Link between ( Muller’s ratchet ) Fleming

Viot model and lookdown

LATP

February 1, 2012

The Muller’s ratchet clicks



Introduction Muller’s ratchet (Haigh's model)
Muller’s ratchet (Fleming Viot)

Plenty of species use a sexual reproduction.
So one may think that the sexual reproduction should be an
advantage.
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Introduction Muller's ratchet (Haigh's model)

Muller's ratchet (Fleming Viot)

Plenty of species use a sexual reproduction.
So one may think that the sexual reproduction should be an

advantage. But this reproduction costs a lot of ressources.
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Introduction Muller’s ratchet (Haigh's model)
Muller’s ratchet (Fleming Viot)

one possible clue : recombination
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Then maybe in an asexual population, deleterious mutation
accumulate, and the fitness decreases ?
That is the purpose of Muller's ratchet model.
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Hypothesis (Biological) : The population has a fixed sized N,
is haploid and asexual.

Only the deleterious mutations happen (the beneficial are
really rare). They are all identical and cumulative.
Studying the fitness is the same as studying the number of
mutations.
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Muller’s ratchet (Fleming Viot)

This model is in discrete time (generations).
1>a>0and A >0 are parameters. We note n,’(\' the number
of deleterious mutations of the individual k.
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At each generation : Each indivual choses a parent from the
previous generation with probability to chose the individual k

(1— )k
Z;V:o(l - 04)77’1\’

Each individual has a number of mutations equals to the
number of his parent + P()).
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Muller’s ratchet (Fleming Viot)

In this model, at each generation the ratchet clicks with a
. N o
probability > (Ae™)". (this is the case where everyone gets

at least one mutation)
So the ratchet will click infinitely many times a.s.
This means that the fitness of the population — —oc.
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Muller’s ratchet (Fleming Viot)

The model studied here is the following continuous time
Fleming Viot model, proposed by Etheridge, Pfaffelhuber,
Wakolbinger. It is an diffusion approximation of the previous
model.

Let Xi(t) be the proportion of individuals with k deleterious
mutations at time t,
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Introduction Muller’s ratchet (Haigh's model)
Muller’s ratchet (Fleming Viot)

The model studied here is the following continuous time
Fleming Viot model, proposed by Etheridge, Pfaffelhuber,
Wakolbinger. It is an diffusion approximation of the previous
model.

Let Xi(t) be the proportion of individuals with k deleterious

mutations at time t,
X X
dt dB
+Z \/ N ki1

Vk >0
leN

dX, = O((Z X, — k)Xk—i-)\(Xk,l — Xk)
/=0

Xk(O) = Xk-.

Where {By ¢ «>¢>0y are independent Brownian motions, and
By = —Byx,
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Introduction Muller’s ratchet (Haigh's model)
Muller’s ratchet (Fleming Viot)

Note that these equations are equivalent to

Xi(1 — Xy)

dX, = [Oz(/\/ll — k)Xk + )\(Xk—l — Xk)] dt + N

Xi(0) = X

dBk7

with My(t) = >, kXk(t) the mean number of mutations in
the population at time t,
and By are standard Brownian motions, such that Vk # /

<ka, dX/) (t) = — X, Xdt
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Muller’s ratchet (Fleming Viot)

P. Pfaffelhuber P.Staab . A. Wakolbinger have shown that if
(Xk)kez, € ]R_Zﬁ, Y k>0 Xk = 1, and 3p > 0 such that

> ks0 € x < 00, then our problem is well posed (in fact it
may be enough that > k**x, < 00).

The following theorem was proved in a previous speech :

Let To = {inf t > 0, Xo(t) = 0}. There exists p > 0, such as
for any initial condition (xx)ken as above, E(e?T0) < +oc.
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But where does this equation come from 7 Looking at the
equation, one can see that :

dXy = {a(Ml — k) Xi A (Koeor — Xk)} dt + /20X g,

is the selection term.
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But where does this equation come from 7 Looking at the
equation, one can see that :

dXi = [a(My — k) Xe + M Xe— —x}dw X(=Xd g,
. {(1 e+ AKXt — Xo)| de + /220X gp,

is the mutation term.
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Muller’s ratchet (Fleming Viot)

But where does this equation come from 7 Looking at the
equation, one can see that :

ka = [Oz(/\/h — k)Xk + )\(Xk—l — Xk)] dt+

(.

Xi(1 — Xy)
N

~~

dBk7

is the resampling term.
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Muller’s ratchet (Fleming Viot)

The purpose this time is to match this model with the
lookdown. In fact we can even take a more general model :

dXi = [a(My — k)Xi + M Xi—1 — Xi)] dt + (X1 — Xilgzo)

X (1 — Xy)

dB
N ks

+
Xi(0) = X
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Definition
Proof (ideas)

Modified look-down
A more general result

We will study a modified look-down model. It has a discrete
population but a continuous time.
This model was first introduced by Donnelly and Kurtz.

ky ko ks ka ks
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Proof (ideas)

Modified look-down
A more general result

The apparent asymetry allows to easily define an infinite
population model.
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Definition
Proof (ideas)

Modified look-down
A more general result

The apparent asymetry allows to easily define an infinite
population model.
The asymetry is not a problem thanks to exchangeability.
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Definition
Proof (ideas)

Modified look-down
A more general result

We add unbounded selection and mutations ( both deleterious
and compensatory).

kl k2 k3 k4 k5

k]_ k2 k2 k4 + 1 k6
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Definition
Proof (ideas)

Modified look-down
A more general result

We denote by X the proportion of individuals with k
deleterious mutations among the model of size n.

and n? the number of deleterious mutations carried by the
individual sitting on site / at time t.

The infinite population model is no longer clear.
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Proof (ideas)

Modified look-down
A more general result

We want to prove that this model is equivalent to the Muller's
ratchet Fleming Viot model :

Vk >0
dX, = Z IXi — k) X+ A(Xie1 — X))+ (Xierr — Xi) | dt
5 \/XkX’ dB)
leN
L Xk(O) = Xk.
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Definition
Proof (ideas)
A more general result

Vk >0, (X[, n > 0) is tight, and the family of the limits in
law is the solution X starting from x of (6).

The model L> is well defined, and is the limit of the L" when
n — oo as follows : Vi >0, Vt >0, n;" converges a.s. and we
call ny™ its limit. Moreover, it has the exchangeability
property, that is to say if the (1y°°);>1 are exchangeable, then
Vt > 0, the (ny™°)i>1 are exchangeable. As a consequence,

Modified look-down

X* =X (equality in law).
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Definition

Modified look-down Pl ({ikeze)
A more general result

The proof use several ideas from a paper of B.Bah, E.Pardoux,
A.B. Sow, but the conditions here are very different.

First we establish the equations of our system in the modified
look-down model of size N :

Let {P,}, P2 P2 P> k£ > O} be standard Poisson point
processes on R, which are mutually independent, except that
P2 = 0. We also define Vk,/ >0 P;’k = Pi’z and P?’k = PE’Z,
and for all n,j € Zy, EM =370 KX

We have :

XP(t) = X{(0) + %P,Ll (An/ot Xfil(s)ds) - %Pi (An/ot x,:'(s)ds>

s 1lp2 ( /tx" ()d) lpz( /tX"()d)
— n s)ds _ = n s)ds
o ksl v o kt1 nk v o k

1 & 3,0 t 1 & 4.0 't
- e (ane/ x,;'(s)x;(s)ds) -y e (ank/ x,;'(s)xg'(s)ds)
" p=0, 05k ° " o—0, 0k o
1 = n? [t 1 = 2t
+ > pzl (c? / x,:'(s)x;(s)ds> - > PZv[ (c7 / x[('(s)xg'(s)ds> .
r—0, 0k 70 r—0, 0k 70
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Definition
Proof (ideas)

Modified look-down
A more general result

XP(t) = XP(0) + A /ot (XP_4(5) = X}(s)) dsty ./; (XP1a(9) = XE(5)) ds

t
n a/o X[ (s)(ME(s) — k)ds + MK,

(mmk, pmmty -4 A X2 (syds — L1 fXP (s)ds
’ ¢ o le—kl=1 o ke n le—k|=17 o kvt

~ otk /tX"(s)X"(s)derc /tX"(s)X"(s)ds
- [, Xk@xi [, XkX] (s)ds.
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Proof (ideas)
A more general result

Modified look-down

M7 (t) = M(0) + At — v/ot(l — Xg'(s))ds

t
_ a/ M2(s)ds + M
0

(M"), = % ()\t+7/ot(1 — Xo)dera/ot EJ(s)ds
a /O t E;(S)Mf(s)ds> ¢ /0 " M2(s)ds
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Modified look-down Pl ({ikeze)
A more general result

With this we can prove the following Lemma :

VT >0, Vk >0, sup,cz, supo<;<7 E(Ef(t)) < 0.

Indeed, with WS (t,p) = E (3,50 X7 (t) (e A C)),

we obtain WE (t, p) < WS (0,p) + [; (A(e? — 1)) WS (r, p) dr,
hence W,(t, p) < W,(0, p)ee"~1)t,
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Modified look-down Pl ({ikeze)
A more general result

Then we can use the Aldous criterion for tightness in
D([0, T]) (along with Rebolledo criterion):

Proposition

IfVT,e,m >0 3ng,d > 0 such that for any sequence {7},
of stopping times with 7, < T,

sup supP (| X[ (1) — X (1, +6)| >1n) <e

n>ng <6

Then X[ is tight in D([0, T]) ( since the jumps are < ).
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Definition
Proof (ideas)

Modified look-down
A more general result

The second theorem

Theorem

The model L= is well defined, and is the limit of the L" when
n — oo as follows : Yi > 0, Vt > 0, n;" converges a.s. and we
call N7 its limit. Moreover, it has the exchangeability
property, that is to say if the (176’00) i>1 are exchangeable, then
Vt > 0, the (™)1 are exchangeable.
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Proof (ideas)

Modified look-down
A more general result

The first part of the theorem follow from Borel Cantelli
Lemma and the following Proposition :

Proposition

Vn > 64a(M2"(0) + 5v/n),

16an(M27(0) + 5./m) \ 2
- - + P2n7

11»(31 <i<
cn?

,0 < t < T such that n?(t) # n,-zn(t)) <n (

7
with pn = exp(—2 % /) + 3exp(—v/A) + T3 (c3(A, 7, 8)).
Indeed with Borel Cantelli Lemma,

. n n 2n
P HNO»V"'ZNva:lS'SEvOStS T, ni(t)=mn;j (t)) =1
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Proof (ideas)

Modified look-down
A more general result

First, note that

. n n 2n
J1<i< E,05 t < T such that n;' (t) # n;" (t)
. . . n
c {31gign+1,ogso < sy < Tsuch that €02 =n, Vso <t < sy n/2 < €p% < n, g2 = E}

To prove this Proposition, we need to control birth and death rates in L.
We consider the individual which starts at site n and ends at site n/2.
The birth rate is greater than w.

The death rate is lower than a2nM2"(s)

So we need to control Mf".
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Definition
Proof (ideas)
A more general result

Modified look-down

¥n>0,Y0<t<T,VC >0,

7

—
P sup  MI(t+r)— MI(t) > 5C | < exp(—2-= C) +3exp(—C) + — (c3(, 7, ).
0<r<T—t c2 ce

The idea is to write My as a sum of four supermartingales plus a term with a bounded variation.
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Proof (ideas)
A more general result

Modified look-down

Now for the exchangeability, we prove four technical Lemmata.

Lemma

For any stopping time 7, any N valued F.-measurable random
variable X, if the random vector n* = (n.(1),...,n.(X)) is
exchangeable, and 7' is the first time after 7' of an arrow
pointing to a level < X, a death or a mutation at a level < X,
then conditionally upon the fact that 7’ is the time of a birth,
the random vector n5** = (1,4(1), ..., n (X + 1)) is
exchangeable.
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Modified look-down
A more general result

Now we can improve the convergence by using tightness, de
Finetti theorem and some of our previous results. Note that a
similar result appears was proved by Donnelli Kurtz. First,
from De Finetti Theorem we deduce the following corollary

Yk >0,VT >0,Vte[0,T],

X[ (t) — Xi(t) a.s. .

Then we can prove the following Proposition:

Proposition

Vk >0,Vn >0, Ve >0, dng € N such asVn > ng
P(supo<e<7 [XQ(t) — Xk(t)| =) <€
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Modified look-down
A more general result

Then with the Dini Theorem we can prove the following
Theorem :

VT >0, supo<e<T D _jso [XP(t) — Xp°(t)| — 0 in probability.
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Modified look-down Pee; (ueas)
A more general result

We consider the following events :

For all kK > 0, an individual belongs to the k-th type, he dies at rate
ay. (we suppose that ay increases with k and that ap = 0.)

Vk,£ > 0, any individual of type k mutates to the type ¢ at rate
Akak, e

For each pair of individuals sitting at sites / and j with / < j, at
rate ¢, the leftmost one gives birth to a child with the same type at
site j, and for all j// > j the individual sitting on site j’ is moved one
step to the right, and the n-th individual dies.
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Modified look-down
A more general result

The Fleming Viot system of SDEs :

oo
dXp(t) = D Npag g Xe(s)ds — A Xy (s)ds + X (s) (Mq —ak)dercZ \/XeXpdBy 1)
=0,k .

dX,(0) = x; Vk >0,

with My = 375 0 ap X
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Modified look-down
A more general result

It corresponds to the look-down model under the following
hypotheses

x € X =Up>0Xp =Up>o {(Xk)k>o’ such as Yk > 0,0 < x; <1, Z X, =1 and Z xkepk < oo} .
- k>0 k>0

3C; > 0,3p1 >0,V >0, Z sup (Mg V1)ay ,Hleplz < Ca
(>o0k>0 ’

IQ ER[X],Vk >0 oy VAL < Q).

sup Z Ajajj < oo
J'Eo,'zo
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THANK YOU FOR YOUR ATTENTION !
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