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ModelSoft sele
tive sweepStrong sele
tive sweep
Two di�erent ways of adaptationpreexisting alleles that be
ome advantageous after anenvironmental 
hange (soft sele
tive sweep)new mutation (hard sele
tive sweep)QuestionWhat is the e�e
t of these two ways of adaptation on neutraldiversity ?
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ModelSoft sele
tive sweepStrong sele
tive sweepE
o-Evolutionary framework
Adaptive Dynami
s : A Geometri
al Study of the Consequen
esof Nearly Faithful Reprodu
tion, Metz and al [MGM+96℄Fournier et Méléard [FM04℄, Champagnat and al[Cha06, CFM06, CM07, CM11℄ (haploid asexual), Collet,Méléard, Metz [CMM11℄, Coron [Cor12, Cor13℄ (diploidsexual), Billiard and al [BFMT13℄ (haploid asexual, two lo
i)
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ModelSoft sele
tive sweepStrong sele
tive sweepModelPSfrag repla
ements AA aab1b1 b2b2E
ologi
al parameterssexual haploid populationfα and Dα birth rate and intrinsi
 death rateCα1,α2 
ompetitive pressure felt by an individual 
arrying allele
α1 from an individual 
arrying allele α2.K ∈ N res
ales the 
ompetition between individuals. Relatedto the 
on
ept of 
arrying 
apa
ity,Charline Smadi An E
o-Evolutionary approa
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ombination in a large population of varying size



ModelSoft sele
tive sweepStrong sele
tive sweep
Death ratedKαβ(N) = [Dα + Cα,ANA/K + Cα,aNa/K ]Nαβ
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ModelSoft sele
tive sweepStrong sele
tive sweepBirth eventrK = re
ombination probability per reprodu
tive event.
PSfrag repla
ements 1−rK2 rK2

rK21−rK2+
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ModelSoft sele
tive sweepStrong sele
tive sweepBirth rateMate 
hosen uniformly among available gametes :pαβ(N) =
fαNαβfANA + faNa

• Ab1 × Ab1 : fANAb1 fANAb1fANA+faNa
• Ab1 × Ab2 or Ab2 × Ab1 : fANAb1 fANAb2fANA+faNa
• Ab1 × ab1 or ab1 × Ab1 : fANAb1 faNab1fANA+faNa
• Ab1 × ab2 or ab2 × Ab1 : (1− rK ) fANAb1 faNab2fANA+faNa
• Ab2 × ab1 or ab1 × Ab2 : rK fANAb2 faNab1fANA+faNaCharline Smadi An E
o-Evolutionary approa
h of adaptation and re
ombination in a large population of varying size



ModelSoft sele
tive sweepStrong sele
tive sweepBirth rate
ᾱ = {A, a} \ α, and β̄ = {b1, b2} \ βBirth rate bKαβ(N) = fαNαβ + rK fafANᾱβNαβ̄ − NαβNᾱβ̄fANA + faNaRemarkPa,b1 − PA,b1 =

Nab1(NAb1 + NAb2)− NAb1(Nab1 + Nab2)NANa
=

Nab1NAb2 − NAb1Nab2NANaCharline Smadi An E
o-Evolutionary approa
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ModelSoft sele
tive sweepStrong sele
tive sweepRestri
tion to the trait population pro
ess [Cha06℄bα = fαNα, dα = (Dα + Cα,ANA/K + Cα,aNa/K )NαIf NA and Na are large, (NA/K ,Na/K ) is 
lose toṅα = (fα − Dα − Cα,AnA − Cα,ana)nα, nα(0) = zαUnder the 
onditionfA > DA, fa > Da, and fa−Da > (fA−DA). sup{Ca,ACA,A , Ca,aCA,a},unique attra
ting stable equilibrium
(0, n̄a) = (0, (fa − Da)/Ca,a)non-stable equilibrium ((fA − DA)/Ca,a, 0) = (n̄A, 0)Charline Smadi An E
o-Evolutionary approa
h of adaptation and re
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ModelSoft sele
tive sweepStrong sele
tive sweepInvasion �tness Sαᾱ = fα − Dα − Cα,ᾱn̄ᾱAssumption 1̄nA > 0, n̄a > 0, and SAa < 0 < SaA.
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ModelSoft sele
tive sweepStrong sele
tive sweepAssumption 2 : Initial 
ondition
(zAb1K , zAb2K , zab1K , zab2K)

, zA > 0, za > 0Assumption 3 limK→∞rK = r ∈ [0, 1].QuestionInitial 
ondition : (zAb1/zA, zab1/za)After the sweep : zab1/za ?Charline Smadi An E
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ModelSoft sele
tive sweepStrong sele
tive sweepTheoremFor z in R4∗
+ and under Assumptions 1 and 2 :P(FixK )→1, (K → ∞)Moreover, if Assumption 3 holds, there exists F (z , r) ∈ [0, 1] s.t.P(∣∣

∣
PKa,b1(TKext)−[zAb1zA F (z , r)+zab1za (1−F (z , r))]∣∣

∣
1FixK > ε

)

→K→∞

0.F (z , r) = ∫

∞0 rfAfanA(s)fAnA(s) + fanas)exp(− rfAfa ∫ s0 nA(u) + na(u)fAnA(u) + fana(u)du)ds,Charline Smadi An E
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ombination in a large population of varying size



ModelSoft sele
tive sweepStrong sele
tive sweep
Possible dete
tionless alleles with extreme proportions
omparison between a migrant and a non-migrant populations
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ModelSoft sele
tive sweepStrong sele
tive sweep

Figure: We 
ompare pro
ess with a four dimensional dynami
al system ona �nite time interval
ṅαβ = [fα − [Dα + Cα,AnA + Cα,ana]] nαβ+ rfAfa[nᾱβnαβ̄ − nαβnᾱβ̄ ]fAnA + fana .Charline Smadi An E
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ModelSoft sele
tive sweepStrong sele
tive sweepChange of variablesnα = nαb1 + nαb2 , pα,b1 = nαb1/nα, and d = pa,b1 − pA,b1 ,






















ṅA = (fA − (DA + CA,AnA + CA,ana))nAṅa = (fa − (Da + Ca,AnA + Ca,ana))naḋ = −d(rfAfa(nA + na)/(fAnA + fana))ṗa,b1 = −d(rfAfanA/(fAnA + fana)).
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ModelSoft sele
tive sweepStrong sele
tive sweepExtin
tion of the A-populationDuring the last period, A-individuals are very few and do notin�uen
e the neutral poportion in the a-population
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ModelSoft sele
tive sweepStrong sele
tive sweepAssumption 4There exists zAb1 ∈]0, n̄A[ su
h that N(0) = ⌊z(K)K⌋ withz(K) = (zAb1 , n̄A − zAb1 , 1/K , 0)Thanks to [Cha06℄
Figure: Trait dynami
s ; P(Fix) ∼ SaA/faCharline Smadi An E
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ModelSoft sele
tive sweepStrong sele
tive sweepAssumption 5 : Strong re
ombinationlimK→∞rK logK = ∞Assumption 6 : Weak re
ombinationlim supK→∞
rK logK < ∞TheoremUnder Assumptions 1, 4 and 5,P(∣∣

∣
PKa,b1(TKext)− zAb1zA ∣

∣

∣
1FixK > ε

)

→K→∞

0.Under Assumptions 1, 4 and 6,P(∣∣
∣
PKa,b1(TKext)−[zAb1zA +

zAb2zA exp(− farK logKSaA )]
∣

∣

∣
1FixK > ε

)

→K→∞
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ModelSoft sele
tive sweepStrong sele
tive sweepRemarksThe two regimes are 
onsistent :limrK logK→∞

{zAb1zA +
zAb2zA exp(−

farK logKSaA )

}

=
zAb1zAThe weak re
ombination 
ase is also 
onsistent with the worksof S
hweinsberg and Durrett [SD05℄ (
onstant populationsize) and Etheridge, Pfa�elhuber and Wakolbinger [EPW06℄(Wright-Fisher di�usion approximation) if we take SaA/fainstead of s, but we have not the 
onvergen
e rate.
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ModelSoft sele
tive sweepStrong sele
tive sweepSket
h of proof for the strong re
ombination(rK logK → ∞)Re
all birth ratebKαβ(N) = fαNαβ + rK fafANᾱβNαβ̄ − NαβNᾱβ̄fANA + faNaPa,b1 − PA,b1 =
Nab1(NAb1 + NAb2)− NAb1(Nab1 + Nab2)NANa

=
Nab1NAb2 − NAb1Nab2NANaCharline Smadi An E
o-Evolutionary approa
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ModelSoft sele
tive sweepStrong sele
tive sweepSket
h of proof for the weak re
ombination(lim sup rK logK < ∞) s−(ε) := SaA−ε(2Ca,ACA,a/CA,A+Ca,a)fas+(ε) := SaA+2εCa,ACA,a/CA,AfaCoupling with two birth and death pro
essesbKa (N(t)) = faNa(t),fa(1− s+(ε))Na(t) ≤ dKa (N(t)) ≤ fa(1− s−(ε))Na(t),Charline Smadi An E
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ModelSoft sele
tive sweepStrong sele
tive sweepSteps (following method in [SD05℄)
PSfrag repla
ements re
ombinations
oales
en
es

Flu
tuations of a-population sizeNegligible events : two re
ombinations or a 
oales
en
e then are
ombinationApproximation of the probability to undergo a re
ombinationCharline Smadi An E
o-Evolutionary approa
h of adaptation and re
ombination in a large population of varying size
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