. In this equation, y is the variable, and x plays the role of a parameter. There exists a unique solution of this equation up to a constant (with respect to y). This implies that u_0 is a function which does not depend on y, i.e. there exists a function u(x) which depends only on x such that u_0(x, y) ≡ u(x).

1.3. CELL AND HOMOGENIZED PROBLEMS. 7

Since e_y(u_0) = 0, the ϵ^{−1} equation is

−div_y (A(y)e_y(u_1(x, y))) = div_y (A(y)e_x(u(x))) , (1.5)

which is an equation for the unknown u_1 in the periodic unit cell Y . Again, it is a well-posed problem wich admits a unique solution, up to a constant, as soon as the right hand side is known. Equation (1.5) allows to compute u_1 in terms of u, and it is easily seen that u_1(x, y) depends linearly on the first derivative ∇_xu(x).

Finally, the ϵ^0 equation is

−div_y (A(y)e_y(u_2(x, y))) = div_y (A(y)e_x(u_1))+div_x (A(y)(e_y (u_1) + e_x(u)))+f(x), (1.6) which is an equation for the unknown u_2 in the periodic unit cell Y . Equation (1.6) admits a solution (unique up to a constant) if a compatibility condition is satisfied (the so-called Fredholm alternative). Indeed, integrating the left hand side of (1.6) over Y , and using the periodic boundary condition for u_2, we obtain a zero mean value for equation (1.6). This implies that the right hand side must have zero average over Y ∫ Y [div_y (A(y)e_x(u_1)) + div_x (A(y)(e_y (u_1) + e_x(u))) + f(x)] dy = 0,

which simplifies in

−div_x ∫ Y A(y) (e_y(u_1) + e_x(u)) dy = f(x) in Ω. (1.7)

Since u_1(x, y) depends linearly on ∇_xu(x), equation (1.7) is simply an equation for u(x) involving only the second order derivatives of u. The next section is devoted to an interpretation of this equation as the homogenized equation.

Remark 1.2.1 This method of two-scale asymptotic expansions is mathematically formal. In other words, it yields heuristically the homogenized equation, but it is not a rigorous proof of the homogenization process. The reason is that the ansatz (1.3) is not always correct. Indeed, it is usually false after the two first terms. For example, it does not include possible boundary layers in the vicinity of ∂Ω (for details, see e.g. [40]).

1.3 Cell and homogenized problems.

The method of two-scale asymptotic expansions give rise to a couple of equations (1.5) (1.7) that have a mathematical, as well as physical, interpretation. Let us introduce the so-called cell problems. We denote by

(e_i)_{1≤i≤N} the canonical basis of IR^N . Defining e_{ij} = 1 2 (e_i ⊗ e_j + e_j ⊗ e_i) ,

we obtain a basis of the space of symmetric matrices. For each matrix e_{ij} , consider the following elasticity problem in the periodic unit cell { −div_y (A(y) (e_{ij} + e_y(w_{ij} (y)))) = 0 in Y y → w_{ij} (y) Y -periodic, (1.8)

where w_{ij} (y) is the displacement created by a mean deformation equal to e_{ij} . By linearity, it is not difficult to compute u_1(x, y), solution of (1.5), in terms of u(x) and w_{ij} (y)

u_1(x, y) = N∑ i=1 N∑ j=1 ( ∂u_i ∂x_j (x) + ∂u_j ∂x_i (x) ) w_{ij} (y). (1.9)

Inserting this expression in equation (1.7), we obtain the homogenized equation for u −div_x (A^∗e_x(u(x))) = f(x) in Ω, (1.10)

that we supplement with Dirichlet boundary condition on ∂Ω. The homogenized Hooke’s law A^∗ is defined by its entries A^∗_{ijkl} = ∫ Y A(y) (e_{ij} + e(w_{ij} )) · (e_{kl} + e(w_{kl})) dy, (1.11)

or equivalently, by a simple integration by parts in Y , A^∗_{ijkl} = ∫ Y (A(y)e_y (w_{ij} )_{kl} + A_{ijkl}(y)) dy. The constant tensor A^∗ describes the effective or homogenized properties of the heterogeneous material A (_x ϵ ) . Remark that it does not depend on the choice of domain Ω, force f, or boundary condition on ∂Ω.

Remark 1.3.1 From a mathematical point of view, it is possible to rigorously justify the fact that equation (1.10) is the homogenized equation associated to the original equation (1.1). For example, in [12], [15], and [58], it is proved that the sequence u_ϵ(x) of solutions of (1.1) converges weakly in H^1_0 (Ω)^N to a limit u(x) which is the unique solution of the homogenized problem 1.10) . This justifies the first term in the ansatz of u_ϵ, but one can justify the two first terms and improve the weak convergence of

1.4. VARIATIONAL CHARACTERIZATION OF THE HOMOGENIZED COEFFICIENTS.9

u_ϵ. More precisely, (u_ϵ(x) − u(x) − ϵu_1 ( x,^x_ϵ ) ) converges strongly to 0 in H^1_0 (Ω)^N (one can even estimate the speed of convergence in terms of ϵ).

Technically, the most general and powerful method for proving such an homogenization theorem is the so-called energy method of Tartar [62]. Another method (which is simpler but restricted to the periodic setting) is the two-scale convergence introduced by Nguetseng [51] and Allaire [2].

1.4 Variational characterization of the homogenized coefficients.

The homogenized Hooke’s law A^∗ is defined in terms of the solutions of the cell problems by equation (1.11). It is convenient to give another definition of A^∗ involving standard variational principles. Recall that both the original and the homogenized Hooke’s law A(y) and A^∗ are symmetric fourth order tensors. Therefore, A^∗ is completely determined by the knowledge of the quadratic form A^∗ξ · ξ where ξ is any symmetric matrix. From definition (1.11) it is not difficult to check that A^∗ξ · ξ = ∫ Y A(y) (ξ + e(w_ξ )) · (ξ + e(w_ξ)) dy, (1.12)

where w_ξ is the solution of { −div_y (A(y) (ξ + e_y(w_ξ (y)))) = 0 in Y y → w_ξ (y) Y -periodic. (1.13)

It is well-known that equation (1.13) is the Euler-Lagrange equation of the following variational principle : find w which minimizes ∫ Y A(y) (ξ + e(w)) · (ξ + e(w)) dy over all periodic displacement fields w. In other words, A^∗ξ · ξ is given by the minimization of the elastic energy (primal formulation)

A^∗ξ · ξ = min

w∈H^1_#(Y )^N ∫ Y A(y) (ξ + e(w)) · (ξ + e(w)) dy (1.14)

where H^1_#(Y )^N is the Sobolev space of periodic displacements in Y .

There is also a dual formulation for the elastic energy, in terms of stresses rather than deformations. For any symmetric matrix σ, this yields a definition of A^{∗−1}

A^{∗−1}σ · σ = min

τ (y)∈L^2_#(Y )^{N 2}

div τ =0 and ∫ Y τ dy=0

∫ Y A^{−1}(y) (σ + τ(y)) · (σ + τ(y)) dy (1.15) where L^2_#(Y )^{N 2} is the space of periodic square integrable admissible stresses in Y .

Remark that all the above equivalent definitions of A^∗ are not simple algebraic formulae, but rather deliver the value of A^∗ at the price of a non-explicit computation of the solutions of the cell problems. However, in practice one is not always interested in the precise value of A^∗ but rather in lower or upper estimates of its value. In this respect, the above variational characterization of A^∗ is useful since it provides an upper bound by choosing a specific test function w(y). The most simple choice is to take w(y) = 0, and it yields the so-called arithmetic mean upper bound A^∗ξ · ξ ≤ (∫ Y A(y)dy ) ξ · ξ. (1.16)

Similarly, a lower bound on A^∗ can be derived from (1.15), by taking τ = 0 A^{∗−1}σ · σ ≤ (∫ Y A^{−1}(y)dy ) σ · σ. This lower bound can also be obtained from (1.14) if the space of admissible fields in the minimization is enlarged. Indeed, remarking that the strain tensor e(w) has zero-average over Y because of the periodicity of w(y), this strain can be replaced by any zero-average symmetric matrix field A^∗ξ · ξ ≥ min ζ(y)∈L2 # (Y )N 2 ∫ Y ζ(y)dy=0

∫ Y A(y) (ξ + ζ(y)) · (ξ + ζ(y)) dy. (1.17)

The minimum in the right hand side of (1.17) is easy to compute : the optimal ζ_ξ (y) satisfies the following Euler-Lagrange equation

A(y) (ξ + ζ_ξ (y)) = C,

where C is a constant (a Lagrange multiplier for the constraint ∫ Y ζ_ξ(y)dy = 0. After some algebra, one can compute explicitly the optimal ζ_ξ as well as the minimal value which delivers the so-called harmonic mean lower bound A^∗ξ · ξ ≥ (∫ Y A^{−1}(y)dy )_{−1} ξ · ξ. (1.18)

The bounds (1.16) and (1.18) are sometimes called the Voigt and Reuss bounds [56], [67], or Paul bounds [54]. These estimates hold true in great generality (i.e. in a non-periodic setting too), but are usually not optimal and can be improved. Actually, improving the harmonic and arithmetic mean bounds is one of the main problem of homogenization theory applied to the modelling of composite materials. It turns out to have also many applications to optimal design problems.

Chapter 2

G- or H-convergence.

The first chapter was devoted to a brief presentation of homogenization in a periodic setting. This second chapter focus on the general setting of homogenization when no geometric assumptions are available (like periodicity, or ergodicity in a probabilistic framework) . It turns out that homogenization can be applied to any kind of disordered media, and is definitely not restricted to the periodic case (although the nice ”explicit” formulae of the periodic setting for the homogenized Hooke’s law have no analogue). We introduce the notion of G- or H-convergence which is due to Spagnolo [60], [61], and has been further generalized by Murat and Tartar [49], [50], [62] (see also the textbooks [52], [70]). It allows to consider any possible geometrical situation without any specific assumptions like periodicity or randomness. The G- or H-convergence turns out to be the adequate notion of convergence for effective properties that will be the key tool in the study of optimal shape design problems.

To conclude this introduction, let us mention that there is also a stochastic theory of homogenization (see [39], [20], [53]) and a variational theory of homogenization (the Γ-convergence of De Giorgi, [21], [22], see also the book [19]) that will not be described below.

2.1 Definition of G-, or H-convergence.

The G-convergence is a notion of convergence associated to sequences of symmetric operators (typically, these operators are applications giving the solution of a partial differential equation in terms of the right hand side). The G means Green since this type of convergence corresponds roughly to the convergence of the associated Green functions. The H-convergence is a generalization of the G-convergence to the case of non-symmetric operators (it provides also an easier mathematical framework, but we shall not dwell on that). The H stands for Homogenization since it is an important tool of that theory. Since the elasticity equations have symmetric coefficients, the underlying operators are symmetric too. Therefore in the sequel, we use only the notation G-convergence for simplicity.

The main result of the G-convergence is a compactness theorem in the homogenization theory which states that, for any bounded and uniformly coercive sequence of coefficients of a symmetric second order elliptic equation, there exist a subsequence and a G-limit (i.e. homogenized coefficients) such that, for any source term, the corresponding subsequence of solutions converges to the solution of the homogenized equation. In practical terms, it means that the mechanical properties of an heterogeneous medium (like its conductivity, or elastic moduli) can be well approximated by the properties of a homogeneous or homogenized medium if the size of the heterogeneities are small compared to the overall size of the medium.

The G-convergence can be seen as a mathematically rigorous version of the so-called representative volume element method for computing effective or averaged parameters of heterogeneous media.

We introduce the notion of G-convergence for the specific case of the elasticity system with a Dirichlet boundary condition, but all the results hold for a larger class of second order elliptic operators and boundary conditions. Let Ω be a bounded open set in IR^N , and let α, β be two positive constants such that 0 < α ≤ β. We introduce the set M(α, β, Ω) of all possible symmetric fourth order tensors defined on Ω with uniform coercivity constant α and L^∞(Ω)-bound β. Furthermore, A ∈ M(α, β, Ω) satisfies the usual symmetries of a Hooke’s law, A_{ijkl} = A_{klij} = A_{jikl} = A_{ijlk} for 1 ≤ i, j, k, l ≤ N. The coerciveness and boundedness of A(x) is equivalent to α|ξ|^2 ≤ N∑ i,j,k,l=1 A_{ijkl} (x)ξ_{ij} ξ_{kl} ≤ β|ξ|^2. We consider a sequence A_ϵ(x) of Hooke’s law in M(α, β, Ω), indexed by a sequence of positive numbers ϵ going to 0. Here, ϵ is not associated to any specific lengthscale or statistical property of the elastic medium. In other words, no special assumptions (like periodicity or stationarity) are placed on the sequence A_ϵ.

For a given force f(x) ∈ L^2(Ω)^N , there exists a unique displacement u_ϵ, solution in the Sobolev space H^1_0 (Ω)^N of the following elasticity equation { −div (A_ϵ(x)e(u_ϵ)) = f(x) in Ω u_ϵ = 0 on ∂Ω, (2.1)

2.1. DEFINITION OF G-, OR H-CONVERGENCE. 13

where e(u_ϵ) is the deformation tensor 1/2(∇u_ϵ +^t ∇u_ϵ). The G-convergence of the sequence A_ϵ is defined below as the convergence of the corresponding solutions u_ϵ.

Definition 2.1.1 The sequence of tensors A_ϵ(x) is said to G-converge to a limit A^∗(x), as ϵ goes to 0, if, for any force f ∈ L^2(Ω)^N in (2.1), the sequence of solutions u_ϵ converges weakly in H^1_0 (Ω) to a limit u which is the unique solution of the homogenized equation associated to A^∗: { −div (A^∗(x)e(u)) = f(x) in Ω u = 0 on ∂Ω. (2.2)

Remark that, by definition, the homogenized tensor A^∗ is independent of the applied force f. We shall see that it is also independent of the boundary condition and of the domain.

This definition makes sense because of the compactness of the set M(α, β, Ω) with respect to the G-convergence, as stated in the following theorem.

Theorem 2.1.2 For any sequence A_ϵ in M(α, β, Ω), there exist a subsequence (still denoted by ϵ) and a homogenized limit A^∗, belonging to M(α, β, Ω), such that A_ϵ G-converges to A^∗.

The G-convergence of a general sequence A_ϵ is always stated up to a subsequence since A_ϵ can be the union of two sequences converging to two different limits. The G-convergence of A_ϵ is not equivalent to any other ”classical” convergence. For example, if A_ϵ converges strongly in L^∞(Ω) to a limit A (i.e. the convergence is pointwise), then its G-limit A^∗ coincides with A. But the converse is not true ! On the same token, the Gconvergence has nothing to do with the usual weak convergence. Indeed, the G-limit A^∗ of a sequence A_ϵ is usually different of its weak-* L^∞(Ω)-limit. For example, a straightforward computation in one dimension (N = 1) shows that the G-limit of a sequence A_ϵ is given as the inverse of the weak- * L^∞(Ω)-limit of A^{−1}_ϵ (the so-called harmonic limit). However, this last result holds true only in 1-D, and no such explicit formula is available in higher dimensions.

The G-convergence enjoys a few useful properties as enumerated in the following proposition.

Proposition 2.1.3 Properties of G-convergence.

1. If a sequence A_ϵ G-converges, its G-limit is unique.

2. Let A_ϵ and B_ϵ be two sequences which G-converge to A^∗ and B^∗ respectively. Let ω ⊂ Ω be a subset strictly included in Ω such that A_ϵ = B_ϵ in ω. Then A^∗ = B^∗ in ω (this property is called the locality of G-convergence).

3. The G-limit of a sequence A_ϵ is independent of the source term f and of the boundary condition on ∂Ω.

4. Let A_ϵ be a sequence which G-converges to A^∗. Then, the associated density of energy A_ϵe(u_ϵ) · e(u_ϵ) also converges to the homogenized density of energy A^∗e(u) · e(u) in the sense of distributions in Ω.

5. If a sequence A_ϵ G-converges to a limit A^∗, then the sequence of stresses A_ϵe(u_ϵ) converges weakly in L^2(Ω)^{N 2} to the homogenized stress A^∗e(u).

These properties of the G-convergence implies that the homogenized medium A^∗ approximates the heterogeneous medium A_ϵ in many different ways. First of all, by definition of G-convergence, the displacements and the deformation tensors are closed (this is the sense of the convergence of u_ϵ to u in the Sobolev space H^1_0 (Ω)^N ). Then, by application of the above proposition, the stresses and the energy densities are also closed.

Remark also that, by locality of the G-convergence, the homogenized tensor is defined at each point of the domain Ω independently of what may happen in other regions of Ω.

Of course, a particular example of G-convergent sequences A_ϵ is given by periodic media of the type A (_x ϵ ) as in the previous chapter.

2.2 The G-closure problem.

A crucial problem in the theory of G-convergence is the following. Assume that we constrain the sequence of Hooke’s law A_ϵ(x) to take only two values A and B, corresponding to two given elastic materials, at each point x ∈ Ω. Then, what is the possible set of G-limits A^∗(x) that can be attained by such sequences ? In other words, what kind of composite materials can be achieved by mixing A and B in any possible manner ? This problem is known as the G-closure problem. A variant of this problem is to fix the overall volume fraction of A and B in Ω to be θ and 1 − θ, with 0 ≤ θ ≤ 1. This problem is called the G_θ-closure problem.

Surprisingly enough, these two questions have not yet been solved in the context of elasticity (even if A and B are assumed to be isotropic), although the answer is known in the context of conductivity (see [50], [64], [41]). However, there are a few useful results in this direction that indicates that there is no loss of generality in considering only periodic composite materials (i.e. homogenized tensors A^∗ obtained by periodic homogenization). The following result is attributed to Dal Maso and Kohn.

2.2. THE G-CLOSURE PROBLEM. 15

Theorem 2.2.1 Let A^∗(x) be any homogenized Hooke’s law (or composite material) obtained by mixing the two constituents A and B in proportions θ(x) and (1 − θ(x)) in a domain Ω (in other words A^∗(x) is any element of the so-called G-closure). Then, at each point x ∈ Ω, the proportion θ(x) can take any value between 0 and 1, while A^∗(x) can take any value in the set G_{θ(x)}, defined as the closure of the set of all periodic homogenized Hooke’s law (i.e., obtained by homogenization of a periodic mixture of A and B in proportions θ(x) and (1 − θ(x))).

This theorem states that any homogenized material A^∗ (obtained with any possible mixing procedure) can locally be attained by a periodic mixture in the same proportions. This feature is, of course, not so surprising, since we already claimed that the G-convergence is local.

Although we do not have an explicit characterization of the set G_θ for 0 ≤ θ ≤ 1, we know part of the boundary of this set. In other words we know some ”optimal composites” which live on ∂G_θ and are therefore extremal. For example, if A^∗ is isotropic, the celebrated Hashin-Shtrikman bounds hold for its bulk and shear moduli [33]. These bounds are known to be attained by optimal composites which are sequential laminates (see [25] and chapter 4 for details).

We conclude this chapter by referring to the classical book [17] for more informations on the theory of composite materials.

16 CHAPTER 2. G- OR H-CONVERGENCE.

Chapter 3

H-measures.

The notion of H-measure has been introduced by Gerard [27] and Tartar [65]. It is a default measure which quantifies, in the phase space, the lack of compactness of weakly converging sequences in L^2(Ω). In other words, it indicates where in the physical space, and at which frequency in the Fourier space, are the obstructions to strong convergence. As recognized by Tartar [65], this abstract tool has many important applications in the mathematical theory of composite materials. We therefore give a brief survey on this notion of H-measure.

3.1 General definition.

Let u_ϵ be a sequence of functions defined in IR^N with values in IR^p. The components of the vector-valued function u_ϵ are denoted by (u^i_ϵ)_{1≤i≤p}. We assume that u_ϵ converges weakly to 0 in L^2(IR^N )^p.

Theorem 3.1.1 There exist a subsequence (still denoted by ϵ) and a family of complex-valued Radon measures (μ_{ij} )_{1≤i,j≤p} on IR^N ×S_{N−1} such that, for every functions ϕ_1(x), ϕ_2(x) in C_0(IR^N ), and ψ(ξ) in C(S_{N−1}), it satisfies ∫ IR^N ∫ S_{N −1} ϕ_1(x)ϕ_2(x)ψ ( ξ |ξ| ) μ_{ij} (dx, dξ) = lim_{ϵ→0} ∫ IR^N F ( ϕ_1u^i_ϵ ) (ξ)F ( ϕ_2u^jϵ ) (ξ)ψ ( ξ |ξ| ) dξ . The matrix of measures μ = (μ_{ij} )_{1≤i,j≤p} is called the H-measure of the subsequence u_ϵ. It is a hermitian and non-negative matrix.

Let us explain the notations of Theorem 3.1.1 : S_{N−1} is the unit sphere in IR^N , C(S_{N−1}) is the space of continuous functions on S_{N−1}, C_0(IR^N ) that of continuous functions decreasing to 0 at infinity in IR^N , and z denotes the complex conjugate of the complex number z. Finally, F is the Fourier transform operator defined in L^2(IR^N ) by

(Fϕ) (ξ) = ∫ IR^N ϕ(x)e^{−2iπ(x·ξ)}dx. In Theorem 3.1.1, the role of the test functions ϕ_1 and ϕ_2 is to localize in space, while that of ψ is to localize in the directions of oscillations.

Remark 3.1.2 Theorem 3.1.1 furnishes a representation formula for the limit of quadratic objects of the sequence u_ϵ. When we take ψ ≡ 1, we recover the usual default measure in the physical space, i.e. ∫ S_{N −1} μij (·, dξ) is just the limit measure of the bounded sequence u^i_ϵu^j_ϵ in L^1(IR^N ). Therefore, the H-measure gives a more precise representation of the compactness default, taking into account oscillation directions.

The main property of the H-measure μ (apart from being a hermitian non-negative matrix) is its localization principle which is a generalization of the compensated compactness theory of Murat and Tartar [48], [63]. We shall not use it in the sequel, but for the sake of completeness we recall it below.

Theorem 3.1.3 Let u_ϵ be a sequence which converges weakly to 0 in L^2(IR^N )^p and defines a H-measure μ. If u_ϵ is such that p∑ j=1 N∑ k=1 ∂ ∂x_k ( A_{jk} (x)u^j_ϵ ) → 0 in H^{−1}_{loc} (Ω) strongly

where the coefficients A_{jk} are continuous in the open set Ω of IR^N , then the H-measure satisfies p∑ j=1 N∑ k=1 A_{jk} (x)ξ_k μ_{jm} = 0 in Ω for every m.

The most simple example of a weakly converging sequence is a periodically oscillating sequence as in the first chapter. More precisely, we assume that u_ϵ(x) = u ( x, x ϵ ) , with u(x, y) a function defined on IR^N × Y which is Y -periodic in the last variable y and satisfies ∫ Y u(x, y)dy = 0. For simplicity, we assume that u(x, y) is continuous in x with values in L^∞(Y ). The H-measure of such a sequence can be computed explicitly.

Lemma 3.1.4 Writing u(x, y) as a Fourier series in y, i.e. u^i(x, y) = ∑ m∈ZZ^N u^i_m(x)e^{2iπm·y} , (3.1) the H-measure of the entire sequence u_ϵ(x) is μ_{ij} = ∑ m∈ZZ^N , m≠0 u^i_m(x)u^j_m(x)δ_{m/|m|}(ξ), where δ_{m/|m|} is the Dirac mass at^m_{|m|} .

Remark that in (3.1) the coefficient u^i_0(x) is necessarily 0 since u_ϵ must converges weakly to 0.

3.2 Periodic case.

In view of Lemma 3.1.4, we can simplify the definition of the H-measure of a periodically oscillating function u_ϵ(x) = u(x/ϵ) with u ∈ L^2_#(Y )^p. We shall no more assume that u(y) has zero average in Y , since we can always subtract its average and apply the previous Lemma 3.1.4. Since we are only interested in real-valued functions, we shall also consider only the real part of the H-measure. After all these minor modifications, by a convenient abuse of language, we shall still talk about the H-measure of u(y) and drop its dependence with respect to x.

Definition 3.2.1 Let u(y) be a function in L^2_#(Y )^p. Its H-measure μ is the matrix-valued measure defined on S_{N−1} by μ_{ij} = R⌉ ∑ m∈ZZ^N , m≠0 u^i_mu^j_mδ_{m/|m|}(ξ),

where R⌉ is the real part of a complex number and u^i_m are the Fourier coefficients of the i-th component of u(y), i.e.

u^i(y) = ∑ m∈ZZ^N u^i_me^{2iπm·y}. It is a real symmetric non-negative measure since, for any vector λ ∈ IR^p, it satisfies p∑ i,j=1 μ_{ij} λ_iλ_j = ∑ m∈ZZ^N , m≠0 |u_m · λ|^2 δ_{m/|m|}(ξ).

Remark 3.2.2 Since we assume that the function u(y) is real-valued, it is easily seen that μ_{ij} (−e) = μ_{ij} (e), i.e. the H-measure μ is even on S_{N−1}.

A special case of particular interest for the sequel is obtained when u(y) is a vector of characteristic functions (χ^i(y))_{1≤i≤p} that satisfy

χ^i(y) = 0 or 1, ∑_p i=1 χ^i(y) = 1, χ^i(y)χ^j (y) = 0 for i ≠ j.

(3.2)

In such a case the H-measure satisfies special properties which are restrictions on its possible range.

Lemma 3.2.3 Let μ be the H-measure of the family of characteristic functions (χ^i(y))_{1≤i≤p} satisfying (3.2). Then, μ is such that ∑_p i=1 μ_{ij} = 0 for 1 ≤ j ≤ p, ∫ S_{N −1} μij (de) = −θ iθ^j for i ≠ j, ∫ S_{N −1} μii(de) = θ i(1 − θ^i), (3.3)

where θ^i = ∫ Y χ^i(y)dy (we have ∑_p i=1 θ^i = 1).

The conditions (3.3) are necessary conditions for a real symmetric nonnegative even measure μ to be the H-measure of a family of characteristic functions. However, it is believed that there exist further restrictions on such H-measures, at least when p > 2. In the case p = 2, Lemma 3.2.3 implies that the knowledge of the two by two matrix μ reduces to that of one of its components, say μ_{11} since μ_{12} = μ_{21} = −μ_{22} = −μ_{11}. It turns out that for a single characteristic function, the set of all possible H-measures is known (see [36], [65]).

Lemma 3.2.4 Let μ be the H-measure of a single characteristic function χ(y), i.e. taking only the values 0 or 1, such that θ = ∫ Y χ(y)dy. By varying χ, the set of all such H-measures μ is precisely the set of all probability measures P(S_{N−1}) multiplied by the weighting factor θ(1 − θ).

Remark 3.2.5 In the sequel, we denote by P(S_{N−1}) the space of all probability measures on the unit sphere S_{N−1}. Recall that a probability measure ν is a non-negative measure with unit mass, i.e. ν(e) ≥ 0 ∀e ∈ S_{N−1}, and ∫ S_{N −1} dν(e) = 1. (3.4)

Since the set of all H-measures of family of characteristic functions is unknown, we need one way of building explicitly such H-measures. This is the goal of the following ”mixing rule” for H-measures which may be found in [36], [65].

Lemma 3.2.6 Let (χ^i_1(y))_{1≤i≤p} and (χ^i_2(y))_{1≤i≤p} be two families of characteristic functions with volume fractions (θ^i_1)_{1≤i≤p}, (θ^i_2)_{1≤i≤p}, and Hmeasures (μ^1_{ij} )_{1≤i,j≤p}, (μ^2_{ij} )_{1≤i,j≤p}. Let ψ(y) be another characteristic function with average ρ and H-measure ν. By mixing these two families according to the partition ψ on separated scales, we obtain a new family of characteristic functions, namely

χ^i_ϵ(y) = ψ(y)χ^i_1 (y ϵ ) + (1 − ψ(y))χ^i_2 (y ϵ ) . As the scale ϵ goes to 0, the volume fractions of this new family are

θ^i = ρθ^i_1 + (1 − ρ)θ^i_2 for 1 ≤ i ≤ p

and its H-measure is

μ_{ij} = ρμ^1_{ij} + (1 − ρ)μ^2_{ij} + (θ^i_1 − θ^i_2)(θ^j_1 − θ^j_2)ν.

The notion of H-measure for a family of characteristic functions is very useful in several fields of material sciences including optimal design (see e.g. [3]), small contrast composite materials (see below in chapter 4 or e.g. [5]), coherent phase transitions (see chapter 5).

22 CHAPTER 3. H-MEASURES.

Chapter 4

Composite materials.

This chapter is devoted to a brief introduction to the theory of composite materials in the context of homogenization. For more details, the reader is referred to [17], [33] for a mechanical point of view, and to [25], [35], [45] for a mathematical point of view.

We begin by introducing a particular family of composite materials, known as finite-rank sequential laminates, that constitute a class of optimal composites having effective properties explicitly given by an algebraic formula. Then, we recall the well-known Hashin-Shtrikman variational principle that permits to obtain bounds on the elastic energy of a composite material. It turns out that such bounds are also optimal, i.e. thery are realizable, or attained, by finite-rank sequential laminates.

Throughout this chapter, we consider elastic composite materials obtained by mixing two isotropic phases. Their Hooke’s law A and B are defined by

A = 2μ_AI_4 + ( κ_A − 2μ_A N ) I_2 ⊗ I_2,

B = 2μ_B I_4 + ( κ_B − 2μ_B N ) I_2 ⊗ I_2,

(4.1)

where μ_A, μ_B are the shear moduli and κ_A, κ_B are the bulk moduli. The two phases are assumed to be well-ordered, i.e.

0 < μ_A ≤ μ_B , 0 < κ_A ≤ κ_B . (4.2)

It is convenient to introduce a Lamé coefficient, proportional to the Poisson’s ratio, defined by

λ_A = κ_A − 2μ_A N , λ_B = κ_B − 2μ_B N . (4.3)

4.1 Lamination formula.

As already said, the G_θ-closure is unknown, but its subset of so-called ”finite rank sequential laminates” is both, easy to compute, and rich enough for many applications. There exists a nice explicit formula for sequential laminates which is due to Francfort and Murat [25] (inspired by some earlier work of Tartar [64]). This formula is purely algebraic, which is in sharp contrast with the periodic formula for which a p.d.e. has to be solved in the unit cell.

It starts with an explicit computation of the homogenized Hooke’s law of a special periodic composite obtained by a single lamination of A and B. Recall from the first chapter that A^∗ is given by

A^∗ξ · ξ = min

w∈H^1_#(Y )^N ∫ Y A(y) (ξ + e(w)) · (ξ + e(w)) dy. (4.4)

where A(y) = χ(y)A + (1 − χ(y))B, and χ(y) is the characteristic function of phase A. In the case where χ(y) corresponds to a layer of A and B, the computation of (4.4) amounts to a simple algebraic calculation since the deformation and stress tensors turn out to be constant in each phase. The result is (see Theorem 4.1 in [25] for details, or [35], [45])

Lemma 4.1.1 Let A^∗ be a single lamination of material A and B, in proportion θ and (1 − θ) respectively, in the unit direction e. Then

(1 − θ) (A^∗ − A)^{−1} = (B − A)^{−1} + θf_A(e), (4.5)

where f_A(e) is a positive non-definite fourth-order tensor defined, ξ being a symmetric matrix, by f_A(e)ξ = 1 μ_A (ξe ⊙ e − (ξe · e)e ⊗ e) + 1 2μ_A + λ_A (ξe · e)e ⊗ e. (4.6) or, equivalently, by the quadratic form f_A(e)ξ · ξ = 1 μ_A ( |ξe|^2 − (ξe · e)^2 ) + 1 2μ_A + λ_A

(ξe · e)^2. (4.7)

Formula (4.5) is written in a strange manner (why not a formula giving directly A^∗ ?), but it allows to reiterate the lamination process.

The composite A^∗ is said to be a single lamination in the direction e of the two phases A and B in proportions θ and (1 − θ). By varying the proportion θ and the direction e, we obtain a whole family of composite materials. But this family can still be enlarged by laminating again these simple laminates. Repeating this lamination process in any directions and any proportions yields a subset L_θ of G_θ, made of these laminated materials.

Definition 4.1.2 The subset L_θ ⊂ G_θ of all laminated materials obtained from the phases A and B in proportions θ and 1 − θ is the smallest subset of G_θ which contains all simple laminates, as defined by (4.5), and is stable under lamination.

A smaller subset of L_θ can be defined by considering only the so-called sequential laminates. Such laminates are obtained by an iterative process where, at each stage, the previous laminate is laminated again with a single pure phase (always the same one). This allows to derive an explicit formula for such homogenized Hooke’s law A^∗ by using the special form of (4.5). A sequential laminate is characterized by a collection of unit vectors (e_i)_{1≤i≤p} and by proportions (θ_i)_{1≤i≤p} in [0, 1]. At the first stage, a simple laminate A^∗_1 is obtained by laminating A and B in proportions θ_1, 1 − θ_1 and in the direction e_1. This simple laminate A^∗_1 can again be laminated with phase B, in direction e_2 and in proportions (1 − θ_2), θ_2 respectively, to obtain a new laminate denoted by A^∗_2. By induction, we obtain A^∗_p by lamination of B and A^∗_{p−1}, in direction e_p and in proportions θ_p, (1 − θ_p) respectively. By application of formula (4.5), the homogenized tensor A^∗_p is defined by

(1 − θ_p) ( A^∗_p − A )_{−1} = ( A^∗_{p−1} − A )_{−1} + θ_pf_A(e_p).

By iterating this formula, the term (A^∗_{p−1} − A)^{−1} can be replaced by a similar expression involving (A^∗_{p−2} − A)^{−1}, and so on up to (A^∗_0 − A)^{−1} with A^∗_0 ≡ B. This yields a formula of the same type than (4.5) (_p ∏ i=1 (1 − θ_i) ) ( A^∗_p − A )_{−1} = (B − A)^{−1} + p∑ i=1 θ_i i−1∏ j=1 (1 − θ_j ) f_A(e_i). (4.8) Remark that we always laminate an intermediate laminate with the same phase A. In other words, phase B is coated by several layers of A. One can say that A plays the role of a matrix phase and B that of a core phase. Globally, A^∗_p can be seen as a mixture of A and B in different layers having a large separation of scales.

Definition 4.1.3 The composite material A^∗_p, defined by formula (4.8), is called a rank-p sequential laminate with matrix phase A and core phase B. It is characterized by the lamination directions (e_i)_{1≤i≤p} and the proportions (θ_i)_{1≤i≤p} at each stage of the process.

In Definition 4.1.3 the word ”sequential” means that this type of laminates is iteratively constructed by successive laminations always with the same pure phase. In formula (4.8) the overall volume fraction of phase A is

θ = 1 − p∏ i=1 (1 − θ_i).

If this overall volume fraction θ is fixed, by varying the proportions (θ_i)_{1≤i≤p} we obtain a parametrized family of rank-p sequential laminates.

Lemma 4.1.4 Let (e_i)_{1≤i≤p} be a collection of unit vectors. Let θ be a volume fraction in [0, 1]. For any collection of non-negative real numbers (m_i)_{1≤i≤p} satisfying p∑ i=1 m_i = 1 and m_i ≥ 0, 1 ≤ i ≤ p,

there exists a rank-p sequential laminate A^∗_p, with matrix A and core B, in proportions θ and (1 − θ) respectively, with lamination directions (e_i)_{1≤i≤p} such that

(1 − θ) ( A^∗_p − A )_{−1} = (B − A)^{−1} + θ p∑ i=1 m_if_A(e_i), (4.9)

where f_A(e_i) is given by (4.7). The numbers (m_i)_{1≤i≤p} are called the lamination parameters.

By interchanging the roles of A and B, a symmetric result is obtained. There exists another homogenized Hooke’s law B^∗_p , a rank-p sequential laminate with core A and matrix B in proportions θ and (1 − θ), defined by θ ( B^∗_p − B )_{−1} = (A − B)^{−1} + (1 − θ) p∑ i=1 m_if_B (e_i), (4.10)

where f_B (e_i) is given by (4.7) with B replacing A.

Remark 4.1.5 In the elasticity setting, laminated composites have been known for a long time (see e.g. [28], [29], [45]), but the class of sequential laminates with their explicit formula (as delivered by Lemmae 4.1.4) has been introduced by Francfort and Murat [25] following the lead of Tartar [64].

There is another way of writing the above lamination formulae which uses the inverse tensors A^{−1} and B^{−1} (the so-called compliance tensors) instead of A and B. Formulae (4.9) and (4.10) are convenient when working with strain tensors, while the new formulae below are of interest when using stress tensors. The Hooke’s law A^∗ defined by (4.5) as a single lamination of material A and B, in proportion θ and (1−θ) respectively, in the direction of the unit vector e, is equivalently defined by

(1 − θ) ( A^{∗−1} − A^{−1} )_{−1} = ( B^{−1} − A^{−1} )_{−1} + θf^c_A(e) (4.11)

where f^c_A(e) is a symmetric positive non-definite fourth-order tensor defined, for any symmetric matrix ξ, by the quadratic form f^c_A(e)ξ · ξ = Aξ · ξ − 1 μ_A |Aξe|^2 + μ_A + λ_A μ_A(2μ_A + λ_A)

((Aξ)e · e)^2. (4.12)

Since (4.11) is equivalent to (4.5), we deduce that formula (4.9), defining the rank-p sequential laminate A^∗_p, is equivalent to

(1 − θ) ( A^∗_p^{−1} − A^{−1} )_{−1} = ( B^{−1} − A^{−1} )_{−1} + θ p∑ i=1 m_if^c_A(e_i). (4.13)

By interchanging the roles of A and B, formula (4.10), defining the rank-p sequential laminate B^∗_p , is equivalent to

θ ( B^∗_p^{−1} − B^{−1} )_{−1} = ( A^{−1} − B^{−1} )_{−1} + (1 − θ) p∑ i=1 m_if^c_B (e_i), (4.14)

where f^c_B (e_i) is given by (4.12) with B replacing A.

Definition 4.1.6 We denote by L^−_θ the set of all sequential laminates A^∗_p, with matrix A and core B, in proportions θ and (1 − θ) respectively, defined by formula (4.9) (or equivalently (4.13)), obtained by varying the number p of laminations and the laminations directions (e_i)_{1≤i≤p}, as well as the lamination parameters (m_i)_{1≤i≤p}.

We denote by L^+_θ the set of all sequential laminates B^∗_p , with core A and matrix B, in proportions θ and (1 − θ) respectively, defined by formula (4.10) (or equivalently (4.14)), obtained by varying the number p of laminations and the laminations directions (e_i)_{1≤i≤p}, as well as the lamination parameters (m_i)_{1≤i≤p}.

It is interesting for the sequel to know these sets L^±_θ . This is the purpose of the next result which is due to Avellaneda [10].

Lemma 4.1.7 The set L^−_θ is the bounded closed subset of all symmetric fourth-order tensors A^∗ ∈ M^4_N such that there exists a probability measure ν on the unit sphere S_{N−1} satisfying

(1 − θ) (A^∗ − A)^{−1} = (B − A)^{−1} + θ ∫ S_{N −1} f_A(e)dν(e), (4.15)

where f_A(e) is given by (4.7). Furthermore, any tensor A^∗ in L^−_θ is the Hooke’s law of a finite rank sequential laminate defined by (4.9) with rank p ≤ (N + 3)(N + 2)(N + 1)N/24.

Similarly, L^+_θ is the bounded closed subset of all symmetric fourth-order tensors B^∗ ∈ M^4_N such that there exists a probability measure ν on the unit sphere S_{N−1} satisfying

θ (B^∗ − B)^{−1} = (A − B)^{−1} + (1 − θ) ∫ S_{N −1} f_B (e)dν(e), (4.16)

where f_B(e) is given by (4.7) with B replacing A. Furthermore, any tensor B^∗ in L^+_θ is the Hooke’s law of a finite rank sequential laminate defined by (4.10) with rank p ≤ (N + 3)(N + 2)(N + 1)N/24.

Remark 4.1.8 The space P(S_{N−1}) of all probability measures on the unit sphere S_{N−1} has been defined in Remark 3.2.5. Remark that, up to a multiplicative factor θ(1 − θ), the measure ν in the formulae of Lemma 4.1.7 is just the H-measure of the characteristic function of one phase of the sequential laminate A^∗.

Proof. Clearly, any sequential laminate A^∗_p, defined by (4.9), satisfies (4.15) with a discrete probability measure ν, namely ν(e) = p∑ i=1 m_iδ(e − e_i),

where δ is the Dirac mass at the origin. Conversely, let us show that any tensor A^∗ defined by (4.15), with a probability measure ν, is indeed a finite rank sequential laminate. Remark that f_A(e) is a homogeneous polynomial of degree four on the unit sphere. Therefore, there exists a linear map L_A, acting in the space M^4_N , such that ∫ S_{N −1} f_A(e)dν(e) = L_A (∫ S_{N −1} e ⊗ e ⊗ e ⊗ e dν(e) ) . (4.17)

When ν runs into P(S_{N−1}), the fourth order tensor ∫ S_{N −1} e⊗e⊗e⊗e dν(e) describes a convex subset of the set of fully symmetric fourth order tensor A satisfying A_{ijkl} = A_{kjil} = A_{klij} = A_{jikl} , with unit trace ∑_N i,j=1 Aijij = 1, having dimension n = (N +3)(N +2)(N +

1)N/24 − 1. By Lemma 4.1.9 below, the extremal points of this subset are precisely of the type e ⊗ e ⊗ e ⊗ e. Thus, applying Caratheodory’s theorem which states that any point of a convex set in a space of finite dimension n can be represented as a convex combination of at most n + 1 extremal points of this convex set, we can replace any probability measure ν by a discrete one in (4.15). Consequently, A^∗ is the effective tensor of a rank-(n + 1) sequential laminate defined by (4.9). This yields the desired characterization of L^−_θ . A symmetric argument works for L^+_θ . Furthermore, since the set P(S_{N−1}) is sequentially compact for the vague convergence of measures, it implies that L^−_θ and L^+_θ are closed in M^4_N . □

Lemma 4.1.9 Let C denote the convex hull, in the space of fourth order tensors M^4_N , of e ⊗ e ⊗ e ⊗ e when e runs into S_{N−1}. The extremal points of C are exactly the points e ⊗ e ⊗ e ⊗ e.

Proof. This convex hull C is defined by C = {∫ S_{N −1} e ⊗ e ⊗ e ⊗ e dν(e) ∈ IR^{N 2} with ν ∈ P(S_{N−1}) } , wher P(S_{N−1}) is the space of all probability measures defined in Remark 3.2.5. Let us prove that the extremal points of C correspond to a measure ν being a Dirac mass, i.e. are exactly of the type e ⊗ e ⊗ e ⊗ e. Let M be such an extremal point defined by M = ∫ S_{N −1} e ⊗ e ⊗ e ⊗ e dν(e). Recall that an extremal point is such that it can not be decomposed as a convex combination of two other points in the same convex set. If we can prove that, for any linear form L, the function e → L(e ⊗ e ⊗ e ⊗ e) is constant on the support of the measure ν, then one can replace ν by a Dirac mass supported at any e in the support of ν without changing the value of the matrix M, which proves that M = e ⊗ e ⊗ e ⊗ e as desired.

Let L be a linear form on the spce of fourth-order tensors. We assume that L(e ⊗ e ⊗ e ⊗ e) is not constant on the support of ν. Upon defining the essential minimum L^− and maximum L^+ of L(e ⊗ e ⊗ e ⊗ e) by L^− = sup {α ∈ IR | ν{e ∈ S_{N−1} | L(e ⊗ e ⊗ e ⊗ e) ≤ α} = 0} , and L^+ = inf {β ∈ IR | ν{e ∈ S_{N−1} | L(e ⊗ e ⊗ e ⊗ e) ≥ β} = 0} , our assumption implies L^− < L^+. Therefore, there exists L^0 such that L^− < L^0 < L^+. Introducing S^− = {e ∈ S_{N−1}|L(e ⊗ e ⊗ e ⊗ e) ≤ L^0} and S^+ = {e ∈ S_{N−1}|L(e ⊗ e ⊗ e ⊗ e) > L^0}, by construction we have θ^− = ν(S^−) > 0 and θ^+ = ν(S^+) > 0 with θ^− + θ^+ = 1. The measure ν can be decomposed as a convex combination of probability measures

ν = θ^+ ν_{|S}+ θ^+ + θ^− ν_{|S}− θ^− , where ν_{|S}± is the restriction to S^± of ν. Similarly, the tensor M can be decomposed as a convex combination of two points in C

M = θ^+M^+ + θ^−M^−,

with

M^± = ∫ S_{N −1} e ⊗ e ⊗ e ⊗ e dν_{|S}± θ^± , which contradicts the extremal character of M. Thus, for any linear form, L(e ⊗ e ⊗ e ⊗ e) is constant on the support of ν, which can therefore be replaced by a Dirac mass. This proves that the extremal points of C are of the type e ⊗ e ⊗ e ⊗ e. □

Lemma 4.1.7 gives a convenient parametrization of the sets of sequential laminates L^±_θ in terms of probability or H-measures. Nevertheless, it leaves open two important questions. First, is there a simple algebraic characterization of L^±_θ ? Second, what is the minimal number of laminations necessary to attain any tensor in these sets L^±_θ ? By a matter of theory, we know from Lemma 4.1.7 that any tensor in L^±_θ corresponds to a rank-p sequential laminate with p ≤ (N + 3)(N + 2)(N + 1)N/24. However, this number is not optimal and is rather a crude upper bound (it gives p = 5 in 2-D and p = 15 in 3-D). These questions have been addressed in [11] for the two-dimensional case, N = 2, and in [26] for the three-dimensional case, N = 3. Their results are summarized in the following

Lemma 4.1.10 Any tensor in L^±_θ corresponds to a rank-p sequential laminate with p = 3 if N = 2 and p = 6 if N = 3. Furthermore, if N = 2 or 3, any tensor A^∗ in L^−_θ is characterized by

(1 − θ) (A^∗ − A)^{−1} = (B − A)^{−1} + θL_A(M), (4.18)

with L_A a linear map on the space of fourth-order tensors defined by L_A(M)_{ijkl} = ( 1 2μ_A + λ_A − 1 μ_A ) M_{ijkl} + 1 4μ_A N∑ m=1 (M_{imml}δ_{jk} + M_{imkm}δ_{jl} + M_{mjml}δ_{ik} + M_{mjkm}δ_{il}) , (4.19) where M is any fourth order tensor, being fully symmetric, i.e. M_{ijkl} = M_{kjil} = M_{klij} = M_{jikl}, (4.20) with unit trace_N ∑ i,j=1 M_{ijij} = 1, (4.21)

which is positive in the sense of quadratic forms, i.e. for any symmetric matrix ξ_N ∑ i,j,k,l=1 M_{ijkl}ξ_{ij} ξ_{kl} ≥ 0. (4.22) A symmetric result holds for L^+_θ .

4.2 Hashin-Shtrikman variational principle.

This section is devoted to the Hashin-Shtrikman variational principle which allows to derive optimal bounds on the effective or homogenized energy of a composite material. Denoting by A^∗ the homogenized Hooke’s law and by ξ a symmetric matrix in IR^{N 2} , the homogenized elastic energy evaluated at the strain tensor ξ is the quantity A^∗ξ · ξ. The method, introduced by Hashin and Shtrikman in [33], has been further developed by many individuals, e.g., [7], [10], [32], [37], [46], [47], [68], [69].

Of course, any homogenized Hooke’s law A^∗ ∈ G_θ satisfies the trivial harmonic and arithmetic mean bounds, i.e., ( θA^{−1} + (1 − θ)B^{−1} )_{−1} ≤ A^∗ ≤ (θA + (1 − θ)B) .

For certain choices of the strain ξ there are composites A^∗ such that their effective energy A^∗ξ · ξ saturates either one of these upper and lower bounds. But there are also other choices of ξ for which none of these bounds is attained by a composite A^∗ ∈ G_θ. In this sense, the harmonic and arithmetic mean bounds are not optimal. As was shown by Avellaneda [10], the Hashin-Shtrikman variational principle allows to improve considerably the harmonic and arithmetic mean bounds by bounding any homogenized Hooke’s law between two effective tensors of sequential laminates.

Theorem 4.2.1 Let A^∗ be any effective Hooke’s law in G_θ. There exist two sequential laminates A^+ ∈ L^+_θ (i.e. with core A and matrix B) and A^− ∈ L^−_θ (i.e. with matrix A and core B), such that

A^− ≤ A^∗ ≤ A^+,

in the sense of quadratic forms (of course, the sequential laminates A^+, A^− vary with A^∗).

Remark 4.2.2 As a byproduct of Theorem 4.2.1, we shall prove that, even if A^∗ does not share the same H-measure than A^±, the fourth-order moments of their H-measures are the same.

Proof of Theorem 4.2.1. The proof relies on the Hashin-Shtrikman variational principle. Since G_θ is the closure of the set of periodic composites, and since the sets L^±_θ are closed (cf. Lemma 4.1.7), we may restrict ourselves to a periodic composite A^∗. Such an effective tensor A^∗ is defined through a characteristic function χ(y) in the unit cell Y , which satisfies ∫ Y χ(y)dy = θ. By periodic homogenization, A^∗ is given by the formula

A^∗ξ · ξ = min

ϕ∈H^1_#(Y )^N ∫ Y (χA + (1 − χ)B) (ξ + e(ϕ)) · (ξ + e(ϕ))dy, (4.23)

where ξ is any symmetric matrix in IR^{N 2} . We first establish a lower bound to this effective energy (4.23). By adding and subtracting a reference energy A(ξ + e(ϕ)) · (ξ + e(ϕ)), we obtain

A^∗ξ · ξ = min

ϕ∈H^1_#(Y )^N [∫ Y (1 − χ)(B − A)(ξ + e(ϕ)) · (ξ + e(ϕ))dy

+ ∫ Y A(ξ + e(ϕ)) · (ξ + e(ϕ))dy ] . (4.24)

Using the positivity of B − A and convex duality, the first integral in the right hand side of (4.24) is rewritten sup η(y)∈L^2_#(Y ;IR^{N 2} ) ∫ Y (1 − χ) ( 2η · (ξ + e(ϕ)) − (B − A)^{−1}η · η ) dy. (4.25)

One can get a lower bound in (4.25) by specializing to constant matrices η. Since ∫ Y χ(y)dy = θ, this yields the following lower bound for (4.25) 2(1 − θ)η · ξ − (1 − θ)(B − A)^{−1}η · η + ∫ Y 2(1 − χ)η · e(ϕ)dy. On the other hand, since by periodicity ∫ Y e(ϕ)dy = 0, we have ∫ Y A(ξ + e(ϕ)) · (ξ + e(ϕ))dy = Aξ · ξ + ∫ Y Ae(ϕ) · e(ϕ)dy. Therefore, (4.24) leads to A^∗ξ · ξ ≥ Aξ · ξ + 2(1 − θ)ξ · η − (1 − θ)(B − A)^{−1}η · η − g(χ, η) (4.26) where g(χ, η) is a non-local term defined, through a cell problem, by g(χ, η) = − min ϕ(y)∈H^1_#(Y )^N ∫ Y [Ae(ϕ) · e(ϕ) + 2(1 − χ)η · e(ϕ)] dy. (4.27) The infimum over ϕ in (4.27) is easily computed by Fourier analysis since it involves only bi-linear terms depending on y. By periodicity, the characteristic function is written as a Fourier series χ(y) = ∑ k∈ZZ^N χ̂(k)e^{2iπk·y} , as well as the test function ϕ(y) ϕ(y) = ∑ k∈ZZ^N ϕ̂(k)e^{2iπk·y} .

Since χ and ϕ are real-valued, the relationship χ̂(k) = χ̂(−k), and ϕ̂(k) = ϕ̂(−k) (4.28) holds true. The strain tensor of ϕ is given by e(ϕ)(y) = ∑ k∈ZZ^N 2iπe^{2iπk·y}ϕ̂(k) ⊙ k.

Plancherel formula yields − ∫ Y (Ae(ϕ) · e(ϕ) − 2χη · e(ϕ)) dy = − ∑ k∈ZZ^N [ 4π^2A(ϕ̂(k) ⊙ k) · (ϕ̂(k) ⊙ k) − 4iπη · (ϕ̂(k) ⊙ k) ] (4.29)

= − ∑ k∈ZZ^N [ 4π^2 ( 2μ_A|k|^2|ϕ̂(k)|^2 + λ_A(ϕ̂(k) · k)^2 ) + 4πIm ( χ̂(k)(ηk) · ϕ̂(k) )] . The minimization over ϕ(y) in H^1_#(Y )^N is equivalent to the minimizations over all vectors ϕ̂(k) in C^{| N}, for each frequency k (and the minimization can be performed on each component independently). Remark that the frequency k = 0 contributes for nothing in the sum (4.29). For all other frequencies the minimum is attained by ϕ̂(k) = − iχ̂(k) 4πμ_A|k|^2 ( ηk − λ_A 2μ_A + λ_A ηk · k |k|^2 k ) , and the minimum value is

|χ̂(k)|^2f_A( k |k| )η · η, (4.30)

where f_A(e)η · η is defined by f_A(e)η · η = 1 μ_A ( |ηe|^2 − (ηe · e)^2 ) + 1 2μ_A + λ_A

(ηe · e)^2. (4.31)

Therefore g(χ, η) = ∑ k∈ZZ^N , k≠0 |χ̂(k)|^2f_A( k |k| )η · η. (4.32)

On the other hand, Plancherel formula gives ∑ k∈ZZ^N , k≠0 |χ̂(k)|^2 = ∫ Y |χ(y) − θ|^2 dy = θ(1 − θ).

Thus, introducing the H-measure θ(1 − θ)ν of the characteristic function χ (where ν is a probability measure on the unit sphere S_{N−1}), the non-local term (4.32) can be rewritten g(χ, η) = θ(1 − θ) ∫ S_{N −1} f_A(e)η · η dν(e), where ν is defined by θ(1 − θ) ∫ S_{N −1} f(e) dν(e) = ∑ k∈ZZ^N , k≠0 |χ̂(k)|^2f( k |k| ) (4.33)

for any continuous function f : S_{N−1} → IR. The notion of H-measure (due to Gerard [27] and Tartar [65]) has been discussed in chapter 3.

Recall that, by its definition (4.31), f_A(e)η·η is an homogeneous polynomial of degree four as a function of e. Therefore, the value of the non-local term g(χ, η) depends only on the fourth-order moments of the H-measure ν. By Caratheodory’s theorem and Lemma 4.1.9, any probability measure can be replaced by a convex combination of Dirac masses as far as their fourth-order moments are concerned. In other words, there exist an integer p ≥ 1, unit vectors (e_i)_{1≤i≤p}, positive parameters (m_i)_{1≤i≤p} such that m_i ≥ 0 and ∑_p i=1 m_i = 1 ∫ S_{N −1} e ⊗ e ⊗ e ⊗ e dν(e) = p∑ i=1 m_ie_i ⊗ e_i ⊗ e_i ⊗ e_i. Thus, we have g(χ, η) = θ(1 − θ) (_p ∑ i=1 m_if_A(e_i) ) η · η, where the vectors e_i and parameters m_i do not depend on η. Consequently, the right hand side of (4.26) is a simple Legendre transform of a quadratic function which yields A^∗ξ · ξ ≥ Aξ · ξ + (1 − θ) ( (B − A)^{−1} + θ p∑ i=1 m_if_A(e_i) )_{−1} ξ · ξ. (4.34)

Comparing (4.34) with the lamination formula (4.9) immediately implies that there exists a sequential laminate A^−, with matrix A and core B, such that A^∗ξ · ξ ≥ A^−ξ · ξ. Since A^− is independent of ξ (it depends only on the H-measure of the characteristic function χ), it gives the desired inequality A^∗ ≥ A^−.

The other inequality A^∗ ≤ A^+ is derived similarly by establishing an upper bound on the effective energy. We subtract to (4.23), the other reference material B

A^∗ξ · ξ = min

ϕ∈H^1_#(Y )^N [ − ∫ Y χ(B − A)(ξ + e(ϕ)) · (ξ + e(ϕ))dy

+ ∫ Y B(ξ + e(ϕ)) · (ξ + e(ϕ))dy ] . (4.35)

Using the positivity of B − A and convex duality, the first integral in the right hand side of (4.35) is rewritten

− sup

η(y)∈L^2_#(Y ;IR^{N 2} ) ∫ Y χ ( 2η · (ξ + e(ϕ)) − (B − A)^{−1}η · η ) dy. (4.36)

One can get an upper bound in (4.36) by specializing the maximization in η to constant matrices in Y −θ ( 2ξ · η − (B − A)^{−1}η · η ) − 2 ∫ Y χe(ϕ) · ηdy. On the other hand, by periodicity we have ∫ Y B(ξ + e(ϕ)) · (ξ + e(ϕ))dy = Bξ · ξ + ∫ Y Be(ϕ) · e(ϕ)dy. Therefore (4.35) yields, for any η ∈ IR^{N 2} , A^∗ξ · ξ ≤ Bξ · ξ + θ ( −2ξ · η + (B − A)^{−1}η · η ) − h(χ, η), (4.37) where h(χ, η) is another non-local term defined by h(χ, η) = − min ϕ(y)∈H^1_#(Y )^N ∫ Y (Be(ϕ) · e(ϕ) − 2χe(ϕ) · η) dy. (4.38) As for the lower bound, a simple computation by Fourier analysis shows that h(χ, η) = ∑ k∈ZZ^N , k≠0 |χ̂(k)|^2f_B ( k |k| )η · η, (4.39)

which, using the same H-measure ν of χ, can be rewritten h(χ, η) = θ(1 − θ) ∫ S_{N −1} f_B (e)η · η dν(e). Replacing the measure ν by the same convex combination of Dirac masses, we obtain h(χ, η) = θ(1 − θ) (_p ∑ i=1 m_if_B (e_i) ) η · η.

Consequently, the right hand side of (4.37) is the Legendre transform of a quadratic function, and this yields

A^∗ξ · ξ ≤ Bξ · ξ − θ ( (B − A)^{−1} − (1 − θ) p∑ i=1 m_if_B(e_i) )_{−1} ξ · ξ. (4.40)

Comparing (4.40) with the lamination formula (4.10) immediately implies that there exists a sequential laminate A^+, with core A and matrix B, such that A^∗ ≤ A^+. □

As an immediate application of Theorem 4.2.1, we obtain optimal bounds on the effective energy of a composite material. We recall the definition of an optimal bound.

Definition 4.2.3 Let ξ be a symmetric matrix in IR^{N 2} . A real-valued function f^+(θ, A, B, ξ) (respectively f^−(θ, A, B, ξ)) is called an upper bound (respectively a lower bound) if, for any homogenized tensor A^∗ ∈ G_θ, A^∗ξ · ξ ≤ f^+(θ, A, B, ξ) ( respectively ≥ f^−(θ, A, B, ξ) ) . The upper bound f^+ (respectively lower bound f^−) is said to be optimal if, for any ξ ∈ IR^{N 2} , there exists A^∗_ξ ∈ G_θ (which may depend on ξ) such that

A^∗_ξ ξ · ξ = f^+(θ, A, B, ξ) (respectively = f^−(θ, A, B, ξ)).

There is no special reason for restricting our attention to a single effective energy, i.e. to a unique strain tensor ξ, and Definition 4.2.3 extends easily to sum of energies p∑ i=1 A^∗ξ_i · ξ_i = A^∗ : (_p ∑ i=1 ξ_i ⊗ ξ_i ) ,

where (ξ_i)_{1≤i≤p} is a collection of strain tensors. The sum ∑_p i=1 ξ_i ⊗ ξ_i is a symmetric fourth-order tensor, and any symmetric fourth-order tensor M can always be diagonalized as

M = N(N+1)/2 ∑ i=1 ξ̃_i ⊗ ξ̃_i,

where each ξ̃_i ∈ IR^{N 2} , and N(N + 1)/2 is the dimension of the space IR^{N 2} . Therefore, there is no loss of generality in assuming that the number of energies is exactly p = N(N + 1)/2. Such energy bounds are also called trace bounds [46] since they can be written p∑ i=1 A^∗ξ_i · ξ_i = tr (A^∗M) = A^∗ : M with M = p∑ i=1 ξ_i ⊗ ξ_i.

Proposition 4.2.4 Let ξ_1, ..., ξ_p be symmetric matrices in IR^{N 2} . Any homogenized tensor A^∗ ∈ G_θ satisfies p∑ i=1 A^∗ξ_i · ξ_i ≥ p∑ i=1 Aξ_i · ξ_i + (1 − θ) max

(η_i )_{1≤i≤p}∈IR^{N 2}

(4.41) [_p ∑ i=1 ( 2ξ_i · η_i − (B − A)^{−1}η_i · η_i ) − θg(η_1, ..., η_p) ] , where the non-local term g is given by g(η_1, ..., η_p) = max_{e∈SN −1} p∑ i=1 f_A(e)η_i · η_i, (4.42)

and_p ∑ i=1 A^∗ξ_i · ξ_i ≤ p∑ i=1 Bξ_i · ξ_i + θ min

(η_i)_{1≤i≤p}∈IR^{N 2}

(4.43) [_p ∑ i=1 ( 2ξ_i · η_i + (B − A)^{−1}η_i · η_i ) − (1 − θ)h(η_1, ..., η_p) ] , where the non-local term h is given by h(η_1, ..., η_p) = min_{e∈SN −1} p∑ i=1 f_B (e)η_i · η_i, (4.44)

and f_{A,B} (e) is defined by f_{A,B}(e)η · η = 1 μ_{A,B} ( |ηe|^2 − (ηe · e)^2 ) + 1 2μ_{A,B} + λ_{A,B} (ηe · e)^2. (4.45)

Furthermore, these upper and lower bounds are optimal in the sense of Definition 4.2.3 and optimality is always achieved by a finite-rank sequential laminate, of rank 3 in 2-D and rank 6 in 3-D.

Remark 4.2.5 The functions g and h are called non-local terms since they are the only terms in the Hashin-Shtrikman bounds that contain informations on the microstructure of the homogenized Hooke’s law A^∗. Clearly, g is convex, and the lower bound (4.41) is therefore given as the result of a finite-dimensional concave maximization. On the other hand, one can check that h(η_1, ..., η_p) ≤ p∑ i=1 B^{−1}η_i · η_i, and since (B − A)^{−1} − (1 − θ)B^{−1} ≥ 0, the upper bound (4.43) is given as the result of a finite-dimensional convex minimization.

In principle, the bounds (4.41) and (4.43) can be computed explicitly since they reduce to a finite-dimensional optimization. In practice, this is almost impossible because, even for isotropic phases, there are no simple formula for the non-local terms g and h. Indeed, the optimization with respect to e ∈ S_{N−1} in (4.42) and (4.44) is untractable (the optimal e’s are usually not eigenvectors of any matrix η_i).

Remark that the positive non-definite fourth-order tensors f_A(e), f_B (e) defined by (4.45) are exactly the same than those appearing in the lamination formula (see (4.7)). This is at the root of the optimality of these bounds. Theorem 4.2.1 and Proposition 4.2.4 can easily be generalized to the case of non-isotropic Hooke’s law A and B.

Deriving the Hashin-Shtrikman bounds given by Proposition 4.2.4 is a classical matter : it goes back to the original work of Hashin and Shtrikman [33] (modern expositions may be found in [7], [46], or in [28], [29] where the translation method is used rather than the Hashin-Shtrikman variational principle).

Proof of Proposition 4.2.4. We focus on the lower bound (the case of the upper bound is completely symmetric). Applying Theorem 4.2.1 yields p∑ i=1 A^∗ξ_i · ξ_i ≥ min_{A−∈L−} θ p∑ i=1 A^−ξ_i · ξ_i. (4.46)

The closed character of L^−_θ immediately implies that (4.46) is an optimal lower bound. It remains to evaluate the right hand side of (4.46) with the help of characterization (4.15) of L^−_θ which associates to each tensor A^− a probability measure ν. Applying the Legendre transform to A^− − A leads to_p ∑ i=1 A^−ξ_i · ξ_i = p∑ i=1 Aξ_i · ξ_i + (1 − θ) max

(η_i )_{1≤i≤p}∈IR^{N 2}

[_p ∑ i=1 ( 2ξ_i · η_i − (B − A)^{−1}η_i · η_i ) − θg_ν (η_1, ..., η_p) ] , where g_ν is defined by g_ν (η_1, ..., η_p) = p∑ i=1 (∫ S_{N −1} f_A(e)dν(e) ) η_i · η_i. (4.47)

To obtain a lower bound, we have to maximize g_ν over all H-measures ν. This is easily realized by taking a Dirac mass concentrated on the unit vectors where ∑_p i=1 f_A(e)η_i · η_i is maximal, i.e. max_ν g_ν = g. This yields the lower bound (4.41). □

Remark 4.2.6 The proof of Proposition 4.2.4 delivers also necessary and sufficient conditions for a periodic microstructure to be optimal in the Hashin- Shtrikman bounds. Actually, the lower bound is obtained by making two inequalities. The first one is made in (4.25) by restricting the tensors η_i to be constant. Therefore, the microscopic strain of an optimal tensor must be constant in phase B. The second inequality is made in (4.47) when maximizing with respect to the H-measure ν of the microstructure χ. By definition (4.33) of ν, this yields restrictions on the Fourier coefficients of χ. As an application of these trace bounds, we can recover the famous original Hashin-Shtrikman bounds [33] on the bulk and shear moduli of an isotropic two-phase composite material (which have been shown to be attainable by finite rank sequential laminate in [25]).

Theorem 4.2.7 Let A^∗ be an isotropic homogenized tensor in G_θ, i.e.

A^∗ = 2μ_∗I_4 + ( κ_∗ − 2μ_∗ N ) I_2 ⊗ I_2.

Its bulk and shear moduli κ_∗ and μ_∗ satisfy 1 − θ κ_∗ − κ_A ≤ 1 κ_B − κ_A + θ 2μ_A + λ_A

(4.48) θ κ_B − κ_∗ ≤ 1 κ_B − κ_A + 1 − θ 2μ_B + λ_B

(4.49) and 1 − θ 2(μ_∗ − μ_A) ≤ 1 2(μ_B − μ_A) + θ(N − 1)(κ_A + 2μ_A) (N^2 + N − 2)μ_A(2μ_A + λ_A)

(4.50) θ 2(μ_B − μ_∗) ≤ 1 2(μ_B − μ_A) + (1 − θ)(N − 1)(κ_B + 2μ_B) (N^2 + N − 2)μ_B (2μ_B + λ_B )

(4.51) Furthermore, the lower bounds (4.48) and (4.50), as well as the upper bounds (4.49) and (4.51), are simultaneously attained by an isotropic rank-p sequential laminate with p = N(N + 1)/2.

Remark 4.2.8 The bounds (4.48), (4.50), (4.49) and (4.51) do not characterize all possible isotropic homogenized tensor A^∗ in G_θ. In other words, there exist isotropic elasticity tensors with moduli satisfying these bounds which are not composite materials obtained by mixing phases A and B in proportions θ, (1 − θ). Better bounds (i.e. which define a smaller region of the (κ_∗, μ_∗) plane) can be obtained.

Proof. The lower bound (4.41) can be rewritten ϕ_1(ξ_1, ..., ξ_p) ≥ ϕ_2(ξ_1, ..., ξ_p), (4.52) where ϕ_1(ξ_1, ..., ξ_p) = 1 1 − θ p∑ i=1 (A^∗ − A)ξ_i · ξ_i, and ϕ_2(ξ_1, ..., ξ_p) = max_{ηi∈IRN 2} [_p ∑ i=1 ( 2ξ_i · η_i − (B − A)^{−1}η_i · η_i ) − θg(η_1, ..., η_p) ] . Since ϕ_1 and ϕ_2 are convex functions, by application of the Legendre or Fenchel transform, the family of inequality (4.52) is equivalent to ϕ^∗_1(η_1, ..., η_p) ≤ ϕ^∗_2(η_1, ..., η_p), (4.53) with

ϕ^∗_k (η_1, ..., η_p) = max_{ξi ∈IRN 2} [_p ∑ i=1 2ξ_i · η_i − ϕ_k(ξ_1, ..., ξ_p) ] . Since for a convex function ϕ one has ϕ^{∗∗} = ϕ, we deduce from (4.53) that p∑ i=1 (B − A)^{−1}η_i · η_i + θg(η_1, ..., η_p) ≥ (1 − θ) p∑ i=1 (A^∗ − A)^{−1}η_i · η_i, (4.54)

for any choice of the matrices (η_i)_{1≤i≤p} ∈ IR^{N 2} . Similarly, the family of upper bound (4.43) is equivalent to p∑ i=1 (B − A)^{−1}η_i · η_i − (1 − θ)h(η_1, ..., η_p) ≥ θ p∑ i=1 (B − A^∗)^{−1}η_i · η_i. (4.55)

Taking η_1 = · · · = η_p = I_2 (the identity matrix) yields the desired bounds for κ_∗ since f_A(k)I_2 · I_2, as well as f_B(k)I_2 · I_2, are independent of k, i.e.

f_A(k)I_2 · I_2 = 1 2μ_A + λ_A . On the other hand, we now choose (η_i)_{1≤i≤p} ∈ IR^{N 2} with p = N(N + 1)/2 such that_{N(N+1)/2} ∑ i=1 η_i ⊗ η_i = I_4 − 1 N I_2 ⊗ I_2 = P_s,

where the positive fourth-order tensor P_s is the orthogonal projection operator on trace-free matrices (i.e. pure shear tensors). One can check that N(N+1)/2 ∑ i=1 (B − A)^{−1}η_i · η_i = tr ( (B − A)^{−1}P_s ) = 1 2(μ_B − μ_A) ,

and N(N+1)/2 ∑ i=1 f_A(k)η_i · η_i = tr (f_A(k)P_s) =

(N − 1)(κ_A + 2μ_A) (N^2 + N − 2)μ_A(2μ_A + λ_A) ,

which is independent of k. This leads to the desired bounds on μ_∗. These bounds on κ_∗ and μ_∗ are necessarily optimal and attained by finite rank sequential laminates, since the families of bounds (4.54) and (4.55) are equivalent to the other families (4.41) and (4.43) which are optimal by virtue of Proposition 4.2.4.

A more direct way of checking the optimality of these bounds in dimension N = 2 or 3 is, following [25], to exhibit a particular isotropic and optimal sequential laminate given by one of the two formulae (4.9) and (4.10) (symmetric by interchanging the roles of A and B). When N = 2, we choose a rank-3 sequential laminate with lamination parameters m_1 = m_2 = m_3 = 1/3 and lamination directions

e_1 = ( 1 0 ) , e_2 = ( cos^π_3 sin^π_3 ) , e_3 = ( cos^{2π}_3 sin^{2π}_3 ) . A simple but tedious computation shows that it is isotropic and saturates the two lower bounds (4.48) and (4.50) for formula (4.9) (with a matrix of A and a core of B), or the two upper bounds (4.49) and (4.51) for the symmetric formula (4.10) (with a matrix of B and a core of A).

When N = 3, we choose a rank-6 sequential laminate with lamination parameters m_1 = m_2 = m_3 = m_4 = m_5 = m_6 = 1/6 and lamination directions corresponding to the six northern hemisphere vertices of the regular icosahedron

e_1 = 0 0 1 , e_2 = sin 2β 0 cos 2β

, e_3 = sin 2β cos 2α sin 2β sin 2α cos 2β ,

e_4 = sin 2β cos 4α sin 2β sin 4α cos 2β

, e_5 = sin 2β cos 6α sin 2β sin 6α cos 2β

, e_6 = sin 2β cos 8α sin 2β sin 8α cos 2β ,

with α =^π_5 and cos 2β = √ 5/5. A tedious computations shows that it is isotropic and saturates the two lower bounds (4.48) and (4.50) for formula (4.9) (with a matrix of A and a core of B), or the two upper bounds (4.49) and (4.51) for the symmetric formula (4.10) (with a matrix of B and a core of A). □

Remark 4.2.9 In all the previous bounds, optimality has been proved by exhibiting sequential laminates which saturate these bounds. Laminates are not the only possible optimal microstructures but they are the more general ones. The optimal bounds (4.48) and (4.49) on the bulk modulus are known since Hashin to be achieved by a concentric sphere assemblage of the two phases (see e.g. [17]). However, for the other optimal bounds (4.50) and (4.51) on the shear modulus, the only available optimal microstructure is the sequential laminated one. In the case of a single energy bound, there are also other optimal microstructures, at least in some restricted regimes of these bounds. Grabovsky [30] has shown that Tartar’s confocal ellipsoid construction [64] is optimal under some conditions. Vigdergauz distribution of periodic inclusions [66] is also conditionally optimal in an energy bound (see [31]).

4.3 Small amplitude G-closure

On the contrary of the conductivity case, the G-closure of two isotropic elastic phases in prescribed proportions is unknown. In other words, there is no explicit algebraic characterization of the set G_θ defined as the set of all constant effective Hooke’s law obtained by homogenization of phases A and B in volume fractions θ, 1 − θ. The main reason for this lack of knowledge of the G-closure is that the Hashin-Shtrikman energy bounds given by Proposition 4.2.4, or Avellaneda’s Theorem 4.2.1, are unsufficient to characterize all homogenized tensors.

The goal of this section is therefore to characterize the G-closure in the low contrast, or small amplitude, limit. Indeed, if we assume that the two phases A and B have very close moduli, then the full G-closure is known in 2 and 3 dimensions up to second order terms in the contrast B − A. More precisely, we assume that there exist a small positive parameter γ and a positive isotropic fourth order tensor D such that

B = A + γD. (4.56)

The next lemma gives a formula for a periodic composite A^∗ in terms of its H-measure (see chapter 3), up to second order in γ.

Lemma 4.3.1 Let A^∗ be any periodic homogenized tensor associated to a characteristic function χ. Introducing the H-measure ν of χ, defined as a probability measure on S_{N−1} by θ(1 − θ) ∫ S_{N −1} f(e) dν(e) = ∑ k∈ZZ^N , k≠0 |χ̂(k)|^2f( k |k| ) for any continuous function f on S_{N−1}, we have

A^∗ = θA + (1 − θ)B − γ^2θ(1 − θ)D (∫ S_{N −1} f_A(e)dν(e) ) D + O(γ^3),

where, for any η ∈ IR^{N 2} , f_A(e)η · η = 1 μ_A ( |ηe|^2 − (ηe · e)^2 ) + 1 2μ_A + λ_A (ηe · e)^2, and the remainder is uniform with respect to A^∗ in the sense that, there exists a positive constant C, independent of γ and χ, such that ‖ O(γ^3) ‖ ≤ Cγ^3. Upon recalling Lemma 4.1.10 (on the characterization of fourth-order moments of probability measures, due to [26]), we immediately obtain the following

Theorem 4.3.2 Assume that the space dimension is N = 2 or 3. Then, any tensor A^∗ in G_θ is of the form

A^∗ = θA + (1 − θ)B − γ^2θ(1 − θ)DL_A(M)D + O(γ^3)

where M is any fully symmetric fourth order tensor, i.e. M_{ijkl} = M_{kjil} = M_{klij} = M_{jikl}, with unit trace ∑_N i,j=1 Mijij = 1, and non-negative in the sense of quadratic

forms, i.e. for any symmetric matrix ξ N∑ i,j,k,l=1 M_{ijkl}ξ_{ij} ξ_{kl} ≥ 0, and L_A is the following linear map on the space of fourth-order tensors L_A(M)_{ijkl} = ( 1 2μ_A + λ_A − 1 μ_A ) M_{ijkl}

+ 1 4μ_A N∑ m=1 (M_{imml}δ_{jk} + M_{imkm}δ_{jl} + M_{mjml}δ_{ik} + M_{mjkm}δ_{il}) . Proof of Lemma 4.3.1. Recall from chapter 1 that a periodic composite A^∗ is defined through the solution of a cell problem. Namely, for any tensor ξ ∈ IR^{N 2} , A^∗ξ · ξ = ∫ Y A(y) (ξ + e(w)) · ξdy, where A(y) = χ(y)A+(1−χ(y))B and w is the unique solution in H^1_#(Y )^N (up to a rigid body displacement) of { −div_y (A(y) (ξ + e(w(y)))) = 0 in Y y → w(y) Y -periodic.

Remark that A(y) = A+γ(1−χ(y))D, and therefore the solution w depends analytically on the small contrast parameter γ. We shall not use this fact, but rather expand w as w(y) = γv(y) + γ^2r(y), where v is the unique solution in H^1_#(Y )^N (up to a rigid body displacement) of { −div_y (Ae(v) + (1 − χ(y))Dξ) = 0 in Y y → v(y) Y -periodic.

By subtraction, it is easily checked that r is the solution of { −div_y (A(y)e(r) + (1 − χ(y))De(v)) = 0 in Y y → r(y) Y -periodic.

Remark that v is independent of γ, but not r. Nevertheless, since A(y) ≥ A, r satisfies the following a priori estimate ‖e(r)‖_{L2(Ω;IRN} 2_) ≤ C|ξ|, where C is a positive constant that does not depend on γ nor χ. Plugging the ansatz for w in the definition of A^∗ and integrating by parts leads to A^∗ξ·ξ = Aξ·ξ+γ(1−θ)Dξ·ξ−γ^2 ∫ Y Ae(v)·e(v)dy+γ^3 ∫ Y De(r)·ξdy. (4.57) Thanks to the a priori estimate on r, the last term in (4.57) is a uniform remainder term of order γ^3. The term of order γ^2 in (4.57) can be computed by Fourier analysis as in the proof of Theorem 4.2.1. Indeed, it is the same computation than that of the non-local term defined by (4.27). More precisely, we have ∫ Y Ae(v) · e(v)dy = g(χ, Dξ) = ∑ k∈ZZ^N , k≠0 |χ̂(k)|^2f_A( k |k| )(Dξ) · (Dξ),

where f_A(·) is defined by (4.31). Introducing the H-measure ν and remarking that ∑ k∈ZZ^N , k≠0 |χ̂(k)| 2 = θ(1 − θ) yield the desired result. □

Proof of Theorem 4.3.2. By density of periodic composites in the set G_θ of all possible composites, and by the closed character of the set C of fourth-order tensors of probability measures, the small amplitude formula of Lemma 4.3.1 is easily extended to any composite tensor A^∗ ∈ G_θ (this can be obtained directly by using the proper notion of H-measure, see [65] for details). In dimensions N = 2 or 3, Lemma 4.1.10 furnishes a characterization of this set C which yields the desired result. □

Chapter 5

Multiple well energies.

This chapter is devoted to the relaxation of so-called multiwell energies in the elasticity setting which are models of coherent phase transitions. The modelling aspects of this problem are discussed at length in e.g. [14], [36] (or see the metallurgical literature [34], [57]). We content ourselves in discussing some mathematical aspects of the geometrically linear version of this problem, enlightening the role played by H-measures.

5.1 Setting of the problem.

We consider a bounded open set Ω ∈ IR^N occupied by several phases of a same material. For simplicity, we assume that there are no volume forces but only surface loadings that are represented by non homogeneous boundary conditions. The material chooses its preferred phase at each point by minimizing its elastic energy. In the framework of linearized elasticity, the unknown is the displacement vector u, and we denote by e(u) = (∇u + ∇^tu)/2 its strain tensor. Each phase, indexed by 1 ≤ i ≤ p, has its Hooke’s law A_i, its stress-free strain a_i, and its minimum energy w_i. Its elastic energy is therefore

W_i(ξ) = A_i(ξ − a_i) · (ξ − a_i) + w_i.

The multiwell energy is the minimum of all phase energies

W (ξ) = min_{1≤i≤p} W_i(ξ). (5.1)

For some smooth boundary conditions u_0 we look for minimizers of inf u∈u_0+H^1_0 (Ω)^N ∫ Ω W (e(u)) dx. (5.2)

In truth, the interesting object is not really the minimizer u but rather the characteristic functions of the p phases which are defined (possibly non uniquely) by

W (e(u)) = p∑ i=1 χ_i(x)W_i (e(u)) . Exploring further this idea, we show that (5.2) is equivalent to an optimal design problem. Indeed, we can rewrite

W (ξ) = min (χ_i)_{1≤i≤p}∈C p∑ i=1 χ_iW_i(ξ), where the set C is defined by (χ_i)_{1≤i≤p} ∈ C ⇔ { χ_i = 0 or 1 ∑_p i=1 χ_i = 1

Thus, for any u ∈ H^1(Ω)^N , ∫ Ω W (e(u)) dx = min (χ_i )_{1≤i≤p}∈L^∞(Ω;C) ∫ Ω p∑ i=1 χ_i(x)W_i (e(u)) dx. Switching the two minimizations implies that (5.2) is equivalent to inf (χ_i )_{1≤i≤p}∈L^∞(Ω;C) min u∈u_0+H^1_0 (Ω)^N ∫ Ω ∫ Ω p∑ i=1 χ_i(x)W_i (e(u)) dx. (5.3)

It turns out that both formulations (5.2) and (5.3) are not well-posed, i.e. they usually do not admit minimizers. The reason is that the integrand W is not quasiconvex (and a fortiori not convex) and thus the energy in (5.2) is not sequentially lower semi-continuous. These problems need therefore to be relaxed. Relaxation for (5.2) is a matter of quasiconvexification (see e.g. [18] for details on this notion), while for (5.3) it is a problem of homogenization (see e.g. [42], [50]). The link between these two approachs of the same problem is extensively studied in [38].

5.2 Relaxation.

We first recall the notion of quasi-convexification for a real-valued functional W defined on strains in IR^{N 2} . Assume that W is continuous and satisfy

c ≤ W (λ) ≤ C(1 + |λ|^2), λ ∈ IR^{N 2} .

5.2. RELAXATION. 49

The quasi-convex envelope of W (or its quasi-convexification) is defined for every λ in IR^{N 2} as

QW (λ) = inf_{ϕ∈H10 (Y )N} ∫ Y W (λ + e(ϕ)(x)) dx, (5.4)

where Y = (0, 1)^N is the unit cube of IR^N . The function QW is a locally Lipschitz function as easily seen upon noting that QW is rank-1 convex and satisfies the same growth assumption as W (see e.g. [44]). The main property of the quasi-convexification is its link with relaxation. For any bounded open set Ω of IR^N , the lower semi-continuous envelope in H^1(Ω)^N of I(u) = ∫ Ω W (e(u))dx for the sequential weak topology of H^1(Ω)^N , i.e., the functional RI(u) = inf_{un∈H1 (Ω)N} un⇀uweakly in H1 (Ω)N

lim inf I(u_n)

is given by RI(u) = ∫ Ω QW (e(u))dx. (5.5) According to [13] and [18], in the definition (5.4) of QW it is possible to replace the space H^1_0 (Y )^N of test fields by that of periodic fields H^1_#(Y )^N (at least when W is non negative, continuous and grows at most quadratically). Thus, QW is equivalently defined by QW (λ) = inf_{ϕ∈H1#(Y )N} ∫ Y W (λ + e(ϕ)(x)) dx, (5.6)

where H^1_#(Y )^N is the Sobolev space of Y -periodic vector-valued functions. A proof of (5.5) may be found in [18], Theorems 1.1 and 2.1 in Chapter 5, and in [1], Statement 3.7.

The computation of the quasiconvex envelope of (5.1) with the help of formula (5.6) amounts to solve a problem of periodic homogenization in practice. Plugging the definition of W in (5.6) and introducing families of characteristic functions (χ_i)_{1≤i≤p} yields

QW (λ) = inf_{ϕ∈H1#(Y )N} min

(χ_i )_{1≤i≤p}∈L^∞_# (Y ;C) ∫ Y p∑ i=1 χ_i(x)W_i (λ + e(ϕ)(x)) dx (5.7)

Switching the two minimizations in (5.7) leads to QW (λ) = inf

(χ_i )_{1≤i≤p}∈L^∞_# (Y ;C)

W_{(χi )}(λ)

where W_{(χi )} is an effective or homogenized energy at fixed repartition of the phases, defined by

W_{(χi )}(λ) = min

ϕ∈H^1_#(Y )^N ∫ Y p∑ i=1 χ_i(x)W_i (λ + e(ϕ)(x)) dx (5.8)

The computation of W_{(χi )} in full generality is yet an open problem, and we focus in the sequel on two important special cases where it is possible.

5.2.1 First example.

To explore further (5.8), we now assume that there are only two phases A_1 = A, A_2 = B which are well ordered, i.e. A < B in the sense of quadratic forms. We rewrite the original energy integrand as W (λ + e(ϕ)) = min (W_A(λ + e(ϕ)), W_B (λ + e(ϕ))) with

W_A(λ + e(ϕ)) = A(λ + e(ϕ) − a) · (λ + e(ϕ) − a) + w_A, W_B (λ + e(ϕ)) = B(λ + e(ϕ) − b) · (λ + e(ϕ) − b) + w_B .

To simplify the integrand in (5.8), we introduce another constant strain ξ and we write

χW_A(λ + e(ϕ)) + (1 − χ)W_B (λ + e(ϕ)) = (χA + (1 − χ)B)(ξ + e(ϕ)) · (ξ + e(ϕ)) +2 (ξ + e(ϕ)) · (χA(λ − ξ − a) + (1 − χ)B(λ − ξ − b)) +χ (w_A + A(λ − ξ − a) · (λ − ξ − a)) +(1 − χ) (w_B + B(λ − ξ − b) · (λ − ξ − b)) . (5.9)

Taking ξ given by ξ = (B − A)^{−1} (B(λ − b) − A(λ − a)) implies that A(λ − ξ − a) = B(λ − ξ − b), so the second term of (5.9) is a null lagrangian. Denoting by θ the average of χ in Y , we thus have W_{(χi )}(λ) = 2ξ · A(λ − ξ − a) + θ (w_A + A(λ − ξ − a) · (λ − ξ − a)) + (1 − θ) (w_B + B(λ − ξ − b) · (λ − ξ − b)) + min

ϕ∈H^1_#(Y )^N ∫ Y (χA + (1 − χ)B)(ξ + e(ϕ)) · (ξ + e(ϕ))dx (5.10)

5.3. SECOND EXAMPLE. 51

The last term in (5.10) is, by definition of homogenization, equal to A^∗ξ · ξ where A^∗ is the homogenized Hooke’s law corresponding to the periodic mixture of A and B corresponding to χ. Rewriting (5.10) as W_{(χi )}(λ) = m(θ, λ) + A^∗ξ · ξ, the quasiconvex envelope is thus QW (λ) = min_{0≤θ≤1} min_{A∗∈Gθ} m(θ, λ) + A^∗ξ(λ) · ξ(λ). Although the G-closure set G_θ is still unknown, in a previous chapter we have computed the Hashin-Shtrikman lower bound which gives the value of g(θ, ξ) = min_{A∗∈Gθ} A^∗ξ · ξ. Recall from Proposition 4.2.4 that the bound g(θ, ξ) is computed through a so-called non-local term which depends on the H-measure of the optimal tensor A^∗. Therefore, the only relevant informations of the optimal microstructure in the relaxed formulation is its proportion θ and its Hmeasure. Explicit computations of g(θ, ξ) have been done in e.g. [7], [8], [4], [28], [29]. Finding in which case the optimal microstructures are actually optimal also for the original, non-relaxed, problem is discussed in [6], [9].

5.3 Second example.

We now assume that all phases have the same Hooke’s law A_i = A, i.e. the original energy integrand is W (ξ) = min_{1≤i≤p} (A(ξ − a_i) · (ξ − a_i) + w_i) .

This case was considered e.g. in [24], [36], [43], [55], [59]. Formula (5.8) simplifies as

W_{(χi )}(λ) = min

ϕ∈H^1_#(Y )^N ∫ Y ( Ae(ϕ) · e(ϕ) − 2Ae(ϕ) · p∑ i=1 χ_ia_i ) dx

+ p∑ i=1 θ_i (w_i + A(λ − a_i) · (λ − a_i)) , (5.11) where θ_i is the average of χ_i. The computation of (5.11) has already been performed in Lemma 4.3.1 for two wells p = 2. The computation is similar for more wells and the result is given in terms of the H-measure μ = (μ_{ij} )_{1≤i,j≤p} of the family of characteristic functions (χ_i)_{1≤i≤p}. The result is g(θ, μ) = min

ϕ∈H^1_#(Y )^N ∫ Y ( Ae(ϕ) · e(ϕ) + 2Ae(ϕ) · p∑ i=1 χ_ia_i ) dx

= − p∑ i,j=1 ∫ S_{N −1} P_e(A^{1/2}a_i) · A^{1/2}a_j m_{ij} (de)

(5.12)

where P_e is a projection operator (depending on the unit vector e) defined on IR^{N 2} as the orthogonal projection on the set V (e) of rank-one matrices of the type V (e) = { e ⊗ v + v ⊗ e, v ∈ IR^N } . The precise value of g(θ, μ) is not important. However, (5.12) shows that g(θ, μ) does not depend on a precise knowledge of the microstructure (χ_i), but just of its H-measure μ and its average θ. Thus, the quasiconvex envelope of W is QW (λ = min_{(θ,μ)} g(θ, μ) + p∑ i=1 θ_i (w_i + A(λ − a_i) · (λ − a_i)) ,

where the minimization takes place over all θ = (θ_1, ..., θ_p) satisfying the constraints

θ_i ≥ 0, and p∑ i=1 θ_i = 1,

and all H-measures μ = (μ_{ij} )_{1≤i,j≤p} of families of characteristic functions with averages θ (cf. section 3.2). Acording to Lemmas 3.2.3 and 3.2.4 the set of all such H-measures in known only in the case of two wells p = 2 (for p > 2 there are only necessary conditions on μ). Thus an explicit formula can be obtained only in the case p = 2 (see [36], [55]) and merely partial results are available if p > 2 (see [24], [36], [59]).

Bibliography

[1] ACERBI F., FUSCO N., Semicontinuity Problems in the Calculus of Variations, Arch. Rat. Mech. Anal. 86, 125–145 (1984).

[2] ALLAIRE G., Homogenization and two-scale convergence SIAM J.

Math. Anal. 23.6 1482-1518 (1992).

[3] ALLAIRE G., AUBRY S., On optimal microstructures for a plane shape optimization problem, Structural Optimization 17, pp.86-94 (1999).

[4] ALLAIRE G., BONNETIER E., FRANCFORT G., JOUVE F., Shape optimization by the homogenization method, Numerische Mathematik 76, pp.27-68 (1997).

[5] ALLAIRE G., CASTRO C., A new approach for the optimal distribution of assemblies in a nuclear reactor, to appear in Numerische Mathematik.

[6] ALLAIRE G., FRANCFORT G., Existence of minimizers for nonquasiconvex functionals arising in optimal design, Annales de l’Institut Henri Poincaré, Analyse Non-Linéaire, 15, pp.301-339 (1998).

[7] ALLAIRE G., KOHN R.V., Optimal bounds on the effective behavior of a mixture of two well-ordered elastic materials, Quat. Appl. Math. 51, 643-674 (1993).

[8] ALLAIRE G., KOHN R.V., Optimal design for minimum weight and compliance in plane stress using extremal microstructures, Europ. J. Mech. A/Solids 12, 6, 839-878 (1993).

[9] ALLAIRE G., LODS V., Minimizers for a double-well problem with affine boundary conditions, Proc. Roy. Soc. Edinburgh, 129A, pp.439- 466 (1999).

[10] AVELLANEDA M., Optimal bounds and microgeometries for elastic two-phase composites, SIAM J. Appl. Math. 47, 6, 1216-1228 (1987).

[11] AVELLANEDA M., MILTON G., Bounds on the effective elasticity tensor of composites based on two point correlations, in Proceedings of the ASME Energy Technology Conference and Exposition, Houston, 1989, D. Hui et al. eds., ASME Press, New York (1989).

[12] BAKHVALOV N., PANASENKO G., Homogenization: Averaging Processes in Periodic Media Kluwer, Dordrecht (1989).

[13] BALL J.M., MURAT F., W^{1,p} quasiconvexity and variational problems for multiple integrals, J. Func. Anal. 58, pp.225-253 (1984).

[14] BALL J., JAMES R., Fine phase mixtures as minimizers of energy, Arch. Rat. Mech. Anal. 100, pp.13-52 (1987).

[15] BENSOUSSAN A., LIONS J.L., PAPANICOLAOU G., Asymptotic Analysis for Periodic Structures North-Holland, Amsterdam (1978).

[16] CHERKAEV A., KOHN R.V., Editors, Topics in the mathematical modelling of composite materials, Progress in Nonlinear Differential Equations and their Applications, 31, Birkhaüser, Boston (1997).

[17] CHRISTENSEN R., Mechanics of composites materials, John Wiley, New York (1979).

[18] DACOROGNA B., Direct Methods in the Calculus of Variations, Springer, New York (1989).

[19] DAL MASO G., An Introduction to Γ-Convergence Birkhäuser, Boston (1993).

[20] DAL MASO G., MODICA L., Nonlinear stochastic homogenization and ergodic theory Journal für die reine und angewandte Mathematik 368 28-42 (1986).

[21] DE GIORGI E., Sulla convergenza di alcune successioni di integrali del tipo dell’area Rendi Conti di Mat. 8 277-294 (1975).

[22] DE GIORGI E., G-operators and Γ-convergence Proceedings of the international congress of mathematicians (Warsazwa, August 1983), PWN Polish Scientific Publishers and North Holland 1175-1191 (1984).

[23] DE GIORGI E., SPAGNOLO S., Sulla convergenza degli integrali dell’energia per operatori ellittici del secondo ordine Boll. Un. Mat. It. 8 391-411 (1973).

[24] FIROOZYE N., KOHN R.V., Geometric parameters and the relaxation of multiwell energies, in Microstructure and phase transition, D. Kinderlehrer et al. eds., pp.85-109, Springer, New York (1993).

[25] FRANCFORT G., MURAT F., Homogenization and Optimal Bounds in Linear Elasticity, Arch. Rat. Mech. Anal. 94, 307-334 (1986).

[26] FRANCFORT G., MURAT F., TARTAR L., Fourth Order Moments of a Non-Negative Measure on S^2 and Application, Arch. Rat. Mech. Anal. 131, pp.305-333 (1995).

[27] GERARD P., Microlocal defect measures, Comm. Partial Diff. Equations 16, pp.1761-1794 (1991).

[28] GIBIANSKY L., CHERKAEV A., Design of composite plates of extremal rigidity, Ioffe Physicotechnical Institute preprint, in russian (1984). English translation in [16].

[29] GIBIANSKY L., CHERKAEV A., Microstructures of composites of extremal rigidity and exact bounds of the associated energy density, Ioffe Physicotechnical Institute preprint, in russian (1987). English translation in [16].

[30] GRABOVSKY Y., Bounds and extremal microstructures for twocomponent composites: a unified treatment based om the translation method, Proc. Roy. Soc. London Series A 452, pp.919-944 (1996).

[31] GRABOVSKY Y., KOHN R.V., Microstructures minimizing the energy of a two-phase elastic composite in two space dimensions II: the Vigdergauz microstructure, J. Mech. Phys. Solids 43, pp.949-972 (1995).

[32] HASHIN Z., Analysis of composite materials, a survey, J. Appl. Mech., 50, 481-505 (1983).

[33] HASHIN Z., SHTRIKMAN S., A variational approach to the theory of the elastic behavior of multiphase materials, J. Mech. Phys. Solids 11, 127-140 (1963).

[34] KHACHATURYAN A., Theory of structural transformations in solids, John Wiley and Sons (1983).

[35] KOHN R., Recent progress in the mathematical modeling of composite materials, Composite Materials Response: Constitutive Relations and Damage Mechanisms, G. Sih et al. eds., pp.155-177, Elsevier, New York (1988).

[36] KOHN R.V., Relaxation of a double-well energy, Cont. Mech. and Thermodyn., 3, pp.193-236 (1991).

[37] KOHN R.V., LIPTON R., Optimal bounds for the effective energy of a mixture of isotropic, incompressible, elastic materials, Arch. Rat. Mech. Anal. 102, 4, pp.331-350 (1988).

[38] KOHN R.V., STRANG G., Optimal Design and Relaxation of Variational Problems I-II-III, Comm. Pure Appl. Math., 39, 113–137, 139– 182, 353–377 (1986).

[39] KOZLOV S., Averaging of random operators Math. USSR Sbornik 37 167-180 (1980).

[40] LIONS J.L., Some methods in the mathematical analysis of systems and their control Science Press, Beijing, Gordon and Breach, New York (1981)

[41] LURIE K., CHERKAEV A., Exact estimates of the conductivity of a binary mixture of isotropic materials Proc. Royal Soc. Edinburgh 104A 21-38 (1986).

[42] LURIE K., CHERKAEV A., Effective characteristics of composite materials and the optimal design of structural elements, Uspekhi Mekhaniki 9, pp.3-81 (1986). English translation in [16].

[43] LURIE K., CHERKAEV A., On a certain variational problem of phase equilibrium, in Material Instabilities in Continuum Mechanics, J. Ball ed., Oxford University Press, pp.257-268 (1988).

[44] MARCELLINI P., Approximation of quasi-convex functions, and lower semicontinuity of multiple integrals, Manuscripta Mathematica, 51, 1– 28 (1985).

[45] MILTON G., Modeling the properties of composites by laminates, Homogenization and effective moduli of materials and media, J. Ericksen et al. eds., pp. 150-174, Springer Verlag, New York (1986).

[46] MILTON G., On characterizing the set of possible effective tensors of composites: the variational method and the translation method, Comm. Pure Appl. Math., XLIII, pp.63-125 (1990).

[47] MILTON G., KOHN R.V., Variational bounds on the effective moduli of anisotropic composites, J. Mech. Phys. Solids 36, 6, pp.597-629 (1988).

[48] MURAT F., Compacité par compensation, Ann. Scuola Nrm. Sup. Pisa Cl. Sci. 5, 489-507 (1978).

[49] MURAT F., TARTAR L., H-convergence Séminaire d’Analyse Fonctionnelle et Numérique de l’Université d’Alger (1977). English translation in [16].

[50] MURAT F., TARTAR L., Calcul des variations et homogénéisation Cours de l’Ecole d’Eté d’Analyse Numérique CEA-EDF-INRIA (1983). English translation in [16].

[51] NGUETSENG G., A general convergence result for a functional related to the theory of homogenization SIAM J. Math. Anal. 20 608-629 (1989).

[52] OLEINIK O., SHAMAEV A., YOSIFIAN G., Mathematical Problems in Elasticity and Homogenization Studies in Mathematics an Its Application 26 Elsevier, Amsterdam (1992).

[53] PAPANICOLAOU G., VARADHAN S., Boundary value problems with rapidly oscillating random coefficients Colloquia Mathematica Societatis János Bolyai, North-Holland, Amsterdam 835-873 (1982).

[54] PAUL B., Prediction of elastic constants of multiphase materials, Trans. A.S.M.E. 218, pp.36-41 (1960).

[55] PIPKIN A., Elastic materials with two preferred states, Quart. J.

Mech. Appl. Math. 44, pp.1-15 (1991).

[56] REUSS A., Berechnung der Fliebgrenze von Mischkristallen auf Grund d. Plastizitatsbedingung fur Rinkristalle, Z. Angew. Math. Mech. 9, pp.49-58 (1929).

[57] ROITBURD A., Domain structure caused by internal stresses in heterophase solids, Phys. Stat. Sol. (a) 16, pp.329-339 (1973).

[58] SANCHEZ-PALENCIA E., Non-Homogeneous Media and Vibration Theory Springer Lecture Notes in Physics 129 (1980).

[59] SMYSHLYAEV V., WILLIS J., On the relaxation of a three-well energy, preprint.

[60] SPAGNOLO S., Sulla convergenza delle soluzioni di equazioni paraboliche ed ellittiche (1978) Ann. Sc. Norm. Sup. Pisa Cl. Sci. (3) 22 571-597 (1968).

[61] SPAGNOLO S., Convergence in energy for elliptic operators Proc.

Third Symp. Numer. Solut. Partial Diff. Equat. (College Park 1975), B. Hubbard ed., Academic Press, San Diego 469-498 (1976).

[62] TARTAR L., Quelques remarques sur l’homogénéisation Proc. of the Japan-France Seminar 1976 ”Functional Analysis and Numerical Analysis”, Japan Society for the Promotion of Sciences 469-482 (1978).

[63] TARTAR L., Compensated compactness and partial differential equations, in Nonlinear Analysis and Mechanics: Heriot-Watt Symposium vol. IV, pp.136-212, Pitman (1979).

[64] TARTAR L., Estimations Fines des Coéfficients Homogénéisés, Ennio de Giorgi colloquium, P. Krée ed., Pitman Research Notes in Math. 125, 168-187 (1985).

[65] TARTAR L., H-measures, a new approach for studying homogenization, oscillations and concentration effects in partial differential equations, Proc. Roy. Soc. Edinburgh 115 A, pp.193-230 (1990).

[66] VIGDERGAUZ S., Three-dimensional grained composites of extreme thermal properties, J. Mech. Phys. Solids, 42, pp.729-740 (1994).

[67] VOIGT W., Lehrbuch der Kristallphysik, Teubner, Berlin (1928).

[68] WALPOLE L., On bounds for the overall elastic moduli of inhomogeneous systems - I, J. Mech. Phys. Solids 14, pp. 151-162 (1966).

[69] WILLIS J., Variational and related methods for the overall properties of composite materials, in Advances in Applied Mechanics 21, C.-S. Yih, ed., Academic Press, pp. 2-78 (1981).

[70] ZHIKOV V., KOZLOV S., OLEINIK O., Homogenization of Differential Operators Springer, Berlin, (1995).