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Probléme (14 points). Let Q be a regular bounded connected domain of
RY, and Q; a regular connected subdomain strictly included in Q (which
means €; C Q). In all the problem, H}(Q) is equipped with the scalar
product

(u,v) :/Vu-Vvda:,
Q

and we denote by [|u[|gz = /(u,u) the associated norm. Let f € L3(9).
We consider for all € > 0 the problem

Find wu. € Hj(2), such that Vv € H}(Q),
1
/Vua-Vvda:—i—— Vue-Vvdx:/fvdx. (1)
Q € Joy Q
1. Show that the problem (1) possesses a unique solution.

Assuming that the restriction to 2\ ©; (resp. to €2;) of the solution
u. of (1) belongs to H2(Q2\ ;) (resp. H?*(Q1)) which boundary value
problem does it verify on 27
Show also that u. is the unique solution to the minimization problem

Je
iy )
where J.(u /\Vu\Qda:—l— — ]Vu]2 dx—/fuda:.
Q

2. Show that there exist two constants Cl > 0 et Cy > 0 independent of
€ such that

/ Vu|*dr < O et / IVu > dr < Coe.
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Let V' be the space defined by
V = {u € H}y() such that u|g, is constant} .

We also consider the problem

Find wg € V, such that Vv € V,
/Vuo-Vvdx:/fvdx. (2)
Q Q

3. Show that V is a closed subspace of H} () and deduce that the problem
(2) has a unique solution.

4. Show that
YoeV, /V(ug—uo)-Vvdxzo, (3)
0
and deduce that
uellgy > [uol|m -

5. Using (3), show that
[ inf [fu. — ollf

which means that g is the projection on V' of u. for the norm Hj ().

6. We denote by V* the space orthogonal to V in H}(Q) for the scalar

product (-,-). Show that if v € V* is such that |v[, = / Vo> dz =0
951
then v = 0. Deduce that | - |y is a norm on V.

7. Admitting that |- |y defined herebefore is a norm on V+ which is equiv-
alent to the norm H} (), show that there exists C' > 0 independent of
¢ such that

e = uollry < CVe,

and conclude that u. converges in H'(§2) to ug when ¢ tends to 0.

Exercice (6 points). We consider the advection equation posed on R x R

ou ou -
E_Fc%_()for(x,t)eRXR (4)

u(x,0) = ug(x),

2



in which the sign of the velocity ¢ is not prescribed. We discretize (4) with
the scheme

n+l

U uj Uiy, — Uy uj —ui
R RIS T ) S e et R
A T (0 Aot (1-0) N ) 0,

in which At and Az are temporal and spatial steps, § € [0, 1] is a param-
eter which is independent of A¢ and Az, and u] is an approximation of
u(nAt, jAz) for k € Z and n € N*. We assume in the rest of the exercise

t
that A = ¢—— 1is constant.
Azx

1. Study the L? stability of this scheme.

2. Show a convergence result of this scheme to the advection equation.



