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Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorMotivation
Consider a population of diploid individualsOne gene, two alleles.In a long-time s
ale, 
onditionally to the surviving of the population,whi
h allele will remain?Can we observe a long-time 
oexisten
e of the two alleles?Understand the quasi-stationary behavior of a diploid population.
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Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorModel2 alleles, A and a. Genotypes: AA, Aa and aa.3-type birth-and-death pro
ess:Zt = (Z 1t ,Z 2t ,Z 3t ).Population size N = Z 1 + Z 2 + Z 3.2Z 1 + Z 2 = A1 =number of alleles A,2Z 3 + Z 2 = A2 =number of alleles a.Proportion of allele A: X =
2Z 1 + Z 22NDi�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorBirth-and-death rates
Logisti
 model:d1(Z ) = (d1 + 
11Z 1 + 
21Z 2 + 
31Z 3)Z 1Diploid Mendelian reprodu
tion:b1(Z ) = bp1N [

(Z 1)2 + Z 1Z 2 + (Z 2)24 ]
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Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorChange of s
aleRes
aling the size of individuals: ZK = Z/K ∈ (Z+)
3/K , K −→ +∞2 birth and natural death s
alings:First s
aling: bKi = βdKi = δK
Kij = αSe
ond s
aling: bKi = γK + βidKi = γK + δiK
Kij = αijDi�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorDeterministi
 limit in the �rst s
alingFrom Collet, P., Méléard, S., Metz, J.A.J. (2012), 
onvergen
e toward adeterministi
 limit (Zt)t≥0, if ZK0 −→ Z0.










dZ1tdt = b1,∞(Zt)− d1,∞(Zt)dZ2tdt = b2,∞(Zt)− d2,∞(Zt)dZ3tdt = b3,∞(Zt)− d3,∞(Zt).Yt = 4Z1t Z3t − (Z2t )24Nt =⇒ dYtdt = −δYt ∀t ≥ 0 if α = 0.
=⇒ Yt = Y0e−δt .







Z1t = Y0e−δt + (Z10 − Y0)e(β−δ)t
Z2t = −2Y0e−δt + (Z20 + 2Y0)e(β−δ)t
Z3t = Y0e−δt + (Z30 − Y0)e(β−δ)t .Di�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorHardy-Weinberg equilibrium

Figure : Convergen
e of the sequen
e of pro
esses Y K towards the deterministi
fun
tion t 7→ Y0e−δt . Ea
h 
urve 
orresponds to a di�erent value of K . In this�gure, β = 10, δ = 20, α = 0.Di�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorSe
ond s
aling and hypothesesNew s
aling: bi ,K = γK + βid i ,K = γK + δi
Kij =
αijKHypotheses: There exists a 
onstant C su
h that for all K ∈ N,K (Y K0 /NK0 )2

≤ C ,

E

(

(NK0 )2)
≤ C .Di�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorPopulation size and Hardy-Weinberg deviation
Under these hypotheses:There exists a 
onstant C1 su
h that for all K , supt>0 E

(

(NKt )2) ≤ C1,For all t ≥ 0, Y Kt 
onverges in L1 toward 0 when K → ∞.Su�
ient 
on�tions on αij in the 
ooperation 
ase.
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Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorConvergen
e toward a di�usion pro
essThe sequen
e of pro
esses ((A1,K ,A2,K))K≥0 is tight.This sequen
e 
onverges toward a di�usion (A1,A2) su
h that in theneutral 
ase:dA1t = √ 4γA1t + A2t A1t dB1t +

√2γ A1tA2tA1t + A2t dB2t +

(

β − δ − α
A1t + A2t2 )A1t dtdA2t = √ 4γA1t + A2t A2t dB1t −

√2γ A1tA2tA1t + A2t dB2t +

(

β − δ − α
A1t + A2t2 )A2t dtDi�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorComparison with the haploid 
ase 1Diploid population:dA1t = √ 4γA1t + A2t A1t dB1t +

√2γ A1tA2tA1t + A2t dB2t +

(

β − δ − α
A1t + A2t2 )A1t dtdA2t = √ 4γA1t + A2t A2t dB1t −

√2γ A1tA2tA1t + A2t dB2t +

(

β − δ − α
A1t + A2t2 )A2t dtHaploid Lotka-Volterra di�usion (Cattiaux, P., Méléard, S. (2009)):dH1t =

√2γH1t dB1t + (β − δ − α(H1t + H2t ))H1t dtdH2t =
√2γH2t dB2t + (β − δ − α(H1t + H2t ))H2t dtDi�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorComparison with the haploid 
ase 2Diploid population:dNt = (β − δ − αNt)Ntdt +√2γNtdB1tdXt = √

γXt(1− Xt)Nt dB2t .Haploid population (Cattiaux, P., Méléard, S. (2009)):dNht = (β − δ − αNht )Nht dt +√2γNht dW 1tdX ht =

√2γX ht (1− X ht )Nht dW 2t .Di�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorA 
hange of variables
S1t =

√

γNt2 
os(ar

os(2Xt − 1)√2 )S2t =

√

γNt2 sin(ar

os(2Xt − 1)√2 )

.S = (S1,S2) satis�es dSt = dWt −∇Q(St)dt.
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Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorDi�usion 
oe�
ient
Q(S) =



































































ln((S1)2+(S2)2)2 + 12 ln(sin(√2 ar
tan(S2S1)))
−

(

β − δ − αγ4 (

(S1)2 + (S2)2)) (S1)2+(S2)24if S1 > 0ln((S1)2+(S2)2)2 + 12 ln(sin(√2(ar
tan(S2S1)+ π
)))

−
(

β − δ − αγ4 (

(S1)2 + (S2)2)) (S1)2+(S2)24if S1 6 0.Di�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorDe�nition spa
e, absorbing sets

S1

S2
B

=
{X

= 0}
A = {X = 1}0 = {N = 0}

Bǫ

Aǫ

b

×ar

os(2X−1)√2
(S1(N,X ),S2(N,X ))

√

γN2
Figure : De�nition spa
e D for S .Di�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorAbsorption: propertiesTheorem
(i) For all x ∈ D, Px(T0 < ∞) = 1 and there exists λ > 0 su
h thatsupxEx(eλT0) < +∞ (Cattiaux et al. 2009).
(ii) For all x ∈ D \ 0, Px(TA ∧ TB < T0) = 1.True for the Brownian motion.Girsanov Theorem on Dǫ ⇒ Px(TAǫ

∧ TBǫ
< T0) = 1Monotone 
onvergen
e Theorem to 
on
lude.

(iii) For all x ∈ D \ ∂D, Px(TA < T0) > 0, and Px(TB < T0) > 0.In the neutral 
ase, Px(TB < T0) = 1/2 for allx ∈ Btan(π/(2√2)).Markov property to 
on
lude.Girsanov Theorem in the non-neutral 
ase.Di�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorQuasi-stationary behavior
Theorem(Cattiaux, P. and Méléard, S. (2009))

(i) There exists a unique distribution ν1 on D \ ∂D su
h thatlimt→∞
Px(St ∈ E |T∂D > t) = ν1(E ) ∀x ∈ D \ ∂D.

(ii) There exists a unique distribution ν on D \ 0 su
h thatlimt→∞
Px(St ∈ E |T0 > t) = ν(E ) ∀x ∈ D \ ∂D.
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Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorNumeri
al results 1

Figure : Distribution of the proportion Xt of allele A in a neutral 
ase, knowingthat Nt 6= 0. In this �gure, βi = 1 = δi , and αij = 0.1 for all i , j .Di�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorNumeri
al results 2

Figure : Distribution of the proportion Xt of allele A in an overdominan
e 
ase,knowing that Nt 6= 0. In this �gure, βi = 1, δi = 0, α is symmetri
,
αii = 0.1 = α13 for all i , and α12 = α23 = 0.Di�usion, quasi-stationarity and diploidy Camille Coron



Motivation and model Deterministi
 limit Di�usion limit Quasi-stationary behaviorPerspe
tives
Whi
h are the exa
t 
onditions for 
oexisten
e of the two alleles?3-dimensional numeri
al results.More alleles.
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