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Population genetic models

Populations of constant size have been modelled by
» Markov Chains (Wright-Fisher-model, Moran model)
» Diffusion approximations (Fisher-Wright diffusion)
dX = aX(1— X)dt + /X(1 - X)dW
or Measure-valued diffusions (Fleming-Viot superprocess)
» New: Extend Fleming-Viot process by genealogical

information — Tree-valued Fleming-Viot process
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The Moran model with mutation and selection
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The Moran model with mutation and selection
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Summary

¢}

The Moran model with mutation and selection

time

Goal: construct a tree-valued stochastic process U = (Ut)¢>0
» describe genealogical relationships dynamically

» make forward and backward picture implicit -
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Summary: The tree-valued Fleming-Viot process

» Theorem: The (€, M)-martingale problem is well-posed. Its
solution — the tree-valued Fleming-Viot process — arises as
weak limit of tree-valued Moran models.

» Theorem: Tree-valued processes for different o are
absolutely continuous with respect to each other.

» Theorem: The measure-valued Fleming-Viot process is
ergodic iff the tree-valued Fleming-Viot process is ergodic.

» Theorem: The distribution of R{%, the distance of two
randomly sampled points in equilibrium, can be computed.
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:
Formalizing genealogical trees

> Leaves in genealogical trees form a metric space;
leaves are marked by elements of /| (compact)
A tree is given by:

(X, r) complete and separable metric space

» r(x1, x2) defines the genealogical distance of individuals x;
and x»

o = = A
:

The tree-valued Fleming-Viot process with mutation and selection
s




Introduction Trees Tree-valued FV process Results Summary
0000000 0®00 0000000000000 00000 o
:
:
Formalizing genealogical trees

> Leaves in genealogical trees form a metric space;

leaves are marked by elements of /| (compact)
A tree is given by:

and x»

(X, r) complete and separable metric space, 1 € P(X
» r(x1, x2) defines the genealogical distance of individuals x;

» 1 marks currently living individuals
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:
Formalizing genealogical trees

> Leaves in genealogical trees form a metric space;

leaves are marked by elements of /| (compact)
A tree is given by:

and x»

(X, r) complete and separable metric space, pu € P(Xx/)
» r(x1, x2) defines the genealogical distance of individuals x;

> 1 marks currently living individuals
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:
Formalizing genealogical trees

> Leaves in genealogical trees form a metric space;

leaves are marked by elements of /| (compact)
State space of U:

X :={isometry class of (X, r,p) :

and x»

(X, r) complete and separable metric space, pu € P(Xx/)}
» r(x1, x2) defines the genealogical distance of individuals x;

> 1 marks currently living individuals
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Martingale Problem

» Given: Markov process X = (X}):>0. The generator is

Qd(x) := lim %EX[CD(X,,) — d(x)].
h—0
» Given: Operator Q on I1. A solution of the

(€, M)-martingale problem is a process X = (X};)¢>¢ if for
all ® €1,

t
<¢(xt)—/ QdD(Xs)ds)
0 t
such process.

>0
is a martingale. The MP is well-posed if there is exactly one
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:
Polynomials on P(/)

I: functions

of the form (polynomials)

o(  p)=(u",9) :=/¢( u)p(d  u)
u = ( u, uz ,.
on finitely many coordinates

for

), 0 € Cp(

IN) depending
» [1 separates points in P(/)

The tree-valued Fleming-Viot process with mutation and selection




Introduction Trees Tree-valued FV process Results Summary
0000000 0000 0000000000000 00000 ¢}
:
:
Polynomials on U

M: functions on U of the form (polynomials)

(X, rop) = (U, p) = /cb(r(x,z),g)uN(d(ﬁ,y))

for (x.u) = ((x1.01), (x2s12), . . .), & € Co(R(2) 5 /N) depending
on finitely many coordinates

» [1 separates points in X

The tree-valued Fleming-Viot process with mutation and selection
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Generator for the Fleming-Viot process: measure-valued

Qres Qmut + Qsel
> Q" resampling

> QMU - mutation

» sl - selection
:
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Generator for the Fleming-Viot process: tree-valued

Q= Qgr0w+Qres + Qmut + Qsel

v

Q8™ : tree growth

v

Q' : resampling
QMUt : mutation

v

v

Q¢! - selection

The tree-valued Fleming-Viot process with mutation and selection
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:
Tree Growth
When no resampling occurs the tree grows
— I:i = _;r]_ j: -|= g
e sample
— full tree
Time € passe_f
Distances in the sample grow

QEO(X, r, 1) = (i, divg)
with

0
divg 1= 2§md)(r(g x), u)

The tree-valued Fleming-Viot process with mutation and selection
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:
Resampling: measure-valued

Qe )= Z(NN, ¢ 0 bk — &)
with

k<l

(Or i) =

i1
i=1

Uy,

[=] = QA
:
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:
Resampling: tree-valued

k<l

QP (X, ryp):= Z(MN, ¢ 0O — @)
with

(Ok,1(u))i ==

uj, i 75 /
In addition,

ug, i=1

r(xi,%);
(Hk,/r(&i)),‘,j =

if i) # 1,
r(xi,xk), ifj=1,
r(xe,xj), ifi=1,
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:
Mutation: measure-valued

» ¢J: total mutation rate

» - (u, dv): mutation rate from u to v

Qm™to( p)=9-> (4", Bkt — ¢)
k
with Bk (u, dv) acting on kth variable

The tree-valued Fleming-Viot process with mutation and selection
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:
Mutation: tree-valued

» ¢J: total mutation rate

» - (u, dv): mutation rate from u to v

QMD(X, rp)= 9 - Y (", Bed — @)
k
with Bk (u, dv) acting on kth variable
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:
Selection: measure-valued

> «: selection coefficient

» x(u) € [0,1]: fitness of type u (continuous)

n

Qsel¢( H) =ac Z(/J’N’ Xk * @ — Xn+1 * ¢>
k=1

where ¢ only depends on sample of size n
with xk acting on kth variable

The tree-valued Fleming-Viot process with mutation and selection
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:
Selection: tree-valued

> «: selection coefficient

» x(u) € [0,1]: fitness of type u (continuous)

n
Qselfb(X, ) =o- Z(MN, Xk * @ — Xnt1* D)
k=1

where ¢ only depends on sample of size n
with xk acting on kth variable

The tree-valued Fleming-Viot process with mutation and selection




Introduction Trees Tree-valued FV process Results Summary
0000000 0000 000000000000 e 00000 ¢}
Selection: tree-valued

The tree-valued Fleming-Viot process with mutation and selection

» Why is selection the same as for measure-valued case?
» Q3¢!: generator for finite model of size N

» ¢: only depends on first n < N individuals
N
QF'O(X,rop) = = Y (N xk(b 0 0k — 9))
k=1
oo Z s Xnt1(9 0 Ont1,1 — 9))

=a- Z(MN»(/ ¢ = Xn+1- @)
=1
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The tree-valued Fleming-Viot process
» Theorem: The (€, 1)-martingale problem is well-posed. Its
solution X = (X%})>0, Xt = (Xe, rt, 1) — the tree-valued
Fleming-Viot process — arises as weak limit of tree-valued
Moran models and satisfies:
» P(t+— X; is continuous) = 1,
» P((X:,rt) is compact for all t > 0) =1,
» X is Feller (hence strong Markov)
=] F = = £ DA
| The tree-valued Fleming-Viot process with mutation and selection |
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Girsanov transform: measure-valued
Theorem: Let a, o’ € R,

X solution of (2, M)-MP for selection coefficient «,
w(

p) = (@’ —a)- (", x1)
and
¢
M= (0 = )= [ v )
Then, Q, defined by
dQ

1
_— = eMt— 5 [M]t

dP |7,

solves (€2, M)-MP for selection coefficient o’

:
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Girsanov transform: tree-valued

Theorem: Let a, o’ € R,

X solution of (2, M)-MP for selection coefficient «,
and

(X, r,p) = (o —a)- (1", x1)

t
M= (W(Xe. reae) = W(Xo. 1p0) / QU(X.. 7. 15) s
0
Then, Q, defined by

>0

4Q
dP

1
_ MM
Fi
:

solves (€2, M)-MP for selection coefficient o’
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:
Long-time behavior
Theorem:

The tree-valued Fleming-Viot process is ergodic iff the
measure-valued Fleming-Viot process is ergodic

o = = A
:
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Application: distances is equilibrium

» Theorem:
> | ={e, o}, x(u) = 1{y—e} (®is fit, o is unfit)
> g: mutation rate @ — e and o — @
» Rp: distance of two randomly sampled points in

equilibrium

B =
49(2+ A+ 29)A 02 4 Oa?)

T AT )T AT 06 AT D)L+ N6+ 23+ 0)

» Proof: Use
E[Q(uY, e Mriax)/2)] = o
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:
Summary and outlook

> Once the right state-space is chosen, construction of

tree-valued Fleming-Viot process straight-forward

» Genealogical distances can be computed using generators

» Next step: Include recombination
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