Sparre-Anderson identity

Theorem

For A >0 and |s| < 1

l—is”E )‘S"T—n]—exp{ i
n=1
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E[e ASn;sn>0]}.

Recall

T =min{n>0:5, >0}




Proof. Along with

X17X27

ey Xy
consider the permutations

fori=2,3,....,n.

Xi Xig1, o, Xn X1, Xo, oo, X521




Proof. Along with

X1, X0, .., X,
consider the permutations
Xiy Xig1, oo, Xn X1, Xoy ooy X
fori=2,3,...,n. Let

Séi) =0, and S,(f) =Xi+Xig1+ ...
the permutable random walks.
Clearly,

{S,(j),k —0,1, n} (S k=0,1,...n}.




Let Tr(i) be the rth strict ascending epoch for {S,(:), k=0,1,.. n}
If T, = n for some r then Tr(i) = n for exactly r — 1 sequences
S k=0,1, n} i=23..n

(PROOF by picturel!!l)
Besides,

S, =82 = =g8m.




Consider for a positive a the probability
P(T.=n,0<8, <a)
and let

m = I{T,@ =n,0< 80 < a} i=1,2,...n
be a sequence of identically distributed RW.




Consider for a positive a the probability

and let

P (T, =n,0<5, <a)

—I{T(’) =n,0<SW < a},z’— 1,2
be a sequence of identically distributed RW. Hence

P(T, =n,0<5,<a)

=Em =

Z Erj;.




Consider for a positive a the probability
P(T,=n,0<S5,<a)
and let . .
;= I{T,@ =n,0< SV < a} ,i=1,2,...n

be a sequence of identically distributed RW. Hence

n

P(T,.=n0<S,<a)=En= %E{Zm}

i=1
In view of the remark about the number of strong ascending epochs

n

Zm—

i=1

takes only two values: either 0 or r. This gives

E[i}nz} — P (lz:;m:r).

=



Let S,, > 0 and let ig be the first moment when the maximal value of the
sequence Sy, S1, ..., Sy, is attained. Then

S7(zi0+1) > Si(i0+1)

foralli=1,2,....,n — 1 and, therefore, for the sequence

{Si“‘)“),z‘ —0,1, n}

the moment n is a strict ascending epoch for some 7.




Let S,, > 0 and let iy be the first moment when the maximal value of the
sequence Sy, S1, ..., Sy, is attained. Then

S(i0+1) > S_(i0+1)
forall i =1,2,...,n — 1 and, therefore, for the sequence

{Si(iOH),i —0,1, n}

the moment n is a strict ascending epoch for some r. Thus,

{0< S, <a}= {0 < Slio+D) < a} = U2 A et =1}



Let S,, > 0 and let iy be the first moment when the maximal value of the
sequence Sy, S1, ..., Sy, is attained. Then

57(1¢0+1) > Si(z’o+1)
foralli=1,2,....,n — 1 and, therefore, for the sequence
{Si“‘)“),z‘ —-0,1, n}
the moment n is a strict ascending epoch for some r. Thus,
{0< S, <a}= {O < S+l < a} =U {m+ ...+, =1}

Therefore,

o0

PO<S,<a)=> Plp+..4n=r).

r=1



Thus,

s}

1r
Z__P(nl"l‘_i_nn:,r)
rn
r=1
:Z_ X
r

— 1
2 P(T=n0<5u<a).
r=1




Thus,
1

oo

1
—P(0<Sn§a)=2ETP(771+ +n, =)
£

B rn

r=1

ZEnl Z -P (T, =n,0<5, <a)
i=1

Passing to the Laplace transforms we get
1
> B (T =n)
r=1 r

n

E( )‘S";Sn >0)




Thus,
1
. <

o0
1
SPO0<S, <a) =S —/P -
(0< a) ;m (M A+ =7)
S

o ™

P(T,.=n,0<S5,<a)
Passing to the Laplace transforms we get

> -E **Sn;Trzn)zlE( A S, > 0)

e
n
Multiplying by s™ and summing over n = 1,2
o0 1 o0 n
D ;2 "B
r=1 " n=1

we obtain

b b
7)\371. = s 7)‘5"'
T—n—ZF 50> 0).
n=1
. - _ — Q>



Further,

(o]
Z s"E (e_)‘S"; T = n) = E (STTe_ASTT;TT < oo)
n=1




Further,
o0
Z s"E (67
n=1

)\Sn’ T, = n)

= (Z s"E (67)\3" T=mn
n=1
and, therefore,
i 1
r

1)

ZS”E (7T =n) = ~log (1 - E(

sTe T < o0)).
- - _ = Sac



As a result

“log (1-E (sTe57,T < o)) = Z %
n
or

g

E (eil\S";Sn N 0)

Sn

B[S > 0]} .
n

[

N anE [e73 T = n] = exp {_
n=1

n

Il
-




For A >0 and |s| < 1

o0 oo
1+ZSnE I:e—ksn;7'>n:| :exp{z %E [e_AS";Sn >O:|}
n=1

=il
and
oo 0 "
1+ ZSnE [eAS",T > n] = exp {Z ;E [e/\Sn’S < O]}
n=1 n=1

Proof is omitted.



Spitzer identity.
Let

M, = max S,.
" 0<k<n "

Theorem
For A >0

oo © .
Z SnEef)\Mn = exp {Z S_Ee)\maX(O,Sn)} )
n=1 n

n=1

Proof. Omitted.



Application of Sparre-Anderson and Spitzer identities




Theorem

Let EX = 0,0% :=EX? € (0,00). Then
1) the random variables T, 7', T and T’ are proper random variables

2)
iw2200<003n i
n=1 n=1

SIP—‘

[ P (S, >0) —%] =c < 0

Proof is omitted.



Let EX =0,0% := EX? € (0,00). Then as n — oo

1 1
P(r>n)~—=e—, PT>n)~—=e “—.

VoV

VT Vn




Proof. Only the first statement. By Sparre-Anderson identity we have
o0 S
1 E "E T >n| = E —
+ S T n exp{ n

n=1

AS";S,,>O]}




o0

Proof. Only the first statement. By Sparre-Anderson identity we have
1+ Z s"E

T > n = exp {
or, passing to the limit as A\ | 0

- S - mn .
) —E e 8, > 0]
1+ E s"P (1 >n)

n=1
n=1

)




Therefore, as s 11

1+ s"P(r>n)

n=1

or, by monotonicity of P (7 > n)

1 C
e
1—s
1 1 1 1
P(r>n)~ ef— = —e‘—.
r) Ve Vi Vn
The rest is similar




Properties of some renewal functions
Recall
and

T=T, =min{n>0:5, >0}
T;:==min{n>Tj_1:5,>8r,_,}.j=2,3,..
and
T=7 =min{n>0:5, <0}
and
Let

Tj = min{n >Tj1: 5, < ST]._I} ,j=2,3,...




Let

M, = max Sy,
1<k<n
One can show that

L, = min Si
1<k<n

U(x):1+ZP(STi Sx):1+ZP(SnS$;LnZO)
=1
and

n=1
Vix)

1+) P(

Sr, > —z) =1+ P (S, >x; M, <0)
1=1

n=1

=] = = DA



Since U(xz) and V() are renewal functions (we assume that
Ulx) =
as T — 00

X
= ES, +o(z),

V()

V(z) =0, x < 0) we know that if EX =0 and EX? < oo then,
Ul(z)

= B9 + o(x).




Lemma

The functions U(x) and V (x) are a harmonic function, that is, for all
x>0

E[U(z—X);z—X >0/ =U(x), EV(z+X);z+X > 0] =V(x).

where X has the same distribution as X1, ..., X, ...




Proof. Only the first. We have

oo

EU@E—-X)z—X>0=P((X<z)+» P(S<z—X;L;>0)

k=1




Proof. Only the first. We have

E[U@z—-X);z—X>0] = P(Xga:)-l-iP(Skgx—X;LkZ())

k=1
= P(Xi1<z;L, >20)

[ee]
+ ZP (Sk+1 < x3Lpyr > 0)
k=1
+P (X1 < 0)+ > P (Sky1 < 0;Li > 0)
k=1




Proof. Only the first. We have

E[U@z—-X);z—X >0 = P(Xga:)-l-iP(Skgx—X;LkZ())

k=1
P(Xl Sx;Ll ZO)

k=1

o0
+ ZP (Sk+1 < x3Lpyr 2 0)
Clearly,

oo

+P (X1 < 0)+ > P (Sky1 < 0;Li > 0)
k=1

P(X; < 0)+ZP(Sk+1 < 0;Lg >0) =P (Sg <0 for some k) = 1.
k=1
Hence the statement follows.

=) =l = = DA



Let F,, = o (p, Iy, ..., IT,,_1; Z(0), Z(1),...Z(n — 1)) and let
]: = V,?.Lozlj:n
be a filtration. As earlier, denote

L, := min S M, = max S,.
T o<i<n Y " <i<n "

Lemma

The sequences
V(Sn)I{Ln > 0}

and
U(—=Sp)I{M, <0}

are martingales with respect to filtration F.



Proof. Only the first statement. Observe that
Therefore,

V(Sni1)I {Lnt1 > 0} = V(S, + Xpi1)I {L,, >0}
E [V(Snt1)I {Lns1 > 0} |F,)

as desired.

E [V (S, + Xp1)|Ful I{L, > 0}
V(Sp)I{Ly, >0}




Introduce on F,, two sequence of probability measures

and

AP} =V (S,)I{L, >0}dP, neN

dP; =U(—S,)I {M, < 0}dP,

n €N




and

Introduce on F,, two sequence of probability measures

dPr =V (S,)I{L,>0}dP, neN
dP, =U(-S,)I {M, < 0}dP,
with respect to F,

E+
and

neN
or, what is the same, for any nonnegative random variable Y;, measurable
n

E-

n

[Ya] = E[YnV(Sn)I{Ln > 0}]

[Yn] =E [YnU(_Sn)I {Mn < O}] .

=] 5 = DA



They are consistent since, for instance, for any Y,, € F,
+
En+1 [Yn]

E YoV (Sp1)I {Lns1 = 0}]

E Y, V(S))I{L, >0} = E} [V,]
Hence, there exists a probability measure P on F such that
or,

P+|.7-'n = P,"{, n > 0.
E* Y. =E[Y,V(S,)I{L, > 0}].
Similarly, we have a measure P~ on F such that
P |F,. =P,

n > 0.

=] 5 = DA



Let EX =0 and 0% := EX? € (0,00). Then for any Fj,-measurable
bounded random variable 1,k € N
lim E [x|Ln 2 0] = E* [] = E [V (Se)I {Lx 2 0}],

n—oo

Jim B {|My < 0] = B ] = B[U(=ST {M < 0}].

If the sequence 11,3, ..., Yy, ... is uniformly bounded and is adopted to
filtration F and
lim vy, := oo

n—oo

Pt as., (P~ as.) then
lim E [¢n|Lyn > 0] = ET [t

n—00

and
lim E [¢,|M, < 0] = E™ [)oo]



Let EX =0 and 0? := EX? € (0,00) . Then

o0 o0
Ze‘s’“ <oo PT-as and Zes’“ <o P -as.
k=0 k=0




Only the first. We have

+ iesk] = ZE+ :i E [e 5"V (Sk)I {Ly > 0}]

k=0 k=0

— Z/ e "V (2)P (Sy, € dx; Ly, > 0)

:/ e "V (x Z (Sg € dz; Ly, > 0)
0 :

IA
gk
e
<
<
+
*

UG+1)<CY e (j+1)°

o = = = =




Let

fk’n(s) = fk+1(fk+2(fn(s))),(] <k<n.
Then

P (Z(n) > 0|Z(k) = 1,1k, ., II,) = 1 — fion(0).




In the case when

.t
fn(S) B = PnS
we have
1
e=(Sn=8K) L o
il — i) s +§:f(fk>
j=k
where

S; =log 22 + .. + log 221
q0 qj—1

=log fo(1) + ... +log f;_4 (1).



Proof. We have

1 1 1
L= fin(s) 1= firi(forrn(s) oo (D) (1= frsrn(s))
1
T frria()
_ e—(Sk—Sk) n e~ (Sk41—Sk)

T




The critical case: Quenched approach, Probability of survival

Theorem

Let EX =0 and 0% := EX? € (0,00) and 7(n) is the left-most point of
minimum of the associated random walk on [0,n]. Then in the pure
geometric case

P.(Z(n)>0) a .4
eSrn) =<

where ¢ € (1, 00) with probability 1 and

E [e*)‘g] =E [e*)‘g_} ET [e*)";j

where




Proof. We have

"(n)
P, (

where

Ze () "S5k — C(r(n) + ¢ (r(n))
7(n)—

Z eSrm—Si,

n
n)) = Z Seim =S

imr(n)




Proof. We have

Srn)
P (

where

Ze Sk = ¢ () + ¢ (r(n)
7(n)—1

= Z eST(n) S
i=0

CJr
Introduce two random walks

n
n) = Z eST(W)is

i=7(n)
S/ =

Si — Sk—1,1 >0, and Sy

Skt1 — Sk, 1 >0

o = = E DA



Now
E [e—A(c*(n)+<+(n))}
= ZE _e_)‘(ci(")"‘CJr("));T(n) = k]
k=0
= Y E[eNC®H )y <o L > 0]
k=0
= Y E[NCO g <o,y =0 P (M <0, 2 0),
k=0
where i X
C(k):=) €%, (Fln—k):=) e
1=1 i=0




By independency,
E [ MO0 a0, 1y > 0]
_E [e**<‘<’“>>|M,; < 0] E [e**“(”*’“)w;_k > 0}
Hence, applying previous lemmas we get
lim E [67)‘(‘:_(]6)+<+(n7k))3 Mllc <0, L;’;fk‘ > 0}
min(k,n—k)—oco -
=E [ B e
To complete the proof it remains to observe that by the arcsine law
lim lim supE [67)‘(‘:_("”&(”));7(71) ¢ [ne,n(1 — 5)]}

< lim lim P (7(n) ¢ [ne,n(1 —¢)]) =0.

e—0n—oo



Corollary

Let EX =0 and 0% := EX? € (0,00) and 7(n) is the left-most point of
minimum of the associated random walk on [0,n]. Then for the pure
geometric case

P, (Z(n) > 0|Z(r(n)) =1) % — > 0.

Proof. We have by known formulas that

n

1 n
_ E —(Sk—Srn)) — E Sr(n)—Sk
— e = e
P, (Z (TL) > 0|Z (T(TL)) 1) k=(n) k=7(n)

and the statement follows.



Yaglom limit theorems

Theorem

Let EX =0 and 0% := EX? € (0,00), and 7(n) be the left-most point
of minimum of the associated random walk on [0,n]. Then in the pure
geometric case for any A > 0

Z(n) 1

R v Lo TR RS et




Proof. Note that
Ex [Z(n)|Z(n) > 0]

eSn—5r(n)
We have

eSr(n)

LT HCt
E, [exp {_)‘GSnZ—(ZT)W } |Z(n) > Q]
=1-

1= fon ( exp { —AeSrm=Sn1 )
1- fO,n(O)
=1

eSr(n)

_ - - = Qe

eS-oy 1= fon ( exp {_,\esf(m—sn } )
T 1= fon(0)




By direct calculations one can show that
eSr(n)

T Jon(exp { A5 57

T(n)—1

g e T(n) Si + E e T(n)7

i=7(n)
eSr(n)=5n

Hence, by the arguments used earlier and the fact that, as n — oo

1 —exp{—)\eSTW S }

Sty =Sn P, 0
with probability close to 1 we get

eST(n)

T— Jon(exp {Ae50 57

CHCt g

T




It follows that
1

L= fon(exp {—=AeSre =5 1)
1- fO,n(O)

Lo ¢+t
CTHCt+ !
1

From this on account of

L+ (¢ +¢H)
eSS B [Z(n)| Z(n) > 0] 5 ¢+ ¢
one can deduce that

1

_ 1= fon(exp{=NEx [Z(n)|Z(n) > 0]}) 4
1- fO,n(O)

1

N
1+ A
- - - = DA



Now we consider the number of particles in the process at a random
moment
T(n)=min{i <n:S; =L,}.

Theorem

Let EX =0 and 0% := EX? € (0,00) Then in the pure geometric case
for any s € [0, 1]

E, [SZ(T("))|Z(n) > o} < so(s),
where

¢ +¢t
(14+¢ =s¢)CHA+¢)—s¢ (¢ —1))°

B(s) 1=



E, |sZ7™)|Z(n) > 0

Proof. Direct calculation shows that for m < n

_ Jom(s) = fom(sfmn(0))
1 — fo0.n(0)
_ Jom(s) = fom(8fmn(0) €5
eSm 1= fon(0)
Now in the geometric case
S a4 d 1
T gon@ ¢ T Fra® 51—




while

T(n)_l )
R ) eSrm =Sk | 1
es"(n)
k=0




while
—1
T(n)—1
1- fo 1= form(s) s 1
T(n) k
T(n) Z € + 1 — 8
k=0

(¢ + 1 )

and, therefore,

fO,‘r(n) (3) - fO,T(n)(SfT(n),n(O))

eST(n)

-1
~ 1 1 \!
i(g +1—s(1—(g+)1)> (C +1—$)

1
(1+¢ =sC)(CHA+¢7) —sC (¢CH=1))

[m] = =




while

T

—1
)—1
1- fo 1= form(s) o _s 1
Sr(n)—Sk
T(n) Z € + — S

o)

—

[}

ig+

and, therefore,

fO,‘r(n) (3) - fO,T(n)(SfT(n),n(O))

eST(n)

. (C_+1_s(1i(c+)_l)) (C +1is)_l

1
(1+¢ =sC)(CHA+¢7) —sC (¢CH=1))

Bottleneck! [




Now we consider the point 7(nt) and assume that 7(nt) < 7(n).

Theorem

Let EX =0 and 0% := EX? € (0,00) and 7(nt) be the left-most point
of minimum of the associated random walk on [0,nt]. Then in the pure
geometric case for any s € [0, 1]

E. [sZ<T<"t>>|Z(n) > o] I{r(n) > nt} % sy(s)I {Tare > t},

where T,,c is a random variable subject to the arcsine law and
1

M e ey



Proof. On the event {T(nt) < 7(n)}

Thus

d
fT(nt),n(O) — 1.
E., |:$Z(T(m))|Z(n) 0| =

fo,rtnt)(8) = fo,r(nt)(5Fr(nt),n(0))
1 — fo,n(0)
380 (3) (1= Frnn (0))
~ 1 — fon(0)
S0 (8) 1= frinpn(0) €57
= f eSr(nt)

eST(n)fsﬂ'(nt) 1 — fo,n(o) :
=] = = = na




In the pure geometric case

f(I),T(nt) (S)

eST(nt)

while

—2

(nt)—1
=[1+1-5 Y eSeo S L (14a-s¢)
k=0

2

1- fT(nt),n(O)

eST(n)

d
eSrm)=Sr(mt) 1 — fO,n(O) -

1.




Let EX =0 and 0 := EX? € (0,00). Then, in the pure geometric case,
asn — oo, forany A > 0

E. [exp {—AEﬂ % (nf)ﬁ?()nt) — } Z(n) > 0] ) < )

1
4, T {rare <1}

1+
and
Z(nt)
E, [exp {—)\EW 2| Z () > 0] } |Z(n) > 0] I{r(n) > nt}
d 1
— (1 " )\)QI{TQTC > t} .
Note that

oSt

Br 12u0)|Z(0t) > 0 = 57—

= Snt=Sr(nt) |



Critical processes dying at a fixed moment
The next theorem deals with the distribution of the number of particles
at moments nt, 0 < ¢t < 1 in the case when the event

A ={Z(n—-1)>0,Z(n) =0}

occurs.

o 1- fO,n(O) fm,n(o)
Oman = 15~ 0 T= fom(0); )

Theorem

Let EX =0 and o2 :€ (0,00). Then, in the pure geometric case for any
t € (0,1) and X € (0, 0)

Erx [exp {—)\ Zut } |~An:| 4 % as mn — 00.
Ont,n (1 + )\)




It is necessary to note that despite of the unique form of the limit in the

cases {7(n) > nt} and {7(n) < nt}, the behavior of the scaling function
Ont,n as n — oo is different for the mentioned situations:




It is necessary to note that despite of the unique form of the limit in the
cases {7(n) > nt} and {7(n) < nt}, the behavior of the scaling function
Ont.n as n — oo is different for the mentioned situations: in the first case

Ol {T(n) > nt} < 5t =50 [ {7(n) > nt},

i.e., is, essentially, specified by the past behavior of the associated
random walk




It is necessary to note that despite of the unique form of the limit in the
cases {7(n) > nt} and {7(n) < nt}, the behavior of the scaling function
Ont.n as n — oo is different for the mentioned situations: in the first case

Ol {T(n) > nt} =< 5t [ {7(n) > nt},

i.e., is, essentially, specified by the past behavior of the associated
random walk while in the second case

Ot {T(n) < nt} < St~ 5rmem [ {1(n) < nt}

i.e., is, essentially, specified by the future behavior of the associated
random walk.



Annealed approach

Theorem

Let EX =0 and 0 :== EX? € (0,00) Then, in the pure geometric case,
asn — oo

P (Z(n) > 0) ~ 0P (min (S, S1, ..., Sp) > 0) ~

and for any t € (0,1)

i B |oo | s 140> 0] - Ty




Properties of the prospective minima
Introduce the random variable

vi=min{m >1: Sp4n > Sy for any n € Ny}

Lemma

Let EX =0 and 0% := EX? € (0,00) and the measure P is replaced by
P+t. Then v < oo P*-a.s. Moreover,

1) the sequences {S,} and {S} = Sy+, — S,} have the same
distribution;

2) the random sequences {v, Si, ..., S, } and {S}} are independent.

3) forallk € N and x> 0

Pt (v=k,S, €dz) =P (T' =k, Sy € dx)

where
T'=min{j >1:5; >0}.

Proof omitted.




Recall that .
PT(.) =P (.|, ,...)

Lemma

Let EX =0 and 0% := EX? € (0,00). Then in the pure geometric case
Pt as. A
P (Z(n) > 0 for alln > 0) > 0.

In particular,
P*(Z(n) > 0 for all n > 0) > 0.

Moreover, as n — oo we have PT a.s.

Z(n) 4 g+

eSn
where the random variable Z+ has the following property Pt a.s.:

{Z* >0} ={Z(n) >0 forall n > 0} .



Proof. We know that

Hence,

P*(Z(n) > 0) =1 - fo,n(0).




Proof. We know that

P (Z(n) >
Hence,

0) = 1= fon(0).

-1
PH(Z(n)>0)= > e
§=0

and in view of the previous results P* a.s.

lim Pt

n—00

(Z(n) > 0) = iefsﬂ' >0




Proof. We know that
f’+(Z (n) >0)
Hence,

-1
n
Jj=0
and in view of the previous results P a.s.

lim Pt

lim PH(Z(n) > 0) = (i esj) >0
§=0

P*(Z(n) > 0)=EP " (Z(n) > 0)
the second statement follows.

=) =l = = DA

In view of



Since Z(n)e~“"is a nonnegative martingale, we conclude

Z) 4 g+

eSn




Since Z(n)e~“"is a nonnegative martingale, we conclude

Z(n) a
Let us show that

+
— Z7".
eSn

{Z* >0} ={Z(n) >0 forall n>0}.




Since Z(n)e~“"is a nonnegative martingale, we conclude

Zn) a
5. — 7T,
Let us show that
{Z* >0} ={Z(n) >0 forall n>0}.
Since
it follows that

{Z(n) =0 for some n > 0} C {Z" =0}

Pt (2T =0)>P* (Z(n) =0 for some n > 0).




Let us show that

Pt (ZT =0) <P* (Z(n) =0 for some n > 0)




Let us show that

Pt (ZT =0) <P* (Z(n) =0 for some n > 0)
First we demonstrate that

P* (Z(n) =0 for some n > 0) + P* (Z(n) — 00) =




Let us show that

Pt (ZT =0) <P* (Z(n) =0 for some n > 0)
First we demonstrate that

P* (Z(n) =0 for some n > 0) + P™ (Z(n) — o0) =1
To this aim it suffices to show that P* a.s.

Pt (Z(n) =0 for some n > 0) + P (Z(n) — o00) = 1




Let us show that

Pt (ZT =0) <P* (Z(n) =0 for some n > 0)
First we demonstrate that

P* (Z(n) =0 for some n > 0) + Pt (Z(n) — o0) =
To this aim it suffices to show that PT a.s.
Pt (Z(n) = 0 for some n > 0) + P+ (Z(n) — o0) = 1.
We check that P a.s.

oo

k=0
(it is sufficient according to Lindvall).

=] 5 = DA

> (1 —pgk)> =00



(k)

1

Since 02 > 0 we have P (p

1) <1



Thus,

Since 02 > 0 we have P (pg ) = 1) < 1. Therefore, P (pgk) < 1) >0

P (p""V <1) >0,




Since 0 > 0 we have P (p
Thus,

k
® =1

) < 1. Therefore, P* (pgk) < 1) 0.
Pt (p§“+1) < 1) > 0.
The random variables

SO e
are iid according to the previous results.




1

Since 0 > 0 we have P (p(k) =1
Thus,

) < 1. Therefore, P* (pgk) < 1) >0
Pt (p§“+1) < 1) > 0.
The random variables
pgv(k)Jrl)’ ke No
are iid according to the previous results. Hence we conclude that

k=0

k=0

S (1-p) = ) (1= = 0




Since 02 > 0 we have P (pgk) =1
Thus,

) < 1. Therefore, P* (pgk) < 1) >0
P (p{"" <1) > 0.
The random variables

pgv(k)Jrl)’ ke No

are iid according to the previous results. Hence we conclude that
> (1-n) 23 (1
k=0

k)+1
k=0
IrO Y thls |t O”OWS that P a.s.

) = oo

P (Z(n) = 0 for some n > 0) + PT (Z(n) — o0)

=) =l = = DA



Since 0 > 0 we have P (pgk) = 1) < 1. Therefore, P™ (pgk) < 1) > 0.
Thus,
Pt (p§”+1) < 1) > 0.

The random variables
SO e

are iid according to the previous results. Hence we conclude that

.
k=0 k=0
from this it follows that PT a.s.
P* (Z(n) =0 for some n > 0) + P+ (Z(n) — o00) =1
implying
P* (Z(n) =0 for some n > 0) + Pt (Z(n) — oo0) =



Further we have P a.s.

i+ [exp {_ AZ(n)

eSn

} \Z(k) = 1] — o (exp {25}
( o (Sn—51)
=1

n—1

-1
—(5;=5k)
1 —exp{—-Xe5r} +§e )




Further we have PT as.
Ef [exp {— AZ(n)

eSn

}|Z(k) = 1] = frn (exp {-Ae " })
=1-

ef(snfsk)

n—1 -
—(S;—Sk)
1 —exp{—-Xe5r} + JZ_]; ‘

Now we let n — co. Then S,, — +0o P a.s. and

Zn) a

+

— 7
eSn

P a.s. Therefore, letting n — 0o we see that

eS

-1
k oo
—(S;—Sk)
Fo o)
j=k
. - . = QR

B [exp {-AZF}Z(k) =1] =1 - (



As A — oo we get PT as.

-1
o0
PH(zt=0[Z(k)=1) =1~ Y e (=50
j=k




As A — oo we get PT as.

PH(Zt=01Z(k)y=1)=1— D e 575
j=k

Further, we get PT a.s.
(£
J

-1
e (Si=Suw) .
=v(k)

-1

P (zt =0Z(v(k))




As A — oo we get PT as.

PT(Zt=01Z(k)=1)=1- (i e—@'—Sk)) .

=k

Further, we get PT a.s.

j=v(k

-1
PH(Zt=0Z(v(k)=1) =1~ ( > e(SjSu(k>)) ,
J )

Besides, for any [ € N

Pt (2T =01Z(w(k) =1) = (P+ (2% =0|Z(v(k)) = 1))l .




As a result we get P as

Pt (zt=0/2(0)=1)

B¢ [P (2 = 0j200)]

_171 Zw(k))
=BT |[1- ( Z e~ (8i=5uw))

J=v(k) )




As a result we get P* as
PT(Zt=0/2(0)=1)
B

— B [P (27 = 0|2(:()))]

_171 Zw(k))
=kt |1- ( Z e (8i=5u)
j:

By the properties of prospective minima

T
e(S,-S,,(k))) .
Jj=v(k)
o0
ET (11— >

z

-1 —-177*
o0
e—(S,-—S,,(;C)) — Rt 1= Z e~ Si
j=v(k) 7=0

i






Thus,
PT(Zt=0[2(0)=1)

< PY(Z(w(k)) < 2)

—177%
o0
+ET [1-— (Zesﬂ')
=0

Now we let £ — oo to get
PT(Z"=0(2(0)=1) < P7'(Z(n)=0 for some n > 0)

o0 _1 -
+ET [1- Ze—sf
=0

=] =) = = DA



Now we let £ — oo to get

N

P+(Z+:O|Z(O):1) < P*(Z(n) =0 for some n > 0)

—17 %
+EY |1 - (Ze_sj)

§=0
Now letting z — oo we see that
Pt (Z" =0/2(0)=1) < P (Z(n) = 0 for some n > 0).
Since the inequality
Pt (Zt=0[Z(0)=1) > P+ (Z(n) = 0 for some n > 0)

is evident, the statement of the lemma follows.



Lemma

IfFEX =0 and 0% := EX? € (0,00) then for any € > 0 there exists
l € N such that

n

Be%srn) > 1] = ) Be%r(k) =k P (Lo 20)

< eP(L,>0)




Proof. Let

We know that

T':=min{i >0:5; > 0}.

E [e®7(k) = k| =E [e5: T > k]
By Sparre-Anderson identity we have

oo

n

o0
1+ ZS"E [es";T' >n| = exp{z ?E [es";S’n < 0]
n=1 n=1

} |




We know by the local limit theorem for sums of iid random variables with
zero mean and finite variance o2 > 0 that (for nonlattice case)

1 2 g, 2 1
_ —(kh)*/2no
P (S, € kh,k(h+1)) = gy eyl +0(n3/2).

Therefore,

E [eS"; Sn < 0]

0
/ e*dP (S, < x)

— 00
—(kh)?/2no> 1
< h Z 27rn3/2e +O<n3/2 ’
An similar estimate is valid from below. Hence

1

E[eS";Sn <O:| ~ m

and, therefore, as n — oo

E [eS";T' >n| ~ 37



Hence we get for sufficiently large [ and § € (0,1):
Z E [es’“'

= k] P (L,_j > 0)
k=141
n(1-4¢)

— Z Z E[e %;7(k) = k| P (Ly—i > 0)
k=l4+1  k=n(1—6)+1
n(1-6) . "

< C Z k3/2 n§_0)+m Z P(Ln—k>0)
k=l+1 k=n(1-0)+1
1




We show that

P (Z(n)>0)~

Bk




We show that

P (Z(n) > 0) ~ %

We have

P(Z(n)>0)=P(Z(n)>0;7(n) <) +P(Z(n)>0;7(n) >1).




We show that

P(Z(n)>0)~ %
We have

P(Z(n)>0)=P(Z(n)>0;7(n) <) +P(Z(n)>0;7(n) >1).
It is easy to see that in view of the inequality

P. (Z(n) > 0)

1= fon(0) = min Py (Z(n)>0)

min e* = %
0<k<n

<

that

P (Z(n) > 0;7(n) >1)




On the other hand, for each fixed k&
P(Z( )>0;7(n) =k)

— ZP n) > 0; Z(k) = j;7(n) = k)

j=1

8

- Y Pz (k) = k)P (Z(n—k) > 0;7 >n —k|Z(k) = j)
j=1

Clearly,
P(Z(n—k)>0;7>n—k|Z(k) =)
- E [1 — f&n_k(O);T >n— k}

= E[l—fg’nik(0)|7'>n—k}P(T>n—k).

] =



We know that, as n — oo
while

C
P(r>n—k)~ T;l

E 1= f, O >n—k = Et[1-f
where, in the pure geometric case

E+@—ﬁmmﬂ:E+_

from this it follows that




Proof of the Yaglom limit theorem, the annealed case
We need to show that

Z(nt
Jg&EDFXp{_AEQ[Z( o

nt)|Z(nt) > 0]
We consider ¢ = 1 only and prove that

lim E

Tim_ FXp{—A 2

eSn—5x(n)

%ﬂm>ﬂ:ww.
%am>ﬂ=%@)




It suffices to consider for a fixed k
E {(1 — exp{—A#}) ;7(n) = k]
e”n T Pr(nt)
= ZE Kl — exp{—)\%}) i7(n) = k; Z(k) ZJ}
=1 e

BUIEE I E

xP (r(k) =k; Z(k) = 7).

Now, as n — oo

E Kl —exp{—A%}) ;7 >n —k|Z(0) zj}

~ Et [(1—exp {—)\(Zl7L + ..+ Z;L})] P(r>n)

and the desired statement follows.
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