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Notation

The reader is supposed to be familiar with the classical notions and notation
of functional analysis. As a matter of fact, we will make frequent use the
following classical notions. As usual, Q2 denotes a regular open set of R%.

e Lebesgue spaces:
We will use the classical Lebesgue spaces for 1 < p < 400

LP(Q)) = {f measurable on 2 such that / |f(z)|P de < —i—oo} :
Q

When endowed with the norm

Fllee = ( / If(x)l”dx); |

LP(2) is a Banach space. For p =2, L*(Q) is a Hilbert space with the
scalar product

(f,9)r2 Z/Qf(x)g(x) dx .

We will also use
L>(Q) = {f measurable on 2 such that |f(z)| < C a.e.}
which is a Banach space when equipped with the norm

| fllLe = inf{C such that || f(z)| < C a.e. in Q}.

e Distributions:
The standard language of distributions will sometimes be used. In par-
ticular we use the notation D(2) for the space of infinitely differentiable
functions with compact support in 2 and D'(Q2) for its dual, i.e. the
space of distributions. Convergence in the sense of distributions (i.e.
weak convergence) is also supposed to be known.
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e Sobolev spaces:
Throughout these notes, we frequently use, €2 being a bounded regular
domain of R¢, the notation H* () for the Sobolev space of degree
k € N defined by

olely
aa’lxl .. aadl‘d

Va = (ag,-+ ,aq) s.t.]al < k}

c L*(Q),

H" (Q) = {u € L* () such that

It is well known that H* (Q) is a Hilbert space when endowed with the
norm (and the associated scalar product)

) 1/2
olely
||u||ch Q) — o e}
@) |a|2§k 0%y -+ 0%y £2(9)
We also use the notation
) 1/2
olely
‘u|H’C Q = o o
(@) alz_k 0N gy - 0¥y L2

for the semi-norm in H* ().

We also use, especially for boundary value problems, Hg () as the
closure of D(Q) under the H'-norm.

e Hilbert spaces:
Classical Hilbert theory, especially for L*(Q2), H(Q2) and Hj(Q2) (but
not only) will be frequently used. In particular, the reader should be
familiar with the classical theory for Hilbert spaces, in particular Riesz’s
Theorem and Lax-Milgram Theorem. All Hilbert spaces in these notes
are separable and bounded sets are weakly compact (compact for the
weak convergence).

e Spaces of periodic functions:
The classical notation for a space of periodic functions consists in using
a f subscript. In particular, for Y = (0, 1), C?(Y) (resp. Cf(Y)) is the
set of continuous (resp. C*) and Y-periodic functions on R?. Similarly,
H} (Y) designates the space of Hlloc(Rd) functions that are Y periodic,
etc.

e We will also make use of the notations <, 2 to indicate an inequality

up to a constant. For instance |Ju.| < ||vc|| means ||u.|| < Cljv.|| where
the constant C' is independent of ¢.



Chapter 1

Formal asymptotic
homogenization

1.1 Introduction

Homogenization is a technical word that aims at giving a proper description
of materials that are composed of several constituents, intimately mixed to-
gether. Indeed, when one considers a mixture of materials, e.g. a composite,
it is expected that the new material will benefit from properties that each
of its constituent only partly possess. The applications of such materials are
numerous. Foam and wools are very classically used for thermic and acoustic
insulation. Composed of fibers in the air or bubbles of air inside a rubber
matrix, they only partly reproduce the behavior of their constituents. Other
examples are given by the so-called “spring magnets” which are composed
of hard and soft magnets mixed together, porous media which are a solid
matrix with microchannels in which a fluid may flow or multilayer materials.

In these notes, we only consider the case of periodic homogenization for
which the microstructure is periodic. Although quite restrictive at first sight,
this already applies to layered materials (periodic in 1D) or tissues (2D).
Moreover, the mathematical theory is very instructive. Physically, the prob-
lems may be of very different types. Elasticity for deformable bodies, fluid for
porous media, or magnetic properties might be sought. The common feature
among these models is that they are all described in terms of partial differ-
ential equations (PDE), the coefficients of which vary from one constituent
to another, in a periodic way.

Homogenization theory is a way of seeking the averaged properties of the
material from the ones of its constituents and the periodic structure as the
period tends to 0. This is a limiting process, which has very common features
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with weak convergence, or averaging procedures. The goal is to obtain, at
the limit, a homogeneous model with homogenized coefficients that depend
on the coefficients of the constituents. As we shall see, though, the procedure
may not be that easy, since in some cases, the model equation may change

type.

1.2 The classical setting

To start with we consider the simplest problem of temperature diffusion
inside a body © C R%. The equation reads

{ —div(A(z)Vu)(z) = f(z) in Q,
u=0on d0.

Here, f is the source of heat inside the material while the tensor A &€
M a(R) (the space of dxd real matrices) stands for the diffusion coefficients.
Calling ¢ the length of the periodic structure and Y = (0, 1)? the unit cell that
is assumed to be periodically reproduced, the presence of different materials
inside Y is modeled by a matrix A(y) that depends on y € Y. By periodicity,
it is easy to extend A to R?, and furthermore A (f) will represent the diffusion
coefficients inside the e periodic material. Taking this into account and
denoting by u. the solution on the periodically microstructured material, we
transform the preceding problem into

—div(A (%) Vu.)(z) = f(z) in Q,
{ ugzOogl )89 (1.1)

The main question for the homogenization procedure consists in finding
possible limit(s) ug to the sequence (u.).~o and identifying the problem(s)
that ug solves.

Notice that under classical assumptions on the tensor A, namely the
existence of 0 < ¢ < C' such that

VE € RY, cl¢f? < (A€, €) < Cl¢P, (1.2)

and the fact that f € L?(2), the problem (1.1) possesses a unique solution
u. € HL(Q) that furthermore satisfies

/Q<A <§> Vua,vu5> dr = /Qf(x)ug(x) dx

1122 (el 2
Cpllfllz2l[Vue| 2

IA A



1.3. MULTISCALE EXPANSION 11

where Cp stands for the Poincaré constant of 2. Using the coerciveness
assumption (1.2), one easily deduces

Cp
V|2 < 7||f||L2
SOz

and therefore the sequence ().~ is uniformly bounded in H}(Q).
As an example we consider the problem in 1D

—(A (%) ul)'(2) =1 on (0,1),
{ ue(O)(z)us(l) =0. (1.3)

where A(y) = 1+ 0.8sin(27y). The solution u., computed with a finite
element code is plotted in Fig. 1.1 for three values of €.

1.3 Multiscale expansion

The multiscale expansion method is a heuristic that finds the correct behavior
of the sequence (u.).~o. It consists of assuming the multiscale expansion

u. (1) = ug(z,w/€) + eur(z, x/e) + 2up(w, 2 /) + -+ -, (1.4)

where w;(z,y) are assumed to be periodic in the y € Y variable, plugging
this ansatz into the equation, and equating all terms of the same orders in
powers of €. Notice that each term of the expansion depends on both the slow
variable z and the fast variable y = x/e. Notice also that when computing
gradients on u;(z, z/c) one obtains

V [ui(z, z/e)] = (Vou;)(x,x/e) + é(Vyui)(x, x/e).

Therefore the expansion (1.4) leads to the following equations

e Order e72:
—div, (A(y)Vyuo(z,y)) =0, (1.5)

e Order e71:
—div (A(y) (Vo + Vyur)) (2,9) — div, (A(y)V,0) (2,) = 0, (16)
e Order £°:

—div, (A(y)(Viuo + Vyuy)) — divy (A(y)(Veus + Vyus)) = f(x()l, .
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Figure 1.1: The solution to the boundary value problem (1.3) computed
for f = 1 and three values ¢ = 0.01 (left), ¢ = 0.005 (middle) and ¢ =
0.00025 (right). It shows an oscillation that decays with ¢ at a frequency
that increases with €. The graph of A is shown in red.

Remark 1.1 Notice that in deriving the preceding equations we have as-
sumed that they were valid for any y € Y and not only for y = z/e.

We now proceed step by step to solve the preceding system of equations.

e Order e~%: Multiplying the equation (1.5) by uy and integrating by
parts over Y leads to

/Y(A(y)vyu07 Vyuo)(z,y)dy =0

which, in view of the uniform coerciveness of A (1.2), leads to V,ug(x,y) =
0 and the fact that

uo(@,y) = uo(x)

does not depend on the y variable.
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e Order e7!: Since ugy does not depend on y, the equation (1.6) simplifies
to
—div, (A(y)(Vauo + Vyur)) (z,y) = 0. (1.8)

We take the z variable as a parameter, and notice that V,ug(z) =

Z?:l g;‘g (x)e; where e; is the i—th basis vector of R%. We also call

wi(y) € H{(Y) the (unique up to an additive constant) solution to

—div, (A(y)Vywi)) (y) = divy (A(y)e;) (1.9)

and deduce by linearity that

8U0
Zaxz (y) . (1.10)

e Order €: We remark that, up to now, we have not been able to solve
the problem, but we have rather found a constraint that ug needs to
solve and expressed u; in terms of ug. It seems hopeless that this new
equation will close the system since a new variable, namely us has been
introduced. We will see that actually we will cancel the unknown us
and that only a closed system remains. Namely, integrating! equation
(1.7) over y € Y and making use of the periodicity of u; and uy leads
to

_div, /Y (A(Y) (Vg + V) (2, y) dy = /Y f@)dy = f(). (111)

The unknown us has disappeared, and we are left with another equation
coupling ug and wuy, that we can solve. Indeed, using (1.10), we infer

0
Vull‘y Zazo sz()u

and (1.11) becomes

‘divw/y ( )(Vauo + Z 8% 2)Vywi(y ))) (z,y)dy = f(z).
(1.12)

! Actually, for this equation to have a solution in wg, the right-hand side needs to be
null averaged. Therefore, we not only made us disappear, but we write a necessary and
sufficient condition for this equation to have a solution us. This is sometimes called in
this context the “Fredholm’s alternative” although actually this is only a particular case
of this much more general concept. See Exercise 1.3 for more details about this.
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This latter equation may be rewritten as
—div, (AegVauo) = f(2). (1.13)

where the effective diffusion tensor A is explicitly given by

d
ow
Aot 1, = /Y (Ajk(yHZAjz&—;(y)) dy (1.14)
=1

It remains to find the boundary conditions that ug needs to fulfill. Here,
since we simply deal with a Dirichlet boundary condition u. = 0 on 952,
the multiscale expansion gives at order ¢

uo(z,y) = up(z) = 0 on 0.
Therefore, the limit ug satisfies the boundary value problem

—div,(AugVauo) = f(z) in Q,
{ up = 0 on 0N2. (1.15)

Remark 1.2 Equation (1.9) permits us to solve uy in terms of ug. It is
usually called the cell problem as it holds on the unit cell Y. Similarly,
equation (1.11) gives the equation solved by ug (the limiting solution in the
multiscale expansion) and is called the homogenized problem. The functions
w; that appear in the cell problem (1.9) are usually called the correctors. It
is also noteworthy to remark that the problem (1.9) is of the form

{ —div(A(y)Vyw) = f

w is Y — periodic.

This latter problem possesses a unique solution up to an additive constant if
and only if the compatibility condition

/Yf(y) dy =0

holds (see Exercise 1.3). This property, sometimes called Fredholm’s alter-
native was also used to hope for a solution us of (1.7), although we are not
interested in this solution.

Remark 1.3 In the homogenized problem, the diffusion tensor A,g does not
depend on x. It only depends on the unit cell distribution of the diffusion
tensor A (or equivalently the materials involved) and the resolution of the
cell problems.
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1.4 The cell and the homogenized problems

Although not rigorous, the multiscale expansion problem enabled us to give
the limit ug of u. as € tends to 0. It is expressed as the solution of a boundary
value problem that involves the cell problem. However, a few questions
remain to be examined:

e I[s the homogenized problem well-posed? Can we say something about
the coerciveness of A.g?

e [s the cell problem well-posed? In particular, the fact that the cor-
rectors w; are assumed to be Y —periodic may create an artificial con-
straint.

e What do these correctors in the initial problem mean?

We will look at those questions one after the other, and actually in the reverse
order. To start with, we use the formula (1.10) that expresses u; in terms of
uo and the correctors

D
83:Z
and use it in the multiscale expression for u.. We obtain
x
us(xr) ~ wug(x)+euy (:17, —)
€
<. ou x
0
up(z) + ¢ zl: oz, (x)w; <€) :

We thus see that the solution u. oscillates with an amplitude € and with a
profile w; scaled by ‘9“0( ). This in particular explains why in Fig. 1.1 the
solution oscillates less and less where 1o has its maximum.

Let us now turn to the cell problem (1.9), that we recall hereafter:

—div, (A(y)Vyw;) (y) = div, (A(y)e;) - (1.16)

The associated variational formulation of the problem is obtained by multi-
plying the equation by ¢ € Hﬁ1 (Y) and integrating by parts. We obtain

/Y (AW)Vi(y), Vy(y)) dy = — / (A(y)es, V,6(y)) dy
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whose existence and uniqueness of the solution follows from the Lax-Milgram
Theorem in the Hilbert space

:{wEHﬁ st/w dy—()}

using the coerciveness assumption (1.2). (See Exercises 1.2 and 1.3.) Notice
that testing with ¢ = wy, leads to

| (A es + V). Vo) dy =0, (117)
Y

from which we deduce that the homogenized effective tensor A, defined by
(1.14), satisfies

d

Aeﬁ,jk = /Y<Ajk(?/)+zf4jl(y)%_j(y)> dy

=1

= [ (A + AWyl cr) dy
— /;/ (A(y) (6].; + vywk(y)) 7ej) dy

= [ AW @+ Tnn) s + o) dy
Y
because of (1.17). Therefore, if ¢ € R?, then

d
(Aeffg’f) = ZAeff,jkfjfk

jk=1

-/ (A<y> <s+szvywk<y>) ,£+Z£jvywj) dy

2 H5+kavywk M2y

which shows that A, is a positive definite matrix. Considering the homog-
enized problem
—div,(AugVauo) = f(z) in Q,
{ up = 0 on 082, (1.18)

where the homogenized tensor A.g is given by (1.14), we obtain that the
classical theory of elliptic problems applies and that it possesses a unique
solution, again thanks to the Lax-Milgram Theorem.
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1.5 Exercises

Exercise 1.1 Homogenized problem in 1D.
We here consider the model problem (1.1) in 1D

(A (2) ulY () = f(z) on (0.1).
{ ug<o>(—)ug<1> - (1.19)

where f € L?*(0,1) and A is a 1-periodic function that satisfies

0,

IC>e>0, Vye(0,1), c<Aly) <C.
Show that the homogenized equation associated to the problem is given by

—(Aegug)' (z) = f(x) on (0,1),
{ UO(O)fi uogl) = o,( ) ) (1.20)

1 dy )_1
A= / Ay )
eff ( o Ay)
Exercise 1.2 The cell problem

Let V = {1/) € Hﬁ )s.t. fY y)dy = O} the Hilbert space endowed with
the norm (and assomated scalar product)

Il = ( / |vy¢<y>|2dy)é

Show, using the Lax-Milgram Theorem, that the variational formulation of
the cell problem

where

Find w; € V such that V¢ € V,
/Y (AW)Vywi(y), Vo6 () dy = — /Y (A(y)es, V,6(0)) dy

where A satisfies the coerciveness assumption (1.2) possesses a unique solu-
tion.

Exercise 1.3 Fredholm alternative
Let V = {¢ € H{(Y), sit. [, ¥(y)dy = 0} the Hilbert space endowed with
the norm (and associated scalar product)

oty = ([ |vyw<y>|2dy)% ,

and f € L*(Y).
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1. Show, using the Lax-Milgram Theorem, that the variational formula-
tion of the cell problem

FindweV,Vd)ev,/
Y

(A(y)Vy(y), V,6(1)) dy = / F)oly) dy.

where A satisfies the coerciveness assumption (1.2) possesses a unique
solution.

2. Show that it is also a solution to
—div (A(y)Vyw) = f

under the necessary and sufficient condition that

/Yf(y)dyz()-

Exercise 1.4 Extend all the preceding multiscale analysis to the case where
the diffusion tensor A depends also on the slow variable z, namely A :=

Az, y).



Chapter 2

Two-scale convergence

2.1 Introduction

As we have seen in the preceding chapter, the multiscale expansion method
answers questions concerning the behavior and the limit solution of the ho-
mogenization problem. However, the method that we have developed is un-
satisfactory for two reasons:

e First, it is heuristic. We have only postulated an ansatz and some-
how shown that the limit solution uy should satisfy the homogenized
problem (1.11). At this stage, we have no clue about the fact that this
ansatz is true, and no proof about any convergence of the sequence
(ue)e as € tends to 0.

e The approach that we have used works in two steps. We have postu-
lated the ansatz, and obtained the set of equations that the limit should
satisfy (the cell and homogenized problems). Then, we have proven the
existence and uniqueness of the solution to these problems. It would
be more convenient to get, as a whole, the problems and the limit.

The 2-scale convergence method is exactly intended to overcome both of
these issues. As we shall see, it provides the user with a rigorous theoretical
framework that enables him or her to work out directly the problems (both
the cell and homogenized problems) and prove the convergence of the family
(ue). in a suitable sense.

The following discussion is based on the theory proposed by Nguetseng
[16] and further developed by Allaire [1].

19
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2.2 Two-scale convergence

The basic notion that one needs to introduce is the following.

Definition 2.1 A sequence (u.).~o in L*(Q) is said to two-scale converge to
a limit uo(x,y) € L*(Q X Y) if, for any ¢(z,y) € D(C°(Y)) we have

e—0

lim ng(x)w (x, g) dr = /Q><Y wo(z, y)(x,y) dedy . (2.1)

In this case we denote the two-scale convergence by
Us — Ug two-scale as e — 0.

The main reason for introducing the two-scale convergence is the following
compactness theorem (we refer the reader to [1, 16] for the proof).

Theorem 2.1 Let (u.).~o be a sequence bounded in L*(Q). There exists a
subsequence (ue, Jneny and ug € L*(Q2 X Y') such that

lim ¢, =0, and u., — ug two-scale as n — +00.
n—oo

As we shall see, the preceding compactness theorem generalizes the well
known compactness theorem in L?(Q) (from a bounded sequence in L?(£2)
one can extract a subsequence that weakly converges in L?(€2)). This is not
surprising since the definition of two-scale convergence is written under a
weak form. It is a convergence for any test function and not convergence in
norm.

2.3 Admissible functions

We will make frequent use of the fact that for ¢ € D(2,C4(Y)) one has

T 2
lim | o <a: —) dr — b, y)?drdy . (2.2)
Q € QxY

e—0

(See Exercise 2.2.) It is however unclear whether the regularity of ¢ may be
weakened. We therefore introduce the following definition.

Definition 2.2 A function 1) that satisfies (2.2) is called admissible.
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It turns out that this is a subtle notion. Indeed, for a given function ¥ €
L*(Q x Y)) there is no reason for the function

ofe)

to be even measurable. The complete space of admissible functions is not
known much more precisely, it is however known that any Caratheory func-
tion (continuous in one variable and measurable in the other) is admissible.
Therefore, functions in LP(Q,Cy(Y)) as well as L{(Y,C(f2)) are admissible.
We also refer to [1] for an explicit construction of a non admissible function
which belongs to C(€2, L;(Y)).

2.4 Properties

The main property of two-scale convergence is the convergence of norms.

Proposition 2.1 Let (u.).-o be a sequence in L*(S)) that two-scale converges
toug € L*(Q x Y). Then

u. = u(z) = / uo(z,y) dy weakly in L*(Q2), (2.3)
y
lim inf [Juc| 2 > [luoll2@xv) 2= [lull 22y - (2.4)

Proof We first remark that taking a test function ¢ (x,y) = ¥ (z) that does
not depend on the y variable in the definition of the two-scale convergence im-
mediately gives (2.3). In order to prove (2.4), we consider ¢ € L*(Q2,C4(Y)),
and expand

/Q(Ug(@—w(:c, 9)2 dv = /Q(ue(x))2dx—2/ﬂu6(x)¢ (xg) "

> 0.

Passing to the liminf, using the definition of two-scale convergence, we obtain

it [ (w.(@)?do 22 [ ool g)dedy— [ vw)?dsdy

e—0 QxY OxY

since v is admissible.
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Using this inequality for a sequence of smooth functions (,),en that
converges to uy in L*(2 x V) leads to

liminf/(ug(x))2 dx 2/ uo(x,y)* dr dy .
0

e—0 Qxy

Using Cauchy-Schwarz inequality immediately leads to the second inequality
in (2.4). O

As for L? convergence, we also have the strong version of the preceding
proposition.

Proposition 2.2 Let (u.).>o be a sequence in L*(2) that two-scale converges
toug € L*(Q x Y) and is such that

lim lucllz2 = |luollz2(xy) - (2.5)

Then, for any sequence (v.)eso in L*(Q) that two-scale converges to vy €
L*(Q xY), one has

e — / wo(, y)volz, y) dy in D'(Q) (2.6)
Y
and if ug € L*(Q,C4(Y))

=0. (2.7)

L2

lim
e—0

us () — up (3:, g)

Proof The proof follows readily the same lines as before. We take a sequence
of smooth function ¢, € L*(2,C4(Y")) that converges to ug(z,y) in L*(Q2xY).
We have with the definition of two-scale convergence and the fact that v, is
smooth

ing [ (wete) = v (2.2)) o= [ (uolann) = vl )? dady

e—0

and therefore

lim lim g <u5(az) — Uy, (x, §)>2 de =0.

n——+o0o e—0

Now, for any ¢ € D(f2), one has
[ u@teoa@de = [ v, (0. 2) oot ds
—l—/Q (ug(x) — 1y <£L‘, E)) ve(x)o(x) de

3
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We now use the fact that (v.). is bounded and the preceding result to
deduce, passing to the limit € — 0

lim sup
e—0

/ng(x)va(x)gb(x) dr — (2)n(x, y)vo(z,y) do dy

QxY
< Cllug — wnHLZ(QxY) :

Passing now to the limit n — 400 gives the result

lim [ wu.(z)v-(z)p(x)dr = (x)up(z, y)vo(z,y) dzx dy,

e=0.Ja Qxy
which is nothing but (2.6). If ug is smooth enough (this would be the case for
instance if ug € L*(,C4(Y"))), then one can take 1, = ug in the beginning
of the proof to obtain (2.7). O

Up to now, we have given the main results about L? bounded sequences.
For sequences bounded in H!(), the results can be made more precise.

Theorem 2.2 Let (u.).~o be a sequence bounded in H*(Y). Then there exist
uy € H(Q) and uy € L*(Q, H}(Y)/R) such that, up to the extraction of a
subsequence, one has

u. — ug weakly in H'(S2), (2.8)
u, — ug strongly in L*(S2), (2.9)
Ue — U two-scale, (2.10)
Vue. — Vyuo(z) + Vyur(z,y) two-scale . (2.11)

Proof The first two statements are well-known properties of convergence
in H'(Q)) and the Rellich Theorem. We also infer, from the boundedness of
(ue)eso and (Vue)eso, the existence of U(z,y) € L*(Q x Y) and &(z,y) €
L*(Q x Y)? such that (up to a subsequence)

u. — U two-scale

Vu. — £(z,y) two-scale .

This means that for any test functions ¢ € D(Q,C4(Y)) and ¥ € D(Q, C4(Y))?
T
[y (2) des [ UGotededy,
Q € Qxy

/ Vue(z) - ¥ (x, f) dr — E(z,y) - V(x,y)dedy.
Q € axy
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But, an integration by parts shows that

a/QVuE(x) ' (x, g) dr = —/Qua(:v) (divy\lf <I, g) + ediv, ¥ <x, g)) dz ,

which gives, passing to the limit ¢ — 0
0= —/ Uz, y)div,¥(z,y) dzx dy,
Qxy

or equivalently that U(z,y) does not depend on y. Therefore U(z,y) = U(x)
and uo(z) = [, U(x,y)dy = U(z). This shows (2.10). In order to show
(2.11), we take a test function ¥ such that div,¥(z,y) = 0. We get

/QVug(x) - U (a:, g) dr = —/Qus(x)divxlll (x, g) dx

which, passing to the limit, leads to

/ E(x,y) - V(z,y)dxdy = —/ uo(x)div, ¥ (z, y) dx dy
QxY QXY

- /vauo(a:)- (/qu(a;,y) dy) dx .

Thus, for any ¥ € D(Q,C°(Y))? such that div,¥ = 0, one has

/Q | (&(@sy) = Veuo(w)) - Wla,y) dedy = 0.

This is sufficient to deduce that there exists u; € L*(Q, Hj (Y')/R) such that

f(l’, y) = quo(x) + Vyul(x, y)

(see Exercise 2.5).

2.5 Exercises
Exercise 2.1 Admissible functions.

1. Show that a continuous function f € C(€2,C4(Y")) is admissible in the
sense of Definition 2.2.
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Hint: Since f in continuous, one has Vo > 0, Jgq > 0 such that Ve <
€0,
[z — 2| <e= || flz,) = f(@', )=y <6

Therefore, to within an arbitrarily small error 9, one can approximate
f(z,%) by f(z:,%) on the cube £(i + V) where i € Z? and with

2. Show that a function ¢ (x,y) = 6(z)n(y) where § € L*(Q) and n €
L;(Y) is admissible in the sense of Definition 2.2.

3. Let f and g be two admissible functions. Show that

e—0

lim Qf <x, g) g (ZB, g) dr = - flz,y)g(z,y)dedy.

4. Let f be an admissible function and g € C(2 X Y). Show that fg is
admissible.

Exercise 2.2 Let (u.). be a sequence of functions in L?({2) that L? strongly
converges to ug € L*(£2). Show that

u. — Ug two scale.
Exercise 2.3 Let ug(x,y) be an admissible function.
1. Show that u.(z) = wug (m, %) two-scale converges to uyg.

2. Let v. = ug (x, 8%) Show that (v.). two-scale converges to vo(z) =
Jy wo(z,y) dy.

3. More generaly, show that any multiscale expansion
x x n x
ue () = g (m, —) + euy (x, —> + - +e"u, (x, —>
€ € €

where the u; are supposed to be admissible, two-scale converges to
UO(‘ray>'

Exercise 2.4 Let (u.). a sequence that two-scale converges to ug. Show
(using Proposition 2.2) that

e—0

lim g ue () (a:, g) dx = /Quo(x, Y)(x,y)dx dy

for all test functions ¢ that are admissible (and not only smooth).
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Exercise 2.5 Orthogonal of divergence free functions.
Let

Vi = {u € L*(Y,R?) such that div u = 0 in the sense of D'(Y)} .
Using the decomposition in Fourier series of a function u € V', show that
V' = {¢ € L*(Y) such that 3¢ € H,(Y), ¢ = Vg¢}.
Exercise 2.6 Show the following proposition.

Proposition 2.3 Let (u.).>q be a sequence bounded in L*(Q) such that (eVu,)e=o
is bounded in L*(Q). Show that there exists ug(z,y) € L*(Q2 x Y) such that,
up to the extraction of a subsequence, one has

Uz — Ug two-scale, 2.12)

eVu. - Vyug(z,y) two-scale. (2.13)



Chapter 3

Application to linear 2nd order
elliptic equations

We now turn to the homogenization of the model problem and generalize the
method to classical second order elliptic PDEs. As we shall see, the main
strategy consists in the following methodology:

e find a bound in H! for the sequence (u,).;

e cxtract a subsequence and apply Theorem 2.2;
e identify the problems solved by ug and uq;

e show that the whole sequence converges;

e give sufficient conditions to get the strong convergence and prove the
multiscale expansion.

3.1 Homogenization of 2nd order elliptic prob-
lems

We thus consider again the problem (1.1), namely

—div (A (%) Vu.(z)) = f(z) in Q,
LS Gonn, )71 1

where (2 is bounded and A satisfies the uniform coerciveness assumption
(1.2). Let us write the variational formulation associated to this problem.

27
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We take a test function ¢ € H}(Q2), multiply the equation by ¢ and integrate
by parts to get

/Q (A(3) Vatela), Veola)) = / f(@)(z) de. (3.2)

As we have already pointed out, the sequence (u.). is uniformly bounded
and one has the bound (obtained by taking ¢ = wu. in the preceding varia-
tional formulation)

[ucllmn S 11 1lzz -

Therefore, Theorem 2.2 applies and, up to the extraction of a subsequence
(that we still denote by (u.). for simplicity) one can assume that

u. — ug weakly in H*(Q),
u. — ug strongly in L*(Q),
Uz — Uy two-scale,
Vu, — Vyuo(z) + Vyui (z,y) two-scale,
where uo € Hj(Q) and u; € L*(Q, H}(Y)/R).
The idea consists in taking a suitable test function in (3.2) and use the

convergences above to pass to the limit. Namely, we consider ¢, € D(£2) and
¢1 € D(Q,C°(Y)/R) and use the test function

8(x) = dulx) + =61 (v, %)

in (3.2).
We obtain, since V,¢(x) = Vodo(z) + (V1) (:E, f) + (Vy01) (:v, f) ,

/Q (A(2) Veuele), Tavo(w) + £(Tatn) (0, 2) + (Ty0) (.2 ) ) do =
[ 16 (w601 4200 (2. 2)) .

We now pass to the limit in each term. Let us begin with the right-hand
side. Since ¢, € L>®(€2 x Y') we easily have

. T
lim /Q £(@) (éole) + 61 (2,2)) do = /Q F@)oo(z)dz.  (3.3)

Similarly, since A € L*(Y), and (u.). is uniformly bounded in H!(Q),
we have

lim A (A (g) Vous(x),e(Vadr) <x, g)) dx =10. (3.4)

e—0
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For the first term, we write

[ (A(2) a0 Fatot)) = [ (Vanto), 41 (2) Vo) e

and, since the function (z,y) — A*(y)V.¢o(z) is admissible (see Exercise 2.1
of chapter 2), we obtain

li_l}% : <A (g) V. us(z), qubo(:c)) dx

:/Q y (vaO(CL‘) + vaI(x’y)7At<y>vx¢0($)) dedy

= /Q ; (A(y) (quo(l‘) + vyul ('T? y))7 vw¢0(x)) dx dy

The last term is handled in the same manner. Indeed

/Q (A(3) Vi), (Vyn) (2, 7) ) da
_ /Q (Vo). 4 () (Vy00) (2. 2)) e,

and

e—0

lim i (A (g) Vaus(x), (Vyor) (m, g)) dr
— /QXY (vaO(l') + Vyui (z, y),At(y)Vygbl(x,y)) dz dy

- / (AW la) + V(. 9)), ¥y 1) o dy

where we have made use of the fact that the function (z,y) — A (y)V,¢1(z,y)
is admissible (it is, in fact, in L;(Y,C(Q))).

Collecting together the preceding results we obtain the limiting varia-
tional formulation

/Q (AW)(Tetio(a) + V). Voo (o) + Vo (.9) do dy

_ / F(2)do(x) de
Q
(3.5)
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3.2 Existence and uniqueness

The nice thing with the method shown above is that it gives the homoge-
nized variational formulation directly. It is also very natural and knowing
Theorem 2.2 makes very clear and intuitive what should be the expected re-
sult. However, some work still needs to be done, namely, recovering the cell
and homogenized problem, after having proved that the preceding formula
provides us with a variational formulation that possesses a unique solution.

We first start by using a density argument to symmetrize the problem
(between the unknown and the test functions). Namely, by density, we easily
see that (3.5) also holds for all ¢o € Hj(Q2) and all ¢, € L*(Q, H}(Y))/R). We
now turn to the existence and uniqueness of the solution to the variational
formulation

Find (ug,u1) € Hy(Q) x L*(Q, H, (Y)/R) such that
(o, $1) € Hy(Q) x L*(Q, H (Y)/R)

/Q (AG)(Tatiola) + V). Vot (o) + V41 (0,0) de dy

/f Jo(z

Existence and uniqueness of the solution to this (homogenized) variational
formulation follow now from the Lax-Milgram Theorem. Indeed, the linear
form

((¢0,¢1)) /f )do(x

satisfies

< | fllz2lléoll 2
S Nl Vol
S

||f||L2||(¢0» le)”Hg(Q)xL?(Q,Hﬁl(Y)/R) .

(¢, 1))

Next, the bilinear form
a((uo, u1), (vo,v1)) = /QXY (A(y)(Vauo + Vyur), Vyvg + Vyuy) dody
satisfies
|a((uo, ), (vo, v1))]
< Al 2 ([[Vauoll 2 + [[Vyur |l z2xvy) (I Vavoll 22 + [[Vyvill 2 oxyy)

< HAHLWH(UmUl)HH(}(Q)XH(Q,H;(Y)/R)H(Uo,Ul)HHg(Q)xLz(Q,H;(Y)/R)



3.3. THE CELL AND THE HOMOGENIZED PROBLEMS 31

and is therefore continuous in (Hg(Q) x L*(Q, H/ (Y)/R))?. Tt is coercive due
to the coerciveness assumption (1.2) made on A since

a((uo, u1), (o, ur))
= /Q y (A(y)(Veuo(x) + Vyur(x,y)), Vauo(z) + Vyui (2, y)) dady

> cf|Viuo + Vy“l”%%my) :

But
Vot + Vo By = [ [¥ate) + V)| de dy
QxYy
= [ Vel et [ 19t dedy
Q QxYy
+2/ Vauo(x) - Vyui(x,y) de dy
QxY
= H(UOaUl)\|§{3(n)xL2(Q,H,}(Y)/R)
since

2/ Vauo(z)-Vyui (z,y) de dy = 2/ quo(:v)-(/ Vyui(z,y) dy) der =0.
Qxy Q Y

Eventually, we conclude, since (ug, u;) are characterized by the homoge-
nized variational formulation above, that the whole sequence (u.). satisfies
the convergences of Theorem 2.2, and not only a subsequence.

3.3 The cell and the homogenized problems

It remains to find the solution to the cell and homogenized problem that
were stated in the Chapter 1 of these notes. To this aim, we simply consider
the two problems obtained by taking ¢g = 0 or ¢; = 0 respectively.

® ¢ =0.

The variational formulation leads in this case to
| A0 (Vauole) + Vs, ). V(o) dody = 0.
Qxy
Taking ¢; under the form ¢;(x,y) = 6(z)1(y) leads to

/Q 00w (AT @) + 0 (.1). 9,10 iy =0
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which is the weak form of the problem

{ —div, (A(y)(Vouo(z) + Vyur(2,9))) = 0,
uy(z,y) is Y — periodic.

This is nothing but the cell problem (1.9).

e ¢ =0.
We have now

/Q Y(A(y)(quO(l’)+VyU1($,y)),Vx¢o(93)) dxdy:/f(x)%(ﬂ?) dx

Q

which is the weak form of the problem
~aiv, ([ (A0)V.ale) + Fyao) dy) = £ n 9.
Y
ug = 0 on 0N2.
And we recognize the homogenized problem.

Solving u; in terms of uy through the correctors wj; is eventually done as
before.

3.4 Exercises

Exercise 3.1 Assume that u; is smooth. Show that
ue — up(z) — euy (x, f)
€

strongly converges to 0 in H'(Q).
Hint: Show that

/Q (A <§> (Vaue — Vyug — Vyur), Vyue — Vioug — Vyu1> dz |

3

tends to 0 as € — 0 by expanding the expression and pass to the limit in
each term. Conclude.

Exercise 3.2 Extend all the preceding results to the case where A := A(z,y)
is an admissible function which satisfies the bounds (1.2).
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Exercise 3.3 Linear elasticity. We now consider the model of linear elastic-
ity

—div(o.(u:)) = fin
which, for simplicity is supplemented with the homogeneous Dirichlet bound-
ary conditions u, = 0 on 9. Here u. : Q — R? is the deformation vector
and the Cauchy stress tensor is given by

xz

oo(u) = (g) (Vu + Viu) + A ( ) div(u)ld .

€
We also assume that both A and p satisfy (1.2). Make the homogenization
process as € tends to 0. Express in particular the cell problem and the
homogenized equation.
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Chapter 4

Convergence of the energy

4.1 I'—convergence

This chapter is meant to give another point of view on the problem in the
important case where A is assumed furthermore to be symmetric. Indeed,
the problem that we have worked on up to now can also be written as a
minimization problem, using the Dirichlet principle

(P.) min 1/QA (g) Vu(z) - Vou(z) de — /Qf(m)u(x) de,  (4.1)

uweHL(Q) 2

for which wu. is the solution. It would be convenient to have a notion of
convergence of minimization problems that would be compatible with the
convergence of minimizers (here, the two-scale convergence). This is indeed
the framework given by De Giorgi I'—convergence. The theory is certainly
much more involved than what we present here for the need of these lecture
notes. We refer the reader to [4, 8, 9] for more information about the topic
and its application to homogenization problems, as well as the introductory
text [5].

Definition 4.1 Let (X, d) be a metric space. Consider fore > 0 a family of

functionals
J.: X =R

a limiting functional
Jo: X =R

and the corresponding minimization problems

(P.) min T.(u), (Po) min Jo(u) (4.2)

35
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We say the the family of problems (P.) T'(d)—converges to Py if for any
ug € X one has

e I'—liminf. For every sequence (u.). that converges to ug (for the metric
d), one has
lim iglfjg(ug) > Jo(uo) ; (4.3)
E—

e I'—limsup. There exists a sequence (u.). that converges to ug (for the
metric d), such that

lim sup Jz(u:) < Jo(uo) - (4.4)

e—0

The main motivation for the introduction of this definition is the following
theorem.

Theorem 4.1 Let (X,d) be a metric space and a sequence of minimization
problems (P-)eso that I'(d)—converges to the minimization problem Py as in
(4.2). Let (u:). a sequence of solutions of the problems (P.) that converges
to ug for the metric d. Then ug is a solution of the minimization problem Py
and

lii% Te(ue) = Jo(up) -

Proof Since (u.). converges to uy for the metric d, the first assertion of
['—convergence entails

Jo(up) < liminf Jz(u,) .

e—0

Now let vg € X, and a sequence (v.). which converges to vy such that
Jo(vg) > limsup J-(ve) .
e—0

Such a sequence exists due to the second assertion of I'—convergence. Since
Ue i a minimizer of 7., one has

Te(ue) < Te(ve).
We therefore deduce

To(us) < limint (o)
< limsup 7. ()

e—0
< limsup Jz(v.)

e—0

< Jo(vo)
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which shows that wug is a solution to Py. Taking vy = ug in the preceding
inequalities shows the last assertion of the theorem. Il

Remark 4.1 The I'—convergence is a framework which is very well suited
for the convergence of minimization problems. Quite remarkably, the defini-
tion itself does not use any minimization property of the sequence (u.). or
the limit uy. Minimization and convergence of minimizers are thus obtained
as consequences of the general properties given in the definition.

In the definition of I'—convergence, (4.4) may be replaced by an equivalent
or weaker statement for which Theorem 4.1 still holds true. We refer the
interested reader to [5] for a detailed list of possible statements, but we will
make use of the following one in the sequel

For all n > 0, there exists a sequence (u.). that converges to uy (for the
metric d), such that

lim sup Jz(ue) < Jo(uo) +1- (4.5)
e—0
That under (4.3) and (4.5), Theorem 4.1 still holds true is left as an exercise
(see Exercise 4.1).

4.2 Application to homogenization

From what we have already seen, we set, for u € X = H}(Q)

1

7w =5 [ A(2) Veuta) Vol do = [ faut@ydr. (46)

while the limiting problem involves the homogenized tensor A.g defined by
(1.14)

1
Jo(u) = 5 / AofVau(z) - Veu(z) do — / flz)u(x)dz. (4.7)
Q Q
It remains to choose a metric on X. Clearly, the convergence that we proved
in the preceding sections is only weak in H'(Q) which is not metrizable. We
therefore endow X with the (strong) L? distance (see Remark 4.3 below).
The main goal of this Section is to show the following Theorem.

Theorem 4.2 Let J. (resp. Jp) be defined by (4.6) (resp. (4.7)), and con-
sider the associated minimization problems P. and Py given by (4.2). The
sequence of minimization problems (P-). T'(L?)-converges to Py in Hy ().
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Proof The proof consists in proving both properties of I'—convergence. As
we shall see, this sheds a new light on the problem. We therefore decompose
the proof into two steps.

I' — lim inf.

Let (u.). be a sequence in H}(Q) that converges to ug € H} () for the L?
topology. Let A = liminf. ,o J-(u.). If A = +o00, there is nothing to prove.
Otherwise up to the extraction of a subsequence, we may assume furthermore
that

lim 7. (u:) = A.

e—0

In view of (1.2) we deduce that the sequence (u.). is bounded in H', and
applying Theorem 2.2, there exists u; € L*(Q, H}) such that

Vu, — Vyuo(z) + Vyui(z,y) two-scale.

We take now ¢ (z,y) € D(§2,C°) an admissible function and expand the
non-negative expression

/QA <§> (qug — Vauy — Vo (:v, g)) . <qug — Vyug — Vb <$, g)) dr =
/QA (f) V. - V.
—Q/QA (g) Vi, - (Vmuo + Vo (a:, g)) dx
+/QA (g) <qu0 + V0 <x g)) : (quo + V0 (a: g)) dz

Due to the preceding results and hypotheses, we infer

liy | 4 (g) (vxuo V0 <x g)) : (quo V0 (:1:' g)) dr =

e—0

/Q y Aly) (Vaug(x) + Vyih(z,y)) - (Vauo(z) + Vi (z,y)) drdy
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and
liny | 4 (g) V0. (uno + V0 (m g)) dr

e—0
- hm/ Vi, - At (qu() +V, <$, g)) dx

e—0

- /Q y (Vouo + Vyui(z,y)) - A'(y) (Vouo(x) + Vyib(x,y)) dady

= /Q y A(y) (Vauo + Vyur(z,y)) - (Vaue(z) + Vyo(z,y)) dedy.

Since moreover

ti [ f@yuc(eyde = [ flayuo(a) da

we therefore deduce

liIEH_EOIlf._Z:(UE)

5 | AW (Vauo(o) + V(e ) - (Votala) + V,0(,0) dady

Taking for ¢ a sequence of functions that converges to u; in L*(€, H;(Y)),
we obtain

1
liminf . (u.) > 5 / A(y) (Vaug + Vyur) - (Vaug + Vyuy) dedy
QxY

- /Q F(2)uo(w) dz

The last part of the proof consists in remarking that the right-hand side
may be bounded from below since

1
§ A<y) (Vmu(] + Vyu1> : (vmuo + vyul) dx dy
Qxy
1
= min _/ A(y> (quo + Vyul) : (Vmuo + Vyul) dx dy
QxY

ur€L(Q,H}) 2

1
= 5 / eﬁ'vxuo : VIUO dx .
Q
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We thus obtain

liminf J.(u.) > 1/ AofVauo - Vyug dr — / f(@)uo(x) dz = Jo(up) -
Q Q

e—0 2

[' — lim sup.

The proof for this part of I'— convergence is sometimes called the construction
of a recovery sequence. Indeed, it consists for a given ug € H}(€2), in finding
a suitable sequence (u.). in H}(f2) that converges to ug in L? and such that

lim sup Jz(u.) < Jo(uo) -

e—0
In view of the preceding results, we build from the corrector equation (1.9)
the microscopic structure u;, and a natural recovery sequence would be

T
U = up(x) + ey (x, —) :
£

However, since u; may not be an admissible function, we need to complexify
a little bit the argument. We take ¢; an admissible function in D(€2, C;°(Y'))
and consider

x
Ue = uO(x) + 5% (xa g) .
It is easy to check that

ll_l)l(l) HU’E - U’OHLQ =0.

Moreover, since V,u. = Vug(x) + (Vyth1) (a:, g) + (Vi) (:1:, f) we get by
using the two-scale convergence results that

1
lim J. () = = / AY) (Vatto + V1) - (Vatto + Vyiby) da dy
QxY

e—0 2
- /Q f(z)ug(x) dx.

Taking now ¢, that converges to u; in L*(Q, H{(Y')) and remarking that

1

t70(u0) = 5 [)xY A(y) (Vzuo + Vyul) ’ (quo + Vyu1> dx dy - /Q f(x)UO(x) dl‘,

leads to
vn >0, 3(u.). in Hy(Q) s.t. lil%jg(ue) < Jol(ug) + 1
E—

which is exactly (4.5) and therefore enough to get the I'—convergence prop-
erty. 0
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Remark 4.2 The proof made above used very clearly the fact that the cell
problem (1.9) can be also seen as a minimization problem. Namely for a
given macroscopic ug, the microscopic structure, represented by u; is the one
that minimizes

/ A)(Vtio + V) - (Vi + Vyur) dr
QxY

It is indeed easily seen that (1.9) is the variational formulation associated to
this minimization problem.

Remark 4.3 As we have already pointed out, the convergence only holds
in the strong L? or weak H' senses. Although the weak H! topology is not
metrizable, we remark that the definition of I'—convergence does not need
the topology to be metrizable, but only a notion of convergence of sequences.
We therefore could (and some authors do) use the weak H' topology instead
in order to prove all the statements before.

4.3 Exercises

Exercise 4.1 Show that under assumptions (4.3) and (4.5), Theorem 4.1
still holds true.

Exercise 4.2 Show that in the case where A is symmetric, the solution

uy(z,-) to the cell problem (1.9) is indeed the solution to the minimization
problem

min [ A)(Vaua(o) + 9,00 - (Toua(o) + 9,000)) dy.

B} (V)
Deduce that (ug,u1) solve the minimization problem

min 5((¢0,¢1))

(0,61)€ HY(Q)x L2(Q,H} (V)

where
— /Q f(z)po(x) dx .
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Exercise 4.3 Let A.g be the effective diffusion tensor given by (1.14) in the
case where A is symmetric. Show that V¢ € RY

(/A dy> ££<Aeﬂ§£<(/A dy)u

Hint: Use the minimization properties of the cell problem.

Exercise 4.4 As usual, we consider 2 an open bounded regular set of R?
and f € L?(Q). Let
W R xR* - R

be an energy density function and assume

y— Wiy, ) is Y — periodic;

A= W(y, A) is C' and strictly convex in R”

IN? S W(y,\) <1+ AP uniformly in y;
ow
o
We also set for all u € Hj(Q)

I.(u) = /Q W(g,vxu(:v)> dz — /Q F@)ul(z) de

1. Show that under the preceding hypotheses on W, the minimization
problem

(y, )\)‘ < 1+ |A| uniformly in y .

min Z.(u)

ueH(Q)

has a unique solution that we call wu,.

2. Show that (u.). is bounded in Hg(€) and deduce that there exists
up € Hy(Q) and u; € L*(Q, H{(Y)) such that, up to a subsequence
u. — ug weakly in H';
u. — ug strongly in L?;
Uz — Uy two-scale ;
Vaue = Vyug(x) + Vyui(x,y) two-scale.

The last part of this exercise consists in proving that Z. I'(L?)—converges in
H}(Q) to

To(w) = in W(y. Vot Vi) dady = | fau(o)do.
YieL2(QH(Y) Jaxy Q
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3. Using
ow
Prove that if (v.). is a sequence in H}(2) that converges in L? to
Vg € H&(Q)

liminf Z_(v.) > Wy, Vv + V) da dy — / f(x)ve(x) de.
0

e—0 QxYy

for some ¢ € L*(Q2, H}(Y)). Deduce that

liminf Z, (v.) > Zo(vp) -

e—0

Hint: Use a sequence pu of smooth test functions that converges to
Vauo(z) + Vyur(x,y) in L2(Q x Y).

4. Let vy in H(S2), show that for all n > 0 there exists (v.). in H}(Q)
such that

Ve — v in L
lim Z. (v.) < Zo(vo) + 1.
e—0

5. Conclude.
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Chapter 5

Perforated domains - Porous
media

5.1 Setting of the problem

A porous medium is a domain composed of a solid part in which a fluid
(e.g. water) is able to flow inside tiny capillaries. Porous media are usually
modelled using Darcy’s law, which is usually obtained by some averaging of
Stokes flow at the microscopic scale. Indeed, the mathematical modelization
of such a phenomenon typically involves a fluid structure interaction, the fluid
flowing inside the solid matrix. Due to the very small velocities of the fluid, it
is very reasonable to consider a low Reynolds number approximation, i.e. that
the fluid is modelled by Stokes equations. We also consider that on the solid
part of the domain, a no-slip boundary condition is assumed for the fluid.
We explain here how the two-scale convergence process is able to recover
Darcy’s law from a microscopic Stokes equation. The pioneering works, that
formally derived Darcy’s law from the microscopic Stokes equations may be
found in e.g. [11, 17] while the first rigorous proof is probably in [18]. Further
extensions may be found in [2, 13].

In what follows, we denote by (2. the fluid part of 2. We consider that
the fluid obeys Stokes equations

_52MAUE +Vp.=[f in (),
divu. =0 in €, (5.1)
u, =0 on 0f), .

In the preceding equations, we have rescaled the viscosity p of the fluid by
a factor of €2. As will be seen later on, this simply comes from the fact that
otherwise the velocity u. tends to 0. In other words, the velocity of the fluid
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is of order €2 and needs to be rescaled in order to observe a non vanishing
limit.

Existence and uniqueness of a solution (u.,p.) € H (2, R?) x L*(Q.)/R
to (5.1) is a well known result as long as f € L*(Q.,R?) for instance. We can
therefore proceed to the homogenization, that is seeking the limits of u. and
pe as € — 0. Quite strangely, here there is no oscillating coefficients like for
the diffusion problem before. Instead, here, the domain will be considered
as periodic and quickly oscillating. In particular, the domain changes with ¢
and is not fixed in the convergence process.

Indeed, as before, we consider a periodic structure in €. In that aim, we
assume that the unit cell Y can be decomposed as

Y=Y, UY;, Y,NY; =0,

where Y corresponds to the solid part in the unit cell and Y} to the fluid
part (see Fig. 5.1).

Figure 5.1: The unit cell of the porous medium is composed of a solid part
Y, and a fluid one in which the fluid flows Y.

Scaling down this structure by a factor of ¢ and repeating it inside the
domain, leads to a periodicly structured domain, as depicted in Fig. 5.2,
alternating solid and fluid parts. Namely, viewed from the macroscopic do-
main, we define the fluid domain as

N(e) N(e)
Q.=0\Jvs=an Y], (5.2)
=1

i=1
where each Y§, (vesp. Y;) is a copy of €Y} (resp. €Y;). The total number

8,8

of periodic cells N(¢) satisfies N(g) = |Q]e~¢(1 + o(1)).
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Figure 5.2: The domain (2 tiled by repetitions of Y scaled by a factor e.
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Figure 5.3: In 3d, it is possible to have a fluid and a solid domains that are

both connected. An example is given by the periodic structure shown on the
left and made by repetitions of the unit structure to the right (from [15]).

5.2 Homogenization

Compared to what we have seen before, we have here an additional difficulty
that prevents us from passing to the limit directly on the solution (u.,p.).
Indeed, the functions are not defined on the same domain since the fluid
domain €2, changes with the value . It is, therefore, necessary to extend
the solution u. and the pressure p. suitably before attempting to pass to the
limit.

Since u. = 0 on 0f)., we may extend u. by 0 inside the solid part, by
setting

0 otherwise.

i (z) = { u-(z) if 7 € Q.

For p. this is slightly more involved. Classically, the pressure is defined
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up to an additive constant, and we must extend p. in such a way that when
pe is locally constant, it is also constant (with the same constant) inside the
solid part. We therefore define for i € {1,--- ,N(¢)}

pe(z) if v € Y5,

= — 1

pe(x) = — pedrin Y7, .
Y7l Y5,

5.3 Convergence Theorem

This section deals with the two-scale limit of the Stokes equations that we
have introduced before. However, the complete proof of the result is rather
technical and certainly beyond the scope of these notes. We refer the inter-
ested reader to [2, 13, 18] where it can be found and will give only the key
ingredients and arguments. It will be therefore possible to follow the strategy
although all of the rigorous details will not be given.

Lemma 5.1 We have the estimates

[z + el Vi 2 < C, (5.3)
1Pl 22y < C'. (5.4)

Proof We first notice that on any Y7, one has due to Poincaré¢ inequality
||us|‘L2(Yﬁi) S €HVUsHL2(Yﬁi)
from which we deduce
||ﬂe||L2(Yf) S 5||Va£||L2(Yf)
which by summing over all cells gives
el L2 () S €llVitell L2 - (5.5)

Now, multiplying the original Stokes equation by u. and integrating by
parts over ()., we obtain

e2u |Vu5|2dx—/ p. div u5d$~|—/ Pelle - ndo = fru.dr.
. 89 Q.

Qe
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Since div u. = 0 and u.|sq. = 0, we get, using the extension

plleVuelZoy = plleViel7aq

< [ fllz2luelz2 o)
[ £l 2l | 2o
S ellflleell Vel r2a)

due to (5.5), from which we deduce (5.3).
The estimate for the pressure is trickier. We refer the interested reader
to the original proof by Tartar [18] that was further developed in [2, 13]. O

We are now in a position to prove the following Theorem.

Theorem 5.1 The sequence (U, p.) two-scale converges to the unique solu-
tion (U,Q(.T,y),p(l’)) Of

( —pAyuo—i—Vypl = f—pr m Q x Yf,
div, ug(z,y) =0 in Qx Yy,
div, (/ uo(z,y) dy) =0 in ),

Y . (5.6)
up(z,y) =0 in QxY,,
(/uo(x,y)dy>-n:0 on 0S),

Y
Ly = uo(z,y),p1(z,y) is Y — periodic.

Remark 5.1 The two-scale homogenized Stokes problem is sometimes called
the two-pressure Stokes system as it involves the macroscopic pressure p and
a microscopic pressure p; which takes into account the microscopic structure.
Eliminating the y variable will lead to Darcy’s law as we shall see below.

Proof [of Theorem 5.1]
The bounds obtained in Lemma 5.1 allow us to extract a subsquence from
(Ue). (that we still denote by (4.).) such that

Ue — ug(x,y) two-scale |

eV . — Vyuo(z,y) two-scale .

(Notice that we have used the result of Exercise 2.6). Now, taking a smooth
function ¢ (z,y) € D(2,C5°(Y')) which is supported in © x Y, we have

0= / @ (. 2) de = [ e g)itay) dedy.
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from which we deduce that
up(z,y) =01in Q x Y;. (5.7)

Moreover since div 4. = 0, we have
0 = /div U <x,§> dx
Q 9
- 1 x
= — / U - (Va0 + =V0) (x, —) dx
Q 13 g
Multiplying by € and passing to the limit ¢ — 0 leads to
0 = / uo(z,y) - Vy(z,y) de dy
QxY
which means div,ug = 0. Taking now a test function ¢» € H'(Q) which

does not depend on the y variable (thus such that div,y = 0), and does not
vanish on the boundary 0f2; we also have after integrating by parts and using

te|on = 0
0 = /Slﬁa-vxzb(x,g) dx

which, passing to the limit leads to

div, ( /Y o, ) dy) — 0
(/Yuo(:c,y)dy) ‘n—0on d9.

As far as the pressure is concerned, the compactness theorem leads to the
existence of py € L*(Q x Y))/R such that

and

Pe — po two-scale.

T

We take the momentum equation and multiply it by £ (x, g) where ¥ (z, y)
is a smooth vector valued Y-periodic function. Integrating by parts, we get

e3u/QVﬂs~wa <:1: g) dx—i—&?Qu/QVﬂ5~Vyw (x§> dr
—5/9]56divxg/) (x, g) dxr — /Qﬁgdivyw <x, g) dx
zs/ﬂf(x)-w(%’,g) dzx .
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Passing to the limit ¢ — 0 gives
/ Po(%y)dquﬂ(%y) d[L’ dy = 07
QxY

which shows that py does not depend on the y variable. There exists p(z) €
L*(Q2)/R such that

po(&?, y) = p(x) :
Eventually, we need to recover the homogenized problem. The strategy con-
sists in multiplying the momentum equation by a test function which shares
the same characteristics as ug. Therefore we now take ¢(x,y) a vector valued
test function that satisfies

divyy(z,y) =0on Q x Y,

div, ( [ vt dy> —0.
(/Yw(x,y)dy) ‘=0 on d9,

Y(z,y) =0in Q x Y.

T

Multiplying the original Stokes equation by (:L‘, g) we get after integrating
by parts:

€2u/QVﬂe V0 (x g) dm—l—su/QVﬂs V0 (g; g) dx
— / pediv (x, g) dx — é/ﬁadivyw <3:, g) dx
Q Q
:/Qf(x)~z/1(a:,§> dz
Using the assumptions above, we infer
sm/ﬂvag V) <I§> dm—i—eu/ﬂVﬂE-Vyw <x§> dr

—/Qﬁadngﬂ/) <.CE, g) dr = /Qf(x) XU (:v, g) dz ,

and we may pass to the (two-scale) limit as ¢ — 0 to get

I Vyuo - Vy(z,y) de dy — / p(x)div,y(z, y) dx dy
QXY QXY

= (z) - ¥(z,y) dody,
Qxy
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which further simplifies into

1t Vyuo(z,y) - Vyh(x,y) de dy = (@) - ¥(z,y)dzdy. (5.8
QxY QxY

By density, the preceding variational formulation holds for any test func-
tion ¢ in the Hilbert space

V= {1/1(x,y) € LX(Q, HAY)) st. ¢(x,y) = 0 on Q x Y., divyih(z,y) = 0,

div, (/sz(x,y)dy) —0, (/Yzﬁ(x,y)dy) -n:@onaQ}.

(5.9)

The Lax-Milgram Theorem applies to prove that the variational formula-
tion (5.8) has a unique solution in uy € V. This characterizes the limit and
therefore the whole sequence (4. ). two-scale converges to uy.

Eventually, in order to recover the pressure term, we need to characterize
the orthogonal (with respect to the L?*(€2 x Y) scalar product of V). This
was done in [2], where it is shown that

Vi = {V,q0(z) + Vyqi(z,y) where g € L*(Q)/R, g1 € L*(, L (Yy)/R} .

(Notice that this is a subspace of L*(Q, H~!(Y")).) This gives the existence
of p and p; in Theorem 5.1. It remains only to prove that ¢q is indeed the
two-scale limit of (p.).. In order to do so, we take a test function i (z,y)
which satisfies only divyy) = 0 into the momentum equation. We deduce
from the calculation before that

0 Vyuo - Vy(x, y) de dy — / p(x)div,y(x,y) dz dy

QxY QxY

= () - (x,y) de dy.

QXY

This permits us to deduce that

/ go(@)divp(z, y) d dy = / p(z)divep(z, y) de dy
QOxY

QxY

or, in other words, that ¢y = p. U
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5.4 The cell and the homogenized problem

It is also possible to proceed exactly in the same spirit as in the preceding
chapters of this book, namely to identify the cell and the homogenized prob-
lems.

Cell problem: We first remark that if we take z as a fixed parameter,
(ug, p1) satifies a Stokes equation on the unit cell

—puAyug +Vypr = f = Vyp fory € Yy,

divyug = 0 for y € Yy,

up =0 on Y7}, (5.10)
y — ug(z,y) periodic,

y — p1(z,y) periodic.

Therefore, introducing the correctors (w;(y), ¢j(y))1<;j<a solutions to

—pAyw; +Vyq; =ej; fory € Yy,

divyw; =0 for y € Yy .

w; = 0 on 0Yy, (5.11)
y — w;(y) periodic,

y — ¢;(y) periodic,

(we leave to the reader the existence and uniqueness of (wj, ¢;) € Hy(Yy) x
L;(Yy)) we deduce that

Homogenized equation: We plug the preceding expression into the last
equations of our problem

div N
‘ /y o(x,y) dy Q.
(/Yu(o(x,y) dy) .n>0 o 90 (5.12)
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to get the homogenized problem, namely

div, <2d: <f]( ) — gz( )) /ij(y)dy> =0 inQ,

A (5.13)
p
Z(fi() ())/Wj(y)dy n=20 on 0f).
j=1 du; Y
Setting A the matrix defined by
Ay = / wj(y) - eidy, (5.14)
Y
and the velocity
1
u(z) = ;A(f ~ V.p), (5.15)
we get that u solves
div,u(z) =0 in Q,

which in view of (5.15) is nothing but the Darcy’s equation where the per-
meability tensor is given by I%A.

5.5 Exercises

Exercise 5.1 We consider the Stokes problem in the domain €2, described

in 5.2
_MAua +Vpe=f inf,
div u. =0 in Q. (5.17)
u: =0 on 0f), .
where we have not scaled the viscosity by the factor 2. Make the multiscale
expansion
x x
Ue = Ug (:L’,—) + euy <x,—) + e,
€ €
and

T T
Pe = Po <x7_>+€p1 (l’,—>+,
e e

and show that uy = uy; = 0. Therefore the first non vanishing term in the
equation is of order ¢2. This justifies rescaling the viscosity as in (5.1).
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Exercise 5.2 Show that the matrix A defined by (5.14) where the w; are
given by (5.11) satisfies

Az‘j:/ywi(y)'wj(y) dy,

and is therefore symmetric.
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Chapter 6

Numerical methods in
homogenization

The aim of this section is to describe a few numerical methods that can be
used to solve problems with highly oscillating coefficients. In order to do so,
we consider again the model problem

—div (A (f) Vug) = fin €,
(6.1)
ue. = 0 on 0F2

where the conductivity tensor A(y) is Y periodic and satisfies the uniform
coercivity assumption

Ja, § > Osuch that V& € RY, al¢f* < (A(y)¢, €) < BlEP,

uniformly for all y € Y = (0,1)¢ and f € L?(Q2). As usual, existence and
uniqueness of the solution u. to (6.1) is classical.

At first sight, one can use the usual finite difference or finite element
method to solve the problem. However, it is clear that the method needs to
catch the oscillations of the coefficients A (f) and of the solution, that is to
say that we need to provide a mesh (cartesian for FD, or simplicial for FE)
whose space step h satisfies

h < e.

For very small values of ¢ it is not realistic to mesh the domain and assemble
the discretized version of (6.1).

The classical approach to solve this difficulty consists in using the ho-
mogenization theory and to solve the associated homogenized problem. Nev-
ertheless, what is the error that we obtain for such a numerical solution?
Moreover, are there other alternatives? We try to give answers to these
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questions in the following. We start by recalling the classical error estimates
that are obtained when one applies the finite element method to classical
elliptic problems, and apply the results to get an estimation of the error ob-
tained for the numerical solution of the homogenized problem. We afterwards
explain the method of multiscale finite elements of Hou et al. [10].

6.1 Classical error estimates

The classical method to find error estimates for the finite element method is
based on 2 ingredients:

e An abstract lemma (Céa’s lemma or Strang’s lemma) which links the
approximation error to the interpolation error ;

e A general result which typically depends on the considered finite ele-
ment which expresses the behavior of the interpolation error depending
on the mesh step h and the regularity of the exact solution.

We detail these two aspects hereafter on a model problem.

6.1.1 The model problem

We consider in what follows the homogeneous Dirichlet problem on a bounded
regular domain 2. In order to simplify the exposition, we further assume that
Q) C R?, although most (if not all) of what we present here extends naturally
to dimension 3 or higher.
The Dirichlet problem with non constant coefficients we have in mind
consists in solving
—div(w(z)Vu) = finQ,
(6.2)
u = 0ondfd.

It is well known that it has a variational formulation that reads

Findu € H} () such that Vo € Hg(Q), / w(z)Vu(z)-Vo(z) dr = /Qf(x)v(x)dx

Q
(6.3)
We also assume that there exist a > [ > 0 such that the rigidity matrix w
satisfies

Ve e Qald > w(x) > F1d.

Furthermore, we assume that the coefficients of w are regular enough. For
the sake of simplicity, we make the assumption that w € C*>(Q2). Usually,
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the proof of the existence of a solution to (6.3) relies on the Lax-Milgram
Theorem. To be more specific, let us consider an abstract framework for the
problem. Calling V' = H{ (), the variational formulation can be written as

Findu € V suchthat Vo € V,a(u,v) = l(v) (6.4)

where a is a bilinear form on a Hilbert space V', and [ a linear form defined
also on V', namely

a(u,v) = /Qw(x)Vu(:v)-Vv(m)d:B,
l(v) = f(z)v(z)d.

Q

If [ is continuous and a is continuous and V-coercive, it is well known that
the Lax-Milgram theorem applies and there exists a unique solution u of the
problem (6.4).

A finite element approximation of (6.3) consists in building a finite dimen-
sional subspace V}, of V' and to look for a solution of the discrete variational
formulation

Find u;, € V}, such that Vv, € Vi, a(un, vn) = l(vp). (6.5)

Of course, since V}, is also a Hilbert space, the Lax-Milgram Theorem still
applies on V}, and (6.5) also possesses a unique solution u;, usually called the
approximate solution.

6.1.2 Céa’s and Strang’s lemmas

The error between v and uy, is evaluated thanks to Céa’s lemma.
Lemma 6.1 (Céa’s lemma) With the above hypotheses, one has

3C > Osuch that ||[u — us|ly < C in% |lu — wgl|v. (6.6)
whrLE VR

Proof Since a is coercive on V| there exists o > 0, such that
allu —up ||} < alu — up,u — up). (6.7)

Now, since u solves (6.4) and uy, solves (6.5), using v = v, = up, — wy, as a
test function leads to

a(u,up, —wyp) = Uup, — wp) = alup, up — wy),
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which gives
a(u — up, up — wy) = 0.

Using this in (6.7) allows us to write
allu—upl} < alu—up,u—up)
= a(u— up,u — up + up — wy)
= a(u—up,u—wp)
< Mllu = unllv]lu = wallv.

from the continuity of a. Dividing both terms by ||u — uy||v gives

M
|u —unlly < EHU —wyl|v,

which leads to (6.6) since wy, is arbitrary in V},. O

Céa’s lemma plays a prominent role in the error estimation between the
exact and approximate solutions of elliptic problems since it links the ap-
prozimation error |[u — uy|ly made by solving the problem on a subspace
Vi, C V to the interpolation errorinf,, cv, ||u —wy||v. Notice that this latter
does not depend on the problem, but only on the way the exact solution
is close to V},, or in other words, on how well v can be interpolated on V}.

As we shall see, for the error estimation on the homogenized problem,
one has to face the problem that the exact and approximate problems are no
longer the same. The approximate variational formulation becomes

Find uy, € V}, such that Yo, € Vi, ap(un, vn) = U (vp). (6.8)

In that case, there exists a natural extension of Céa’s lemma which is known
as Strang’s lemma.

Lemma 6.2 (Strang’s lemma) Assume that l, is uniformly continuous on
V' and ay, is uniformly continuous and coercive on V' then one has

' ap(uw,vp) — (v
=l S (uf fu—wally + sup (2Ll 00 g
wpEVY, vREV) ||Uh||V

Proof Since ay, is uniformly coercive on V', there exists a > 0, such that
ollun, — wil|? < an(un — wp, up — wy). (6.10)
Now, since wuy, solves (6.8), using vy, = up — wy, as a test function leads to
ap(up — wp, up —wy) = ap(U — W, up — Wh)
—(an(u, up, — wp) — ap(up, up — wp))
< M|u—wpllv|lun — wallv

+lan(u, up, — wp) — U (up, — wp)|
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where we have used that aj is uniformly continuous on V. This gives, using
(6.10), and dividing by |lup — wp]|v

M 1 |ap(w, up —wp) — Uy (uy, —w
lan —wnlly < f— wpy + L1800 — wn) = bilun —wn)],
@ @ l|lun — wn v
which leads to
M 1 1
fun—wnlly < L u—wplly + = ing 1l bl
o anti v

Eventually, the triangle inequality [|[u — up|ly < |lu — wp|lv + ||un — willv
leads to (6.9) by taking C' = max {& + 1,11},
U

Compared to Céa’s lemma, Strang’s lemma measures not only the in-
terpolation error, but also how well the discretized problem approaches the
exact one. Indeed, this latter term would vanish if one replaces a;, and [;, by
a and [ respectively.

6.1.3 Regularity

The regularity of the solution of (6.2) is a topic outside the scope of these
notes. Without entering into details, let us just mention that, up to now, the
solution that has been built has only a H' regularity (all derivatives of u are
square integrable on 2). This regularity can be enhanced depending on the
regularity of the right hand side f. We just mention the following classical
regularity result.

Theorem 6.1 Assume that Q is convexr or smootht. Then if f € HF(S),
the solution u of (6.2) belongs to H**2(Q) and, moreover,

AC (w, 2) > 0such that ||u| grse < C(w, Q|| f |l 5

We refer the interested reader to [7] where a proof is given. Notice that
we have given the general regularity result (for all k) although we mainly use
in practive this result for £ = 0, namely

feL*Q)=uec H Q).

As we shall see in the next section, this regularity property plays a very
important role in the error estimation for the finite element method.

IBy this we mean C*. This can be improved by lowering the regularity to C**2.
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6.1.4 Interpolation error with Lagrange’s finite elements

Eventually to complete this section, we recall without proof the classical esti-
mation of the interpolation error when one uses the conformal finite element
P* method with polynomials of degree & > 1 on triangular conformal meshes.

Proposition 6.1 Assume € is a bounded polyhedral domain of R? meshed
with a regqular family of triangulations Ty,. Take u € H*T(Q), and V), =
PY(Ty). Then one has the estimation

Vh > 0, [Ju — In(u) || me) < CRM Nl g g

foralll <k+1.

In the preceding lemma, we have called I, : H*(Q) — P*(T,) the inter-
polation operator. For the proof of this result, we refer the reader to classical
textbooks on finite elements like [3] or [6]. We nevertheless give a few hints.
The main idea is to prove the same kind of estimation on a reference simplex
K

3C > 0,¥a € H*N(K), i — 1n(@) || gror ey < Clitl grsr -

(This is usually done by showing that the two norms || - ||Hk+1(f()7 and | -

|1y + 10 ()| s (i) are actually equivalent on H*Y(K). Applying this
to & — I(u) leads to the desired inequality.) It then follows that for all
I<k+1,

3C > 0,Vi € H*"N(K), |4 — In(@) || iy < Clad g 2y

where the first norm is now the H' norm. Eventually, one has to see that
both terms do not scale identically. More precisely, calling u the map defined
by u(z) = u(hz),Vx € K, one has

@ — (@) gy = b= Du(@)] o i)
S Chl_lmlHkH(f()

CRE 7 ul o ey

Summing the obtained inequality (after having squared it) on all the simplices
of the triangulation and on all 0 <[ < k leads to the desired result.

Remark 6.1 Notice that the preceding interpolation inequality leads to an
estimation of the L? norm

3C > 0,Vu € Hk+1(Q), llu — In(u)||z < Chk+1|U|Hk+1.
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From this interpolation theory together with Céa’s (or Strang’s) lemma,
one can estimate the error between the exact and approximate solutions.

Theorem 6.2 Let f € H*"1(Q). Then the finite element solution uy satis-
fies the error estimate

lu = wnllmn < R[S o

In particular taking k = 1 and P! finite elements leads to the estimate

[ = unlla S I fl 2

Proof From the regularity result, we know that u € H**1(Q). Then, using
Céa’s lemma, we get

Sl —

S
S RFful e
S PE Sl

lu = wnll

g

Remark 6.2 Notice that the degree of the Lagrange finite element used is
intimately linked to the regularity of the exact solution u to the problem.
Indeed, the estimation given before is useless if f ¢ H¥"1. In that case,
this means that using P* finite element is useless. For instance, if f € L2
but f ¢ H', then the optimal error is obtained using the P! finite element
method.

Notice that so far we have only estimated the H' distance between the
exact and approximate solutions. Although a better estimate exists for the
L? norm for interpolation, Céa’s lemma is a priori wrong when dealing with
L? norms. We end this section with the so-called Aubin-Nitsche’s lemma
which permits us to estimate the L? norm error between the solution to the
exact problem u and the approximate solution uy,.

Lemma 6.3 (Aubin-Nitsche) Assume that u € H**1(Q). Then,
AC > 0, [|u — upllz2 < Ohk+1|U|Hk+1.

Proof We start by noticing that

u — up)gdx
o=l = sup Jolt = 00)9

gerr ll9lr2
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Now, we introduce the (unique) solution v, to the problem
Findv € V,suchthat a(w, vy) = / guwdz.
Q
Notice that this is not the same problem as before since the unknown is in

the right hand side of a. More precisely, it is easily seen that v, solves

—div(w?(z)Vu,) = gin Q,
(6.11)
u = 0on of2.

In particular, the regularity Theorem 6.1 applies and g € L*(Q) = v, €
H?(Q2) and more precisely,

[0gl[r2 < Cligll 2 (6.12)

Inserting w = u — uy, leads to

/(u—uh)gda: = a(u —up,vy)
Q

= a(u—upvy, — wp)

for all wy, € V},, since we know that a(u — uy, wy,) = 0. But, since v, € V', we
have (taking for instance wy, = I5(v,)),

~—

lu — unllv||vg — In(vy)[lv

W ul g [vg | 12

|a(u — un, vg = In(vy))]

AR ZARYAN

W ful g |19 -
in view of (6.12). Therefore we get

folw—un)gds S B fulge gl

and
u — up)gdr
fum s = sup Jolt—00)g
ez llgllz2
S hk+1|U|Hk+1
which proves the lemma. O

Remark 6.3 For the Aubin-Nitsche’s lemma, the hypotheses are those of
Céa’s lemma. In other words, the discrete and continuous problems should be
the same. In that case, we indeed get an improvement for the approximation
of the L? norm compared to the H! norm. When instead we are under the
hypotheses of Strang’s lemma (that is to say the discrete and continuous
problems are no longer the same), we can not rely on Aubin-Nitsche’s lemma
and have no better estimate for the L? norm.
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6.2 Application to homogenization problems

We now turn to the application of the preceding results to the homogenized
model problem (6.1). We recall that homogenization theory provides an
expansion of the solution u to (6.1) as

T
u(x) = up(z) + euy <x, g) 4.
in H'(Q), where ug solves the homogenized problem?

—div(AVu) = finQ,

(6.13)
ug = 0on 012,
and
2 8u0
V(z,y) € A x Y ui(z,y) = Z . (x)w;(y)
i=1 ¢
and w; are the correctors, solutions to
—divy (A(y)(Vwi(y) + e;)) = 0inY,
(6.14)

w; is Y-periodic, [, w;(y)dy = 0.

The homogenized tensor A is also given in terms of A and w; by the formula

Ay = [ AW+ Tu) ey
Y

B /YA(?/)(@ + Vw;) - (¢ + Vw;)dy.

At this level, we have two sources of error:

e The error that one makes when approximating the exact solution u by
a multiscale expansion u(z) ~ ug(z) or u(z) ~ ug(z) + euy (z,%) or
similar expansions. This error is quantified in L? or H' norms and is
evaluated in terms of ¢ ;

e The error that one makes when approximating the above terms (ug,
uy, ete.) by their corresponding finite element approximations. These
errors are estimated again in L? or H' typically and depend on the
mesh size h. For this part we need to use the preceding results.

2For the sake of simplicity of notation, we here have denoted by A what was called Ao
in the preceding chapters. This will prove more efficient when we will have to compute
the entries of the tensor, or more precisely of its discretized version.
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In what follows, we start with the second estimation, and turn to the first
afterwards.

6.2.1 Error estimation of the finite element approxi-
mations of vy and

When solving the homogenized problem for ug, one usually computes an
approximate homogenized tensor A, by solving the variational problem cor-
responding to (6.13), that is to say

Findw; € H,(Y),Vv € H;L(Y),/

Y

A(y)Vw; - Vody = —/ A(y)e; - Vody
Y
(6.15)

and more precisely, its discretized version.

The theory of approximation, just stated in the previous section shows
that there is an error estimation, when one solves (6.15) on a regular family
of triangulations (75)ns0 and using the P* finite elements. Namely, one has

lw; — whill o) < ChF|w;| grsr )

provided that w; € H*"(Y). Since the coefficients of the tensor A are
assumed to be smooth, it is easily seen that the correctors w; are regular, in
the sense that w; € C>°(Y'). Using a P* finite element method thus leads to

[w; — whill g0y < ChY.

Moreover, while computing the homogenized tensor A, one therefore makes
an error which can be estimated on each coefficient

|/_1i,j - Ah;i,j| = / (A(y)(ei + sz‘) “Cj — A(y)(ei + th,z‘) : ej)dy
Y
S |A(y)(V(w; — wpz)) - e;dy|
Y
S ||wz' - wh,z‘HHl
< A (6.16)

Of course, for less regular coefficients A(y), one gets lower order errors in the
computation of A.

Remark 6.4 We stress the fact that since Y is a unit cube, it is easy to
have a regular family of triangulations of Y. It suffices to divide Y into small
squares of edgelength A, and to further subdivide those small squares into
triangles.
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We now turn to the problem of the approximation of ug. In our finite
element setting, we have to estimate the error between the solution to (6.13)
and the corresponding approximate problem. With this aim, we write the
variational formulation of (6.13), namely, setting V = H}(Q)

Findug € V, Vv € V,/QAVuo(y)Vv(y)dy = /Qf(y)v(y)dy, (6.17)

the discrete variational formulation becomes

Find ug s € Vi, Vo, € Vi, / ApVugp(y) - Vop(y)dy = / f(y)vn(y)dy.
Q

Q
(6.18)
and the error estimation reads as follows.

Lemma 6.4 Let (T,)n be a reqular family of triangulations of 2. Assume

that there exists k > 1suchthat f € H*"Y(Q) and that we use the P* La-
grange finite element method to compute numerically ug. Then

||u0 - Uo,h”Hl 5 hk”f“Hk*l‘

Proof We are exactly in a position to apply Strang’s lemma. Indeed, we
set

Yu,v € V,a(u,v) = / AVu(y) - Vo(y)dy,
Q
Vup, v, € Vi, ap(un, vp) = / Ahvuh(y) - Vup(y)dy,
Q
Vo € Vi(v) = lp(v) = g fyv(y)dy

Then, applying Strang’s lemma, we get the estimate

—1
luo —uopllv < C | inf |Jug — wp|ly + sup |8 (o, vn) = In(vn)] . (6.19)
7 whEVp V€V thHV

The first term of the right hand side follows classical interpolation estimation
while for the second, we have

an(uuo, vn) — (o) = / A, Vuoly) - Von(y)dy — / F(w)en(y)dy

— /Q(Ah — A)Vuy(y) - Vou(y)dy,
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and therefore
|an(uo, vn) — In(vn)| < | An — Allolluollv [|vallv-
Putting this in (6.19), we get
luo —wonlly < C( inf Jluo —wrlly + [ An — Alloluollv)

< Chk”UQHHk+1

using (6.16) and the classical P* finite element estimation. 0J

Remark 6.5 We stress the fact that we get a classical error estimation al-
though we need to solve an auxiliary problem. It is important to realize that
the preceding estimate contains two terms. The first one which behaves clas-
sically as for the usual elliptic problems and the second one which contains
the estimation of the auxiliary problem. In particular, in order to get the
estimate, we have assumed that the mesh on Y that was used to solve the
cell problem has a space step h comparable to the one that is used to solve
the homogenized problem. Moreover, the degree of the finite element used
is also important. It is easily seen and understandable that in order to get a
higher order convergence, one needs to use higher order finite elements not
only for the homogenized problem, but also for the cell problem, in order to
get a better approximation of the homogenized tensor A.

Remark 6.6 It is also interesting to notice that, having no equivalent of
Aubin-Nitsche’s trick (because A # A), we do not have a better estimate
for the L? norm.

It remains now to estimate the error between the solution u. to the orig-
inal problem and the one built before.

6.2.2 Error analysis of the multiscale expansion

In this section we detail the results that were obtained by different authors.
Most of the material exposed here can be found in [12]. We remark that
1o can only be a good approximation of u, in L? but certainly not in H'.
Indeed, we know from the classical theory, that u. — uy weakly in H! and
strongly in L2. Moreover, the 2 scale homogenization gives more information,
((ue)e and (Vu.). being uniformly bounded in L?) namely, we know that

Ue — U,
Vu, — Vyug + Vyu.
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Therefore, although ||u. — ug||z2 tends to 0, we do not have that [|[Vu. —
Vugl|2 tends to 0 (since Vu. — Vg 2-scale converges to Vyup). As far as
the H' norm is concerned we know that

ue () — up(z) — euy (cc, g) — 0

strongly in H'. This gives another way to understand the preceding remarks,
since we get

€U (x,£> — 0in L?
€

\Y% (5u1 (m, g)) =eV,uy (x, g) +V,uy (90, g) — / V ui (7, y)dy weakly in L*,
Y

Again, although [, V,u;(z,y)dy = 0 (since u; is a y—periodic function) the
convergence is only weak, and it is easily seen that

HV <5u1 <x, g)) HL2 = ||\Vyui(z,y) | i2oxyy #0 as e — 0.

Moreover, the preceding remarks are not quantitative. In particular, we do
not know the behavior (say in terms of powers of ¢) of these convergences.
The theorems of this section give this behavior.

Theorem 6.3 We have
’ us(x) — up(x) — euy (x, g) ‘
Corollary 6.1 We have

< Ve (6.20)

luc () = uo(x)|2 < e

Theorem 6.3 as well as Corollary 6.1 are consequences of a much more
difficult and precise theorem given below. In order to explain it, let us re-
mark that the approximation ug(x) —euy (x, f) does not satisfy the Dirichlet
boundary conditions on 0f2. Indeed, there is no reason that u; should van-
ish on the boundary. The idea is therefore to introduce a corrector to the
boundary condition. Namely, we introduce 6. solution to

—div (A (%) Vb.) =0inQ,
(6.21)
0. = uy (x, f) on 0f).

It is now clear that
us(x) —up(x) — ¢ (u1 <x, g) - 6’5(1')> = 0 on 0f2.

We are now in a position to state the theorem.
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Theorem 6.4 Suppose that ug € H*. Then

\ () — uo(x) — € <u1 <x g) - 9€(x)> HH < elluo| 2.

Proof As we shall see, the proof is rather complicated and follows several
steps. We first rewrite the problem as

v, = A <E> Vu,,
€
—div(ve) = f.
Making a (formal) multiscale expansion of the preceding equations, we get
x x
Us = U (:L‘,—) + euy (x,—) + e
€ €

T T
Ve = v0<x,—>—|—€vl (:L’,—>+"'
3 2

Putting these expansions in the preceding equations, and equating the terms
with the same power in €, we get

A(y)Vyup = 0, (6.22)

—divyvy = 0, (6.23)
A(y)(Vyur + Vyug) = v, (6.24)
—divyo; —divyvg = f. (6.25)

Equation (6.22) gives as usual the fact that uy does not depend on y, while
(6.23) and (6.24) together give the cell problem. The homogenized problem
is usually obtained by integrating (6.25) over the cell Y.

Guided by this computation, we thus define

vo(z,y) = A(y)(Vauo(x) + Vyur (z,y)).

Since vy and w; are linked by the cell problem, we know that div, vy = 0.
On the other hand, we also know (since everything depends only on the slow
variable x) that div, AVug = 0. Therefore, div,(vy — AVugy) = 0, and since
we are in dimension 2, there exists ¢(z,y) such that

v — AVuy = Vqu(:t, ).

Here, we have denoted by VyL = < 0. 0 ) the 2D curl. It is easily seen that

 Oy2? Oy
q is Y-periodic and depends linearly on V,ug, so that one has the estimate
sup |Vaq(z,y)| S Z O uy (z)|,a.e. in Q. (6.26)
yey ~ 81'161']

1,
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We now set vy (z,y) = VEq(x,y), and notice that

div,v, = div, Vig
_ _ %4 | 4
0y10zy  0Yy2014
—div, qu
—div,(vg — AVuy)
—divyvo — f (6.27)

so that we recover (6.25).
We also have (due to (6.26)) that

62U0

sup |vy(z,9)| Y

ey —
y Z?]

,a.e.x € ) (6.28)

and from the definition of vy, div, v1(z,y) =01in Q x Y.
Now, we set

ze(x) = wue(x) —ug(x) —euy (a:', g) :
21 = ATt E) e ()

and we compute
A (g) Ve(z) —n.(z) = —A (g) (Vuo(@) + ¥y (. g))
A (E) P (e (e ) e (1)
= c(u(n2)-4(Q)va (=)
Using (6.28), we therefore get
|4 (5) va@) = n@)|) , S clluolle,
while
divn(z) = div (A (g) V. () — v (x g) . (x g))
— —f(x) — div, v <$ g) — e~ div, v (:v f)
—ediv, vy (:v g) — div, v, (93 g)

= —f(@) ~divovo (2,2) +0+ 0~ div, 1 (v, %)

= 0 (6.29)
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from (6.27).
Eventually, since w, = 2. + 6. € H}(f2), one has

/QA (g) V. - Vw.dr = /QA (9 V(2 +6.) - Vu.dz
= /Q A (g) V. - Vw.dr
_ /Q (A (g) Ve — ng)  Vw.dz + /Q 1. - Vw.dz
_ /Q (4 (%) Ve - ) - Vuds

in view of (6.29), and the fact that w. € H}(Q). We deduce from this that

IV £ |4 (%) Ve —n.

Lo S Elluollaz

which is the desired result. O
Proof (of Corollary 6.1) We start with

from which we deduce, by the Poincaré inequality, that

But we have

ue(@) = uole) =& (w (2, 2) = 0.)) | S elluolle

us(x) —up(x) — ¢ <u1 (x, g) - 95(:1:)> HL2 < ellug | 2.

and (this is somehow tricky)

< IVu < |l .
Lo IVuollz200) S lluoll 2@

6.2 < [fwn (=, 5)

3

We deduce from this that

lue(x) = wo(2)]|2 < elluoll a2

as required. O

Proof (of Theorem 6.3). We show that

el Vbe(2)llz2 S Ve
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from which (6.20) follows immediately. But

o (e2)

eIVO. ()2 S <

H1/2(6Q)
1/2 1/2
S e (o 2 g 90 (= 2)
€/ 11L2(0%) €/ 11L2(o9)

1/2
1
€
where we have used interpolation for the second line and the fact that

v (= )]

1
=

AN

L2(9Q)

6.2.3 Global error

We combine here the results of both of the last sections. Namely, putting to-
gether the finite element approximation error and the homogenization error,
one proves the following theorem.

Theorem 6.5 With the preceding notation, we have
[ue = wonllze S (€ + h)l[uol a2

Proof The proof is quite obvious and simply relies on the fact that by the
triangle inequality, one has

|ue — ug|| 2 + [Juo — wonl| 22

(Cre + Cah)||uol| 2.

llue —uonlle <
<

The first estimation is a consequence of homogenization theory while the
second one follows from Lemma 6.4. U

It is important to notice that there is no better estimation of ||ug —ug || 12
in contrast to the situation of Aubin-Nitsche’s lemma. This is due to the fact
that g, solves a problem which is only a h* approximation of the problem
solved by .

Turning now to the H! norm, we have

Theorem 6.6 With the preceding notation, we have

| S (VE+ 1Y) o]l

T
Ue — Up,p — EULR (ZE, —> H
e/ llm
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Proof The proof is also a simple use of the preceding estimates. Indeed

T
3

Ue — U p — EULY (957 ) < ‘

x
U — Uy — EUg (% —>H + [Juo — o
e/l

T T
uy \r, — _ul,h T, — .
3 g H!

I,
—I—s‘

We already know that

|

x
U — Uy — EUY (:E,—)H < Vel|uo|| 2
e/l

and
o — wopllm S hF|Juol| a2

Therefore it remains to estimate the last term. But since the correctors w;
are uniformly bounded, it is easily seen that

i X
e fur (2.2) =i (2. 2)|| , S llwo = wonlln < kol
9 9 L2

Eventually,
x x
o (. 2) —w (2.2)] S w0 = wonllm S A¥llulae,
€ e/l
which leads to the result. ([l

A better approximation is obtained with the use of the boundary layer 6..
However, these correctors are not obvious to compute since they involve the
operator with the oscillating coefficients which probably make them seldom
used in practice. These details are outside the scope of the present notes and
we refer the interested reader to [12] for more details on this subject.

6.3 The multiscale finite element method
(MFEM)

The multiscale finite element method has a wider range of application than
the preceding method. In particular, it easily applies to the case where the
diffusion tensor A not only depends on the fast variable y = Z but also on
the slow variable . The goal is still to try to catch the highly oscillating
solutions (at scale €) with a mesh of size h > ¢, but, as we shall see, there is
no need to solve analytically the homogenized problem.
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6.3.1 Description of the method

The idea behind the multiscale finite element method is to precompute base
functions that are oscillating. In the sequel we work for simplicity with finite
elementsz of low order £ = 1 but there is no intrinsic difficulty to extend the
method to higher degrees. We therefore consider a triangulation 7, and the
P! base functions (¢:)1<i<ny which are globally continuous on 7y, affine on
each triangle K C 7T, functions and satisfy

¢i(;) = dij,

where (z;)1<j<n are the vertices of the mesh and ¢;; is the Kronecker sym-
bol. As we have already seen, solving the discrete variational formulation
with functions in the discrete space V,, = vect{¢;} does not lead to a good
error estimate because roughly speaking the base functions ¢; do not see the
scale of the oscillations. The idea of the multiscale finite element method is
therefore to solve the classical variational formulation but with a different
set of base functions (¢;)1<;<y which take into account the oscillations of
the coefficients. More precisely we compute 1); such that for any triangle
K C Ty,

—div (A (%) Vi) =0in K,

(6.30)
1% = ¢z on 0K.

Of course it is easily seen that 1;|x = 0 if z; is not a vertex of K. Using the
base functions (1;)1<;<n, we then solve the discrete variational formulation
as usual, namely, we set W), = vect{1;} and solve

Find u;, € W}, such that Vv, € Wh,/

A <E> Vuy, - Vupde = / fopdzx.
Q € Q

(6.31)

Before turning to the error analysis, let us emphasize the numerical dif-
ficulties posed by the method from a practical viewpoint. It should be re-
marked that the method is rather direct and straightforward beside two chal-
lenging tasks:

e The computation of the base functions ¢; on each triangle needs a
finer mesh which is capable of catching the oscillations and, therefore,
whose mesh size is of order €. Although this seems difficult, these tasks
are completely independent from one triangle to another and thus the
problem could be solved in parallel.
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1

I 0
| w

Figure 6.1: The multiscale Finite Element Method. On the mesh, one com-
putes the base functions as oscillating solutions on a thinner mesh.

e At the end, the problem that needs to be solved has a size which is equal
to N(the number of vertices in the mesh). It is therefore reasonable.

e We also notice that, although the multiscale finite element method does
not need A to be periodic in Y, the error analysis given in the following
section assumes this for simplicity.

6.3.2 Error analysis of the MFEM

The main theorem that we want to show in this section is the following.

Theorem 6.7 Let u. be the solution of the continuous problem (6.1), and
up, the multiscale finite element solution (6.31). Then one has the estimation

ey 1/2
e = wnlls S B2+ ()

Before proceeding to the proof, let us remark that the first term is the
classical error obtained for a finite element method applied to a regular prob-
lem and is independent of €. However, the second term is not classical and
clearly shows that h must not be too small and in other words, non compa-
rable to . This is the so-called resonance phenomenon (between h and ¢) in
the literature.

Proof The proof follows several steps. We first remark that it is a conse-
quence of Céa’s lemma and the interpolation error estimation given below.

O
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Lemma 6.5 (interpolation error) Let u. be the solution of the continuous
problem (6.1), and u; the multiscale interpolant of the homogenized solution
ug with the base functions v;

ur(zr) = Zuo(xz)l/zz(a:) (6.32)

Then one has the estimate

e\1/2

/
e = willn S Bllfle + (5)

Proof Since 9; solve (6.30), we can make the multiscale expansion of ; on
any triangle K of the triangulation. This gives

i~ U+ ey — b
where 9, !, and 6} are solution to

—div(AVy)) = 0 on K (6.33)
) = ¢; on 0K (6.34)

oYY
o= =Y woh
Zl Jal'j

—div (A (g) Vﬁil) = 0on K
0; = 1} on 0K

(w; are the corrector functions defined on the unit cell V). Notice that (6.33)
and (6.34) imply that actually ¢? = ¢;. By linearity of (6.32), we get a
similar expression for uj

ur ~ uf + euy — 6}

with
—div(AVuY)) = 0 on K (6.35)
2
ouY
up = =) wig
j=1 J

—div <A (g) ve}) — 0on K
0; = wu; on OK.

Now, we remark that u? is the classical affine interpolant of u (indeed

ud(z) = SN uo(w) e (x) = SO uola)éi(x)).

We now make use of the following lemma.
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Lemma 6.6 With the above notations, we have
lur = uj —eug +e0p |l < el flre

Proof (Lemma 6.6.) We know from the previous theory, and more precisely
Theorem 6.4 that on each triangle K of the triangulation one has

Jur — uf — euj + 59}||H1(K) S 5||U?||H2(K) = el|u}|| m

since u? solves (6.35). Squaring this inequality and summing over all the
triangles K of the triangulation gives

lur = up — eup +ebyllm < ellupllm < ellfllee

Now, we make the multiscale expansion of wu,
ue ~ u’ + eut — 6
where we know (still from Theorem 6.4)
lue — " —eu' + 0| < eflu’llnz S ell flre.
We therefore deduce that
lue —urllm < lu® = wfllm + ellu’ = wpllm +ell0" = 07|l + €ll f 2.

It remains to estimate the three terms of the right hand side. But we already
know that
[u” — | < Bl flz2

from the classical finite element theory. Next, notice that the correctors w;
are regular functions that satisfy w; € W1°(Y"). We therefore have

ellut — U}HL?(K) Sellvu’ - U?)||L2(K) S 5h||uo||H2(K)
which after summation over all the triangles leads to
ellut —ugllz S el V(u’ —up)lire < ehllu’lluz < ehllf]] .

On the oher hand, one has

2
o’ ol
eIV —uplew = € V(Z“’f (%_8_1:[-»
i=1 T e
o’ oul
< esup | [|Vw;(@/e) o) || 5— — 7
ou’  oul
+esup | lwj(@/e)llzem) |5 — 73—
J ( ’ Oxj O, HY(K)
S IV = up)llzaie + el V(U = up) o o).
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Summing again over the triangulation gives
e|Vu' —up)llz S (h+e)[[u’llm S (h+ o)l ze-
For the last term, we use the previous estimation of the correctors §. Namely

ello" — 01l < el +ellOgllan-

On the one hand, we know that [0 |1 < [[u'|| /2050y S €7/2, while on each
triangle K, one has ||07 |1 (x) S [[upll /2o and from interpolation

lutllirneer S luillezeollVaglleok).

But, [[ufll20r) S Vulllrzor) S b2 and [|[Vuill 2o S e HIVUllli20r) S
h1/2e=1 We therefore deduce that

2
ellorllm < €(Z(hl/2h1/26‘1)>

Kem,

< £
~ h
since there are O(1/h?) triangles in the mesh.

Putting all the pieces together leads to

€

e = willa S Allf ez + bl fllee + (B4 ) fllz + VE+4 /5

which is the desired result in view of e < h < 1. O

The estimate given above shows a new feature. Indeed, if h is of the
order of €, then the estimate breaks down. This phenomenon, usually called
resonance implies that € must be small compared to h. Although this is
clearly the goal of the method (to catch oscillations at a much finer scale
than the mesh-scale) one must pay attention to this in practice. Many more
details can be found in [10].

6.4 Conclusion

We have presented a small tour on the estimation for finite element method
for homogenization problems. Applying the classical finite element method
to the original problem is likely to fail due to the fine scale of the oscillations.
Instead one can either compute the 2-scale limit (at order 1 and ¢), or use
the so-called multiscale finite element method for which the base functions
are recomputed on each triangle of the triangulation. The extra work leads
to much better error estimates.
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