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1 Introduction

1.1 Motivation: pde’s and optimization
1.2 Banach spaces

English: section 3.1 in [3].

1.3 Hilbert spaces
French: sections V.1 of [1]. English: sections 5.1 of [2], section 4.1 in [3].

1.4 Examples: Lebesgue L” spaces

French: sections IV.1 and IV.2 of [1]. English: sections 4.1 and 4.2 of [2],
section 3.4 in [3].

Measurable functions, simple functions, Young’s inequality, Holder in-
equality, completeness of LP, norm convergence versus almost everywhere
convergence.

2 Linear operators on Banach spaces

2.1 Definitions

Linear and continuous applications, duality, bidual. Dual space of LP, Hahn-
Banach theorem.
English: section 3.5 in [3].

2.2 The ”great” theorems of Banach

Banach-Steinhaus theorem, open mapping theorem, closed graph theorem.
French: sections II.1, I1.2 and I1.3 of [1]. English: sections 2.1, 2.2 and
2.3 of [2], sections 5.3, 5.6 and 5.7 in [3].



2.3 Introduction to unbounded operators

Domain, adjoint
French: section II.6 of [1]. English: section 2.6 of [2].

3 Weak convergence

3.1 Definitions
Weak and weak-* sequential convergence.

French: section II1.2 of [1]. English: section 3.2 of [2], section 5.12 in [3].
3.2 Sequential compactness

Proof of sequential weak-* compactness (by a diagonal sequence extraction).
Statement of sequential weak compactness. Weak lower semi-continuity of
convex functionals.

French: sections II1.4, II1.5 and IIL.6 of [1]. English: sections 3.4, 3.5
and 3.6 of [2].

3.3 A few words about topology

Link with the notion of topological space and definitions of weak topologies.

3.4 Application to Lebesgue LP spaces

Examples (oscillation, concentration, escape at infinity, evanescence).
French: section IV.3 of [1]. English: section 4.3 of [2].

4 Compact operators and spectral analysis

4.1 Compact operators and Fredholm alternative

Definition of compact operators in a Hilbert space. Riesz lemma. Fredholm
alternative in a Hilbert space. Application to integral equations.
French: sections V1.1 and VI.2 of [1]. English: sections 6.1 and 6.2 of

[2].



4.2 Self-adjoint operators

Definition of self-adjoint operators in a Hilbert space. Eigenvalues and eigen-
functions. Spectral decomposition of self-adjoint compact operators.
French: section VI.4 of [1]. English: section 6.4 of [2].

5 Distributions, Fourier analysis and Sobolev spaces

5.1 Distributions

Definition, convergence of test functions in C2°(€2), convergence of distribu-
tions
French: chapter 3 in [4]. English: section 6.3 in [3].

5.2 Fourier analysis

Definition in the Schwartz class and in L?(R")
French: chapter 9 of [5]. English: chapter 9 in [9].

5.3 Sobolev spaces

Definition of W™P(Q) for an integer m € N. Definition of H*(R") for a real
s > 0. Definition of a C! smooth open set. Extension operator, partition
of unity and the local charts argument. Non-local norm on W#*P(Q) for
0 < s < 1 and its equivalence with the Fourier definition for p = 2. Negative
Sobolev spaces as duals of W;""(Q).

French: section IX.1 of [1]. English: section 9.1 of [2].

5.4 Embeddings and traces

Trace theorem from H'(Q) into H'/2(9€) (with proof by partition of unity
and Fourier analysis). Sobolev embedding theorems (with proof in RY).
French: section IX.3 of [1]. English: section 9.3 of [2].

5.5 Compactness

Rellich and Rellich-Kondrachov theorems (with a proof by Fourier series in
the torus).
French: section IX.3 of [1]. English: section 9.3 of [2].



5.6 Time dependent Sobolev spaces

Definition of LP ((0,7); W™4(Q)) and C ((0,7); W™4(£2)). Aubin-Lions

compactness lemma.

French: volume 1, chapter 3 of [6]. English: volume 1, chapter 3 of [7].
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