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Crump-Mode-Jagers process counted by random characteristics
Informal description: a particle, say, x, is characterized by three random
processes
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which are iid copies of a triple (A, &(+), x(+)) and have the following sense:
if a particle was born at moment o, then

@ \,— is the life-length of the particle;
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Crump-Mode-Jagers process counted by random characteristics
Informal description: a particle, say, x, is characterized by three random
processes

(Amvgz()vX:v())
which are iid copies of a triple (A, &(+), x(+)) and have the following sense:
if a particle was born at moment o, then
@ \,— is the life-length of the particle;
@ &, (t — 0,)- is the number of children produced by the particle within
the time-interval [0, 1); &.(t —0,) =0if t — 0, <0
@ \.(t —0,)— is a random characteristic of the particle within the
time-interval [0,,t); xo(t —0,) =0if t — 0, <O0.
The elements of the triple A,,&.(+), x.(-) may be dependent.



The stochastic process

ZX(t) = me(t —0y)

where summation is taken over all particles = born in the process up to
moment ¢ is called the branching process counted by random
characteristics.




Examples of random characteristics:

o x(t) =1{te€[0,\)} - in this case ZX(t)

particles existing in the process up to moment ¢;

Z(t) is the number of




Examples of random characteristics:

o x(t) =1{te€[0,\)} - in this case ZX(t)

= Z(t) is the number of

particles existing in the process up to moment ¢;

o x(t) = x(t,y) = I{t € [0,min(A\, y))} for some y > 0.

Then ZX(t) = Z(y,t) is the number of particles existing at moment
t whose ages do not exceed y.




Examples of random characteristics:

@ x(t) =I{t€[0,\)} - in this case ZX(t) = Z(t) is the number of
particles existing in the process up to moment t¢;

o x(t) = x(t,y) = I{t € [0,min(A\, y))} for some y > 0.

Then ZX(t) = Z(y,t) is the number of particles existing at moment
t whose ages do not exceed y.

x(t)=tI{t €[0,\)} + A\[{\ <t}

then




to moment ¢.

9 x(t) =1I{t > 0} then ZX(t) is the total number of particles born up




@ x(t) =1{t >0} then ZX(t) is the total number of particles born up
to moment ¢.

o x(t) =T{te[0,N)}I{£(t) <&(oc0)} - the number of fertile

individuals at moment ¢.




@ x(t) =1{t > 0} then ZX(t) is the total number of particles born up
to moment ¢.

o x(t) =T{te[0,N)}I{£(t) <&(oc0)} - the number of fertile

individuals at moment ¢.

@ coming generation size x(t) = (§(c0) — &(t))I {t € [0,\)}.




Probability generating function
Let

0<6 <62<..<0, <.

be the birth moments of the children of the initial particle. Then

§(t) = #{(51 : (51 S t} = i[{éz S t}
i=1
N = &(00). Clearly,

is the number of children of the initial particle born up to moment ¢ with

where Z;(t)

4

6; <t

=] 5 = DA

Z(t)=1T{Xo >t} + Y _ Zi(t — )

Z(t) and are iid.



Denote
F(t;s) = E [sz<t>|Z(0) = 1} .

Then

30)
F(t;s):=E [81{A0>t}+25i9 Zi“*‘”)} =E |s'PO ] F(t - diss)
i=1

Let
P=P (tlim Z(t) = 0) = lim F(1;0).

Since \p < oo a.s. we have by the dominated convergence theorem

t—oo

(1)
P = lim E |0 T F(t—6;50) | =B [PY] := f(P).
i=1

Thus, if A:= EN < 1 then the probability of extinction equals 1.



smallest nonnegative root of s = f(s)
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Let us show that if EN > 1 then P, the probability of extinction, is the
smallest nonnegative root of s = f(s).

Denote (,, — the number of particles in generation n in the embedded
Galton-Watson process.




Let us show that if EN > 1 then P, the probability of extinction, is the
smallest nonnegative root of s = f(s).

Denote (,, — the number of particles in generation n in the embedded
Galton-Watson process.

If Z(t) = 0 for some ¢ then the total number of individuals born in the
process is finite. Hence ¢, — 0 as n — oco. Therefore,

= (i 70 =0) < 1 . =1)

as desired.



Classification
A:=EN <,=,>1 - subcritical, critical and supercritical, respectively.




Directly Riemann integrable functions:

Let g(t) > 0,t > 0 be a measurable function. Let h > 0 and let
My (h) := su t), mp(h):= inf t
b(h) kh§t<(IIz+1)hg( ) k(h) kh§t<(k+1)hg( )
and .

S8

lim ©) = lim 0, <
h—0 h—0
then ¢(t) is called directly Riemann integrable.




Examples of directly Riemann integrable functions:

9 ¢g(t) is nonnegative, bounded, continuous and

ZMk(l) < 003
k=0

@ ¢(t) is nonnegative, monotone and Riemann integrable;

9 ¢(t) is Riemann integrable and bounded (in absolute value) by a
directly Riemann integrable function.




Example of NOT directly Riemann integrable function which is Riemann

integrable

Let the graph of g(¢) is constituted buy the pieces of X —axis and
triangulars of heights h,, with bottom-lengthes u,, < 1/2,n =1,2, ...,
with the middles located at points n = 1,2... and such that

lim,,— o0 Ry, = 00 and

oo 1 o0
h(t)dt = = R fin .
P A
n=1
It is easy to see that
> Mi(1) = oo,
k=0

and, therefore, for any § € (0, 1]

i Mk(é) = Q.
k=0



Consider the equation

H(t) = g(t) + /Ot H(t — u)R(du),t > 0.

Theorem

If g(t) is directly Riemann integrable and R(t) is a nonlattice distribution
(i.e. it is not concentrated on a lattice a + kh, k =0,+1,£2,...) with
finite mean then

_ fooo g(u)du

i, H(t) = Jo° uR(du)’



Expectation
Let 0<6; < <...<6, <. i
the initial particle and &(t) = o
ZX(t

< §,, < ...be the birth moments of the children of
#{0; : 6; <t}.We have
)+ Xalt —02) = x0(t) + > Z¥(t —
z#0 6; <t
giving
EZX(t) = Ex(t)+E

PIRA 50]
5,;95
= Ex(t)+E

Y E[zX(t-0

6; <t

|517527 76 ny . ]]
Ex(t) +E | ) E[ZX(t—u

u<t

)] (§o(u) — £o(u—))]
Ex(t) + /0 EZX(t — u)E¢(du) )




Thus, we get the following renewal equation for

and

AX(t) = EZX(t)

p(t) = EL(1) -

AX(t) = Ex(t) + /0 AX(t — u)p(du).




Malthusian parameter: a number « is called the Malthusian parameter of
the process if

/000 e u(dt) = /000 e “EL(dt) = 1.

(such a solution not always exist). For the critical processes o = 0, for
the supercritical processes o > 0 for the subcritical processes o < 0 (if
exists).

If the Malthusian parameter exists we can rewrite the equation for AX(t)
as

¢
e AX(t) = e “'Ex(t) +/ e W AX(t — w)e ™ pu(du).
0



Let now

g(t) i= e~ TEX (1), R(dt) = e~ u(du)
If e“*Ex(t) is directly Riemann integrable and

/ e “Ex(u)du < oo, ::/ ue” “u(du) < oo,
0 0

then by the renewal theorem

lim e~ AX

t—o00

-1

() = /0 " By (u)du ( /0 h ue”‘",u(du))




Applications
If

x(t) =I{t<[0,A)}
then ZX(t) = Z(t) is the number of particles existing in the process up
to moment t. We have

Ex(#)=EI{t€[0,\)} =Pt <)) =1-G(»)
and, therefore,




If
then

x(t) = x(t,y) = I {t € [0,min(\, y))}

Ex(t)

Hence

EI{t € [0,min(\,y))}

P (t <min(A,y)) = (1 - G@)) I {t <y}

AX(t) = EZ(y, )
not exceed y. We see that

is the average number of particles existing at moment ¢ whose ages do
eat

/Oy e~ (1 — G(u)) du

=) =l = = DA



As a result
lim EZ(y,t) Je (1= G(u)) du
t—o EZ(t) Jo e (1 = G(u))du

- /Oy e~ (1 — G(u)) du

(the last if m # 1).
If x(¢t) = I{t >0} then
Ex(t) =1.
Hence, for the expectation EZX(t) of the total number of particles born
up to moment ¢ in a supercritical process we have

at o8] eat

EZX(t) ~ % e du= .
0 o



Applications
1) Reproduction by splitting. Assume that an individual gives birth to
N her daughters at once at random moment A. Then

) =NI{A<t}, ult) =E[N;A <

and
A=EN, f§=EN)e

This is the so-called Sevastyanov process.

If the random variables N and X are independent then we get the
so-called Bellman-Harris process or the age-dependent process.



2) Constant fertility. We assume now that time is discrete, i.e.,
t=0,1,2,... and suppose that the offspring birth times are uniformly
distributed over the fertility interval 1,2, ..., A. Then, given N =k, A =5
the number v(t) individuals born at time ¢ < j is Binomial with
parameters k and j .

Thus,

PO LETE |




Inhomogeneous Galton-Watson process
The probability generating function

k=0

specifies the reproduction law of the offspring size of particles in
generation n =0, 1, ... and let Z(n) be the number of particles in
generation n.

This Markov chain is called a branching process in varying environment.




One can show that

E[ Z(n). Z(0) =
If ()>0foreachn—(),1,2

= fo(fi(---(fa—-1(s)-..))

,... then
lim Z(n)

exists and is nonrandom with probability 1 (and may be equal to +00)




One can show that
E 570 2(0) = 1] = folfi(--(fa-1(5)..):
If p(()") > 0 for each n =0,1,2, ... then
lim Z(n)

n—oo
exists and is nonrandom with probability 1 (and may be equal to +00).

It is known (Lindvall T., Almost sure convergence of branching
processes in varying and random environments, Ann. Probab.,
2(1974), N2, 344-346) that the limit is equal to a positive natural
number with a positive probability if and only if

i (1 —pgn)) < +00.

n=1

If this is not the case, then

P(nlingo Z(n)=0)+ P(nILIr;o Z(n)=00)=1



Let now

II= (p07p17 -y Pk,

be a probability measure on the set of nonnegative integers and

Q.= {11}
be the set of all such probability measures.




Let now

I = (p()vplv -y Pk )
be a probability measure on the set of nonnegative integers and

I, = <p(1) (1)

Q.= {11}
be the set of all such probability measures. For
1
o D1 ,...,pfc ),...

(2) (2)

2
o D1 ,...,p,g ),

1 o0
d(I1,, TIy) = 5 Z ‘pg) —Pz(f)"

) and Il = (p
we introduce the distance of total variation

k=0




Let now
II= (p()vplv ooy Py )

be a probability measure on the set of nonnegative integers and
0 .= {I1}
be the set of all such probability measures. For
2) (2 2
Hl = (p(gl)’pgl)a' 7p](<;1)a"'> and H2 = (pg) )7p§ )7' 7p](<; )7)

we introduce the distance of total variation
1 2
d(I1,, II,) = Z’p() ,@).

Thus, Q2 becomes a metric space and on the Borel o-algebra F of the
sets of 2 we may introduce a probability measure P and consider the
probability space

(0, F,P).



BP in random environemnt
Let

H ( (n)7pgn)7 ?p](gn)? )7 n:(]?]‘?"‘

be a sequence of random elements selected from € in iid manner. The

sequence
o, Iy, ..., I, ...

is called a random environment. Clearly
Zp(n) k ( (n)vpgn)v 7pl(;l)’ )

BP in random environment is specified by the relationship

E (sz(")|Ho,H1, o Iy 13 Z(0) = 1) = fo(f1(.--(fn-1(5)...)).



Now we let )
P(.)=P(.|p,I,...10,,...)
and
E(.)=E(.|[l,I,..,,..).
Clearly,

P (Z(n) € B)=EP (Z(n) € B).

This leads to TWO different approaches to study BPRE:




Quenched approach: the study the behavior of characteristics of a BPRE
for typical realizations of the environment Iy, Iy, ..., IL,,, ....

This means that, for instance
P (Z(n) > 0)
is a random variable on the space of realizations of the environment and
P (Z(n) € B)
is a random law and
P (Z(n) € B|Z(n) > 0)

is a random conditional law.



Annealed approach: the study the behavior of characteristics of a BPRE
performing averaging over possible scenarios Ilg, ITy, ..., II,,, ... on the
space of realizations of the environment:

is a number.

P (Z(n) > 0) = EP (Z(n) > 0)




Introduce a sequence of random variables
X, =logfl_1(1),n=1,2,...

and set
So=0,5%=X1+...+Xp,n=1,2,...
The sequence {S,,,n > 0} is called an associated RW for our BPRE.
Clearly,
EZ(n) = () A(1)-fra(1) =¥ n=0,1,...

and
E (EZ(n)) — EéSn.

We assume in what follows that the random variables p(()”) and pgn) are

positive with probability 1 and p(()") +p§") <1.



Theorem in Feller, Volume 2, Chapter XllI, Section 2 :
There are only four types of random walks with Sy = 0:

o
lim S, = +o0 with probability 1; (1)
n—oo
o
lim S,, = —oc0 with probability 1; (2)
?
lim sup S, = o0, lim inf S, = —o0, (3)
n—o0 n—oo

with probability 1;
e S, =0.

Classification:
BPRE are called supercritical if (1) is valid, subcritical, if (2) is valid and
critical, if (3) is valid.



For the critical and subcritical cases

P(Z(n)>0) =

= P(Z(n)>1)= min P(Z(k)>1)
min EZ(k) =

— eMino<k<n Sk _, )
0<k<n

<

with probability 1 as n — oo. This means that the critical and subcritical
processes die out for almost all realizations of the environment.




For the critical and subcritical cases

P(Z(n)>0) = P(Z(n)>1)= min P(Z(k)>1)

< min ]:JZ(k) = eMinokn Sk, )
0<k<n

with probability 1 as n — oo. This means that the critical and subcritical
processes die out for almost all realizations of the environment.
In particular, if

EX =Elogf'(1)=0, E(logf'(1))°>0
then the process is critical, and if
EX =Elogf'(1) <0

then the process is subcritical.



Our aim is to study the asymptotic behavior of the probabilities

P (Z(n) > 0) and P (Z(n) > 0)
as n — oo for the critical and subcritical processes and to prove the
conditional theorems of the form
P (Z(n) € B|Z(n) > 0)
and
for such processes.

P (Z(n) € B|Z(n) > 0)




Main steps

1) To express the needed characteristics in terms of some reasonable
functionals and the associated random walks

2) To prove conditional limit theorems for the associated random walks

3) To make a change of measures in an appropriate way

4) To apply the results established for the associated random walks




Sparre-Anderson and Spitzer identities
Let

T=7 =min{n>0:5, <0}
be the first weak descending ladder epoch, and

(PICTURE).

Tj :min{n >7j1: 5, < STj_l},j =2,3,
Clearly,

(Tlv S‘rl) 3 (TQ — 71, STz
are iid.

STl) PR (Tj — Tj—1, STJ

- STj—l)

=] =) = DA



Strong descending ladder epochs :
7_/
and

=7, =min{n >0:9, <0}

!
T

= min

and

{n > TJ/-_l 0 S, < ST§_1}

Introduce also strong and weak ascending ladder epochs

T=T, =min{n>0:5, >0}
Tj:=min{n>Tj_1:5, >S5, }.j=2.3,..
and

T;

. := min

{n ST S, > ST]{_I} =23, ..
.

T'=T, =min{n>0:S, >0}



Sparre-Anderson identity

Theorem

For A >0 and |s| < 1

l—is”E )‘S"T—n]—exp{ i
n=1

n=1

n

S
n

E[e ASn;sn>0]}.

Recall

T =min{n>0:5, >0}




Proof. Along with

X17X27

ey Xy
consider the permutations

fori=2,3,....,n.

Xi Xig1, o, Xn X1, Xo, oo, X521




Proof. Along with

X1, X0, .., X,
consider the permutations
Xiy Xig1, oo, Xn X1, Xoy ooy X
fori=2,3,...,n. Let

Séi) =0, and S,(f) =Xi+Xig1+ ...
the permutable random walks.
Clearly,

{S,(j),k —0,1, n} (S k=0,1,...n}.




Let Tr(i) be the rth strict ascending epoch for {S,(:), k=0,1,.. n}
If T, = n for some r then Tr(i) = n for exactly r — 1 sequences
S k=0,1, n} i=23..n

(PROOF by picturel!!l)
Besides,

S, =82 = =g8m.




Consider for a positive a the probability
P(T.=n,0<8, <a)
and let

m = I{T,@ =n,0< 80 < a} i=1,2,...n
be a sequence of identically distributed RW.




Consider for a positive a the probability

and let

P (T, =n,0<5, <a)

—I{T(’) =n,0<SW < a},z’— 1,2
be a sequence of identically distributed RW. Hence

P(T, =n,0<5,<a)

=Em =

Z Erj;.




Consider for a positive a the probability
P(T,=n,0<S5,<a)

and let . .
;= I{Tﬁ’) =n,0< SV < a} ,i=1,2,...n

be a sequence of identically distributed RW. Hence
P(T, =n0<S,<a)=En= ZEm

In view of the remark about the number of strong ascending epochs

n

Zm—

i=1

takes only two values: either 0 or r. This gives

n n
ZEm =rP (Zm = 7“) .
i=1 i=1



Let S,, > 0 and let ig be the first moment when the maximal value of the
sequence Sy, S1, ..., Sy, is attained. Then

S7(zi0+1) > Si(i0+1)

foralli=1,2,....,n — 1 and, therefore, for the sequence

{Si“‘)“),z‘ —0,1, n}

the moment n is a strict ascending epoch for some 7.




Let S,, > 0 and let iy be the first moment when the maximal value of the
sequence Sy, S1, ..., Sy, is attained. Then

S(i0+1) > S_(i0+1)
forall i =1,2,...,n — 1 and, therefore, for the sequence

{Si(iOH),i —0,1, n}

the moment n is a strict ascending epoch for some r. Thus,

{0< S, <a}= {0 < Slio+D) < a} = U2 A et =1}



Let S,, > 0 and let iy be the first moment when the maximal value of the
sequence Sy, S1, ..., Sy, is attained. Then

57(1¢0+1) > Si(z’o+1)
foralli=1,2,....,n — 1 and, therefore, for the sequence
{Si“‘)“),z‘ —-0,1, n}
the moment n is a strict ascending epoch for some r. Thus,
{0< S, <a}= {O < S+l < a} =U {m+ ...+, =1}

Therefore,

o0

PO<S,<a)=> Plp+..4n=r).

r=1



Thus,




Thus,
1

oo

1
—P(0<Sn§a)=2ETP(771+ +n, =)
£

B rn

r=1

ZEnl Z -P (T, =n,0<5, <a)
i=1

Passing to the Laplace transforms we get
1
> B (T =n)
r=1 r

n

E( )‘S";Sn >0)




Thus,
1
. <

o0
1
SPO0<S, <a) =S —/P -
(0< a) ;m (M A+ =7)
S

o ™

P(T,.=n,0<S5,<a)
Passing to the Laplace transforms we get

> -E **Sn;Trzn)zlE( A S, > 0)

e
n
Multiplying by s™ and summing over n = 1,2
o0 1 o0 n
D ;2 "B
r=1 " n=1

we obtain

b b
7)\371. = s 7)‘5"'
T—n—ZF 50> 0).
n=1
. - _ — Q>



Further,
o0
Z s"E (67
n=1

)\Sn’ T, = n)

= (Z s"E (67)\3" T=mn
n=1
and, therefore,
i 1
r

1)

ZS”E (7T =n) = ~log (1 - E(

sTe T < o0)).
- - _ = Sac



As a result

“log (1-E (sTe57,T < o)) = Z %
n
or

g

E (eil\S";Sn N 0)

Sn

B[S > 0]} .
n

[

N anE [e73 T = n] = exp {_
n=1

n

Il
-




For A >0 and |s| < 1

o0 oo
1+ZSnE I:e—ksn;7'>n:| :exp{z %E [e_AS";Sn >O:|}
n=1

=il
and
oo 0 "
1+ ZSnE [eAS",T > n] = exp {Z ;E [e/\Sn’S < O]}
n=1 n=1

Proof is omitted.



Spitzer identity.
Let

M, = max S,.
0<k<n

Theorem

For \,;n >0 and [s| < 1

i s"E [e—AMn—M(M"_S")}
{i% _ASn;Sn>0]+E[eusn§5n§0])}'

In particular,

00 o n
Z S"Ee—MMn _ exp {Z S_Ee—)\max(o,sn)} )
n=1 n

n=1



Proof. Let
R, :=min{k: Sk = M,}.
We have

=

n
[efAMnfu(Mnfsn)} E [E*AM"*”(M"*S");RTL = k]
k=0

E

[
M=

e"\Sk_”(Sk_S");Rn — k]

=
I
<)

E

M- 114-

e—ASk;Rk _ k} E [e_”(sk_sn);Sk >S5,i=k+1, ...,n}

=
I
<)

[
NE

|

E [e—ASkﬂu(Sk*Sn);Rk =k,Sk>95;,j=k+1, ,n]
|
|

E|e %7 > k] E [e”S"*’“;T> n—k] :

B
Il

0

O
@
I
ul
it




Now multiplying by s and summing over n = 0,1

ZSnE {e—an—M(M s )}
n=1

.. gives
n—POn
o0

=B

=0
o0
pI> T
n

n=1

_>‘S’“ T > k] ZSZE ST > l]

(7255, > 0] + E [e"¥; 8, < 0])}.




Application of Sparre-Anderson and Spitzer identities




Recall that a function L(t), t > 0 is called slowly varying if
L(tx)
=400 L(1)

=1 for any x > 0.

(Tauberian theorem). Assume a,, > 0 and the series R(s) = > a,s"

converges for s € [0,1). Then the following statements are equivalent for
p€[0,00):

1 1
R(S)N(l—s)pL(l—s> ass 11 (4)
and
- 1
Rn = kE_O Qg ~ man (n) asn — oQ.

If a,, is monotone and p € (0,00) then (4) is equivalent to

1
an ~ ——nP 'L (n) asn — oo.
"



Theorem

Let EX = 0,0% := EX? € (0,00). Then
1) the random variables T, 7', T and T’ are proper random variables

2)
P (S,=0) =l 1
;T.:co<ooan Z_:E[ P (S, >0) —5} =
3) ag ag
ESr=—e ¢ ESp =—e %
T ﬁe T ﬁe
and

o
e, ES. = —e“t%,
V2

Sl




Proof. By Sparre-Anderson identity
oo
1- Z s"E ;T =

(oo} 3"
= exp {‘ >
Hence, letting A | 0 we get

“ASn. g > 0] } . (6)
1= s"P (T
n=1

—n):exp{—2§




This, in turn, gives as s T 1

o0
1—P(T’<oo—exp{ Z (Sn >O}:0
since P (S, >0) ~ 27! as n — oo. Hence P (T’ < o) = 1. The
arguments for 7, T and 7’ are similar

Now using (6) we conclude by letting A — oo that

SI'—‘

I—ZS”P (ST =0;T" = n) = exp

> [ e




and nowass |1

} N
since o

(0,00). Hence

1-) P (Sp =0;T' =n) = 1-P (Sp = 0) —exp{ Z
n=1 n=1
=EX?¢

SIH

< o0.
Further, differentiating (5) with respect to A we get
o0

SIH

ZS"E [S’ “ASn. T = n]
= 5"
=2 B[S

n=1

X n
Sne 5y, > 0] exp {— %E [ef)‘s"; Sp > 0] } .
n=1
[} (w1 = = Q>



n=1

This allows us to pass to the limit as A | 0 to get
oo
Z s"E[Sy; T = n)

oo
>
n
or

E[S,; S, >0€Xp{ Z% s, >0}
n=1

ZS"E[Sn;T:n]

n=1

_ X1

n=1 n_ [Sn7S >Oexp{Z

iss




Note, that

E [Sn; Sy, >0]_U\/_E[ .

Sh O]
NG
NO’\/E'\/%\/O re T /2dx _ ﬁ

If

1
Ap = —
then

\/ﬂ.

g n )
k:lakNEZ




implying by Tauberian theorem

3 T E[S4: 8, > 0] ~
n=1 n

T(3
(2) 20 = ! — ass 1.
1—s+2m 1—-5+2
Thus, as s 71
is”E[Sn;T—n]Niexp ii{P(S’n>0)——
n=1 \/§ n=1n




In view of

li "E[Sy,;T =n]=E[ST;T < +o0] = ESt > 0.
sl%{lz::ls [ nj (St oo T

for ANY random walk there exists the limit

o0 5"
li =
im exp {Z
and

2 [P(Sn>0)—%]}::b>0.

ES;
We show that b < oc.




Assume the opposite. Then

< nr B

S 1
lsl%rll Z o _—§+P(Sn>0)_ = 400
Hence
| T
lim » — ——+P(S <0)| = -0
sTl n 2

For the random walk {S*} W|th steps — X1, —Xo,...,—X,,, ... we get

. 1 . B
lsl%rll - ; _—§+P(Sn>0) = —0Q

Cfa

and this contradicts (7) applied to {S}}. Thus,

{ z:j [ S>0)—%]}=e_c

o
ESr = —e “.
T 72

implying



Let EX =0,0% := EX? € (0,00). Then as n — oo

1 1
P(r>n)~—=e—, PT>n)~—=e “—.

VoV

VT Vn




o0

Proof. Only the first statement. By Sparre-Anderson identity we have
1+ Z s"E

T > n = exp {
or, passing to the limit as A\ | 0

- S - mn .
) —E e 8, > 0]
1+ E s"P (1 >n)

n=1
n=1

)




Therefore, as s 11

1+ s"P(r>n)

n=1

or, by monotonicity of P (7 > n)

1 C
e
1—s
1 1 1 1
P(r>n)~ ef— = —e‘—.
r) Ve Vi Vn
The rest is similar




Let
M, = max S,
1<k<n
We evaluate the probabilities

L, = min Sg

1<k<n
P (M, <zx), P(L,>—x).
Recall
T=T, =min{n>0:5, >0}
and
and

Tj:=min{n>Tj_1:5, >S5, }.j=23,..
and

T=7 =min{n>0:5, <0}

Tj = min{n >Tj1:5, < ST]._I} ,j=2,3,...

=] =) = = DA



Let EX = 0,0% :=EX? € (0,00). Then for any x > 0 as n — 00

—@ c
C U@ -,  P(Ln>-z)~ S

)
s n

P(M,<z)~

where

U(m)zl—i—iP(STin) V(x)zl—i—iP(SnZ—x).

=1




Proof. Only the first. By Spitzer identity
Z "Be M — exp {Z S_Ee)\max(O,Sn)}
n
n=1 n=1
= exp i ﬁE [6—>\Sn-5’ > ()] exp i ﬁp (S, <0)
= n v i n > .




Proof. Only the first. By Spitzer identity
o0
Z s"Ee MM — exp {
n=1

o g
Z _Eef)\ max(0,S,)
n

n=1 }
= exp {Z %E I:e*)\Sn;Sn > O

o0 Sn
]} x {Z -
n=1 n=1 n
By a Sparre -Anderson identity
exp i ﬂE [
n=1 n

P(Sng())}.

e M. 8, > 0]} = 1+ ZS"E [67)‘5";7' > n|
n=1

+oo
= / e MU, (dx)
0

Us(x) = ZS”P (Sp < a7 >n).

n=0
o - = = Hao

where



Therefore,

S "P (M, < a) = Ul(a)exp
n=1




Therefore,

o0

Z s"P (M, < z) = Us(z)exp
n=1
Note that

(oo} 3"
(500 <o)
n=1
lim Uy = P((S, <z71>
inUie) = 3PS <zt

n=1

o0
14> P (S, <a;8,>5,j=0,1,..,n—1)

o = = DA



Therefore,

n=1

Z s"P (M, < z) = Us(x)exp {Z %P (Sn < O)}

n=1

Note that

mU,(x) = > P(S, <x7>
im U (2) nZ:% (Sn <a;7 > n)

= 1+ P(Sy <28, >8;,j=01,..,n—1)

n=1
= 1+iiP(Sn§x;TT:n)
n=1r=1
= = = =

I



Therefore,

Z s"P (M, < z) = Us(z)exp {Z %P (Sn < O)}

n=1 n=1

Note that

lim Uy = P(S,<z7T>
im U () n;) (Su S a7 >n)

= 14> P(Sy<258,>85,j=01,..,n-1)

n=1

= 1+iiP(Sn§x;TT:n)

n=1r=1

= 1+ZZPS <xT—n—1+ZP (S, <z)=U(zx)

r=1n=r

is a renewal function!

=} =



Clearly, as s T 1
o5 o5 20)
n=1

_ 1

L exp{i_”[lo

s
n=1 n
Thus, as s 71

(Snso>—§]}

w

n=1

Ulx)
and, by monotonicity of P (M,, < x) we get

is"P (M, <z)~

P(M, <z)~




Corollary

Let EX = 0,0% := EX? € (0,00). Then there exists a constant K < oo
such that for any x > 0

P(M, <z <




Proof. We have

i s"P (M, <)

n=1

I
=
&
(e}

>
o
—N—

8
| %
lae)
"
A
=2
——

where




Clearly,

|3
N
=
|
S|
N——
3
lae}
S
AN
=
IN

> (1—l)kP(ngx)

n
n/2<k<n

< Ux)ynh <1 - %)

implying the desired statement as s T 1, i.e. n — o0.




Properties of some renewal functions
As we know
U(z)

o0

=1+ P(
where

n=1

=1

Sp<aiLy >0)=1+Y P(Sp, <)
T=T, =min{n>0:5, >0}
and
Tj = min {n > Tj_l 2 S, > STj_l} , 7 =2,3,...
Thus, U(x) is a renewal function (we assume that U(x) =0, z < 0).
Therefore, if EX = 0 and EX? < oo then, as © — oo
U(x) =

x

=] 5 = DA



Let us show that U(x) is a harmonic function, that is,

EU@z—-X)j;2—X >0=U(x),z > 0.
where X has the same distribution as X1,

ey X,




We have




o0
P(X <a)+ Y P(Sp<w—X;Li>0)
k=1
P(X, <xz;L; >0)

o0
+ ZP (Sk+1 < x3Lpyr > 0)
k=1

oo

+P (X1 <0)+ > P (Skq1 < 05 Ly > 0)
k=1




We have

EU@-X)z-X>0 = P(X<a)+) P(Sp<z—X;L>0)
k=1
= P(Xi1<z;L, >20)

o0
+ZP (Sk+1 < x3Lpyr > 0)

k=1
+P (X1 < 0)+ > P (Sky1 < 0;Li > 0)
k=1
Clearly,
P(X; < 0)+ZP(Sk+1 < 0;Lg >0) =P (Sg <0 for some k) = 1.
k=1

Hence the statement follows.

o (w1 =



Consider strong descending ladder epochs :
7_/
and

=7, =min{n >0:9, <0}
/o .

7; 1= min
and consider the renewal function

—~

n>Tj_1: 9 < S’T]/;l}

1+ Y2, P(Sy > —x)
Vz):

if >0
0 if <0
Again as x — o0

x
Besides, V() is a harmonic function:

EV(z+X);24+X >0 =V(x),z>0




Let F,, = o (p, Iy, ..., IT,,_1; Z(0), Z(1),...Z(n — 1)) and let
]: = V,?.Lozlj:n
be a filtration. As earlier, denote

L, := min S M, = max S,.
T o<i<n Y " <i<n "

Lemma

The sequences
V(Sn)I{Ln > 0}

and
U(—=Sp)I{M, <0}

are martingales with respect to filtration F.



Proof. Only the first statement. Observe that
Therefore,

V(Sni1)I {Lnt1 > 0} = V(S, + Xpi1)I {L,, >0}
E [V(Snt1)I {Lns1 > 0} |F,)

as desired.

E [V (S, + Xp1)|Ful I{L, > 0}
V(Sp)I{Ly, >0}




and

Introduce two sequence of probability measures

AP} = V(S)I{Ly, >0}dP, neN

dP, =U(-S,)I {M, < 0}dP,
measurable with respect to F,,

neN
on F, or, what is the same, for any nonnegative random variable Y,
and

E-

n

E} [Va] = E[YaV(Su)I {Ly = 0}]

[Yn] =E [YnU(_Sn)I {Mn < O}] .

=] 5 = DA



They are consistent since, for instance, for any Y,, € F,
+
En+1 [Yn]

E YoV (Sp1)I {Lns1 = 0}]

E Y, V(S))I{L, >0} = E} [V,]
Hence, there exists a probability measure P on F such that
or,

P+|.7-'n = P,"{, n > 0.
E* Y. =E[Y,V(S,)I{L, > 0}].
Similarly, we have a measure P~ on F such that
P |F,. =P,

n > 0.

=] 5 = DA



We know that

cV(x
P(L,>—x)~ \/(ﬁ)
and there exists a constant K > 0 such that
K
P (L, > —) < V(@)
for all n and z > 0.

NG




Let EX =0 and 0% := EX? € (0,00). Then for any Fj,-measurable
bounded random variable 1,k € N
lim E [x|Ln 2 0] = E* [] = E [V (Se)I {Lx 2 0}],

n—oo

Jim B {|My < 0] = B ] = B[U(=ST {M < 0}].

If the sequence 11,3, ..., Yy, ... is uniformly bounded and is adopted to
filtration F and
lim vy, := oo

n—oo

Pt as., (P~ as.) then
lim E [¢n|Lyn > 0] = ET [t

n—00

and
lim E [¢,|M, < 0] = E™ [)oo]



Proof. Only the first. Let
We have

Lk,n = m_in (SZ - Sk)
k<i<n
E ['l/)k|Ln > O]

_ E ["pkl {Ln > 0}]
P (L, >0)

P
E |yl {Ly > 0}
By theorems of the previous part

E [l {Lk > 0} P (Lg > —Sk)]
P (L, >0)
(Lin > —Sk)

P (L, >0)
KV (x)
> —x) <
P(L,>—-x)< Tn
for all z > 0 and
P(L,>
for any fixed x.




This and the bounded convergence theorem imply
> _
lim E [wkl{Lk >0} P(Lin = S’“)]
n—oo

P (L, =0)
=E |:’lbkf {Lk > O} lim

P (Ly, > —Sk)
= E [{V(Sk)I {Ly > 0}]
proving the first part of the lemma.

P (L, >0) ]




For the second we fix v > 1 and observe that
[?ﬁlem 2 0] = E[[¢n — ¢kl [Lny = 0] < E[¢n|Lny = 0]
E [{r|Lny > 0] + E[[tbn — | |Lny > 0]
and
E [[vn — ¢l |Lny 2 0]

_ E[W)n _¢k|I{Ln7 - }]
P (L., >0)

P (Ln,n’y Z _Sn)

=E |[thn — U] T {L, >0} P (L, > 0)

PP(’L(L(Z—;;_O)) [[thn = Wb T{Ln > 0} V(Sy)]

< KB (¢ — Y| I{Ln > 0} V(S,)] = KAE™ [[¢hn — ]

<K

o (w1 =



Now first we let n — oo and then k — oo we get

— 00 N—00

llm E [¢n|Lpy > 0] = hm lim E [¢y|Ly, > 0] =

Et .



Further we have

|E [wn|Ln > O] —-E ['l/)n|Ln'y > O]l
E[nl{L, 20} E[¢nl{Ln, =0}]

P (L, >0) P (L., >0)
B[ (I {L >0}~ I{L, >0))
= | P (L, >0)

1 1
- (P(Lm >0) P(L,> Q)) E [¢nI {Ly, > 0}] |

P (L, >0)

IN

1 1
o <P(Lm >0) P(L,> 0)) P (Lny = 0)

P (L, >0, L,, <0) P (L,, > 0) P (L, >
_ v = ) < _
P (L, > 0) K\l P (L, >0) =kl P (L, >

IN

1



and, therefore, in view of

P(L,>0)~—
we have

NG

vl

n—oo

limsuplim sup |E [¢n|Lyn > 0] — E [¢y| L,y > 0]
< Kjylimsup (

%)
1—-— ) =0.
11 \/'7

from which the statement of the lemma follows.

=] =) = DA



