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al analysis and optimization (MAP 431)April 13th, 2010, G. Allaire1 Finite di�eren
es (7 points)We 
onsider the heat equation with periodi
 boundary 
onditions in (0, 1)


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

∂u

∂t
− ν

∂2u

∂x2
= 0 for (x, t) ∈ (0, 1) × R

+
∗
,

u(t, x + 1) = u(t, x) for (x, t) ∈ R × R
+
∗
,

u(0, x) = u0(x) for x ∈ (0, 1),

(1)with ν > 0. Let ∆t > 0 and ∆x = 1/N > 0 (with a positive integer N) and de�ne thenodes of a regular mesh
(tn, xj) = (n∆t, j∆x) for n ≥ 0, j ∈ Z.We denote by un

j a dis
rete approximation at the point (tn, xj) of the exa
t solution
u(t, x). We 
onsider the following s
heme

un+1
j − un

j

∆t
+ ν

−un
j+1 + 2un+1

j − un
j−1

(∆x)2
= 0,with an initial data u0

j = u0(xj) and a boundary 
ondition un
j+N = un

j , ∀j.1. Analyze the stability of this numeri
al s
heme.2. Show that the s
heme is 
onsistent under a CFL-type 
ondition whi
h has to bemade pre
ise.3. What 
an be said on the 
onvergen
e of this s
heme ? Dis
uss its pro's and 
on's
ompared to other 
lassi
al s
hemes studied in the 
ourse.2 Variational formulation (13 points)We 
onsider two materials o

upying a domain Ω ⊂ R
N (a bounded smooth 
on-ne
ted open set), separated by an imperfe
t interfa
e. The �rst material, with thermal
ondu
tivity k1 > 0, o

upies the 
onne
ted 
omplement Ω1 = Ω \ Ω2 of a smoothsimply-
onne
ted subset Ω2, stri
tly in
luded in Ω, whi
h 
ontains the se
ond mate-rial, with thermal 
ondu
tivity k2 > 0. The two sub-domains are separated by aninterfa
e Γ = ∂Ω2 whi
h is a smooth surfa
e. We thus have Ω = Ω1 ∪ Γ ∪ Ω2 and theboundary of Ω1 is de�ned by ∂Ω1 = ∂Ω ∪ Γ (see �gure 1). We denote by n1 (respe
-tively n2) the exterior unit normal to Ω1 (resp. Ω2), f1 (resp. f2) the heat sour
e termin Ω1 (resp. Ω2) and u1 (resp. u2) the temperature in Ω1 (resp. Ω2). The exterior of

Ω is assumed to be kept at a 
onstant temperature whi
h, without loss of generality,is 
hosen to be zero ; in other words we 
onsider an homogeneous Diri
hlet boundary
ondition on ∂Ω. 1
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Fig. 1 � Two materials separated by the interfa
e Γ.The imperfe
t 
hara
ter of Γ means that the temperature is not 
ontinuousthrough Γ. The energy 
onservation implies that the heat �ux is 
ontinuous through
Γ and it is assumed to be proportional to the temperature jump through Γ with aproportionnality fa
tor α > 0. In othe words, we study the following 
oupled system
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−k1∆u1 = f1 in Ω1,
u1 = 0 on ∂Ω,

−k1
∂u1

∂n1

= α(u1 − u2) on Γ,
(2)and











−k2∆u2 = f2 in Ω2,

−k2
∂u2

∂n2
= α(u2 − u1) on Γ.

(3)We assume that f1(x) (resp. f2(x)) belongs to L2(Ω1) (resp. L2(Ω2)).1. In this question (only) we assume that the temperature u2 ∈ L2(Γ) is known.Give the variational formulation of (2). Prove the existen
e and uniqueness ofthe solution u1 of this variational formulation. Assuming that this solution u1belongs to H2(Ω1), in whi
h sense is it a solution of (2) too ?2. Prove by 
ontradi
tion that there exists a 
onstant C > 0 su
h that
∀v ∈ H1(Ω2) ‖v‖L2(Ω2) ≤ C

(

‖∇v‖L2(Ω2)N + ‖v‖L2(Γ)

)

.3. In this question (only) we assume that the temperature u1 ∈ L2(Γ) is known.Give the variational formulation of (3). Dedu
e from the pre
eding question theexisten
e and uniqueness of the solution u2 of this variational formulation.4. Give the variational formulation of the 
oupled system (2)-(3). Prove the existen
eand uniqueness of the solution (u1, u2) of this variational formulation. Hint : one
ould use (after proving it) the following inequality, valid for any ǫ > 0, as smallas we wish,
(a1 − a2)

2 ≥ −ǫa2
1 +

ǫ

1 + ǫ
a2

2 ∀a1, a2 ∈ R.5. What happens formally when α goes to +∞ ? And when α = 0 ?2


