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A resampling model

Type spaceK , compact
We consider a multi-type asexual population of fixed ske
Foreachk € {2,..., N} atrate\y g,

e ak-tuple{i,...,7;} of individuals is killed, and

e eplaced by k copies of the individual 7, chosen at random among
{i1, ..., 1%} . Thatis, the offspring inherits the type froinp.
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A-Cannings dynamics
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A-Cannings dynamics
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Consequences of consistency

Consistency.(= same dynamics is observed in any sample)

ANE = AN+1k + AN+1 k+1-

Pitman 1999, Sagitov 1999

There exists a finite measureon [0, 1] with

1
AN k ::/ A(dz) 2721 — )k,
0

Examples of A-Cannings.

A = ¢y (Kingman coalescent)A = 9, (star-shaped)
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From particle model to diffusion limits

Interesting functional.

X,fv Ao = empirical type distribution at time ¢

Bertoin & Le Gall (2003)

Measure-valued procesg /N — oo). XA is a strong Markov process
with values in M (K) whose generator acts on functions of the form

n

= H<Ma¢z = ®n sz

1=1

as follows:

Qa—rv [ ) (w)

=1

= Z 'n#J H¢j>_ H< ¢j H (ﬂ%)(u)

JC{1,2,...,n} jeJ jed i€{1,2,...,n}\J

#J > 2
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Tracing back ancestry
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Tracing back ancestry
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O O & e e e A-.coalescent (in ba_ckward picture)
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Evolving genealogies
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Evolving genealogies
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Evolving genealogies
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Evolving genealogies
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Evolving genealogies
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Evolving genealogies

o o o O O O ® o O ®
- B
o o o O O O

| /
O (I) o O O O

% /

o o o O O O

~1l | |
o o O O O O
N
o o O O O O

Tree valued spatial A-Cannings dynamics



Encoding genealogies ...

We aim to describe theenealogical treeof thewhole populationwhile
making ancestral lines @fll possible samples explicit

andevaluate samplewviatest functionsof the form

"¢ (U, 7, ) ::/ uE (dw) ¢ ((r(us, us) h1<i<izn)

mn

Such test functions are referred tosgynomials.
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The state space: more formal

U:= {isometry classes of ultra metric probability spaﬂces

Gromov (2000); Greven, Pfaffelnuber & Winter (2009)

We equipU with the Gromov-weak topology which means convergence
In the sense ofonvergence of all polynomialgwith continuous bounded

test functions).
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Tree growth

e==» Sample

— full tree
QN ®(U, T, 1)
— 2/ p&" (dw) Z aiij ((T(uzauj))1<z<3<n) +O(%)’

where the error term comes from multiples in a sample.
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Reproduction

T L e

Reproduction event — full tree

N
7

(3 indiv. involved)

QA DU, r, 1)

repro
_ S An,#J/ p®(du) A 30 (R 6 — o} ((r(ui, u))1<ici<n) + O(F)
JC{1,2,....n},#J > 2 ur jo€J

with the replacement operator
R§O¢((ri,j)1§i<j§n) = ¢((r; 5)1<i<j<n)
where for all 1 <i <n,

~ jO, |f7/€ J,
1 =
i, ifid J
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The tree-valued generalized A-FV

Consider the limiting operator

A A A
Qe (U,r,p) = QreprOCID(U, r, 1) + QgrowthCD(U, T, 1)

- > M [ uEr @0y 3 AR S = 0} ((r(wi )<z <n)
JC{1,2,...,n},#J > 2 v jo€J

o
+2/ Cu®Mdw) T G ((r(uis ug))i<i<<n)
v 1<i<j<n Y

acting on the set

I1' := polynomials with differentiable, bounded test functions.

Theorem 1.(Greven, Klimovsky & W.) Let Pg be a probability measure
on U. The (Py, O, I1') -martingale problem is well-posed providedthat
the“dust-free” property holds, i.e.‘,fo1 A(da:)% = 0o0. The solution/? is

a strong Markov process with the Feller property.
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Existence: Particle Approximation

Theorem 2.(Greven, Klimovsky & W.) Let U™N? the tree-valued
A -Cannings dynamics with population si2é. Assume that the initial
conditions convergence M, € U. Then

(Z/{tN’A)tzoﬁo (Z/{tA)tzo'

Keys in proof. Convergence of generators Compact containment

For population models with “ancestor-descendant” refedips whose type
proportions evolve as a martingatempact containment followsalready
from convergence ofl-dimensional marginals
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The A-coalescent measure tree

e run aA-coalescent
® equip N with genealogical distancergen (and complete as a metric space)

For eachn € N put, consider

U£v¢ = ((N, Tgen ) % Zj:l (5z->

Gromov (2000); Greven, Pfaffelhuber & W. (2009)
Fact. Provided the dust-free property holds there exigfs* € U such that

uq{b\,i N Ué\o,i_

n— o0

UL is called A -coalescent measure tree
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Uniqueness of MP = Tree-valued duality

generalized A-FV (U,r", 1), dual to A-coalescent (K, rV),

X YY

Greven, Pfaffelhuber, W. (2012)

Theorem 3.[Greven, Klimovsky, W.]
E[/u?"(duW(("‘Z(%uj))1§i<j§n)]
_E / 1] #o(dve)o (z’,j)+Tg(ku):vw<j>))1§i<j£n)]

wGKt
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The infinitely old population

Theorem 4.(Greven, Klimovsky & W.) Assume that\ satisfies the
dust-free property. Then
Ur = Ul

t— o0

Proof. It is enough to show that

EleU)| > Elei))

t— o0

for all polynomials® < IT'.

This, however, follows by duality.
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A resampling model with mutation

Type spaceK , compact
We consider a multi-type asexual population of fixed size
Foreachk € {2,..., N} atrate\y ¢,

e k-individuals{i,...,i,} are killed, and

e arereplaced by £ copies of the individual 7, chosen at random
among{iy, ..., ix } . That is, the offspring inherits the type froim.

For each individual of type:, at ratem

e the typemutatesfrom x to y with probability M (z, dy).

Tree valued spatial A-Cannings dynamics



Enriching the state space with types ...

We aim to describe theenealogical treeof thewhole populationwhile
making ancestral lines andpes of all possible samples explicit

We encodeour genealogies by (U, r, u, k)
T
‘ d\\l\éo%}\:\a(\cesje/(\( !
se\o'ﬁ\“_ \ O = 0,‘\\0

andevaluate samplewia test functions of the form

O (X, 7, p, k) 1= / M (du) (9o n) - (f 0 ) (w)

with

pu e (r(ug, ug) ) 1<i<j<n

113
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The state space including types: more formal

Uk = {mark function invariant isometry classes of ultra metrichability space};.

Depperschmidt, Greven & Pfaffelhuber (2011)

We equip U® with the marked Gromov-weak topology which
means convergence in the sense of convergence of all
polynomials (with continuous bounded test functions).
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Well-posed martingale problem

Consider the operator

QA’MCID(U, r, W, F{,) = oMM (T, r,pm, k) + oMM (T, r,p, k) + oMM (T, r, 1, k)

repro growth mutation

acting on the set

1! := polynomials with “smooth” bounded test functiossand f,

where

QA M

mut

:m/ﬂ®n(du)¢og(ﬂ)/K M(R(ui)’dyi){f<ﬁ’(ul)’""yi"-"’{'(un))_f(m(ul)w"?’i(ui)’""’{'(un))}'

(T, r, 1, K)

Theorem 5.(Greven, Klimovsky & W.) Let Pg be a probability measure
on UX . The (Po, QMM (I1K)1) -martingale problem is well-posed
provided that the“dust-free” property holds. The solutiot/™® is a
strong Markov process with the Feller property.
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The equilibrium with mutation

Assume thatM/ (-, -) is ergodic, i.e., there is a probability measure
T € Mi(K) with 7M = 7 and M (™ (z,.) = 7, foral z € K.

n— oo

Theorem 6.Greven, Klimovsky & W. Under these assumptions, the
seguence
A,M
(Ut )t20
.l AM

converges for all initial{,"™ , ast — oo.
The equilibriumz/2:*+ can be represented by first realizing the the
A -coalescent treg/? , and then given the latter, realizing a tree-indexed
mutation random walk in equilibrium.

Note. The rate of convergence will dependent on the meadure

Do the tree-length decrease stochasticall\ ip
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The spatial A-Cannings model

Geographic space. G, discrete

We consider a multi-type asexual population of fixed skzevhich
individuals placed at a site € G

o The individuals perform independently raterandom
walks with transition kerneb(x, )

o At each sitex € G, for eachk € {2,..., N} atrate
AN K
— k-individuals {i1, ..., ix} currently situated irG' are killed, and

— replaced by k copies of the individual 7, chosen at random
among{iq, ..., i} . Thatis, the offspring inherits the type froin.

o For each individual of type:, at ratem, the typemutates
from x to y with probability M (x, dy).
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... and its dual spatial A-coalescent

Spatial A -coalescentis a strong Markov process which takes values
In the set of partitions of all individuals where each partition element
IS assigned a site in G such that any “locally finite”
subpopulation/-partition behaves as follows:

e Migration. Partition elements changetheir position according to
a rate 1 random walk with transition probabilities

a(z,y) = aly,x).
e /\-coalescenceEach local partition performs a A-coalescent
Constructions of the A -coalescent.
e Limic & Sturm (2006) for finite G

e via Donnelly & Kurtz (1990ies)’s look-down

Tree valued spatial A-Cannings dynamics



Observing genealogies

For observing the genealogies as marked metric measure spaces,
we have different choices:

o One sampling measure
for the whole population.
— Start with locally finite populations on a finite G.
— Take the uniform distribution 1 on all individuals.
— Let the local intensity tend to infinity.
o One sampling measure for each local
population.
— Start with locally finite populations on possible infinite G.

— Take in each site x € G the uniform distribution ., on all
Individuals placed at site x.

— Let the local intensity tend to infinity.
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Well-posed martingale problem; G finite

Consider the operator

QA,M?a - QA,M + Qgnigraution
with x : U — K x G and
Ugration®” " (U)o [ WO @w 6oz 32 405 0 nw)
i=1

and A() being the generator of a single individual random walk
acting on the n*" individual in the sample.

Theorem 7.(Greven, Klimovsky & \W.) For each initial tree in UK*¢
the (Q4M.ae (TIE>*E)1)-martingale problem is well-posed

Call its solution ™2 the spatial tree-valued A -Fleming-Viot.
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“Wrapping around torus”;, d >3
Gy :=[-N,N|*NZ%, an(z,y) = Dz 2=y moday 4(0,2)

UM = rescaled tree-valued spatialFleming-Viot dynamics:
e speed up timeby a factor(2V + 1)¢
e scale down distanceby a factor of(2NV + 1)~ ¢

)_1, p := escape probability o<

Ki=2- (p+>\2272

Greven, Limic & W. (2005), Limic & Sturm (2006)
Forallt > 0, ® € IT*, E[® (U "Y)] — E[® ()]

N — oo

Theorem 8.(Greven, Klimovsky and W.) If the initial states converges in
Uand)", ;. a(0,2)|z|** < oo, then

AN

(Ut/wN)tzo ]\ffo (Uf(so)tzo‘

proof uses techniques frobawson, Greven & Vaillancourt (1995)
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Diffusive clustering of genealogies in d=2

Gy :=[-N,N]*NZ%, an(z,y) := Dz 2y moday M0, 2), @€ (0,1]

UMNav .= rescaled tree-valued spatialFleming-Viot dynamics:

e oObserve at timesN a
e stretch distances (non-linearly)via 7%(s) := 102%%;)

Greven, Limic & W., Heuer & Sturm

Foralla € (0,1], ® € ITY, E[@ (UM o)] — E[®(U,,.)]-

N — oo

Theorem 9.(Greven, Klimovsky and W.) If the initial states converges in
Uand), 4 a(0,z)e < oo for someA > 0, then

() oy 25 (U

ac(0,1] N o —1oga>ae(0,1]‘
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Infinite geographic space

Countable infinite geographic space requireseo -finite sample
measures

Localization. Fix a sequence G,, T G with #G,, < oco. We refer to
(U, r, u, k) as marked mm-spaceiff for every n € N, the restriction
(Un,n, kn) to all individuals with a spatial mark in G,, together with

JIIRES #én 'LL‘U IS a marked metric probability space.

Define the spatial tree-valued A -Fleming-Viot

(UtA’M’a)po = ((Utvrh {ui; € G}’Rt))t>o

via the look-down process and local approximation.
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The associated measure-valued A-Fleming-Viot

UMMa- tree-valued A-Fleming-Viot.
Put for each x € GG,

XM =y lu € Uy« my(u) =+ x {2}} € My (K).

Theorem 10. (Greven, Klimovsky & W.) Assume that the underlying
symmetrized random walk is irreducible, and that {X"*"“": € G}
IS translation invariant and ergodic with intensity 6 € M (K). Then
there is a translation invariant measure vy with intensity 6 such that

XtA’M’a —> lp.

t— o0

Dichotomy

Transient symmetrized walks imply vy is spatially ergodic.

Recurrent symmetrized walk. vy = [, 0(dk) (5k)®G.
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Tree-valued equilibrium (including mutation)

since distances can tend to oo, put 7 (x,y) := 1 — e~ T(y)

write U>"* for the tree-valued dynamics with shrinked distances

Theorem 10. (Greven, Klimovsky & W.) For every intensity
0 € My(K) there is a invariant measure

NA,M,G;,J,,G
U .

If the associate measure-valued process of the initial state is
translation invariant and ergodic with intensity measure 6, then

Ut ) a :>Ué\oaM7a’7\l/70.

t— o0

Representation.Here again we can read of the genealogiy of an
Infinitely old population from the look-down representation of the
spatial A-coalescent measure tree, and then assign every “tree” a
type in K by sampling i.i.d. from 6.
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The local finite system scheme; d > 3

Theorem 11. (Greven, Klimovsky & W.) If the associated
measure-valued process is initially translation invariant and ergodic
with intensity 6, then for all ¢ > 0,

(Z;{“A,M,aN ) _ ﬁﬁé\o’M’“’¢’9t [(Zjé\Ma)

t-(2N+1)d45/s>0 v o szo} ’

where the intensity 6; of the equilibrium equals in law a (non-spatial)
rate xs Fleming-Viot started in 6.
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