
Sparre-Anderson identity

Theorem

For λ > 0 and |s| < 1

1 −
∞
∑

n=1

sn
E
[

e−λSn ;T = n
]

= exp

{

−
∞
∑

n=1

sn

n
E
[

e−λSn ;Sn > 0
]

}

.

Recall
T = min {n > 0 : Sn > 0}



Proof. Along with
X1, X2, ..., Xn

consider the permutations

Xi, Xi+1, ..., XnX1, X2, ..., Xi−1

for i = 2, 3, ..., n.



Proof. Along with

X1, X2, ..., Xn

consider the permutations

Xi, Xi+1, ..., XnX1, X2, ..., Xi−1

for i = 2, 3, ..., n. Let

S
(i)
0 = 0, and S

(i)
k = Xi + Xi+1 + ...

the permutable random walks.

Clearly,
{

S
(i)
k , k = 0, 1, ..., n

}

d
= {Sk, k = 0, 1, ..., n} .



Let T
(i)
r be the rth strict ascending epoch for

{

S
(i)
k , k = 0, 1, ..., n

}

.

If Tr = n for some r then T
(i)
r = n for exactly r − 1 sequences

{

S
(i)
k , k = 0, 1, ..., n

}

, i = 2, 3, ..., n

(PROOF by picture!!!)
Besides,

Sn = S(2)
n = ... = S(n)

n .



Consider for a positive a the probability

P (Tr = n, 0 < Sn ≤ a)

and let
ηi = I

{

T (i)
r = n, 0 < S(i)

n ≤ a
}

, i = 1, 2, ..., n

be a sequence of identically distributed RW.



Consider for a positive a the probability

P (Tr = n, 0 < Sn ≤ a)

and let
ηi = I

{

T (i)
r = n, 0 < S(i)

n ≤ a
}

, i = 1, 2, ..., n

be a sequence of identically distributed RW. Hence

P (Tr = n, 0 < Sn ≤ a) = Eη1 =
1

n

n
∑

i=1

Eηi.



Consider for a positive a the probability

P (Tr = n, 0 < Sn ≤ a)

and let
ηi = I

{

T (i)
r = n, 0 < S(i)

n ≤ a
}

, i = 1, 2, ..., n

be a sequence of identically distributed RW. Hence

P (Tr = n, 0 < Sn ≤ a) = Eη1 =
1

n
E

[

n
∑

i=1

ηi

]

.

In view of the remark about the number of strong ascending epochs

n
∑

i=1

ηi

takes only two values: either 0 or r. This gives

E

[

n
∑

i=1

ηi

]

= rP

(

n
∑

i=1

ηi = r

)

.



Let Sn > 0 and let i0 be the first moment when the maximal value of the
sequence S0, S1, ..., Sn is attained. Then

S(i0+1)
n > S

(i0+1)
i

for all i = 1, 2, ..., n− 1 and, therefore, for the sequence

{

S
(i0+1)
i , i = 0, 1, ..., n

}

the moment n is a strict ascending epoch for some r.



Let Sn > 0 and let i0 be the first moment when the maximal value of the
sequence S0, S1, ..., Sn is attained. Then

S(i0+1)
n > S

(i0+1)
i

for all i = 1, 2, ..., n− 1 and, therefore, for the sequence

{

S
(i0+1)
i , i = 0, 1, ..., n

}

the moment n is a strict ascending epoch for some r. Thus,

{0 < Sn ≤ a} =
{

0 < S(i0+1)
n ≤ a

}

= ∪∞
r=1 {η1 + ...+ ηn = r}



Let Sn > 0 and let i0 be the first moment when the maximal value of the
sequence S0, S1, ..., Sn is attained. Then

S(i0+1)
n > S

(i0+1)
i

for all i = 1, 2, ..., n− 1 and, therefore, for the sequence

{

S
(i0+1)
i , i = 0, 1, ..., n

}

the moment n is a strict ascending epoch for some r. Thus,

{0 < Sn ≤ a} =
{

0 < S(i0+1)
n ≤ a

}

= ∪∞
r=1 {η1 + ...+ ηn = r}

Therefore,

P (0 < Sn ≤ a) =

∞
∑

r=1

P (η1 + ...+ ηn = r) .



Thus,

1

n
P (0 < Sn ≤ a) =

∞
∑

r=1

1

r

r

n
P (η1 + ...+ ηn = r)

=

∞
∑

r=1

1

r
× 1

n
E

[

n
∑

i=1

ηi

]

=

∞
∑

r=1

1

r
P (Tr = n, 0 < Sn ≤ a) .



Thus,

1

n
P (0 < Sn ≤ a) =

∞
∑

r=1

1

rn
rP (η1 + ...+ ηn = r)

=

∞
∑

r=1

1

rn

n
∑

i=1

Eηi =

∞
∑

r=1

1

r
P (Tr = n, 0 < Sn ≤ a) .

Passing to the Laplace transforms we get

∞
∑

r=1

1

r
E
(

e−λSn ;Tr = n
)

=
1

n
E
(

e−λSn ;Sn > 0
)



Thus,

1

n
P (0 < Sn ≤ a) =

∞
∑

r=1

1

rn
rP (η1 + ...+ ηn = r)

=

∞
∑

r=1

1

rn

n
∑

i=1

Eηi =

∞
∑

r=1

1

r
P (Tr = n, 0 < Sn ≤ a) .

Passing to the Laplace transforms we get

∞
∑

r=1

1

r
E
(

e−λSn ;Tr = n
)

=
1

n
E
(

e−λSn ;Sn > 0
)

Multiplying by sn and summing over n = 1, 2, ... we obtain

∞
∑

r=1

1

r

∞
∑

n=1

sn
E
(

e−λSn ;Tr = n
)

=
∞
∑

n=1

sn

n
E
(

e−λSn ;Sn > 0
)

.



Further,

∞
∑

n=1

sn
E
(

e−λSn ;Tr = n
)

= E
(

sTre−λSTr ;Tr <∞
)

=
(

E
(

sT e−λST ;T <∞
))r

=

(

∞
∑

n=1

sn
E
(

e−λSn ;T = n
)

)r



Further,

∞
∑

n=1

sn
E
(

e−λSn ;Tr = n
)

= E
(

sTre−λSTr ;Tr <∞
)

=
(

E
(

sT e−λST ;T <∞
))r

=

(

∞
∑

n=1

sn
E
(

e−λSn ;T = n
)

)r

and, therefore,

∞
∑

r=1

1

r

∞
∑

n=1

sn
E
(

e−λSn ;Tr = n
)

= − log
(

1 − E
(

sT e−λSτ ;T <∞
))

.



As a result

− log
(

1 − E
(

sT e−λSτ ;T <∞
))

=

∞
∑

n=1

sn

n
E
(

e−λSn ;Sn > 0
)

or

1 −
∞
∑

n=1

sn
E
[

e−λSn ;T = n
]

= exp

{

−
∞
∑

n=1

sn

n
E
[

e−λSn ;Sn > 0
]

}

.



Theorem

For λ > 0 and |s| < 1

1 +

∞
∑

n=1

sn
E
[

e−λSn ; τ > n
]

= exp

{

∞
∑

n=1

sn

n
E
[

e−λSn ;Sn > 0
]

}

and

1 +

∞
∑

n=1

sn
E
[

eλSn ;T > n
]

= exp

{

∞
∑

n=1

sn

n
E
[

eλSn ;Sn ≤ 0
]

}

Proof is omitted.



Spitzer identity.
Let

Mn = max
0≤k≤n

Sn.

Theorem

For λ > 0

∞
∑

n=1

sn
Ee−λMn = exp

{

∞
∑

n=1

sn

n
Ee−λ max(0,Sn)

}

.

Proof. Omitted.



Application of Sparre-Anderson and Spitzer identities



Theorem

Let EX = 0, σ2 := EX2 ∈ (0,∞). Then
1) the random variables τ, τ ′, T and T ′ are proper random variables
2)

∞
∑

n=1

P (Sn = 0)

n
:= c0 <∞ and

∞
∑

n=1

1

n

[

P (Sn > 0) − 1

2

]

:= c <∞

Proof is omitted.



Theorem

Let EX = 0, σ2 := EX2 ∈ (0,∞). Then as n→ ∞

P (τ > n) ∼ 1√
π
ec 1√

n
, P (T > n) ∼ 1√

π
e−c 1√

n
.



Proof. Only the first statement. By Sparre-Anderson identity we have

1 +
∞
∑

n=1

sn
E
[

e−λSn ; τ > n
]

= exp

{

∞
∑

n=1

sn

n
E
[

e−λSn ;Sn > 0
]

}



Proof. Only the first statement. By Sparre-Anderson identity we have

1 +

∞
∑

n=1

sn
E
[

e−λSn ; τ > n
]

= exp

{

∞
∑

n=1

sn

n
E
[

e−λSn ;Sn > 0
]

}

or, passing to the limit as λ ↓ 0

1 +

∞
∑

n=1

sn
P (τ > n) = exp

{

∞
∑

n=1

sn

n
P (Sn > 0)

}

=
1√

1 − s
exp

{

∞
∑

n=1

sn

n

[

P (Sn > 0) − 1

2

]

}

.



Therefore, as s ↑ 1

1 +

∞
∑

n=1

sn
P (τ > n) ∼ 1√

1 − s
ec

or, by monotonicity of P (τ > n)

P (τ > n) ∼ 1

Γ(1
2 )
ec 1√

n
=

1√
π
ec 1√

n
.

The rest is similar.



Properties of some renewal functions
Recall

T = T1 = min {n > 0 : Sn > 0}
and

Tj := min
{

n > Tj−1 : Sn > STj−1

}

, j = 2, 3, ...

and
τ = τ1 = min {n > 0 : Sn ≤ 0}

and
τj := min

{

n > τj−1 : Sn ≤ Sτj−1

}

, j = 2, 3, ...

Let

U(x) = 1 +

∞
∑

i=1

P (STi
≤ x) , V (x) = 1 +

∞
∑

i=1

P (Sτi
> −x) .



Let
Mn = max

1≤k≤n
Sk, Ln = min

1≤k≤n
Sk

One can show that

U(x) = 1 +

∞
∑

i=1

P (STi
≤ x) = 1 +

∞
∑

n=1

P (Sn ≤ x;Ln ≥ 0)

and

V (x) = 1 +

∞
∑

i=1

P (Sτi
> −x) = 1 +

∞
∑

n=1

P (Sn > x;Mn < 0)



Since U(x) and V (x) are renewal functions (we assume that
U(x) = V (x) = 0, x < 0) we know that if EX = 0 and EX2 <∞ then,
as x→ ∞

U(x) =
x

EST
+ o(x), V (x) =

x

ESτ
+ o(x).



Lemma

The functions U(x) and V (x) are a harmonic function, that is, for all
x > 0

E [U(x−X);x−X ≥ 0] = U(x), E[V (x+X);x+X > 0] = V (x).

where X has the same distribution as X1, ..., Xn, ...



Proof. Only the first. We have

E [U(x−X);x−X ≥ 0] = P (X ≤ x) +
∞
∑

k=1

P (Sk ≤ x−X ;Lk ≥ 0)



Proof. Only the first. We have

E [U(x−X);x−X ≥ 0] = P (X ≤ x) +

∞
∑

k=1

P (Sk ≤ x−X ;Lk ≥ 0)

= P (X1 ≤ x;L1 ≥ 0)

+

∞
∑

k=1

P (Sk+1 ≤ x;Lk+1 ≥ 0)

+P (X1 < 0) +
∞
∑

k=1

P (Sk+1 < 0;Lk ≥ 0)



Proof. Only the first. We have

E [U(x−X);x−X ≥ 0] = P (X ≤ x) +

∞
∑

k=1

P (Sk ≤ x−X ;Lk ≥ 0)

= P (X1 ≤ x;L1 ≥ 0)

+

∞
∑

k=1

P (Sk+1 ≤ x;Lk+1 ≥ 0)

+P (X1 < 0) +

∞
∑

k=1

P (Sk+1 < 0;Lk ≥ 0)

Clearly,

P (X1 < 0) +

∞
∑

k=1

P (Sk+1 < 0;Lk ≥ 0) = P (Sk < 0 for some k) = 1.

Hence the statement follows.



Let Fn = σ (Π0,Π1, ...,Πn−1;Z(0), Z(1), ...Z(n− 1)) and let

F := ∨∞
n=1Fn

be a filtration. As earlier, denote

Ln := min
0≤i≤n

Sn, Mn = max
1≤i≤n

Sn.

Lemma

The sequences
V (Sn)I {Ln ≥ 0}

and
U(−Sn)I {Mn < 0}

are martingales with respect to filtration F .



Proof. Only the first statement. Observe that

V (Sn+1)I {Ln+1 ≥ 0} = V (Sn +Xn+1)I {Ln ≥ 0}

Therefore,

E [V (Sn+1)I {Ln+1 ≥ 0} |Fn] = E [V (Sn +Xn+1)|Fn] I {Ln ≥ 0}
= V (Sn)I {Ln ≥ 0}

as desired.



Introduce on Fn two sequence of probability measures

dP+
n = V (Sn)I {Ln ≥ 0} dP, n ∈ N

and
dP−

n = U(−Sn)I {Mn < 0} dP, n ∈ N



Introduce on Fn two sequence of probability measures

dP+
n = V (Sn)I {Ln ≥ 0} dP, n ∈ N

and
dP−

n = U(−Sn)I {Mn < 0} dP, n ∈ N

or, what is the same, for any nonnegative random variable Yn measurable
with respect to Fn

E
+
n [Yn] = E [YnV (Sn)I {Ln ≥ 0}]

and
E

−
n [Yn] = E [YnU(−Sn)I {Mn < 0}] .



They are consistent since, for instance, for any Yn ∈ Fn

E
+
n+1 [Yn] = E [YnV (Sn+1)I {Ln+1 ≥ 0}]

= E [YnV (Sn)I {Ln ≥ 0}] = E
+
n [Yn] .

Hence, there exists a probability measure P
+ on F such that

P
+|Fn = P

+
n , n ≥ 0.

or,
E

+ [Yn] = E [YnV (Sn)I {Ln ≥ 0}] .
Similarly, we have a measure P

− on F such that

P
−|Fn = P

−
n , n ≥ 0.



Lemma

Let EX = 0 and σ2 := EX2 ∈ (0,∞). Then for any Fk-measurable
bounded random variable ψκ, k ∈ N

lim
n→∞

E [ψκ|Ln ≥ 0] = E
+ [ψκ] = E [ψκV (Sk)I {Lk ≥ 0}] ,

lim
n→∞

E [ψκ|Mn < 0] = E
− [ψκ] = E [ψκU(−Sk)I {Mk < 0}] .

If the sequence ψ1, ψ2, ..., ψn, ... is uniformly bounded and is adopted to
filtration F and

lim
n→∞

ψn := ψ∞

P
+ a.s., (P− a.s.) then

lim
n→∞

E [ψn|Ln ≥ 0] = E
+ [ψ∞]

and
lim

n→∞
E [ψn|Mn < 0] = E

− [ψ∞]



Lemma

Let EX = 0 and σ2 := EX2 ∈ (0,∞) . Then

∞
∑

k=0

e−Sk <∞ P
+ - a.s. and

∞
∑

k=0

eSk <∞ P
− - a.s.



Only the first. We have

E
+

[

∞
∑

k=0

e−Sk

]

=

∞
∑

k=0

E
+
[

e−Sk
]

=

∞
∑

k=0

E
[

e−SkV (Sk)I {Lk ≥ 0}
]

=
∞
∑

k=0

∫ ∞

0

e−xV (x)P (Sk ∈ dx;Lk ≥ 0)

=

∫ ∞

0

e−xV (x)

∞
∑

k=0

P (Sk ∈ dx;Lk ≥ 0)

=

∫ ∞

0

e−xV (x)U(dx)

≤
∞
∑

j=0

e−jV (j + 1)U(j + 1) ≤ C

∞
∑

j=0

e−j(j + 1)2.



Let
fk,n(s) := fk+1(fk+2(...fn(s)...)), 0 ≤ k < n.

Then
P (Z(n) > 0|Z(k) = 1,Πk, ...,Πn) = 1 − fk,n(0).



Lemma

In the case when
fn(s) =

qn
1 − pns

we have

1 − fk,n(s) =





e−(Sn−Sk)

1 − s
+

n−1
∑

j=k

e−(Sj−Sk)





−1

where

Sj = log
p0

q0
+ ...+ log

pj−1

qj−1
= log f ′

0(1) + ...+ log f ′
j−1(1).



Proof. We have

1

1 − fk,n(s)
=

1

1 − fk+1(fk+1,n(s))
− 1

f ′
k+1(1) (1 − fk+1,n(s))

+
1

f ′
k+1(1) (1 − fk+1,n(s))

= e−(Sk−Sk) +
e−(Sk+1−Sk)

1 − fk+1,n(s)
....



The critical case: Quenched approach, Probability of survival

Theorem

Let EX = 0 and σ2 := EX2 ∈ (0,∞) and τ(n) is the left-most point of
minimum of the associated random walk on [0, n]. Then in the pure
geometric case

Pπ (Z(n) > 0)

eSτ(n)

d→ ζ−1

where ζ ∈ (1,∞) with probability 1 and

E
[

e−λζ
]

= E
−
[

e−λζ−

]

E
+
[

e−λζ+
]

where

ζ− =

∞
∑

i=1

eSi , ζ+ =

∞
∑

i=0

e−Si .



Proof. We have

eSτ(n)

Pπ (Z(n) > 0)
=

n
∑

k=0

eSτ(n)−Sk = ζ−(τ(n)) + ζ+(τ(n))

where

ζ−(τ(n)) :=

τ(n)−1
∑

i=0

eSτ(n)−Si , ζ+(τ(n)) :=

n
∑

i=τ(n)

eSτ(n)−Si .



Proof. We have

eSτ(n)

Pπ (Z(n) > 0)
=

n
∑

k=0

eSτ(n)−Sk = ζ−(τ(n)) + ζ+(τ(n))

where

ζ−(τ(n)) :=

τ(n)−1
∑

i=0

eSτ(n)−Si , ζ+(τ(n)) :=
n
∑

i=τ(n)

eSτ(n)−Si .

Introduce two random walks

S′
l = Sk − Sk−l, l ≥ 0, and S′′

l = Sk+l − Sk, l ≥ 0



Now

E

[

e−λ(ζ−(n)+ζ+(n))
]

=
n
∑

k=0

E

[

e−λ(ζ−(n)+ζ+(n)); τ(n) = k
]

=

n
∑

k=0

E

[

e−λ(ζ−(k)+ζ+(n−k));M
′

k < 0, L
′′

n−k ≥ 0
]

=

n
∑

k=0

E

[

e−λ(ζ−(k)+ζ+(n−k))|M ′

k < 0, L
′′

n−k ≥ 0
]

P

(

M
′

k < 0, L
′′

n−k ≥ 0
)

,

where

ζ−(k) :=

k
∑

i=1

eS′

i , ζ+(n− k) :=

n−k
∑

i=0

e−S′′

i .



By independency,

E

[

e−λ(ζ−(k)+ζ+(n−k));M
′

k < 0, L
′′

n−k ≥ 0
]

= E

[

e−λζ−(k))|M ′

k < 0
]

E

[

e−λζ+(n−k)|L′′

n−k ≥ 0
]

Hence, applying previous lemmas we get

lim
min(k,n−k)→∞

E

[

e−λ(ζ−(k)+ζ+(n−k));M
′

k < 0, L
′′

n−k ≥ 0
]

= E
−
[

e−λζ−

]

E
+
[

e−λζ+
]

.

To complete the proof it remains to observe that by the arcsine law

lim
ε→0

lim
n→∞

supE

[

e−λ(ζ−(n)+ζ+(n)); τ(n) /∈ [nε, n(1 − ε)]
]

≤ lim
ε→0

lim
n→∞

P (τ(n) /∈ [nε, n(1 − ε)]) = 0.



Corollary

Let EX = 0 and σ2 := EX2 ∈ (0,∞) and τ(n) is the left-most point of
minimum of the associated random walk on [0, n]. Then for the pure
geometric case

Pπ (Z(n) > 0|Z(τ(n)) = 1)
d→ 1

ζ+
> 0.

Proof. We have by known formulas that

1

Pπ (Z(n) > 0|Z(τ(n)) = 1)
=

n
∑

k=τ(n)

e−(Sk−Sτ(n)) =

n
∑

k=τ(n)

eSτ(n)−Sk

and the statement follows.



Yaglom limit theorems

Theorem

Let EX = 0 and σ2 := EX2 ∈ (0,∞), and τ(n) be the left-most point
of minimum of the associated random walk on [0, n]. Then in the pure
geometric case for any λ > 0

Eπ

[

exp

{

−λ Z(n)

Eπ [Z(n)|Z(n) > 0]

}

|Z(n) > 0

]

d→ 1

1 + λ
.



Proof. Note that

Eπ [Z(n)|Z(n) > 0]

eSn−Sτ(n)
=

eSτ(n)

Pπ (Z(n) > 0)

d→ ζ− + ζ+.

We have

Eπ

[

exp

{

−λ Z(n)

eSn−Sτ(n)

}

|Z(n) > 0

]

= 1 −
1 − f0,n

(

exp
{

−λeSτ(n)−Sn
}

)

1 − f0,n(0)

= 1 − eSτ(n)

1 − f0,n(0)

1 − f0,n

(

exp
{

−λeSτ(n)−Sn
}

)

eSτ(n)
.



By direct calculations one can show that

eSτ(n)

1 − f0,n(exp
{

−λeSτ(n)−Sn
}

)
=

τ(n)−1
∑

i=0

eSτ(n)−Si +

n−1
∑

i=τ(n)

eSτ(n)−Si

+
eSτ(n)−Sn

1 − exp
{

−λeSτ(n)−Sn
} .

Hence, by the arguments used earlier and the fact that, as n→ ∞

eSτ(n)−Sn
p→ 0

with probability close to 1 we get

eSτ(n)

1 − f0,n(exp
{

−λeSτ(n)−Sn
}

)

d→ ζ− + ζ+ +
1

λ
.



It follows that

1 − 1 − f0,n(exp
{

−λeSτ(n)−Sn
}

)

1 − f0,n(0)
→ 1 − ζ− + ζ+

ζ− + ζ+ + λ−1

=
1

1 + λ (ζ− + ζ+)
.

From this on account of

eSτ(n)−SnEπ [Z(n)|Z(n) > 0]
d→ ζ− + ζ+

one can deduce that

1 − 1 − f0,n(exp {−λ/Eπ [Z(n)|Z(n) > 0]})
1 − f0,n(0)

d→ 1

1 + λ



Now we consider the number of particles in the process at a random
moment

τ(n) = min {i ≤ n : Si = Ln} .

Theorem

Let EX = 0 and σ2 := EX2 ∈ (0,∞) Then in the pure geometric case
for any s ∈ [0, 1]

Eπ

[

sZ(τ(n))|Z(n) > 0
]

d→ sφ(s),

where

φ(s) :=
ζ− + ζ+

(1 + ζ− − sζ−) (ζ+ (1 + ζ−) − sζ− (ζ+ − 1))
.



Proof. Direct calculation shows that for m < n

Eπ

[

sZ(m)|Z(n) > 0
]

=
f0,m(s) − f0,m(sfm.n(0))

1 − f0,n(0)

=
f0,m(s) − f0,m(sfm.n(0))

eSm

eSm

1 − f0,n(0)
.

Now in the geometric case

eSτ(n)

1 − f0,n(0)

d→ ζ− + ζ+, fτ(n),n(0)
d→ 1 − 1

ζ+



while

1 − f0,τ(n)(s)

eSτ(n)
=





τ(n)−1
∑

k=0

eSτ(n)−Sk +
1

1 − s





−1

d→
(

ζ− +
1

1 − s

)−1



while

1 − f0,τ(n)(s)

eSτ(n)
=





τ(n)−1
∑

k=0

eSτ(n)−Sk +
1

1 − s





−1

d→
(

ζ− +
1

1 − s

)−1

and, therefore,

f0,τ(n)(s) − f0,τ(n)(sfτ(n),n(0))

eSτ(n)

d→



ζ− +
1

1 − s
(

1 − (ζ+)
−1
)





−1

−
(

ζ− +
1

1 − s

)−1

=
1

(1 + ζ− − sζ−) (ζ+ (1 + ζ−) − sζ− (ζ+ − 1))
.



while

1 − f0,τ(n)(s)

eSτ(n)
=





τ(n)−1
∑

k=0

eSτ(n)−Sk +
1

1 − s





−1

d→
(

ζ− +
1

1 − s

)−1

and, therefore,

f0,τ(n)(s) − f0,τ(n)(sfτ(n),n(0))

eSτ(n)

d→



ζ− +
1

1 − s
(

1 − (ζ+)
−1
)





−1

−
(

ζ− +
1

1 − s

)−1

=
1

(1 + ζ− − sζ−) (ζ+ (1 + ζ−) − sζ− (ζ+ − 1))
.

Bottleneck!



Now we consider the point τ(nt) and assume that τ(nt) < τ(n).

Theorem

Let EX = 0 and σ2 := EX2 ∈ (0,∞) and τ(nt) be the left-most point
of minimum of the associated random walk on [0, nt]. Then in the pure
geometric case for any s ∈ [0, 1]

Eπ

[

sZ(τ(nt))|Z(n) > 0
]

I {τ(n) > nt} d→ sψ(s)I {τarc > t} ,

where τarc is a random variable subject to the arcsine law and

ψ(s) :=
1

(1 + ζ− − sζ−)
2 .



Proof. On the event {τ(nt) < τ(n)}

fτ(nt),n(0)
d→ 1.

Thus

Eπ

[

sZ(τ(nt))|Z(n) > 0
]

=
f0,τ(nt)(s) − f0,τ(nt)(sfτ(nt),n(0))

1 − f0,n(0)

≈
sf ′

0,τ(nt)(s)
(

1 − fτ(nt),n(0)
)

1 − f0,n(0)

= s
f ′
0,τ(nt)(s)

eSτ(nt)

1 − fτ(nt),n(0)

eSτ(n)−Sτ(nt)

eSτ(n)

1 − f0,n(0)
.



In the pure geometric case

f ′
0,τ(nt)(s)

eSτ(nt)
=



1 + (1 − s)

τ(nt)−1
∑

k=0

eSτ(nt)−Sk





−2

d→
(

1 + (1 − s)ζ−
)2

while
1 − fτ(nt),n(0)

eSτ(n)−Sτ(nt)

eSτ(n)

1 − f0,n(0)

d→ 1.



Theorem

Let EX = 0 and σ2 := EX2 ∈ (0,∞). Then, in the pure geometric case,
as n→ ∞, for any λ > 0

Eπ

[

exp

{

−λ Z(nt)

Eπ [Z(nt)|Z(nt) > 0]

}

|Z(n) > 0

]

I {τ(n) < nt}

d→ 1

1 + λ
I {τarc < t}

and

Eπ

[

exp

{

−λ Z(nt)

Eπ [Z(nt)|Z(nt) > 0]

}

|Z(n) > 0

]

I {τ(n) > nt}

d→ 1

(1 + λ)
2 I {τarc > t} .

Note that

Eπ [Z(nt)|Z(nt) > 0] =
eSnt

Pπ (Z(n) > 0)
≍ eSnt−Sτ(nt) .



Critical processes dying at a fixed moment
The next theorem deals with the distribution of the number of particles
at moments nt, 0 < t < 1 in the case when the event

An := {Z(n− 1) > 0, Z(n) = 0}
occurs.

Om,n :=
1 − f0,n(0)

1 − fm,n(0)

fm,n(0)

1 − f0,m(0)
. (1)

Theorem

Let EX = 0 and σ2 :∈ (0,∞). Then, in the pure geometric case for any
t ∈ (0, 1) and λ ∈ (0,∞)

Eπ

[

exp

{

−λ Znt

Ont,n

}

|An

]

d→ 1

(1 + λ)2
as n→ ∞.



It is necessary to note that despite of the unique form of the limit in the
cases {τ(n) ≥ nt} and {τ(n) < nt}, the behavior of the scaling function
Ont,n as n→ ∞ is different for the mentioned situations:



It is necessary to note that despite of the unique form of the limit in the
cases {τ(n) ≥ nt} and {τ(n) < nt}, the behavior of the scaling function
Ont,n as n→ ∞ is different for the mentioned situations: in the first case

Ont,nI {τ(n) ≥ nt} ≍ eSnt−Sτ(nt)I {τ(n) ≥ nt} ,

i.e., is, essentially, specified by the past behavior of the associated
random walk



It is necessary to note that despite of the unique form of the limit in the
cases {τ(n) ≥ nt} and {τ(n) < nt}, the behavior of the scaling function
Ont,n as n→ ∞ is different for the mentioned situations: in the first case

Ont,nI {τ(n) ≥ nt} ≍ eSnt−Sτ(nt)I {τ(n) ≥ nt} ,

i.e., is, essentially, specified by the past behavior of the associated
random walk while in the second case

Ont,nI {τ(n) < nt} ≍ eSnt−Sτ(nt,n)I {τ(n) < nt}

i.e., is, essentially, specified by the future behavior of the associated
random walk.



Annealed approach

Theorem

Let EX = 0 and σ2 := EX2 ∈ (0,∞) Then, in the pure geometric case,
as n→ ∞

P (Z(n) > 0) ∼ θP (min (S0, S1, ..., Sn) ≥ 0) ∼ C√
n

and for any t ∈ (0, 1)

lim
n→∞

E

[

exp

{

−λ Z(nt)

Eπ [Z(nt)|Z(nt) > 0]

}

|Z(n) > 0

]

=
1

1 + λ
.



Properties of the prospective minima
Introduce the random variable

ν := min {m ≥ 1 : Sm+n ≥ Sm for any n ∈ N0}

Lemma

Let EX = 0 and σ2 := EX2 ∈ (0,∞) and the measure P is replaced by
P

+. Then ν <∞ P
+-a.s. Moreover,

1) the sequences {Sn} and {S∗
n = Sn+ν − Sn} have the same

distribution;
2) the random sequences {ν, S1, ..., Sν} and {S∗

n} are independent.
3) for all k ∈ N and x ≥ 0

P
+ (ν = k, Sν ∈ dx) = P (T ′ = k, ST ′ ∈ dx)

where
T ′ = min {j ≥ 1 : Sj ≥ 0} .

Proof omitted.



Recall that
P̂

+(...) = P
+ (...|Π0,Π1, ...)

Lemma

Let EX = 0 and σ2 := EX2 ∈ (0,∞). Then in the pure geometric case
P

+ a.s.
P̂

+(Z(n) > 0 for all n > 0) > 0.

In particular,
P

+(Z(n) > 0 for all n > 0) > 0.

Moreover, as n→ ∞ we have P
+ a.s.

Z(n)

eSn

d→ Z+

where the random variable Z+ has the following property P
+ a.s.:

{

Z+ > 0
}

= {Z(n) > 0 for all n > 0} .



Proof. We know that

P̂
+(Z(n) > 0) = 1 − f0,n(0).

Hence,

P̂
+(Z(n) > 0) =





n
∑

j=0

e−Sj





−1



Proof. We know that

P̂
+(Z(n) > 0) = 1 − f0,n(0).

Hence,

P̂
+(Z(n) > 0) =





n
∑

j=0

e−Sj





−1

and in view of the previous results P
+ a.s.

lim
n→∞

P̂
+(Z(n) > 0) =





∞
∑

j=0

e−Sj





−1

> 0



Proof. We know that

P̂
+(Z(n) > 0) = 1 − f0,n(0).

Hence,

P̂
+(Z(n) > 0) =





n
∑

j=0

e−Sj





−1

and in view of the previous results P
+ a.s.

lim
n→∞

P̂
+(Z(n) > 0) =





∞
∑

j=0

e−Sj





−1

> 0

In view of
P

+(Z(n) > 0) = EP̂
+
(Z(n) > 0)

the second statement follows.



Since Z(n)e−Sn is a nonnegative martingale, we conclude

Z(n)

eSn

d→ Z+.



Since Z(n)e−Sn is a nonnegative martingale, we conclude

Z(n)

eSn

d→ Z+.

Let us show that
{

Z+ > 0
}

= {Z(n) > 0 for all n > 0} .



Since Z(n)e−Sn is a nonnegative martingale, we conclude

Z(n)

eSn

d→ Z+.

Let us show that
{

Z+ > 0
}

= {Z(n) > 0 for all n > 0} .

Since
{Z(n) = 0 for some n > 0} ⊂

{

Z+ = 0
}

it follows that

P
+
(

Z+ = 0
)

≥ P
+ (Z(n) = 0 for some n > 0) .



Let us show that

P
+
(

Z+ = 0
)

≤ P
+ (Z(n) = 0 for some n > 0)



Let us show that

P
+
(

Z+ = 0
)

≤ P
+ (Z(n) = 0 for some n > 0)

First we demonstrate that

P
+ (Z(n) = 0 for some n > 0) + P

+ (Z(n) → ∞) = 1.



Let us show that

P
+
(

Z+ = 0
)

≤ P
+ (Z(n) = 0 for some n > 0)

First we demonstrate that

P
+ (Z(n) = 0 for some n > 0) + P

+ (Z(n) → ∞) = 1.

To this aim it suffices to show that P
+ a.s.

P̂
+ (Z(n) = 0 for some n > 0) + P̂

+ (Z(n) → ∞) = 1.



Let us show that

P
+
(

Z+ = 0
)

≤ P
+ (Z(n) = 0 for some n > 0)

First we demonstrate that

P
+ (Z(n) = 0 for some n > 0) + P

+ (Z(n) → ∞) = 1.

To this aim it suffices to show that P
+ a.s.

P̂
+ (Z(n) = 0 for some n > 0) + P̂

+ (Z(n) → ∞) = 1.

We check that P
+ a.s.

∞
∑

k=0

(

1 − p
(k)
1

)

= ∞

(it is sufficient according to Lindvall).



Since σ2 > 0 we have P

(

p
(k)
1 = 1

)

< 1.



Since σ2 > 0 we have P

(

p
(k)
1 = 1

)

< 1. Therefore, P
+
(

p
(k)
1 < 1

)

> 0.

Thus,

P
+
(

p
(v+1)
1 < 1

)

> 0.



Since σ2 > 0 we have P

(

p
(k)
1 = 1

)

< 1. Therefore, P
+
(

p
(k)
1 < 1

)

> 0.

Thus,

P
+
(

p
(v+1)
1 < 1

)

> 0.

The random variables
p
(v(k)+1)
1 , k ∈ N0

are iid according to the previous results.



Since σ2 > 0 we have P

(

p
(k)
1 = 1

)

< 1. Therefore, P
+
(

p
(k)
1 < 1

)

> 0.

Thus,

P
+
(

p
(v+1)
1 < 1

)

> 0.

The random variables
p
(v(k)+1)
1 , k ∈ N0

are iid according to the previous results. Hence we conclude that

∞
∑

k=0

(

1 − p
(k)
1

)

≥
∞
∑

k=0

(

1 − p
(v(k)+1)
1

)

= ∞.



Since σ2 > 0 we have P

(

p
(k)
1 = 1

)

< 1. Therefore, P
+
(

p
(k)
1 < 1

)

> 0.

Thus,

P
+
(

p
(v+1)
1 < 1

)

> 0.

The random variables
p
(v(k)+1)
1 , k ∈ N0

are iid according to the previous results. Hence we conclude that

∞
∑

k=0

(

1 − p
(k)
1

)

≥
∞
∑

k=0

(

1 − p
(v(k)+1)
1

)

= ∞.

from this it follows that P
+ a.s.

P̂
+ (Z(n) = 0 for some n > 0) + P̂

+ (Z(n) → ∞) = 1



Since σ2 > 0 we have P

(

p
(k)
1 = 1

)

< 1. Therefore, P
+
(

p
(k)
1 < 1

)

> 0.

Thus,

P
+
(

p
(v+1)
1 < 1

)

> 0.

The random variables
p
(v(k)+1)
1 , k ∈ N0

are iid according to the previous results. Hence we conclude that

∞
∑

k=0

(

1 − p
(k)
1

)

≥
∞
∑

k=0

(

1 − p
(v(k)+1)
1

)

= ∞.

from this it follows that P
+ a.s.

P̂
+ (Z(n) = 0 for some n > 0) + P̂

+ (Z(n) → ∞) = 1

implying

P
+ (Z(n) = 0 for some n > 0) + P

+ (Z(n) → ∞) = 1.



Further we have P
+ a.s.

Ê
+

[

exp

{

−λZ(n)

eSn

}

|Z(k) = 1

]

= fk,n

(

exp
{

−λe−Sn
})

= 1 −





e−(Sn−Sk)

1 − exp {−λe−Sn} +

n−1
∑

j=k

e−(Sj−Sk)





−1



Further we have P
+ a.s.

Ê
+

[

exp

{

−λZ(n)

eSn

}

|Z(k) = 1

]

= fk,n

(

exp
{

−λe−Sn
})

= 1 −





e−(Sn−Sk)

1 − exp {−λe−Sn} +

n−1
∑

j=k

e−(Sj−Sk)





−1

Now we let n→ ∞. Then Sn → +∞ P
+ a.s. and

Z(n)

eSn

d→ Z+

P
+ a.s. Therefore, letting n→ ∞ we see that

Ê
+
[

exp
{

−λZ+
}

|Z(k) = 1
]

= 1 −





eSk

λ
+

∞
∑

j=k

e−(Sj−Sk)





−1



As λ→ ∞ we get P
+ a.s.

P̂
+
(

Z+ = 0|Z(k) = 1
)

= 1 −





∞
∑

j=k

e−(Sj−Sk)





−1

.



As λ→ ∞ we get P
+ a.s.

P̂
+
(

Z+ = 0|Z(k) = 1
)

= 1 −





∞
∑

j=k

e−(Sj−Sk)





−1

.

Further, we get P
+ a.s.

P̂
+
(

Z+ = 0|Z(ν(k)) = 1
)

= 1 −





∞
∑

j=ν(k)

e−(Sj−Sν(k))





−1

.



As λ→ ∞ we get P
+ a.s.

P̂
+
(

Z+ = 0|Z(k) = 1
)

= 1 −





∞
∑

j=k

e−(Sj−Sk)





−1

.

Further, we get P
+ a.s.

P̂
+
(

Z+ = 0|Z(ν(k)) = 1
)

= 1 −





∞
∑

j=ν(k)

e−(Sj−Sν(k))





−1

.

Besides, for any l ∈ N

P̂
+
(

Z+ = 0|Z(ν(k)) = l
)

=
(

P̂
+
(

Z+ = 0|Z(ν(k)) = 1
)

)l

.



As a result we get P
+ a.s

P̂
+
(

Z+ = 0|Z(0) = 1
)

= Ê
+
[

P̂
+
(

Z+ = 0|Z(ν(k))
)

]

= Ê
+






1 −





∞
∑

j=ν(k)

e−(Sj−Sν(k))





−1






Z(ν(k))

≤ P̂
+ (Z(ν(k)) ≤ z) + Ê

+






1 −





∞
∑

j=ν(k)

e−(Sj−Sν(k))





−1






z

.



As a result we get P
+ a.s

P̂
+
(

Z+ = 0|Z(0) = 1
)

= Ê
+
[

P̂
+
(

Z+ = 0|Z(ν(k))
)

]

= Ê
+






1 −





∞
∑

j=ν(k)

e−(Sj−Sν(k))





−1






Z(ν(k))

≤ P̂
+ (Z(ν(k)) ≤ z) + Ê

+






1 −





∞
∑

j=ν(k)

e−(Sj−Sν(k))





−1






z

.

By the properties of prospective minima

Ê
+






1 −





∞
∑

j=ν(k)

e−(Sj−Sν(k))





−1






z

= Ê
+






1 −





∞
∑

j=0

e−Sj





−1






z



Thus,

P̂
+
(

Z+ = 0|Z(0) = 1
)

≤ P̂
+ (Z(ν(k)) ≤ z)

+Ê
+






1 −





∞
∑

j=0

e−Sj





−1






z



Thus,

P̂
+
(

Z+ = 0|Z(0) = 1
)

≤ P̂
+ (Z(ν(k)) ≤ z)

+Ê
+






1 −





∞
∑

j=0

e−Sj





−1






z

Now we let k → ∞ to get

P̂
+
(

Z+ = 0|Z(0) = 1
)

≤ P̂
+ (Z(n) = 0 for some n > 0)

+Ê
+






1 −





∞
∑

j=0

e−Sj





−1






z



Thus,

P̂
+
(

Z+ = 0|Z(0) = 1
)

≤ P̂
+ (Z(ν(k)) ≤ z)

+Ê
+






1 −





∞
∑

j=0

e−Sj





−1






z

Now we let k → ∞ to get

P̂
+
(

Z+ = 0|Z(0) = 1
)

≤ P̂
+ (Z(n) = 0 for some n > 0)

+Ê
+






1 −





∞
∑

j=0

e−Sj





−1






z

Now letting z → ∞ we see that

P̂
+
(

Z+ = 0|Z(0) = 1
)

≤ P̂
+ (Z(n) = 0 for some n > 0) .

Since the inequality

P̂
+
(

Z+ = 0|Z(0) = 1
)

≥ P̂
+ (Z(n) = 0 for some n > 0)

is evident, the statement of the lemma follows.



Lemma

If EX = 0 and σ2 := EX2 ∈ (0,∞) then for any ε > 0 there exists
l ∈ N such that

E
[

eSτ(n) ; τ(n) > l
]

=

n
∑

k=l+1

E
[

eSk ; τ(k) = k
]

P (Ln−k ≥ 0)

≤ εP (Ln ≥ 0) .



Proof. Let
T ′ := min {i > 0 : Si ≥ 0} .

We know that

E
[

eSk ; τ(k) = k
]

= E
[

eSk ;T ′ > k
]

.

By Sparre-Anderson identity we have

1 +

∞
∑

n=1

sn
E
[

eSn ;T ′ > n
]

= exp

{

∞
∑

n=1

sn

n
E
[

eSn ;Sn < 0
]

}

.



We know by the local limit theorem for sums of iid random variables with
zero mean and finite variance σ2 > 0 that (for nonlattice case)

P (Sn ∈ [kh, k(h+ 1)) =
1

σ
√

2πn3/2
e−(kh)2/2nσ2

+ o

(

1

n3/2

)

.

Therefore,

E
[

eSn ;Sn < 0
]

=

∫ 0

−∞

exdP (Sn ≤ x)

≤ h

0
∑

k=−∞

ekh 1

σ
√

2πn3/2
e−(kh)2/2nσ2

+ o

(

1

n3/2

)

.

An similar estimate is valid from below. Hence

E
[

eSn ;Sn < 0
]

∼ 1

σ
√

2πn3/2

and, therefore, as n→ ∞

E
[

eSn ;T ′ > n
]

∼ C

n3/2



Hence we get for sufficiently large l and δ ∈ (0, 1):

n
∑

k=l+1

E
[

eSk ; τ(k) = k
]

P (Ln−k ≥ 0)

=





n(1−δ)
∑

k=l+1

+

n
∑

k=n(1−δ)+1



E
[

e−Sk ; τ(k) = k
]

P (Ln−k ≥ 0)

≤ C

n(1−δ)
∑

k=l+1

1

k3/2
P (Lnδ ≥ 0) +

1

n3/2

n
∑

k=n(1−δ)+1

P (Ln−k ≥ 0)

≤ ε1P (Ln ≥ 0) +
1

n1/2
P (Lnδ ≥ 0) ≤ εP (Ln ≥ 0) .



We show that

P (Z(n) > 0) ∼ C√
n
.



We show that

P (Z(n) > 0) ∼ C√
n
.

We have

P (Z(n) > 0) = P (Z(n) > 0; τ(n) ≤ l) + P (Z(n) > 0; τ(n) > l) .



We show that

P (Z(n) > 0) ∼ C√
n
.

We have

P (Z(n) > 0) = P (Z(n) > 0; τ(n) ≤ l) + P (Z(n) > 0; τ(n) > l) .

It is easy to see that in view of the inequality

Pπ (Z(n) > 0) = 1 − f0,n(0) = min
0≤k≤n

Pπ (Z(n) > 0)

≤ min
0≤k≤n

eSk = eSτ(n)

that

P (Z(n) > 0; τ(n) > l) = E [1 − f0,n(0); τ(n) > l]

≤ E
[

eSτ(n) ; τ(n) > l
]

≤ εP (Ln ≥ 0) .



On the other hand, for each fixed k

P (Z(n) > 0; τ(n) = k)

=
∞
∑

j=1

P (Z(n) > 0;Z(k) = j; τ(n) = k)

=

∞
∑

j=1

P (Z(k) = j; τ(k) = k)P (Z(n− k) > 0; τ > n− k|Z(k) = j)

Clearly,

P (Z(n− k) > 0; τ > n− k|Z(k) = j)

= E

[

1 − f j
0,n−k(0); τ > n− k

]

= E

[

1 − f j
0,n−k(0)|τ > n− k

]

P (τ > n− k) .



We know that, as n→ ∞

P (τ > n− k) ∼ C1√
n

while
E

[

1 − f j
0,n−k(0)|τ > n− k

]

→ E
+
[

1 − f j
0,∞(0)

]

where, in the pure geometric case

E
+
[

1 − f j
0,∞(0)

]

= E
+

[

1 −
(

1 − 1

ζ+

)j
]

.

from this it follows that

P (Z(n) > 0) ∼ C√
n
.



Proof of the Yaglom limit theorem, the annealed case

We need to show that

lim
n→∞

E

[

exp

{

−λ Z(nt)

Eπ [Z(nt)|Z(nt) > 0]

}

|Z(n) > 0

]

= Ψ(λ).

We consider t = 1 only and prove that

lim
n→∞

E

[

exp

{

−λ Z(n)

eSn−Sτ(n)

}

|Z(n) > 0

]

= Ψ1(λ).



It suffices to consider for a fixed k

E

[(

1 − exp

{

−λ
Z(n)

eSn−Sτ(nt)

})

; τ (n) = k

]

=
∞
∑

j=1

E

[(

1 − exp

{

−λ
Z(n)

eSn−Sτ(nt)

})

; τ (n) = k; Z(k) = j

]

=
∞
∑

j=1

E

[(

1 − exp

{

−λ
Z(n − k)

eSn−k

})

; τ > n − k|Z(0) = j

]

×

×P (τ (k) = k; Z(k) = j) .

Now, as n → ∞

E

[(

1 − exp

{

−λ
Z(n − k)

eSn−k

})

; τ > n − k|Z(0) = j

]

∼ E
+
[(

1 − exp
{

−λ(Z+
1 + ... + Z

+
j

})]

P (τ > n)

and the desired statement follows.


