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Overview

[Computational Microstructures in ZD]
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DW?**(Du) in measure

3,2) - F)2/v/13).
e No oscillations and interface no sharp

e Simple numerics

dx + [ |u— f|* dz
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— Where is the microstructure?
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Finite element solution up, (¢, y) for (

with W*(F) = ((|F|?> = 1)1)2 + 4(|F|? — ((

(RP) Minimize

e (RP) has a unique solution u € A equals to the weak limit u

o F(u;j) = infE(A) = o,
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GYM for 2D scalar benchmark problem

There exists a unique gradient Young measure (C & Plechac '97)
Ve = AMF)ds, 7y + (1 = A(F))ds_(r)
PF 4+ Fy(1 — |[PF|?)~Y2if|F| < 1;

withP = I— Fb@Fy, M(F) = 24— and S4(F) =
Fifl < |F|.

b1+42°

Volume fraction from up, of (RP) on (715, N = 2485)
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Convergence rate on uniform meshes for (P) & (RP)

A priori error analysis for (R Pp,)

lu—unll2 + llo = onllpas S inf [[D(u—wn)l|lLa) S lu—Tulwrag)
v EAR

10"

10" |

10

@ (P) |lu-upll2

L= (P) |u-unl14

| & (P)llo-onllaz

| === (RP) [Ju-up|2

t| === (RP) [u-Up|1,4

== (RP) ||o-oh|la/3
L L L L[

10°

L Lol L Lol L Ll L L
0 1 2 3 4 5

10 10 10 10 10 10

® a priori bounds of limitate use in error control (lack of regularity for u) =
use a posteriori error estimate
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10=04ll43
o u=ull,
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e Convexification (()) Stabilization

e In general, E°(u) with multipla minima and D? E° positive semidefinite

e Need for stabilization = Ef;('v) = F°(v) + 7||VU||%2(Q)

Proof in (C et al '04) of global convergence for a damped Quasi-Newton scheme applied

to the minimization of Ef;

® FEs (uy,) form infimizing sequence for E¢ := [, W**(Du) dx 4+ L(u) such that
up — win WP with up, — win LP and Dujp, — Duwin LP
e For each h > 0, let u, minimize ¢ + J;, over Ay,

Proof in (B et al '04) of

Du;, — Duin LP

for the following stabilization terms for standard low-order FEM

> Jn(0n) =Y pee, M S [[Dvn]| ds
> Ju(vn) = [, hy | Dvy, — ADvy|? dx
> Ju(vn) =R [, |Dop|? da
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[vector nonconvex variational problem]
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e Effective density energy: Quasiconvex envelope

e For vector nonconvex variational problems, the relaxed formulation reads

min Jo W(Du(z)) dx

meso micro

Quasiconvex envelope W€ of W

e 11/9¢ known only for few energy densities 1V

e Simpler notions are Polyconvexity and Rank-1-convexity with

‘ WCSW])CSWQCSWTCSW '

e Restrict y = y(x) only to some microstructural patterns = Laminates




Finite laminates and microstructures

2nd order laminate

4>n
Ko \Fnk
FIO
2
F” }\‘1/9

1st order laminate k
— \
Dy=| " Bl Rl R \
WL a=w) M (1-1/]
?Fo
Fop
P S oF, .
0 F=\F +(1-L)F, 12

F=\F +(1-A)F PEi=hFig =20
FO—F1:CL®TL e

1—

>

1

F

Fo—F) = a®n, Foo—Fo1 = ag@ny,
Fio—F11 =a1 @ny



Numerical lamination: algorithm

A Numerical lamination (B '04, Dolzmann ’99)
@k=0R®W =W
b)yg = REW.

(c) Foreach F', foreach a, b € IR3, g =convexify R(k)W(FHa@b).
d) REHDIY = g, compare with RSV to stop, otherwise k := k+1

Y

and goto (b).

e Define discrete set of matrices Ny . = §Z>*3 N B,.(0)
W(F) :
fwca:) e Define discrete set of rank-one directions
— F F+:6R > R§={5R€R3X3:R:a®b, witha,b€Z3}
o Definelps:={0 €Z:F+ R € coNs .}
Sove RY"™FVW(F) = int inf S" 0,REW(F + 5(R)

1
RER} 9,e R7*R.5 9,>0
0p)=1
2retp 5 9

KEKR,(S

Convergence if: W Lipschitz, W = W7 on IR3*3\ B,.(0), ILeN : Rg’l;)W = W"(F)



Strain hardening in FCC metal crystals (Experiments)

BAND OF PRIMARY
KINK BANDS  seeoNDARY SLIP /sup

PRIMARY SLIP

BANDS OF
SECONDARY
SLIP

"' S 10

KINK PRIMARY. ‘ PRIMARY,
BANDS SLIP / SLIP ~ \

13

Optical micrographs of Al single crystal (Fig 9-10 ) & Au single crystal (Fig 12-13)

in a shear deformation test (Sawkill & Honeycombe)



Modeling crystal plasticity with single slip system

Constitutive modelling assumptions

W (F,z) = U(detF,) + Lu(FLF.) + &p?
rly] # 3 +p <0

F=FoF,

A =
,Ke 00 else
Y rlyi — | if|v1 — | < po—p1
_ — ] D(z0,21) =
No Fp=I1+yso® N | No 00 else
So E— | so _ _
| / / a, [,  material constants, U neo-Hookian energy

=> Closed form for W;”(fj)o (C et al '02)

2
M—rn s _ﬂ)
<|sn '703;5| m +)
a
|s[2+4%

wred (F) =U(detE) + E(wFTF — 2yps - n+13s - s —

Y0,P0




: red
Properties of W

=> Examine W;(i‘éo (F") along the family of rank-one tensors
F =TI+ fa(so+ng) @ (no — so)

6 r

Wred(q) is not convex = W?(F') is not rank-one convex

= WT¢4(F) is not quasiconvex = microstrctures as minimizers of the energy



(F;2) = inf{(1 - NWred (F—Xa@n) + AW (F+(1—-XNa®n)}

Yo,Po Yo,Po

with a = p(cosa, sina), n = (cosf, sinf), and z = (A, p, a, )

Clustering algorithm (C et al. '04)

Input F, initial starting points (z; ), tolerance
(a) Sampling and reduction
(b) Clustering

(c) Center of attraction

(d) Local search

Output the value of R(!) wred (F).

. .. . (1) red
Multiple minima (white) of R W»YO,pO

a— (. Left A=0.1p=0.6.Rightt A =0.1p = 2.1.

(2) projected on the plane




Numerical Example

Plane strain elements
Periodic BCs

sDV1
(Ave. Crit.: 75%)
+1.768e-01
SDV1 +1.432e-01
(Ave. Crit.: 75%) +1.097e-01
+1.572e-01 +7.612e-02
+1.310e-01 +4.255e-02
+1.048e-01 +8.988e-03
+7.861e-02 -2.458e-02
+5.242e-02 -5.814e-02
+2.623e-02 -9.170e-02
+3.860e-05 -1.253e-01
-2.615e-02 -1.588e-01
-5.234e-02 -1.924e-01
-7.853e-02 -2.260e-01
-1.047e-01 H
-1.309e-01
-1.571e-01

—> Orientation not sensitive to FE mesh
= Volume fractions not sensitive to FE mesh



oV A sufficient condition for quasiconvexity: polyconvexity

T:F € IR — T(F) = (F,cofF,detF") € IR>*3 x IR3*® x IR,

g : IR3*3 x IR3*3 x IR — IR convex

W polyconvex if W (F) = g(T(F)) for each F' € IR®>*?

Polyconvex envelope of W

19
Wre(F) = inf {) NW(A) A >0, Z)\ =1 Z)\T T(F)}
A; € IR3%3 1

i € IR

Numerical Polyconvexification (RoubiCek '96, B '04)

WEE(F) = inf  { Y 0AW(A):04>0,> Oa=1, > 04T(A)=T(F)}
04 ’ AEN{S,T’ AE./\/’g,T

loc

W e Cpuo (IR¥3) with o € (0,1] = WLS(F) — WPe(F)as§ — 0

)\gjr € IR'® Lagrangian multiplier, )\g:r o DT(F) — o := DWP¢(F)



TUNTEN

1_‘N 1_‘N 1
I'p ,
T 1
V4 1 Z.

Numerical Example: Ericksen-James energy density

W = kl (TrC—oz—ﬁ)2—|—kQC12 —|‘]€3(C11 —&)2(022 —04)2

W no rank-1 convex = WV no quasiconvex

Minimize [, W7 (Du)dz + [ fudz over A I

Steepest descent method

(0).

,€,0;setj = 0.

(a) Evaluate gg), fQ 0(‘7) Duvyp, dx + L(vp)

_ ggj)-

(d) Compute t; = EY°(uy (7) +t, 7“(‘7)) Epc(u(j))

(e) SetuUJr ) — ugf) + 1 r(j) 7 = 7 + 1 and goto (a).

Input u,,

(b) If Hg H < ¢ stop else set 7’
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[Concluding Remarks]



N Concluding Remarks

Open Tasks:

e Numerical Quasiconvexification. A computational challenge: Compute W 9¢

e Computational microstructure: Efficient algorithms for efficient numerical relaxation
e Error analysis for vector nonconvex minimisation problems still in their infancy

(C & Dolzmann '04) establish a priori error estimate for finite element discretizations in nonlinear

elasticity for polyconvex materials under small loads
e How to model surface energy in crystal plasticity?

(Ortiz & Repetto '99, Conti & Ortiz '04) introduce a dislocation line energy and for latent

hardening show competition between different contributions with different energy scaling

e How to analyse evolution of microstructures in finite strain elastoplasticity?



