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INTRODUCTION

MONETARY RISK MEASURES:
Coherent risk measures: Artzner, Delbaen, Eber, Heath (1999)
Convex monetary risk measures: Föllmer and Schied (2002)and Frittelli and
Rosazza Gianin (2002)
CONDITIONAL RISK MEASURES

on a probability space : Detlefsen Scandolo (2005)
in a context of uncertainty : Bion-Nadal (preprint 2004)
DYNAMIC RISK MEASURES

Coherent Dynamic Risk Measures: Delbaen (2003) and Artzner,
Delbaen, Eber, Heat, Ku (2004), and Riedel (2004)
Convex dynamic risk measures considered in many recent papers,
among them: Frittelli and Rosaza Gianin (2004), Klöppel, Schweizer
(2005), Cheredito, Delbaen, Kupper (2006), Bion-Nadal (2006),
Föllmer and Penner (2006)
g expectations or Backward Stochastic Differential Equations : Peng
(2004), Rosazza Gianin (2004) and Barrieu El Karoui (2005)
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DYNAMIC RISK MEASURES

MAIN RESULTS FORDYNAMIC RISK MEASURES

Characterization of Time Consistency by a cocycle condition on the
minimal penalty

Regularity of paths for time consistent dynamic risk measures

Families of dynamic risk measures constructed from right continuous
BMO martingales generalizing B.S. D. E. and allowing for jumps.
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APPLICATION TO DYNAMIC PRICING

Develop an axiomatic approach to associate to any financial product a
dynamic ask price process and a dynamic bid price process taking into
account liquidity risk and transaction costs. The ask price process is convex.
MAIN RESULT: A time consistent pricing procedure has No Free Lunch if
and only if there is an equivalent probability measureRsuch that for anyX
the martingaleER(X|Ft) is between the bid price process and the ask price
process associated withX.
Furthermore the ask price process is then aRsupermartingale with cadlag
modification
This generalizes the result of Jouiny and Kallal which was obtained for
sublinear ask prices.
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DYNAMIC RISK MEASURES

FRAMEWORK Consider a filtered probability space(Ω,F∞, (Ft)t∈IR+ , P).
Assume that the filtration(Ft) is right continuous and thatF0 is the
σ-algebra generated by theP null sets ofF∞ so thatL∞(Ω,F0, P) = IR.
We work on stopping times. For a stopping timeτ , recall that
Fτ = {A ∈ F∞|∀t ∈ IR+ A∩{τ ≤ t} ∈ Ft}.
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DYNAMIC RISK MEASURE

DEFINITION

A Dynamic Risk Measure on(Ω,F∞, (Ft)t∈IR+ , P) is a family of maps
(ρσ,τ )0≤σ≤τ , (σ ≤ τ are stopping times) defined onL∞(Fτ ) with values
into L∞(Fσ) satisfying

1 monotonicity:if X ≤ Y then ρσ,τ (X) ≥ ρσ,τ (Y)
2 translation invariance:

∀Z ∈ L∞(Fσ) , ∀X ∈ L∞(Fτ ) ρσ,τ (X + Z) = ρσ,τ (X)− Z

3 convexity:
∀(X, Y) ∈ (L∞(Fτ ))2 ∀λ ∈ [0, 1]

ρσ,τ (λX + (1− λ)Y) ≤ λρσ,τ (X) + (1− λ)ρσ,τ (Y)
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CONTINUITY

DEFINITION

A Dynamic Risk Measure(ρσ,τ ) is continuous from above (resp below) if
for any decreasing (resp increasing) sequenceXn of elements of
L∞(Ω,Fτ , P) converging toX, for anyσ ≤ τ , the increasing (resp
decreasing) sequenceρσ,τ (Xn) converges toρσ,τ (X)

Continuity from above is equivalent to the existence of a dual representation
in terms of probability measures.
Continuity from below implies continuity from above.

DEFINITION

A Dynamic Risk Measure(ρσ,τ ) is normalized if∀σ ≤ τ , ρσ,τ (0) = 0
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DUAL REPRESENTATION

PROPOSITION

Any Dynamic Risk Measure continuous from above has a dual
representation : Letσ ≤ τ

∀X ∈ L∞(Fτ ) ρσ,τ (X) = ess supQ∈M1
σ,τ (P)[(EQ(−X|Fσ)− αm

σ,τ (Q)]

where

αm
σ,τ (Q) = Q ess supX∈L∞(Ω,Fτ ,P)[EQ(−X|Fσ)− ρσ,τ (X)]

M1
σ,τ (P) = {Q on(Ω,Fτ ) , Q� P , Q|Fσ

= P and EP(αm
σ,τ (Q)) < ∞}
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DUAL REPRESENTATION IN CASE OF CONTINUITY FROM

BELOW

PROPOSITION

Any Dynamic Risk Measure continuous from below has the following dual
representation

∀X ∈ L∞(Fτ ) ρσ,τ (X) = ess maxQ∈Mσ,τ (P)[(EQ(−X|Fσ)− αm
σ,τ (Q)]

where

Mσ,τ (P) = {Q� P , Q|Fσ
= P andαm

σ,τ (Q) ∈ L∞(Ω,Fσ, P}
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TIME CONSISTENCY

TIME CONSISTENCY

DEFINITION

A Dynamic Risk Measure(ρσ,τ )0≤σ≤τ is time consistent if

∀0≤ ν ≤ σ ≤ τ ∀X ∈ L∞(Fτ ) ρν,σ(−ρσ,τ (X)) = ρν,τ (X).

The notion of time consistency first appeared in the work of Peng.

For coherent dynamic risk measures: Delbaen (2003)

In a discrete time setting: Cheridito, Delbaen, Kupper: characterization
by a condition on the acceptance sets and characterization by a
concatenation condition.

Denote forQ� P

Aν,τ (Q) = {Y ∈ L∞(Ω,Fτ , P) | ρν,τ (Y) ≤ 0 Q a.s.}
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COCYCLE CONDITION

THEOREM

Let (ρσ,τ ) be a Dynamic Risk Measure continuous from above. The three
following properties are equivalent. Letν ≤ σ ≤ τ

I) The dynamic risk measure is time consistent i.e.

ρν,τ (X) = ρν,σ(−ρσ,τ (X)) ∀X ∈ L∞(Ω,Fτ )

II ) For any probability measure Q absolutely continuous with respect to P,

Aν,τ (Q) = Aν,σ(Q) +Aσ,τ (P)

III ) For any probability measure Q absolutely continuous with respect to P,
the minimal penalty function satisfies the cocycle condition

αm
ν,τ (Q) = αm

ν,σ(Q) + EQ(αm
σ,τ (Q)|Fν) Q a.s.
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CADLAG MODIFICATION

Denote
M0

0,τ = {Q� P | αm
0,τ (Q) = 0}

THEOREM

Let (ρσ,τ )σ≤τ be a normalized time consistent dynamic risk measure
continuous from above. Assume thatM0

0,τ 6= ∅ . For any X∈ L∞(Fτ ), for
any R∈M0

0,τ , there is a cadlag R-supermartingale process Y such that for
any finite stopping timeσ ≤ τ , ρσ,τ (X) = Yσ R a.s.

The proof follows that of Delbaen for coherent dynamic risk measures and is
based on theorems of Dellacherie Meyer.

LEMMA

Same hypothesis. Then the process(ρσ,τ (X))σ is a R-supermartingale:

∀ν ≤ σ ≤ τ ρν,τ (X) ≥ ER(ρσ,τ (X)|Fν) R a.s.
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CADLAG MODIFICATION

LEMMA

Same hypothesis. Letσ ≤ τ , σ finite. Consider a decreasing sequence of
finite stopping timesσn ≤ τ converging toσ. Then ER(ρσn,τ (X)) converges
to ER(ρσ,τ (X)), andρσn,τ (X) tends toρσ,τ (X) in L1(Ω,F∞, R).

DEFINITION

A Normalized Dynamic Risk Measure(ρστ ) is called non degenerate if
∀A ∈ F∞, ρ0,∞(λ1A) = 0 ∀λ ∈ IR+

∗ impliesP(A) = 0.

COROLLARY

Let (ρσ,τ ) be time consistent, non degenerate and continuous from below.
ThenM0

0,∞ 6= ∅ . Any R∈M0
0,∞ is equivalent to P and∀X ∈ L∞(F∞)

there is a cadlag R-supermartingale process Y, such that for all finiteσ,

ρσ,∞(X) = Yσ ∈ L∞(Ω,Fσ, P)
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EXAMPLE :ENTROPIC RISK

ENTROPIC DYNAMIC RISK MEASURE

As,t = {Y ∈ L∞(Ft) | E(e[−αY]|Fs) ≤ 1}

ρs,t(X) = essinf{Y ∈ L∞(Fs) |X + Y ∈ As,t}
= essinf{Y ∈ L∞(Fs) / E(e[−α(X+Y)]|Fs) ≤ 1}

=
1
α

ln E(e−αX|Fs)

αm
s,t(Q) =

1
α

(EP(ln(
dQ
dP

)
dQ
dP
|Fs)

The entropic dynamic risk measure is time-consistent.

Also: Barrieu el Karoui, Cheredito Kupper, Detlefsen Scandolo.
Cheredito Kupper: Expected utilities lead to time-consistent dynamic risk
measures iff the utility fonction is linear or exponential.
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EXAMPLE :BSDE

BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS

Ft is the augmented filtration of ad dimensional Brownian motion. Assume
thatg(t, z) is convex (inz) and satisfies the condition of quadratic growth.
The associated BSDE,

−dYt = g(t, Zt)dt− Z∗t dBt

YT = X

has a solution which gives rise to a time-consistent dynamic risk measure
ρs,T(−X) = Ys

Peng. Also Barrieu El Karoui, Klöppel Schweizer, Roosazza Gianin...
The paths of dynamic risk measures associated with B.S.D.E. are
continuous.
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STABLE SET OF PROBABILITY MEASURES

Conditions onQ andα so that

ρσ,τ (X) = esssupQ∈Q{EQ(−X|Fσ))− ασ,τ (Q)}

defines a time consistent Dynamic Risk Measure.

DEFINITION

A setQ of probability measures all equivalent toP is stable if for every
stopping times,ν ≤ σ ≤ τ , for everyQ ∈ Q, for everyR∈ Q, there is
S∈ Q such that

∀X ∈ L∞(Fτ ), ES(X|Fν) = ER(EQ(X|Fσ)|Fν) P.a.s.

i.e.

(
dS
dP

)τ =
( dQ

dP)τ

( dQ
dP)σ

(
dR
dP

)σ

where( dS
dP)t meansE( dS

dP|Ft)
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CONDITIONS ON THE PENALTY FUNCTION

DEFINITION

A penalty functionασ,τ defined onQ with values inL∞

is local if for every stopping timesσ ≤ τ , for everyAFσ-measurable,
if EQ1(X1A|Fσ) = EQ2(X1A|Fσ) P.a.s. ∀X ∈ L∞(Ω,Fτ , P),
then 1Aασ,τ (Q1) = 1Aασ,τ (Q2) P.a.s.

satisfies the cocycle condition if for everyQ in Q, for every stopping
timesν ≤ σ ≤ τ ,

αν,τ (Q) = αν,σ(Q) + EQ(ασ,τ (Q)|Fν)
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SUFFICIENT CONDITION FOR TIME CONSISTENCY

The following theorem allows for the construction of many examples of time
consistent Dynamic Risk Measures:

THEOREM

LetQ be a stable set of probabilities all equivalent to P. Assume thatα is
local, satisfies the cocycle condition andesssupQ∈Q(−ασ,τ (Q)) ∈ L∞(Fσ)
. Then the Dynamic Risk Measure(ρσ,τ )0≤σ≤τ defined by

ρσ,τ (X) = esssupQ∈Q{EQ(−X|Fσ))− ασ,τ (Q)}

is time-consistent.

In the case of penalty identically equal to 0 onQ this result was first proved
by Delbaen.
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STOCHASTIC EXPONENTIAL

(M)t martingale,M0 = 0. Stochastic exponential ofM: unique solution of

E(M)t = 1 +
∫ t

0
E(M)s−dMs

E(M)t = exp(Mt −
1
2
([M, M]c)t)Πs≤t(1 + ∆Ms)e−∆Ms

MARTINGALES WITH BOUNDED QUADRATIC VARIATION

Q1 = {QM ;
dQM

dP
= E(M) | M continuous P martingale;

[M, M]∞ ∈ L∞(Ω,F , P)}

is a stable set of probability measures all equivalent toP.
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BMO MARTINGALES

BMO MARTINGALES(Doleans-Dade Meyer)
a right continuous square integrable martingaleM is BMO if there is a
constantc such that for any stopping timeS,

E([M, M]∞ − [M, M]S− |FS) ≤ c2

The smallestc is ||M||BMO

CASE OF CONTINUOUSBMO MARTINGALES

Q2 = {QM ;
dQM

dP
= E(M) | M continuous martingale; ||M||BMO < ∞}

is a stable set of probability measures all equivalent toP.
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STABLE SETS

RIGHT CONTINUOUS BMO MARTINGALES

For right continuous BMO martingales: restrictions on the BMO norms.

LEMMA

Let M1, ..., Mj be strongly orthogonal square integrable right continuous
martingales in(Ω,F , (Ft)0≤t, P) . LetΦ be a non negative predictable
process such thatΦ.Mi is a BMO martingale of BMO norm mi . Let

M = {
∑

1≤i≤j

Hi .M
i , Hi predictable|Hi | ≤ Φ}

Any M∈M is a BMO martingale with BMO norm less than
(
∑

1≤i≤j(m
i)2)

1
2 = m. If m< 1

8,Q(M) = {(QM)M∈M | dQM
dP = E(M)} is a

stable set of equivalent probability measures.
No restriction on m if each Mi is continuous.
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TIME-CONSISTENTDYNAMIC RISK MEASURES FROM

BMO RIGHT CONTINUOUS MARTINGALES

THEOREM

LetM be a set of BMO martingales; Assume that
Q(M) = {QM | dQM

dP = E(M), M ∈M} is a stable set of probability
measures all equivalent to P. Assume{||M||BMO | M ∈M} is bounded (by
1
16 in right continuous case)
Let H a bounded predictible process.

ασ,τ (QM) = EQM ((H.M)τ − (H.M)σ|Fσ)

ρσ,τ (X) = esssupQM∈Q(M)(EQM (−X|Fσ)− ασ,τ (QM))

defines a time consistent dynamic risk measure.
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DYNAMIC RISK MEASURES FROMBMO MARTINGALES

THEOREM

LetQ(M) = {QM | dQM
dP = E(M), M ∈M} be a stable set of probability

measures such that any M∈M is BMO.

ασ,τ (QM) = EQM (

τ∫
σ

bud[M, M]u)|Fσ)

If b bounded and{||M||BMO} bounded (by1
16 in right continuous case)

or if b is non negative and0 ∈M
ρσ,τ (X) = esssupQM∈Q(M)(EQM (−X|Fσ)− ασ,τ (QM))

defines a time-consistent dynamic risk measure.
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DYNAMIC RISK MEASURES FROMBMO MARTINGALES

GENERALIZE BSDE

PROPOSITION

Let (Mi), (Mi
0 = 0) be strongly orthogonal continuous martingales. Let

M = {
∑

1≤i≤j Hi .Mi | Hi .Ml BMO∀(i, l)}. Let bi(s, x1, ..., xk) Borel
functions of quadratic growth. For M=

∑
1≤i≤j Hi .Mi , define

αs,t(QM) = EQM (
∑

1≤i≤j

t∫
s

bi(u, (H1)u, (H2)u, ..., (Hj)u)d[Mi , Mi ]u|Fs)

Assume that

ρs,t(X) = essmaxM∈M((EQM (−X|Fs)− αs,t(QM))

Thenρs,t is a time-consistent dynamic risk measure.
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DYNAMIC RISK MEASURES FROMBMO MARTINGALES

GENERALIZE BSDE

N. El Karoui and P. Barrieu have computed the dual representation
associated withe BSDE wheng is strictly convex of quadratic growth.
(Mi)1≤i≤j are independent Brownian motions. The filtration is the
augmented filtration of the(Mi)1≤i≤j . ThusM as in proposition is

M = {
∑

1≤i≤k Hi .Mi | supS ||E(
∞∫
S

Hi(u)2du|FS)||∞ < ∞}. The penalty

function is

αs,t(QM) = EQM (

t∫
s

G(u, (H1)u, (H2)u, ..., (Hk)u)du|Fs)

whereG is the Fenchel transform ofg.
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RISK MEASURES FROM RIGHT CONTINUOUSBMO
MARTINGALES

PROPOSITION

LetM = {
∑

1≤i≤j Hi .Mi | |Hi | ≤ Φ} m = (
∑
||Φ.Mi ||2BMO)

1
2 < 1

16. Define

αs,t(QM) = EQM (
∑

1≤i≤j

t∫
s

bi(u, (H1)u, (H2)u, ..., (Hj)u)d[Mi , Mi ]u|Fs)

ρs,t(X) = esssupM∈M((EQM (−X|Fs)− αs,t(QM))

If any bi is non negative and bi(s, 0, 0, , 0) = 0, or

If any bi is of quadratic growth

ρs,t is a time-consistent dynamic risk measure.
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ECONOMIC MODEL

In financial markets, for any traded security you observe a book of orders.
For a financial productX: bid and ask prices associated withnX (n ∈ IN).
For n large the ask price ofnX is greater thann times the ask price ofX.
DYNAMIC PRICING

Financial position at timeτ : X ∈ L∞(Fτ )
Goal: Assign toX a dynamic ask price process(Πσ,τ (X))σ≤τ and a dynamic
bid price process(−Πσ,τ (−X))σ≤τ (sellingX is the same as buying−X).
Taking into account the impact of diversification, and liquidity risk , this
leads to the convexity of the ask price.
Develop an axiomatic approach taking inspiration from that of Jouiny Kallal
for sublinear pricing.
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TIME CONSISTENTPRICING PROCEDURE

DEFINITION

A Time Consistent Pricing Procedure, TCPP,(Πσ,τ )0≤σ≤τ is a family of
maps(Πσ,τ ) : L∞(Fτ ) → L∞(Fσ) continuous from below, satisfying

1 monotonicity:if X ≤ Y then Πσ,τ (X) ≤ Πσ,τ (Y)
2 translation invariance:∀Z ∈ L∞(Fσ) , ∀X ∈ L∞(Fτ )

Πσ,τ (X + Z) = Πσ,τ (X) + Z

3 convexity:∀(X, Y) ∈ (L∞(Fτ ))2

Πσ,τ (λX + (1− λ)Y) ≤ λΠσ,τ (X) + (1− λ)Πσ,τ (Y)

4 normalization:Πσ,τ (0) = 0
5 time consistency:∀X ∈ L∞(Fτ ), Πν,σ(Πσ,τ (X)) = Πν,τ (X)
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TIME CONSISTENCY

REMARK

1 ρσ,τ (X) = Πσ,τ (−X) is a normalized time consistent Dynamic Risk
Measure continuous from above.

2 For any stopping timeτ for any X∈ L∞(Ω,Fτ )

−Πσ,τ (−X) ≤ Πσ,τ (X)
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NO FREE LUNCH PRICING PROCEDURE

DEFINITION

Set financial products atteignable at zero cost via self financing simple
strategies:

K0 = {X = X0 +
∑

1≤i≤n

(Zi − Yi), (X0, Zi , Yi) ∈ L∞(F∞) |

Π0,∞(X0) ≤ 0; Πτi ,∞(Zi) ≤ −Πτi ,∞(−Yi) ∀1≤ i ≤ n}

where 0≤ τ1 ≤ ... ≤ τn < ∞ are stopping times.

DEFINITION

The TCPP has No Free Lunch ifK∩L∞+ (Ω,F∞, P) = {0} whereK is the
weak* closure of

K = {λX, (λ, X) ∈ IR+ ×K0}
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FIRST FUNDAMENTAL THEOREM

THEOREM

Let (Πσ,τ )σ≤τ be a TCPP. The following conditions are equivalent:
i) The Dynamic Pricing Procedure has No Free Lunch.
ii) There is a probability measure R equivalent to P with zero penalty
αm

0,∞(R) = 0
iii) There is a probability measure R equivalent to P such that

∀X ∈ L∞(Ω,Fτ , P) ∀σ ≤ τ −Πσ,τ (−X) ≤ ER(X|Fσ) ≤ Πσ,τ (X) (1)
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CADLAG PRICING PROCESSES

COROLLARY

Let (Πσ,τ )σ≤τ be a No Free Lunch TCPP. For any X∈ L∞(Ω,F∞, P), for
any probability measure R equivalent to P with zero penalty, there is a
cadlag modification of(Πσ,τ (X))σ≤τ which is a R-supermartingale process
(resp. a cadlag modification of−(Πσ,τ (−X))σ≤τ which is a
R-submartingale process), and

−Πσ,τ (−X) ≤ ER(X|Fσ) ≤ Πσ,τ (X) (2)

for any stopping timeσ ≤ τ .
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STRONG ADMISSIBILITY

DEFINITION

A TCPP(Πσ,τ )0≤σ≤τ is strongly admissible with respect to the reference
family ((Sk)0≤k≤d, (Yl)1≤l≤p) and the observed bid (resp ask) prices
(Cl

bid, Cl
ask)1≤l≤p if

it extends the dynamics of the process(Sk)0≤k≤d

if Sk
τ ∈ L∞(Fτ ) then Πσ,τ (nSk

τ ) = nSk
σ

it is compatible with the observed bid and ask prices for the(Yl)1≤l≤p

∀1≤ l ≤ p Cl
bid ≤ −Π0,τl (−Yl) ≤ Π0,τl (Y

l) ≤ Cl
ask

38/ 45
Jocelyne Bion-Nadal Dynamic Risk



Introduction
Dynamic Risk Measures

Dynamic Risk Measures from BMO martingales
Bid-Ask Dynamic Pricing Procedure

Conclusion

Markets with transaction costs and liquidity risk
No Free Lunch Pricing Procedure
Pricing Procedure compatible with observed bid ask prices for options

CHARACTERIZATION OF STRONG ADMISSIBILITY

PROPOSITION

A TCPP is strongly admissible with respect to the reference family
((Sk)0≤k≤d, (Yl)1≤l≤p) and the observed bid (resp ask) prices
(Cl

bid, Cl
ask)1≤l≤p if and only if

Any probability measure R� P such thatαm
0,∞(R) < ∞ is a local

martingale measure with respect to any process Sk.

For any probability measure R� P, for any stopping timeτ ,

αm
0,τ (R) ≥ sup(0, sup

{l | τl≤τ}
(Cl

bid − ER(Yl), ER(Yl)− Cl
ask) (3)

Let Q0 be an equivalent local martingale measure forSk such that

∀l Cl
bid ≤ EQ0(Y

l) ≤ Cl
ask
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ADMISSIBLE PRICING FROM BMO MARTINGALES

THEOREM

LetM = {M =
∑

1≤i≤j Hi .Mi , Hi ≤ Φ}, set of BMO martingales either

continuous, or right continuous and of BMO norm less than m< 1
16

Q(M) = {QM | dQM
dQ0

= E(M), M ∈M} Let bs be a bounded non negative
predictable process. Let

ασ,τ (QM) = EQM (

τ∫
σ

bud[M, M]u)|Fσ)

Πσ,τ (X) = ess infQM∈Q(M)(EQM (X|Fσ) + ασ,τ (QM))

defines a No Free Lunch time TCPP.
If any Mi is strongly orthogonal to any martingale Sk, there is B∈ IR+ such
that the procedure is strongly admissible with respect to(Sk, Yl) if bu ≥ B.
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Time consistency is a key property for Dynamic Risk Measures. It is
characterized by the cocycle condition of the minimal penalty function.

For normalized dynamic risk measures, the process associated with any
financial instrument is a supermartingale with respect to any equivalent
measure with zero penalty. It has a cadlag modification.

Using the theory of right continuous BMO martingales, we construct
time-consistent dynamic risk measures , generalizing those coming
from B.S.D.E.. Starting with right continuous BMO martingales with
jumps this leads naturally to dynamic risk measures with jumps.
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CONCLUSION

A TCPP(Πσ,τ )σ≤τ associates to any financial instrument a ask (resp
bid) price processΠσ,τ (X) (resp−Πσ,τ (−X)).
First Frundamental Theorem: A TCPP has No Free Lunch If and only if
there is a probability measureRequivalent toP such that for any
financial instrumentX, the martingale processER(X|Fσ) is between the
bid price process−Πσ,τ (−X) and the ask price processΠσ,τ (X).
Using BMO martingales we are able to construct No Free Lunch
time-consistent pricing procedures extending the dynamics of reference
assets and compatible with the observed bid and ask prices for
reference options.
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