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Stochastic equations in random environments

Consider stochastic equations of the form

t t

o(X(s),Z(s))dW(s) + J b(X(s), Z(s))ds, (1)
0

X(t) =X(O)+f

0
where W is a standard Brownian motion independent of X(0) and Z, or

t
X(£)=X(0) + ) Y«( f Ak(X(5), Z(5))dS) Sk, (2)
k 0

where Zx € 79 and the Yy are independent unit Poisson processes that
are independent of X(0) and Z.

Thinking of Z as determining the “environment” in which X evolves, in
(1), X is a diffusion process in a random environment, and in (2), X is a
Markov chain in a random environment.
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Martingale problems with random environ-
ments

If f is C2 with compact support, a(x, z) = o(x, z)o(x, z)", and
1
Af(x.2)= 5 D ayi(x, 2)ax0xf (X) + D biX, 2)axf(X), (3)
ij i

then for (1), by 1t6’s formula
t

FX@) = fxo) - [ gAf(X(S), Z(S))d5=J VF(X(s))T a(X(s), Z(s))dW(s)

0

is @ martingale. or more precisely, for g bounded and appropriately mea-
surable,

t
g(2)f (X(t)) — 9(2)f (X(0)) - Jo 9(2)Af(X(s), Z(s))ds

is @ martingale with respect to the filtration 7 = J-"f v o(2).
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Martingale problem for Markov chain in a ran-
dom environment

Similarly, setting

Af(X,2) = > M(x, 2)(F(x + &) — f(X)), (4)
k

if X satisfies (2), then
t

I DIF X)) - 9(DIF(X(0)) - J d(DIAF(X(5), Z(s))ds
0
t
-y J 92 (FX(5=) +Zk) — F(X(s-)))
k J0O
d?k(f Ak(X(r=),Z(r-))dr),
0

where Yi(u) = Y«(u) — u, is a martingale.
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Martingale problem in a random environment

Let E and S be complete, separable metric spaces,
A c C(E) x B([0, ) x E x S),

and up € P(E xS). Then a progressive E-valued process X and an S-
valued random variable Z give a solution of the martingale problem for
(A, o) if (X(0), Z2) has distribution ug and there exists a filtration {F:}
such that for each f e D(A) and g € B(S)

t
g(2)f (X(t)) — 9(2)f (X(0)) - fo 9(2)Af(s, X(s), Z2)ds

is a {Ft}-martingale.
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Equivalence

Theorem 1 If A is of the form (3) (resp. (4)), then any solution of the
martingale problem that does not explode in finite time can be obtained
as a solution of the corresponding stochastic equation.

Proof. The diffusion case follows essentially by the same arguments
as in the nonrandom environment setting. See

( ). Most examples of the jump case will follow by a result of
( ). In some cases, it may be helpful to apply results in ( ).
O
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A martingale lemma
Let {F:} and {G:} be filtrations with G; C F¢.

Lemma 2 Suppose U and V are {Ft}-adapted and

t
u(t) - J V(s)ds

0
is an {Ft}-martingale. Then

t

ELU(1)|Gt] —J ELV(s)Igs]ds
0

is a {Gt}-martingale.

Proof. The lemma follows by the definition and properties of conditional
expectations. O
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Filtered martingale problems

Let (X, Z) be a solution of the martingale problem for (A, uo) with respect
to a filtration {F:}, and let {G:} be a filtration with G: ¢ F;. Let m: be
the conditional distribution of (X(t), Z) given G:. Then for f € D(A) and

g € B(S), ,
mt(9f) — mo(9f) — f ns(9Af)ds
0

is a {Gt}-martingale.
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Converse

Theorem 3 Suppose that {m;,t > 0} is a progressive, P(E x S)-valued
process adapted to a filtration {Gt+} such that for each f € D(A) and
g € B(S),

t

m:(gf) — Mo (9f) — J Ts(9Af)ds
0
is a {§t}-martingale. Then for up = E[To], there exists a solution (X, Z)
of the martingale problem for (A, uo) and a filtration {Gt+} such that
the P(E x S)-valued process given by the conditional distributions
of (X(t),Z2) given Gt has the same finite dimensional distributions as

{m:, t>0}.
Proof. See ( ). (The result is a direct descendent
of ( ).) O
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Branching processes in random environments

Let E=unp[O0, r]".
ForO<e <1 ¢(r)=1,letf(u n)= ]_[?=1 o(ui). For Z = {(a(t), b(t)), t >
0} satisfying a(t) > 0 and —oo < b(t) < ra(t), define

r

Af(t,Z,un) = f(u,n)) 2at)| (p(v)-1)dv
i=1

u;

@’ (up)
o(uy)

+f(u, n) > (a(t)u? — b(t)u;)
i=1

In other words, particle levels satisfy
Ui(t) = a(t)UZ(t) — b(DU(t),

and a particle with level z gives birth at rate 2a(t)(r — z) to a particle
whose initial level is uniformly distributed between z and r.

Let N(t) = #{i: Ui(t) < r} and let a,(n, du) be the joint distribution of n
iid uniform [0, r] random variables.
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A calculation

F(n) = [ F(u, nar(n, du) = e~2e", e72e = 2 [ o(u)du
To calculate Cf(t, Z, n) = [ Af(t, Z, u, n)ar(n, du), observe that

r‘12a(t)J (p(Z)J (p(v) — 1)dv = a(t)re?*e — 2a(t)r‘1f @(z)(r — 2)dz
0 z

0
and

r-1 J (a(t)z? = b(t)2)e’(2)dz = —r—1J (2a(t)z - b())(@(z) — 1)dz
0 0

r

=-2a(t)r ! f z9(2)dz + a(t)r + b(t)(e ™ — 1).
0

Then
Cf(t,n) = ne™ =V (a(t)re™*» —2a(t)re™* + a(t)r + b(t)(e™** 1))
= a(t)rn(f(n+1) = f(n) + (a(t)r — b(t)n(f(n - 1) — f(n)).
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Conclusion
Let N be a solution of the martingale problem for

Cf(t,n, Z2) = a(O)rn(f(n + 1) — £(n)) + (a(t)r — b(t))n(f(n - 1) — F(n)),

that is, N is a branching process in a random environment with birth rate
a(t)r and death rate (a(t)r — b(t)).

Then, taking m:(du, dz) € P(E x S) to be ar(IV(t), du)éz(dz),
CF(t, N(t), Z2) = AL, N(1), 2),

and by Theorem 3, there exists a solution (U1(t),..., Unw)(t), N(t), Z) of
the martingale problem for A, such that (N, Z) has the same distribution
as (N, 2).

See ( ).
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Limit theorem
Since ra(t) > b(t) and

Ui(t) = a(t)UZ (t) — b(H)Ui(D),
either U;(t) hits r in finite time or, noting that

d
Oe Jobs .4y = a(t)elo POy ()2 > 0,

the limit .
ni= lim eloP%yy(1)

exists for all i (possibly oo0) and

t
W = lim e~ Job(dspy ¢y

t—o0

t
exists (possibly zero). If fgo a(t)e=JoP)95 gt — oo, then n; = oo for all i and

t
W =0. If [ a(t)e™ o) gt < oo, then there is positive probability that
ni < oo forsome i and W > 0. In particular, {W >0} = {infn; < o0} a.s.
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Fleming-Viot processes

The neutral Fleming-Viot process with mutation operator B on E is the
P(E)-valued process with generator A with domain

D(A) = {F(u) = (f,u™) : f€D(Y B, m =1}
i=1

and .
AF(U) =D (B, u™ + D ((@yf, u™ ) = (f, ™)
i=1 1<i<j<m
where for f € B(E™), ®;f is the function in B(E™M-1) obtained by setting
Xi=Xj.
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Lookdown construction

The lookdown construction for the neutral Fleming-Viot process given in
( ) corresponds to the generator given by

FOO=f(x1,..., xm) € DY Bi)
i=1

Af(x)—ZBJ(xH D> (F(850)) = F(x))

1<i<j<m
where y = 6j(x) is the element of E* satisfying
Yk = Xk, k=Zj-1
i = Xi
Yk = Xk-1, k>j

that is G[j(x) =(X1,... » Xj—1, Xiy Xj, Xj41, - . J).
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Application of Theorem 3

Observe that for F(u) = (f, u™), AF(u) = (Af, u™), so if n is a solution of

the martingale problem for A and we define m; = ]_[:Zl n(t),

TAf = (Af, n(t)")

DUBL ™Y+ D (@yf, (™) = (£, n(D™))
i=1

1<i<j<m

= AF(n(t))
and .
ef — Mof — J TsAfds
0

is a martingale. By Theorem 3, there is a solution X of the martingale
problem for A and a filtration {G¢} such that {m, t > 0}, the conditional
distributions of X(t) given G, has the same distribution as {m:, t > 0}.
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Sampling at multiple time points

For a fixed time t, by exchangeability, Xi1(t),..., Xm(t) give a random
sample of size m from m; and the genealogy of the sample can be recov-
ered from the lookdown construction. If the sampling occurs at multiple
time points, then the original lookdown construction does not, at least
immediately, give a simple representation of the sample.

For definiteness, assume that one member of the population is sample
at the jump times of a Poisson process with parameter A, and let Y(t)
be the type of the individual sampled most recently. Then (n, Y) will be
Markov with generator

AF(y) =Y (BFC YL U™+ Y (gfCy), 1™ ) = (FC y), ™))
i=1 1<i<j<m

A, WY = (F G y), ™)
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A lookdown construction

Let

Af(x,y) = ZBJ(X N+ D (f(85(x),y) - f(x,¥))

1<i<j<m

+A(f(kx, x1) = f(Xx, ¥)),

where
KX = (X2,X3,...).

To verify the construction, again apply Theorem 3 with
o0
i = [n(t) x 8veey.
i=1

Again, the genealogy of the sample can be recovered from the lookdown
construction.
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Abstract

Filtering and models in population biology

The simplest derivations of lookdown constructions for population models are based on filtering
arguments. Some of the background of these methods will be discussed along with extensions
to models in random environments and sampling at multiple time points.
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