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Associated random walk
o X, :=log f/_,(1)
OS():O, Sn=X1+X2++Xn,

n>1
Classification (Afanasyev, Geiger, Kersting, V.(2005))
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E; [Zn}
Associated random walk

o X, :=log f/_,(1)
o Sp= 0,

Sn:X1+X2+“'+Xna

n>1.
Classification (Afanasyev, Geiger, Kersting, V. (2005)): A BPRE is called
e supercritical if lim,, o, S,, = +oo with probability 1;
e subcritical if lim,, ., S;, = —oo with probability 1;
e critical if limsup,, ., S, = +oc and liminf, .., S, = —oco (both
with probability 1);
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Critical case includes

Elog f'(1) = EX =0,

0<EX? < o0




Quenched approach: Let

T := min{k : Z;, = 0}.
We study
as a

random
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Quenched approach: Let
We study

T :=min{k : Z, = 0}.
Pi(Z, >0)=Ps(T >n)=P(T > nl|fo f1,
as a random
environment fo, f1,... and

as a

random

)

variable on the space of realizations of the

P(Z, €dz|T > n)
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Basic assumptions

The distribution of X =log f’(1) is nonlattice and belongs (without
centering) to an a-stable law with a € (0,2] and

p=P(X >0)¢c(0,1).




Set
M, := max (S,
and let

e Sn),

L, :=min (S, ..., Sn)
pn) :=max{l <i<n:S;=M,},

7(n) :=min{0 <i<n:S; =min(0,L,)}.
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Set
M, :== max(S1,...,5,), Lp:=min(Sy,...,S)

and let
pln) =max{l1<i<n:S;=M,},

T(n) :=min{0 <i¢<n:S; =min(0,L,)}.

It is known that if X belongs (without centering) to an a-stable law with
p € (0,1) then for any ¢t € (0,1], as n — oo

7(nt) . p(nt) i’,ut,
n n

where t =17, and ¢~!j; have the generalized arcsine distributions on
[0, 1] with densities
C C

P (1 —x)l=p’ =P (1 — )P’

respectively.
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Let
Yo ‘= O) j = i
and
r() = O, ;

Yj41 :=min(n >y : Sy < S5))
walk {S,,n > 0}. Set

Ijy1:=min(n >T;:S, > Sr,),j >0
be the strict descending and ascending ladder epochs of the random
o0
U(x)=1+Y P(Sr, <z),z>0
j=1
Z P(S

U(x) =0,z <0
j=
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Consider the filtration F = (F,,), where F,, = o(fo, .oy fa—1, Z0, -y Zn)-

For any bounded, F,,-measurable random variable R,, we construct
probability measures P,z <0, and P;, y > 0, fulfilling for each n the

equalities
1

E; [R,] = m

x

E, [R,U(=S,); M, < 0]

and
- 1
V(y)

The measures specified in this way are consistent in n.

E, [R,V(S,); L, >0].

In particular, the measure P "corresponds"to the measure generated by
the random walk conditioned to stay negative, while the measure Pf{
"corresponds'"to the measure generated by the random walk conditioned
to stay nonnegative.



Basic assumption:
e FROM NOW ON!!!




(V. 4+ Dyakonova)

following convergence in distribution

In the critical case and for the quenched approach we have the

Pi(Z,>0) a
eSr(n)
where ¢ € (0, 1] with probability 1.

—
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(V. + Dyakonova)
In the critical case and for the quenched approach we have the
following convergence in distribution

eSr(n)
where ¢ € (0, 1] with probability 1.
= ifo?=VarX <
P(Zy > 0) & CeSrm = (e7VXTmSrm (e lolovm

where ¢ is a Gaussian random variable:

1 x
Pg<z)= \/_2_7r/ e_y2/2dy.



Let now S5 = 0 and

(Sq. St St )
be a random walk conditioned to stay positive and

(5%7 "'»ng )

|

be a random walk conditioned to stay negative. Then
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Observe that

esnt

~ esnt_sr(nt)
Pf (Znt > 0)

Ef [Znt|Zny > 0] =

Theorem 1. (V. 4+ Dyakonova)

For any t € (0,1), any x > 0 as n — oo

Znt d r _
P (— < x‘T>n; nt<t(n )—>/ e Ydy.
f Ef [Znt|Znt>O] ( ) ) Yy Y




THE NUMBER OF PARTICLES BEFORE THE POINT OF
GLOBAL MINIMUM OF S;,,0<k <n

Observe that

Snt
e —
By 2l o> 0 = 5 7=y = e

Theorem 1. (V. + Dyakonova)

For any t € (0,1), any x >0 as n — o0

Znt

a [*
P l=———r—— <z|T>n;nt Ydy.
f(Ef ot 2o > 0] = z|T>n; n <T(n))—>/0 ye Ydy

Non rigorously: if T>n, nt<7(n) =

In Zpy < Sht — Sriney, m — o0,
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Theorem 1. (V. 4+ Dyakonova)
For any t € (0,1), any x > 0 as n — o0

Pf(Ef[ &

Znt| Zns > 0]

Non rigorously: if T>n, nt<7r(n) =

xT
< z|T>n; nt<7‘(n)> i/ ye Ydy
0
In Znt = Ont

ST(nt)a n — o0.
of Sj; within the interval [0, n].

BOTTLENECKS!!! earlier the time-point 7(n) of the global minimum

o =l = = DA



WHAT HAPPENS WITH THE PROCESS AFTER THE POINT OF
GLOBAL MINIMUM??
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Theorem 2. (V. + Dyakonova)

For any t € (0,1), any x > 0 as n — o0

Znt

P (— <z|T>n; 7(n Snt)ﬂl —e 7.
INE [Znt| Znt > 0] ()

Non rigorously: if T>n, 7(n)<nt =

InZyy =< Snp — Sr(n)
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THE NUMBER OF PARTICLES AFTER THE POINT OF
GLOBAL MINIMUM OF S;,,0<k<n

Theorem 2. (V. 4+ Dyakonova)

For any t € (0,1), any x >0 asn — o

Znt

Py (e 2 < ol rynt) 1
¥ Ef[Znt|Znt>0]_m >n; 7(n)<nt)— e

Non rigorously: if T>n, 7(n)<nt =
InZ,: < Sn — ST(n)'
= NO tragic bottlenecks AFTER the moment 7(n).



What happens at bottlenecks if 7" > n??




What happens at bottlenecks if 7" > n??

If the probability generating functions are fractional linear then as n — oo
P, (ZT(M) = k’ T>n; nt<t(n) )iqupk_l, k
and

Pf(ZT(n):k‘ T>n )iq

=12

p'k—l

9

where ¢ +p =1,G+ p =1 and p, p are positive random variables.

k=1,2,..




BPRE with two types.
generating functions

Let £ ¢ are ii.d. random variables with (random) probability
L g(")
fu(s) == E|s* |ful,
generating functions

0<s<1
nM, n®?) . arei.id. random variables with (random) probability

gn(s) = E[s

ﬁ(")

|gn} )

0<s<1.




BPRE with two types.
Let €M) ¢ - arei.i.d. random variables with (random) probability
generating functions

fals) = B[], 0<s<

n™M n@ . arei.i.d. random variables with (random) probability
generating functions

gn(s) = E[ 0™

gn],  0<s<1.
Define a pure decomposable two-types BPRE (Z7,,,Y,,) as

Z g(n) Z (n)

where, given the environment, Z,, and Y,, are ordinary inhomogeneous
Galton-Watson branching processes.
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Define a pure decomposable two-types BPRE (7,,,Y,,) as
Zn—l

j=1
Let

(n)
1
where, given the environment, Z,, and Y,, are ordinary inhomogeneous

Yn—l
j=1

Galton-Watson branching processes.

X i=1og B [¢M| 1]

Wy = logE [n(k)|gk] .




BPRE with two types.
Define a pure decomposable two-types BPRE (7,,,Y,,) as

-1 Yn-1
7= 60 o
J=1 Jj=1

where, given the environment, Z,, and Y,, are ordinary inhomogeneous
Galton-Watson branching processes.
Let

Xp:=10gE[¢M| 1], Wii=10gE [1®]g] .
BASIC ASSUMPTION: Asynchronous environments (Predator
(Z)-Pray (Y') competition). For any k =0,1,2, ...

Wk+1 = —Xk P-as.



Introduce two random walks

SO = 0, Sn = ZXRH
k=1
Clearly, S, = —R,,n =0,1,

n+1
=0, Rn:=) W
k=2




Introduce two random walks
n n+1
So:=0, Spi=Y» Xp, Ro:=0, Rpi=)» Wi
k=1 k=2

Clearly, S,, = —R,,n=0,1, ...
CRITICALITY.

The random walk {S,,n > 0} is oscillating.

= The branching processes Z(n),Y (n) are critical.
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Denote

_P;(Z.>0)
- eSr(n)

P, (Y, > 0)
» b= s = P (Y > 0)

Cn

Theorem

(V.+Liu). Asn — o
(Cny Bn) > (C,6),

where the random variables ¢ and 0 are independent and take values in
(0, 1] with probability 1.



Denote

- Pf (Zn > O)
o eSr(n)

P, (Y, >0)
. Oy = -‘76R+ = S P, (Y, > 0)

Cn

Theorem

(V.+Liu). Asn — o
(Gns ) 2 (C,0),

where the random variables ¢ and 6 are independent and take values in
(0,1] with probability 1.

=
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NOW

Ef [Znt|Znt > 0] B

eSnt
P, (Zy > 0)
Eg [Ynt|Ynt > 0] =

B esnt —Sr(nt)
eRnt

P, (Y > 0)

) eRnt_RT(nt) = esu(nt)_snt




NOW
E;[Z|Zn > 0] =

St
€ = Snt=Sr(nt)
P, (Znt > 0)
eRnt
E, [Vit|Yir > 0] =

Pg (Ynt > 0)
For t € (0, 1] consider

= eRnt_R-r(nt) — esp.(nt)_snt
L Znt
fi9 Ef [

2 Ynt
Zm|Zm > 0] -7 Eg [Ynt|Ynt > 0]

<yZn>0,Yn>O)
or <& = Dac



NOW
E; [Zo| Zny > 0] = .
fl4nt|4nt o Pf (Z"t = O)
Eg [Ynt|Ynt - O] .

eBnt
For ¢ € (0,1] consider

P, (Y, > 0)
Tt
Lyg (Ef [

<
Znt|Znt > O] <z
Tt
f Ef[

= esnt —Sr(nt)

= eBnt=Brmt) — oSu(nt)—Snt

Y.,

Eg [Y;Lt|ytnt 0]
Z’n,t'Znt > 0] <z

SyZn>0,Yn>0>
Yot
Z 0) L (—n< : O)
n > XLyg Eg[Yntlynt>0] <ylv, >
(=] = = = Hao
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For ¢t € (0, 1] we have (V.+Liu)
ﬁf’g(Ef [

Ynt
ZntIZnt > O] -7 Eg [Ynt|Ynt > O]

RN (1—e*1—e¥)I{max{r,u} <t}

SyZn>0,Yn>0)




For ¢ € (0, 1] we have (V.+Liu)
Znt
Lf’g(Ef [

Ynt
Znt|Zm > 0] -7 Eg [Ynt|Ynt > O]

2 (1—e*1—e¥)I{max{r,u} <t}

y
+ (1 — 6_27/ we_wdw) I{n <t<m}
0

SyZn>O,Yn>O)




For t € (0, 1] we have (V.+Liu)
Znt
ﬁf’g(Ef [

Ynt

Z’
Zntlznt > 0] - Eg [Ynt|Ynt > O]
RN (1—e*1—e¥)I{max{r,m} <t}
y

+ (1 — efz,/ we“’dw) I{rn <t<um}
0

SyZn>0,Yn>0)

+ (/ we Ydw, 1 — e_y) I{m <t<mn}
0




For ¢ € (0, 1] we have (V.+Liu)

Znt

L <z
fﬂ(Ef[ Zt| Zn > 0] =

Yn t

E [ nt|Ynt >O]

(1—e*1—e¥) I {max{r,m} <t}

<ylz >0Yn>0)

(1—6 z, we wdw)]{71<t<u1}

—|—< we Ydw,1 — e~ y)[{,u1<t<7'1}
(/ we™Ydw, we_wdw) I'{min{r,u} >t}
0 0

_|_
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[0,n]

WHAT HAPPENS AT THE POINTS OF LOCAL MINIMA OF THE
ASSOCIATED RANDOM WALK ON THE INTERVAL
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For k=1,2,...and y > 0 let

YT(nt)
Lyg (Zr(nt) =k, E

g [YT(nt)|YT(TLt) > O]




For k=1,2,...and y > 0 let
Lsg (Zr(nt) =k, B

Y‘r(nt)

g [Y‘r(nt)|Y‘r(nt) > O]

YT(nt)
=L (Zrnyy = k|Zn > 0)xL
f ( (nt) | )X g (Eg I:Y-r(nt)lyr(nt) >0

] <y|Y, >0>




For k=1,2,... and y > 0 we have (V.+Liu)
Lig (ZT(m) =k &

Y‘r(nt)

g [Y‘r(nt)|YT(nt) > O]

Sl —e ) I {m <7 =7}

<vy|Z,>0Y, > 0)




For k =1,2,... and y > 0 we have (V.+Liu)
Ef,g (ZT(TLt) =k, E

Yo (nt)
g Yr(un) [Yr(nty > 0]

= (cjﬁk_l, 1- e_y) I{im<m=mn}
y
+ (qﬁ’“

<vy|Z,>0,Y, > 0)
,/ we“’dw) I{puy > =7}
0




For k=1,2,... and y > 0 we have (V.+Liu)
L ZT nt) — ku
f.9 ( (nt) E, [

Y‘r(nt)

<
T(nt)|YT(nt) > 0]
(@ —e ) I {m <7 =7}

Yy

<vy|Z,>0Y, > 0>
,/ we_wdw> I{pyy >m =7}
0

(kqpk 11—e y)I{,u1<Tt<7'1}




For k =1,2,... and y > 0 we have (V.+Liu)
Lig | Zrinty =k,
f.9 ( t) = E [

‘r(nt)

<
T(nt)|Y (nt) > O]
((ij 11—e y)I{/,Ll <1 =7}
(dﬁk 1

<ylZ >O,Yn>0>
, we “’dw) I{py >m=n}
(k~2~k 1 1
<kq P 1,

e y)I{,u1<Tt<T1}

wdy) I{r; <min {1, p1}}




Variations:
1)

2) Correlation € (—1,1);

3) Several types of individuals (> 2).
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