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Finite Autocatalytic Branching Dynamics

At time t ≥ 0: Each of the extant individuals dies at rate

(total mass of population at time t)α , α ∈ [0, 1] .

At end of life : Individual leaves k ∈ N0 offspring with probability pk
(critical, finite 4th moments, variance σ2 > 0)
During life : Individuals age ú deterministic growth of genealogical
distances at speed 2
At any time: Conditional on current population, all clocks
independent from each other.

Construct nice process which models dynamics of ge-
nealogy and total mass for finite populations and large
population approximations . . .
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Generalisation: γ-Autocatalytic

Replace individual branching rate

(total mass)α  γ(total mass)

where

γ ∈ Gα :=
{
g ∈ C (R+,R+) : g |(0,∞) > 0 ,

x 7→ xg(x) locally Lipschitz,

g(x) = O(xα) as x ↑ ∞ ,

g(x) ∼ xα as x ↓ 0
}
.
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where
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{
g ∈ C (R+,R+) : g |(0,∞) > 0 ,

x 7→ xg(x) locally Lipschitz,
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:⇐⇒ limx↓0
g(x)
xα = c > 0
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Coding by Ultrametric Measure Spaces
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Coding by Ultrametric Measure Spaces

At each time t ∈ [0, τex), population represented by a non-empty set:

It
Lexicographic names: <1, 2, 1, 3> is 3rd child of <1, 2, 1>

Genealogical distances in It given by ultrametric rt :

(It , rt)

rt(i , j) = length of shortest path [i , j ] in genealogical tree
Weight of each individual in It given by µt =

∑
i∈It wt(i)δi :

(It , rt , µt)

wt(i) =

{
1 if t 6= death time of i
k − 1 if t = death time of i and k offspring

Identify populations with same distribution of genealogical distances:

[Ut , rt , µt ]
Ultrametric

measure space!
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Metric Measure Spaces

Metric measure spaces:

M>0 =
{

x = [X , r , µ] : (X , r) Polish metric space,

µ positive finite measure on B(X )

}
M1: µ(X ) = 1, U>0: r ultrametric, . . .

“sampling measure”

First consider M1 . . .

Distance matrix map:

R(X ,r),n :

{
X n → Dn ,

(x1, . . . , xn) 7→ (r(xi , xj))1≤i<j≤n

Distance matrix distributions:
νn,x := (R(X ,r),n)∗µ

⊗n

Characterisation on M1 [Gromov/Vershik 99] :

x = x′ ⇐⇒ νn,x = νn,x
′ ∀n ≥ 2
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Polynomials, Topology and Metrisation on M1

Φ-polynomials Φ : M1 → R,

Φ(x) := 〈φ, νn,x〉 .

C ⊆ Cb(Dn) separating forM1(Dn)

Then ΠΦ(C) separates points on M1

Gromov-weak topology: initial topology induced by ΠΦ

Polish! [Greven/Pfaffelhuber/Winter 09]

Gromov-Prohorov metric:

dGP(x, x′) := inf
(ϕX ,ϕX′ ,Z)

dP ((ϕX )∗µ, (ϕX ′)∗µ
′) ,

complete!
[Greven/Pfaffelhuber/Winter 09]
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Polar Decomposition

Now consider M>0 . . .

each x ∈M>0 has two “separate” aspects:

ã total mass (population size)
ã distribution of distances (genealogy)

Polar decomposition:

mx := µ(X ) , µ̂ :=
1
mx
· µ , x̂ := [X , r , µ̂] .

Bijection:

π :

{
M>0 → R>0 ×M1 ,

x 7→ (mx, x̂) .

Inverse = skew product:

π−1(x , x) = x ⊗ x = [X , r , xµ] .
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The Space M

Polar Gromov-Prohorov metric on M>0

dpGP(x, x′) := deucl ⊗ dGP(π(x), π(x′)) = |mx −mx′ |+ dGP(x̂, x̂′)

Completion of (M>0, dpGP) complete separable metric space:

(M, dpGP) ∼= (R+ ×M1, deucl ⊗ dGP) .

[Extend π to completion in obvious way.]

Ψ-polynomials Ψ : M→ R

Ψ(x) := Ψψ;n,φ(x) := ψ(mx)Φn,φ(x̂) .

If C1 ⊆ Cb(R+) separates points on R+

C2 ⊆ Cb(Dn) separating on M1(Dn)
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The Discrete Tree-Valued ACBP

Explicit construction from lexicographic representative process

(U(α,1)(t))t≥0

Tree-valued α-autocatalytic branching process

e piecewise deterministic Markov process taking values in U e

Rescale:
time t  Nt
mass µ 1

Nµ

initial # of individuals O(1) O(N)

(U(α,N)(t))t≥0

Effective state space:

U(N) =

{
[U, r , µ] ∈ U : µ =

1
N

n∑
i=1

wiδui

}
∪ {n}
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Properties

Generator:
Ω(α,N) ΨN = Ω(N)

growΨN + Ω
(α,N)
bran ΨN

Theorem

U(α,N) solves the MGP for(
Ω(α,N), Π

A (N)
Ψ (CK ,C 1bc

b )
)
.

U(α,N) has sample paths in DU(N) [0,∞).

U(α,N) is a Borel process.

U(α,N) is a strong Markov process.
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Tightness

From now on assume:

lim supN→∞ E
[
mU(α,N)(0)

]
<∞

∃ν ∈M1(U) : L
[
U(α,N)(0)

] N→∞
=⇒ ν

ν(U>0) = 1

Proposition

(1) For each α ∈ [0, 1], R ∈ N, { U(α,N,R) : N ∈ N} is tight.
(2) {U(1,N) : N ∈ N} is tight.

Proof:

(1) Jakubowski’s tightness criterion

Verify: compact containment + weak tightness

(2) Any limit process will never hit zero o
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Compact Containment Condition

Proposition

{U(α,N) : N ∈ N} satisfies compact containment condition in U.

Proof: Show separately for polar coordinates o

Proposition

(1) {mU(α,N)

: N ∈ N} satisfies compact containment condition in R.

(2) {Û(α,N) : N ∈ N} satisfies compact containment condition in U1.

Proof:

(1) mU(α,N)

is martingale + Doob inequality
(2) Criterion based on relative compactness characterisation for U1

[Criterion due to Greven/Pfaffelhuber/Winter 12]:

Relative proportion of subpopulations doesn’t grow too much in [0,T ]

{ S (α,N)
ε (t) : N ∈ N} tight for every 0 < ε ≤ t < T o

Patric Karl Glöde Dynamics of Genealogical Trees for Autocatalytic Branching . . .



Intro Metric Measure Spaces Discrete Process Tightness Continuous Processes Skew Product MGPs

Compact Containment Condition

Proposition

{U(α,N) : N ∈ N} satisfies compact containment condition in U.

Proof: Show separately for polar coordinates o

Proposition

(1) {mU(α,N)

: N ∈ N} satisfies compact containment condition in R.
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(2) {Û(α,N) : N ∈ N} satisfies compact containment condition in U1.

Proof:

(1) mU(α,N)

is martingale + Doob inequality
(2) Criterion based on relative compactness characterisation for U1

[Criterion due to Greven/Pfaffelhuber/Winter 12]:

Relative proportion of subpopulations doesn’t grow too much in [0,T ]

{ S (α,N)
ε (t) : N ∈ N} tight for every 0 < ε ≤ t < T o

Patric Karl Glöde Dynamics of Genealogical Trees for Autocatalytic Branching . . .



Intro Metric Measure Spaces Discrete Process Tightness Continuous Processes Skew Product MGPs

Compact Containment Condition

Proposition

{U(α,N) : N ∈ N} satisfies compact containment condition in U.

Proof: Show separately for polar coordinates o

Proposition

(1) {mU(α,N)

: N ∈ N} satisfies compact containment condition in R.
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# ancestors at time t − ε
of population at time t
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Good vs bad genealogy

b b b b b b b b b b b b bb b b b b b b b b b bbb b b b b b bb b b b b b bb b b t
t− ε
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Compact Containment for Genealogy
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Compact Containment for Genealogy

Proposition

For every 0 < t <∞ and 0 < ε < t, { S (α,N)
ε (t) : N ∈ N} is tight.

# ancestors at time t − ε
of population at time t

Proof: Follows from Proposition (∗) and α1-α2-coupling: random time
change σ such that

#I
(α ,N)

(s) = #I
(0 ,N)

(σ(s))

S (α ,1)
ε (s + ε) ≤ S (0 ,1)

ε (σ(s) + ε) o

Proposition (∗)
For all 0 ≤ s < t <∞, ε := t − s,

P
{
S (0,N)
ε (t) ∈ ·

}
N→∞
=⇒

∫ ∞
0

Poiss
(

2x
εσ2

)
P
{

X (0,∞)(s) ∈ dx
}
.

Proof:
Decomposition into independent sub-populations
Convergence of total mass processes to Feller o
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Tree-Valued Autocatalytic Branching Diffusions

Let
X (1,∞) := geometric BM with diffusion coefficient σ2

UFV := tree-valued Fleming-Viot process with rate σ2

Takes values in U1, unique solution of MGP for(
ΩFV,ΠΦ(C 1bc

b )
)

where

ΩFVΦn,φ := Ω(∞)
growΦn,φ + Ω(∞)

res Φn,φ

Ω(∞)
growΦn,φ :=

〈
2
∑

1≤i<j≤n

∂

∂ri,j
φ , νn, ·

〉

Ω(∞)
res Φn,φ := σ2

∑
1≤i<j≤n

(
〈φ ◦ θi,j , νn, · 〉 − 〈φ, νn, · 〉

)

X (1,∞) ⊥⊥ UFV supported on same probability space

variance of
offspring
distribution
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Tree-Valued Autocatalytic Branching Diffusions

Definition
Define tree-valued 1-autocatalytic branching diffusion by

U(1,∞)(t) := X (1,∞)(t) ⊗ UFV(t) , t ≥ 0 .

Generator Ω(1,∞)Ψψ;n,φ(u)

: = ψ(mu) Ω(∞)
growΦn,φ(û) + Ω

(1,∞)
bran Ψψ;n,φ(u)

=
(
A(1,∞)ψ(mu)

)
Φn,φ(û) + ψ(mu)

(
Ω

(∞)
growΦn,φ(û) + Ω

(∞)
res Φn,φ(û)

)
Theorem
The MGP for (

Ω(1,∞) ,ΠΨ( C1 ∞
K ,C 1bc

b )
)

is well-posed and U(1,∞) is the solution.
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Φn,φ(û) + ψ(mu)

(
Ω

(∞)
growΦn,φ(û) + Ω
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(∞)
res Φn,φ(û)
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)

Generator of
geometric BM

Generator of
Fleming-Viot

Theorem
The MGP for (

Ω(1,∞) ,ΠΨ( C1 ∞
K ,C 1bc

b )
)

is well-posed and U(1,∞) is the solution.

Patric Karl Glöde Dynamics of Genealogical Trees for Autocatalytic Branching . . .



Intro Metric Measure Spaces Discrete Process Tightness Continuous Processes Skew Product MGPs

Properties and Convergence
Theorem

(1) U(1,∞) has sample paths in CU[0,∞).

(2) U(1,∞) is a Borel process.

(3) U(1,∞) is a strong Markov process.

Proof: properties of X (1,∞),UFV MGP well-posed o

Theorem

Assume U(1,N)(0) =⇒ ν such that ν ∈M1(U). Then, on DU[0,∞),

U(1,N) N→∞
=⇒ U(1,∞) .

Proof: generator convergence tightness of {U(1,N) : N ∈ N} limit
MGP well-posed o

Corollary

Polar coordinates converge.

Invariance principle!
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The γ-Autocatalytic Case

Let γ ∈ Gα. Replace individual branching rate

(total mass)α  γ(total mass)

Results for α-autocatalytic true for γ ∈ Gα, in particular, for α = 1.
Generator of tree-valued γ-autocatalytic branching diffusion U(γ,∞)

Ω(γ,∞)Ψψ;n,φ(u) =
(
A(γ,∞)ψ(mu)

)
Φn,φ(û)

+ ψ(mu)

 Ω
(∞)
growΦn,φ(û) +

γ(mu)

mu
Ω

(∞)
res Φn,φ(û)

 .

Skew product form!

MGP for
(

Ω(γ,∞) ,ΠΨ( C1 ∞
K ,C 1bc

b ), δu
)
is well-posed.

L
[
Û(γ,∞)(t)

∣∣∣ (mU(γ,∞)

(s))s≥0

]
=

distribution of FV process with
time-inhomogeneous resampling
rate

σ2 γ(mU(γ,∞)(t))

mU(γ,∞)(t)
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+ ψ(mu)

 Ω
(∞)
growΦn,φ(û) +
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 .

Skew product form!

Generator of
γ-autocatalytic
branching diffusion
σ2

2 γ(mu)muψ′′(mu) Fleming-Viot
resampling rate
now depends
on total mass!

MGP for
(

Ω(γ,∞) ,ΠΨ( C1 ∞
K ,C 1bc

b ), δu
)
is well-posed.

L
[
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(Toy) Problem
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(Toy) Problem

Setting:

(A,D(A) ⊆ bB(E1)) , (B,D(B) ⊆ bB(E2)) operators.

γ : E1 → R+ , at least locally bounded measurable.

(X ,Y ) stochastic process solving DE1×E2 [0,∞) MGP corresponding
to

(L(fg))(x , y) = (Af)(x) g(y) + f (x)
(
γ(x) (Bg)(y)

)
.

For all f ∈ D(A), g ∈ D(B), the following is a martingale:

f (X (t))g(Y (t))

−
∫ t

0

[
(Af )(X (s))

]
g(Y (s)) + f (X (s))

[
γ(X (s))(Bg)(Y (s))

]
ds.

Skew Product MGP

Assume:
MGP for (A,D(A)) well-posed.

+ some minor technical
assumptions

Time-inhomogeneous MGP for ((γ◦x(t)B)t≥0,D(B)) well-posed
for a.e. realisation x of (X (t))t≥0.
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Intro Metric Measure Spaces Discrete Process Tightness Continuous Processes Skew Product MGPs

Uniqueness

Q (X ,Y ) unique solution of MGP for (L,D(L) = D(A)D(B))?

A Yes!

From now on assume w.l.o.g.

(Ω,A) = canonical space (DE1×E2 [0,∞),B(DE1×E2 [0,∞))).

Theorem

Consider setting above. Let (x , y) ∈ E1 × E2.
Then The DE1×E2 [0,∞) MGP for (L,D(L), δ(x,y)) has unique solution.

Proof: Key Idea If (X ,Y ) solves the skew product MGP, then

g(Y (t))−
∫ t

0
γ(X (s))(Bg)(Y (s)) ds

is a martingale conditional on X . . . o
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Intro Metric Measure Spaces Discrete Process Tightness Continuous Processes Skew Product MGPs

Proof (1) — The Conditional MGP

Q Is g(Y (t))−
∫ t
0 γ(X (s))(Bg)(Y (s)) ds martingale conditional on X?

A Yes!

Proposition

Assume setting from above and . . .
(x , y) ∈ E1 × E2.
(X ,Y ) slv. DE1×E2 [0,∞) MGP for (L,D(L), δ(x,y)) on (Ω,A,P).

Define:
PX := P ◦ X−1.
Q( · | x) := regular version of P{ · |X = x}.

Then

Y solves MGP for ((γ ◦ x(t)B)t≥0,D(B), δy ) under Q( · |x) for
PX -a.a. x .

Fdd of Y under Q( · |x) uniquely determined by Y (0) = y .
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Intro Metric Measure Spaces Discrete Process Tightness Continuous Processes Skew Product MGPs

Proof (2) — Preservation of Martingale Property

Proposition

Assume:
(Ω,A,F := (Ft)t≥0,P) a filtered probability space.

N = (N(t))t≥0 a locally square integrable martingale.

M a family of locally square integrable martingales.
M⊥N, that is, 〈M,N〉(t) = 0, a.s., for all t ≥ 0 and M ∈M.

FM := (FMt )t≥0 filtration such that FMt+ ⊆ Ft , for all t ≥ 0.

Each M ∈M is FM+ -adapted.

M has predictable representation prop. on (Ω,FM∞ ,FM+ ,P|FM
∞

).

FM0+ is P|FM
∞
-trivial.

sup0≤s≤t |N(s)| bounded, for each t ≥ 0.

Define Gt := Ft ∨ FM∞ , G := (Gt)t≥0.

Then N is a martingale on (Ω,A,G,P).
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M⊥N, that is, 〈M,N〉(t) = 0, a.s., for all t ≥ 0 and M ∈M.

FM := (FMt )t≥0 filtration such that FMt+ ⊆ Ft , for all t ≥ 0.

Each M ∈M is FM+ -adapted.

M has predictable representation prop. on (Ω,FM∞ ,FM+ ,P|FM
∞

).

FM0+ is P|FM
∞
-trivial.

sup0≤s≤t |N(s)| bounded, for each t ≥ 0.

Define Gt := Ft ∨ FM∞ , G := (Gt)t≥0.

Then N is a martingale on (Ω,A,G,P).
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Proposition: PRP satisfied if
ã X solution of well-posed MGP for (A,D(A), δx) and
ã M =

{(
f (X (t))−

∫ t
0 Af (X (s)) ds

)
t≥0 : f ∈ D(A)

}

Patric Karl Glöde Dynamics of Genealogical Trees for Autocatalytic Branching . . .



THANK YOU
FOR YOUR
ATTENTION


	Intro
	Metric Measure Spaces
	Discrete Process
	Tightness
	Continuous Processes
	Skew Product MGPs

