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How to execute a single trade of selling X, shares?

Interesting because:
e Liquidity /market impact risk in its purest form
— development of realistic market impact models
— checking viability of these models
— building block for more complex problems
e Relevant in applications
— real-world tests of new models

e Interesting mathematics
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Overview:

I. Order book models

II. The qualitative effects of risk aversion

II1I. Multi-agent equilibrium



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

Overview:

I. Order book models

Microscopic: Emphasis on single trades

II. The qualitative effects of risk aversion

Mesoscopic: Emphasis on trajectory of trades

I1I. Multi-agent equilibrium
Macroscopic: Emphasis on interaction
with competitors



Limit order book before market order
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Limit order book after market order
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Resilience of the limit order book after market order
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I. Order book models

1. Linear impact, general resilience

2. Nonlinear impact,
exponential resilience

3. Gatheral’s model
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I. Order book models

1. Linear impact, general resilience

14



Limit order book model without large trader

unaffected best bid price, BO AO unaffected best ask price
is martingale t



Limit order book model after large trades

—
actual best bid price [ " B? A? A . actual best ask price




Limit order book model at large trade

§& = q(By — Byy)

By B; BY A? A,



Limit order book model at large trade

§& = q(By — Byy)

By

sell order executed at average price / xqdx
By,

similarly for buy orders

------ i r==-
1 [ ]

By B; BY A A,



Limit order book model immediately after large trade




Resilience of the limit order book

Y : [0, 00[— [0, 1], ¥(0) = 1, decreasing

%’f - (At) + decay of previous trades

By Biiat BY
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Strategy:
N + 1 market orders: &,, shares placed at time t¢,, s.th.

a) O0=ty<t1 <---<ty=T

(can also be stopping times)

b) &, is F;, -measurable and bounded from below,

N
c) we have Zﬁn = Xo

n=0

Sell order: &, >0
Buy order: &, <0

21
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Actual best bid and ask prices

1
Bt — Bg - - g w(t T tn)gn
q tn <t
En>0

1
At — Ag - Z ¢(t _tn)fn
q ty <t
£n <0

22
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Cost per trade

( Atn+
/ yqdy = g(Ame — Afn) for buy order &, < 0
A

tn

Btn+
/ yqdy = %(Btsz — Bfn) for sell order &, > 0
B,

\

(positive for buy orders, negative for sell orders)

Average cost

23
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A simplified model
No bid-ask spread

S? = unaffected price, is (continuous) martingale.

5= 87 == 3 &bt —ta)

t, <t

Trade &, moves price from S; to

1
S =S5, — =&,.
t+ th q§

Resulting cost:

Stn+ 1
(&) = /S yqdy = g[an+ —-S; ] = 2—q§i — &5,

tn

(positive for buy orders, negative for sell orders)
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Lemma 1. Suppose that S° = BY. Then, for any strategy &,

cn(€&) < cn(§) with equality if & > 0 for all k.

Proof: Let

Dy = B~ =——Z¢t—t ) <0
test

Dt = A :——Zwt—t Jn > 0
as

D, := D#+DE

Then
S, =82+ D+ DP = BY + D,

25
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and

en(€) = 3 [S7.+ = S2] = S[(BY, + Du,+)” = (B, + D,)?).

For &, > 0 we have D, | = D;i + Dfi+ and hence
en(§) = Z[(BY + D +DP ) — (B +Df + D)

Bf | — B} +2D{(By,+ — B:))]

IA

Bi,t — B,
()

since D' > 0 and By, . — By, <0.

:ﬁ NI NIR N
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For &, <0, we have Di* | — D{* >0 and By, < B) < A} . Hence
(&) = S[(B),+D{,+D)—(B) +D + D)

4q
2
- % (B, + Dé+)2 — (B¢, + Dé)ﬂ
4q
2

(A7, + Dy, )" = (A7, + Di)]

Thus: Enough to study the simplified model (as long as all trades &,

are positive)
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For &, <0, we have Di* | — D{* >0 and By, < B) < A} . Hence
(&) = S[(B),+D{,+D)—(B) +D + D)

4q
2
- % (B, + DZL}@JF)Z — (B¢, + Dé)ﬂ
4q
2

(A7, + Dy, )" = (A7, + Di)]

Thus: Enough to study the simplified model (as long as all trades &,

are positive)
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Lemma 2. In the simplified model, the expected cost of a strateqy & is

N

C(©) = B[ Yo el®)] = 5-E[CY(€)] - XoS5,

where C’tw is the quadratic form

Z T T (|t — tm]), x e RVNTL t = (tg,.-.,tn).
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Proof: We have

N N 1
ZE"(@ — Z (2_53 - gnstn)
n=0 n=0 q
N1, 1 .
= 2 (2_6“ En' D &athltn — tm) ‘fnstn)
n=0 q tm <t
- N
= 5= D Eabm¥(tn —tml) = D &S,
m,n=0 n=0
Letting
Xy =Xo— ) & and X, =0,
tn <t
we have
N N N
ZﬁnS?n - Z(thﬂ - th)sgn = XoSp + Zth(S?n - S:?n_l)- L]
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First Question:
What are the conditions on v under which the
(simplified) model is viable?

Requiring the absence of arbitrage opportunities in the
usual sense is not strong enough, as examples will show.

Second (Question:
Which strategies minimize the expected cost for
given X7

This is the optimal execution problem. It is very closely
related to the question of model viability.

30
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The usual concept of viability from Hubermann & Stanzl (2004):

Definition

A round trip is a strategy & with

N
Y &=Xo=0.
n=0

A market impact model admits
price manipulation strategies

if there is a round trip with negative expected costs.

31
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In the simplified model, the expected costs of a strategy & are

— 1
(&) = Q—QE[OQ”@)] ~ XoS8,
where
N
Cy(x)= > anzmh(tn —tml), @RV t=(to,... tn).
m,n=0

e There are no price manipulation strategies when Czp is nonnegative
definite for all t = (tg,...,tN);

e when the minimizer x* of C} (x) with > Ti = X exists, it yields
the optimal strategy in the simplified model; in particular, the

optimal strategy is then deterministic;

e when the minimizer &* has only nonnegative components, it yields
the optimal strategy in the order book model.
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Bochner’s theorem (1932):

C’;’b is always nonnegative definite (1 is “positive definite”) if and
only if (|- |) is the Fourier transform of a positive Borel measure
on R.

C;’b is even strictly positive definite (¥ is “strictly positive definite”)
when the support of u is not discrete.

33
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Bochner’s theorem (1932):

C’;’b is always nonnegative definite (1 is “positive definite”) if and
only if (|- |) is the Fourier transform of a positive Borel measure
on R.

C;’b is even strictly positive definite (¥ is “strictly positive definite”)
when the support of u is not discrete.

e Seems to completely settle the question of model viability;

e for strictly positive definite 1), the optimal strategy is

Xo

T NP VESE

M_l]_ for Mz’j :¢(|ti—tj|).

33



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

Proof of “<": Suppose that

() = %Q_ﬂ / ¢ p(dz).

<2
&
|
)
S
)
3
=
T~
S
~
el
|
‘ -
)
S
)
3
Cb@
ST
3
~
=
o8
&

0 n=0
1 /|<>|2 (d2) > 0
= — z 2 :
where
N
g(z) =) mne”
n=0
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Now suppose that x £ 0 but

CY () NG /\g )I° p(dz) = 0.
T

Then the function g vanishes on the support of . But g is analytic
and a non-vanishing, so its zero set must be discrete. Hence the
support of 1 must be discrete. []
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Examples

Example 1: Exponential resilience
[Obizhaeva & Wang (2005), Alfonsi, Fruth, S. (2008)]

For the exponential resilience function

Y(t) =e ",

(|- |) is the Fourier transform of the positive measure

2 p
dt) = 4/ — dt
pdt) \/;,024—752

Hence, 1 is strictly positive definite.

36



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

Optimal strategies for exponential resilience ¢ (t) = ¢!

15
1
0.5
0
2 0 5 12
N= 15
15 15
1} 1
0.5 0.5 ‘ ‘
0 1 L gl
2 12 2 0 5 12
N= 25
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The optimal strategy can in fact be computed explicitly for any time

grid:
Let ay, := e Ptn=tn=1) for n =1,..., N. Then we can write
1 al a1a2 o o o o o o CLlCLQ"'a/N
aq 1 as aoa3 ce+ a9a3 AN
a1a9 as 1 as
M =
ag - aN aN—1 1 anN
a’la’Q...a’N o o o o o o aN—]_aN CLN 1

38
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Viability of market impact models and optimal execution

The inverse of M can be computed as the tridiagonal matrix

i 1 — a1

1—a% 1—a,% , 0

—a1 1 as —a9

1—a% (1—&% + 1—a%) 1—a% 0

M=t=1] 0
—an_1 ( 1 ax )
2 2 2

l—ay_4 l—ay_4 1—a%y,

0 0 s

2nd SMAI European Summer School, 2009
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From this formula, we get

And hence

for

2nd SMAI European Summer School, 2009

1
1+aq
1 . a9
1+aq 1+as
M1 =
1 _an
1+an—1 14+an
1
1+apn
x* = \oM 11
N — Xo Xo
0= 1Tpm-11 — 2 1—ay,

40
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The initial market order of the optimal strategy is hence

A0

%k
T = —
0 1—1—&1,

the intermediate market orders are given by

1 n
xj;on(l __Ont1 ) n=1,.... N—1,
+ an 1—|—CLn_|_1

41
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The initial market order of the optimal strategy is hence

A0
1—1—&1,

TH =

the intermediate market orders are given by

1 n
xj;on(l __Ont1 ) n=1,.... N—1,
+ an 1—|—CLn_|_1

\ Ao
€T —
N 1+ apn
It is clear that zj and z are strictly positive. For i =1,..., N —1
we have
(1 — CLZ'CLrH_l)

*_

> 0.
(1+a;)(1+aiy1)

41
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For the equidistant time grid ¢,, = nT'/N the solution simplifies:
Xo

k *k
€T — ZL'N —
0 (N-1)(1—a)+2
and
* _ *k . *k
Ly = =ITN_q —fo(l_a)-
1.5 1.5
1 1
0.5 0.5
0 0
-5 0 5 10 15 -5 0 5 10 15
N=10 N=15
1.5 1.5
1 1
0.5 0.5
0 0
-5 0 5 10 15 -5 0 5 10 15
N= 20 N= 25
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The symmetry of the optimal strategy is a general fact:

Exercise:
Suppose that 1 is strictly positive definite and that the time grid is
symmetric, i.e.,

t,,; = tN — tN—i for all ’i,

then the optimal strategy is reversible, i.e.,

x % :
Ty =Ty for all <.
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Example 2: Linear resilience (t) =1 — pt for some p < 1/T

We will see in a minute that this v is strictly positive definite.
The optimal strategy is always of this form:

trading strategy

trading sizes
nN

-1 0 1 2 3 4 5 6
trading dates

It is independent of the underlying time grid and consists of two
symmetric trades of size Xo/2 at t =0 and t = T, all other trades are

Z€Tr0.
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Proof: Let x° denote the asserted strategy. It has the cost

1) @)= (50) [00) + 20(T) + )] = 2T

regardless of the underlying time grid. We will show that the
minimal cost is independent of the time grid and equal to the
right-hand side in (1). Since the linear resilience function is strictly

positive definite, ¥ must then be the unique optimal strategy.

The cost of the optimal

= M1
YT
for an arbitrary time grid is
X3
Y ox\ *\ T * 0
Cy(x") = (") Mx™ = 11"
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Let £ := M1 = (x¢,...,2y) and A; :=t; — t;_;. Then the first
and last lines of the equation Max = 1 can be written as follows.

N
xo + (1 —PA1)331 + -+ (1 —PZAi)fEN =1,
i=1

N
(1=p> Ad)zo+-+ (1—pAy)zy_1+ay =1
1=1

Summing both equations yields

N N
in(z _ pZAi) —9
i=0 i=1

and thus

N 9

This proves the assertion. []
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More generally: Convex resilience

Theorem 3.
[Carathéodory (1907), Toeplitz (1911), Young (1912)]

Y 18 convex, decreasing, nonnegative, and nonconstant —

W(|-|) is strictly positive definite.
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More generally: Convex resilience

Theorem 3.
[Carathéodory (1907), Toeplitz (1911), Young (1912)]

Y 18 convex, decreasing, nonnegative, and nonconstant —

W(|-|) is strictly positive definite.

Proof: W.l.o.g.: ¥ is continuous (exercise).
)" = right-hand derivative.
Y" (dx) = second derivative (= Borel measure on [0, c]).

For ¢ > 0 let ¢.(z) := e "y (x) (is again convex and decreasing).
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The inverse Fourier transform of 1.(| - |) is proportional to

/_OO Ve(|z))e ™ dx = 2/000 Ye(x)cosxz dr

— -2 b ' (x xcosztdtd:v
ey
_ / / /cosszdsdw“(da;)

1 —cosxz
_ /0 ST (de)

Z

As a function of z, the right-hand side is the density of a positive
finite Borel measure u.. It follows that 1., and hence v, are positive
definite functions.
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Since 1. — 1) pointwise, Lévy’s theorem entails that . converges
weakly to the measure u, the inverse Fourier transform of ¢ modulo

a proportionality factor. Portmanteau theorem:

1 —
u([a, b)) > limsup p.([a, b]) > 2/ / OB g " (dx) >
el0

for all 0 < a < b. Hence, the support of u is not discrete, and so v is
strictly positive definite. []
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Example 3: Power law resilience ¢ (t) = (1 + §t)

2 2

1.5 1.5

1 1

0.5 0.5

0

-5 0 5 10 15 -5 0 5 10 15
N=10 N= 15

2 2

1.5 1.5

1 1

0.5 - 0.5} ‘ H ‘

) L

-5 0 5 10 15 -5 0 5 10 15
N= 20 N= 25
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Example 4: Trigonometric resilience
The function

COS P

is the Fourier transform of the positive finite measure

-
H= 5(5—0 +9p)

Since it is not strictly positive definite, we take

Y(t) = (1 —¢)cospt +ee " for some p < %

52
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Trigonometric resilience () = 0.999 cos(t7/2T) + 0.001e~*

20 - - - 30

251

201

15+

10+

I
I 4

-10
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Example 5: GGaussian resilience

The Gaussian resilience function

() =e"

is its own Fourier transform (modulo constants). The corresponding
quadratic form is hence positive definite.

Nevertheless.....
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Gaussian resilience () = e *", N = 10

1.4 T T T T T T T T T T T

0.8

0.6

0.4

0.2
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Gaussian resilience 1(t) = e, N = 15

1.6 T T T T T T

0.8

0.6

0.4

0.2

_02 1 1 1 1 1 1
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Gaussian resilience () = e~ *", N = 20
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Gaussian resilience () = e~ ', N = 25

20 T T T T T T

15

10

-10

-15

58



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

Gaussian resilience () = e~ ', N = 25

20 T T T T T T

15

10

-10

-15

-20
2

= absence of price manipulation strategies is not enough
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Definition [Hubermann & Stanzl (2004)]
A market impact model admits

price manipulation strategies in the strong sense

if there is a round trip with negative expected liquidation costs.

Definition:

A market impact model admits
price manipulation strategies in the weak sense

if the expected liquidation costs of a sell (buy) program can be
decreased by intermediate buy (sell) trades.
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Question: When does the minimizer x* of
sz$g¢(|tz — tj|) with ZZI}Z = XO
©,] i

have only nonnegative components?

Related to the positive portfolio problem in finance:

When are there no short sales in a Markowitz portfolio?

Partial results, e.g., by Gale (1960), Green (1986), Nielsen (1987)
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Proposition 4. [Alfonsi, S., Slynko (2009)]
When 1 is strictly positive definite and trading times are equidistant,
then

zy >0 and N > 0.

Proof relies on Trench algorithm for inverting the Toeplitz matrix

M;; =¢¥(li —j|/N), 1,7=0,...,N
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Theorem 5. [Alfonsi, S., Slynko (2009)]
e [f 1 1s convex then all components of ** are nonnegative.
o [f 1) 1s strictly convex, then all components are strictly positive.

o Conversely, * has negative components as soon as, €.q., 1 1S

strictly concave in a neighborhood of 0.
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Qualitative properties of optimal strategies?

64
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Qualitative properties of optimal strategies?

Proposition 6. [Alfonsi, S., Slynko (2009)]

When 1 is convex and nonconstant, the optimal x* satisfies

* * * *
Ty > T and Tn_1 < TN
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Proof: Equating the first and second equations in Mx* = Ayl gives

N N
Z:C;’fw(tj) = Zx;w(ﬁj —t1)
§=0 J=0

Thus,

> (zg —21)Y(t),

by convexity of . Therefore
(o —21)(1 —4(¢1)) =2 0
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Proposition 6. [Alfonsi, S., Slynko (2009)]

When 1 is convex and nonconstant, the optimal x* satisfies

% *k *k %k
Ty > X1 and Tn_1 J TN

What about other trades? General pattern?

trading strategy
9 T T
8 -
7 L
6 -
[%2]
()
N 51
(]
(o))
£
g4
3 -
2 -
1
0
-20 0 20 40 60 80 100 120

trading dates
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No! C d li ili H=(1—-pt)", p=2/T
o! Capped linear resilience pt) T, p

number of trading dates N=100, time horizon T=1, stock to buy X0=100
35 T T T T T T

30

25

20

15

trading sizes

10

_5 Il Il Il Il Il Il
-0.2 0 0.2 0.4 0.6 0.8 1 1.2

trading dates
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I. Order book models

1. Linear impact, general resilience

2. Nonlinear impact,
exponential resilience

68



Limit order book model without large trader

f\/\

sellers’ ask offers

>

unaffected best bid price, BO AO unaffected best ask price
is martingale t



Limit order book model after large trades




Limit order book model at large trade

Dy
Ty = f(x)dx

B
DE




Limit order book model immediately after large trade




Limit order book model with resilience
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f(x) = shape function = densities of bids for x < 0, asks for z > 0
BY = ‘unaffected’ bid price at time ¢, is martingale
B; = bid price after market orders before time ¢
DP = B, — B
If sell order of & > 0 shares is placed at time ¢:
D changes to Dy, , where
DJ,
/ , S = g

and
Bt—l— :Bt+D£|_—DF:Bg+D£|_7

—> nonlinear price impact
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AY = ‘unaffected’ ask price at time ¢, satisfies BY < A?
A; = bid price after market orders before time ¢
— At - A(t)
If buy order of & < 0 shares is placed at time ¢:
D! changes to D;Y , where
D
/ f(z)de = =&
D
and

At—|— = At_|_Dt DZA —AO+Dt+,

For simplicity, we assume that the LOB has infinite depth, i.e.,
|F(z)| — oo as |z| — oo, where

Z/Oxf(y)d

16!
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If the large investor is inactive during the time interval [t,t + s,
there are two possibilities:

e Exponential recovery of the extra spread

t
DfP =e” Jspr arpb for s < t.

e Exponential recovery of the order book volume
EP =e Js pr drpB for s < ¢,

where

EP = (z) dx =: F(D?).
Dy

In both cases: analogous dynamics for D4 or E4
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Strategy:
N + 1 market orders: &,, shares placed at time 7,, s.th.
a) the (7,) are stopping times s.th. 0 =179 <7 <.--- <7y =T

b) &, is F, -measurable and bounded from below,

N
c) we have an = Xg
n=0

Will write
(1,€)

and optimize jointly over 7 and &.
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e When selling &, > 0 shares, we sell f(z)dx shares at price BY +x

B

with x ranging from Dﬁ to D | < Di, i.e., the costs are negative:

D7+ D7+
alri€)i= [ (B w f@)de = 6,85, + [ 7 wf(@)da
DZ DZ
e When buying shares (&, < 0), the costs are positive:
DA
cn(T,€) ==&, AY +/ rf(x)dr
DA

e The expected costs for the strategy (7,€&) are

C(r,€) = E| icnw,g)}
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Instead of the 7, we will use

Tk
(2) g, ::/ psds, k=1,...,N.

k—1

The condition 0 =79 < 71 <--- <7y =T is equivalent to

o = (aq,...,ay) belonging to

N T
A::{a::(al,...,aN)ERf’Zak:/o ,osds}.
k=1
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A simplified model without bid-ask spread
SY = unaffected price, is (continuous) martingale.

S, =S, + Dy,
where D and E are defined as follows:
Ey=Dy=0, E,=F(D,) ad D,=F1E,).
For n =0,..., N, regardless of the sign of &,
E,..=E,—¢& and D, =F YE, )=F1'F (D, —¢&).
For k=0,.... N —1,
By =e B =e “" (B — &)

The costs are

D7n+

e (7.6) = —£,5° + / v f(x) da

D

™
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Lemma 7. Suppose that S° = B°. Then, for any strategy &,
cn(&) < cn(&) with equality if & > 0 for all k.

Moreover,
N
C(7,8) =E| Y #u(r,6) | =E|[ C(a.€) | — X0}
n=0
where

Cla, &) ::Z/D - rf(x)drx

is a deterministic function of a« € A and € € RNVT1L,

Implies that is is enough to minimize C'(a, &) over a € A and

N
SE {33:(1130,...,33]\]) ERN—i_l‘ Zl‘n:Xo}

n=0
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Theorem 8. Suppose f is increasing on R_ and decreasing on R, .
Then there is a unique optimal strateqy (€°,7) consisting of

homogeneously spaced trading times,

Ti*—l—l 1 r
/ prdr:N/ prdr =: —loga,
Tr 0

and trades defined via

&) — b (a&p)

1 (X0 = Ng (1 — ) = L) —0f

Y

and
G ==éva1 =& (1 —a),
as well as
v =Xo—§ - (V-1)§ (1 —a).
Moreover, & > 0 for all i.
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Taking X¢ | O yields:

Corollary 9. Both the original and simplified models admit neither

strong nor weak price manipulation strategies.
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1

LOB shape function f
. T T

5 4 -3 2 1 0 1 2 3 4 5 -10 = 6 -4 2 0 2 4 3 8 10
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5 & B
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0 7 4
3
5 - 2
1
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25 2 5 1 05 o 05 1 5 2 25 2
optimal strategies & (blus), Xy, (red) values of cost functional C(£) (blue), Clxy) (red)
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120 —
705F =
7k 1

Figure 1: f, F, =1, G and optimal strategy
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Strategy of proving Theorem 8:

(a) Show that there exists a (unique) minimizer * () for each a.
(Prove that C'(a, &) — oo for || — o0)

(b) Show that all components of x*(a) are positive
(Use that £*(a)) must be a critical point of x — C(a, z) — vz '1
for some Lagrange multiplier . Then compute gradient of
C'(a, ) and use explicit estimates....)

(c) By (a) and (b) we can restrict the optimization of C(«, x) to
(a, ) belonging to the compact simplex

N
A % {iI}ERN—H‘inZOaHd an:Xo}.

n=0
Hence a minimizer (a*, ™) exists.

(d) Use again Lagrange multipliers to identify (a*,x*):
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Let us introduce the functions

F(x) = /O:sz(z)dz and G=FoF !

Then, since D,, = F~Y(E,) and D,,, = F~YE, )

Clo,m) = EN: /D T e f () di EN: F(D,.) ~ F(D,)]
- i [G(En+) _ G(En)} — i [G(En ) — G(En)}

n—1
Ey=0 and E,=—) zje Zk=it1 ¥, 1<n<N\.
1=0
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Lemma 10. For:=0,...,N — 1, we have the following recursive
formula,

oC oC
3 =e ¥ F N Ey) - F Y E —x;) + e @ ——.
3) g e (Bea) = P71 (B, =) o700 5o

Moreover, fort=1,..., N,

@ -

C N
— . _1 _ _ _1 _Zn:i 106
. E; Zj [F (E, —x,) — F (En)]e k=it1 ¥k

When (o, ) is a minimizer, then it is a critical point of

(B,y) — C(B,y) —vy'1-2B'1.

Hence

5’C:V nd oC

— = A f 12,9
oz, deu, or all 7,7
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Plugging this into (3) yields v = —F~1(Exy — zx) and
v=e Y F Y E; ) - F 1B —x;) +e %+y

or, since F;1 1 = e~ %t (E; —x;),

where a;11 = e~ @i+t
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Plugging this into (3) yields v = —F~1(Exy — zx) and
v=e Y F Y E;, ) - F YE; —z;) + e %+p

or, since F;y1 = e~ i+ (F; — x;),

1l —ait1
where a;41 = e~ ¥+1,
Similarly,
N
A n
= D[P B ) - FNE))em e
j —
n=j
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Plugging this into (3) yields v = —F 1 (Ex — 2x) and
v=ec Y F Y E, ) - F YE; —z;) + e %+lyp

or, since F; 11 = e~ %+ (F; — xi)a

l —ajq
where a;11 = e~ @i+t
Similarly,
N
A n
= D[P B ) - FNE))em e
] —
n=j
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= —FYE)—(1—e ™ )y—-— (1 — e ON)ye™ Lhmyir
—re chv—j—f—l Ok
= —F(Ej)-v
Hence
AN = —Ej(FTH(E;) +v)
_ g F~H(E) —z) — aj1 F (a1 (Bj — xj) FU(E,)
1 —aj
Altogether:
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v o= - ,
I — e~
FYE;1—xi 1) F e ®(Ei_1 — x4
AN = e (B —xi 1) (Bi1— @ 1)1_6_(5%6 (Bi1—x 1))’
fore=1,...,N
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T 1 — e ’
FYE,_1—x;1)— F (e ™ (E_1 —x;_

A = e (E_q —x_1) (Bi1— @ 1)1_6(55 (Bi1—x 1))’

fore=1,..., V.

Lemma 11. Given v and X, these equations uniquely determine «;

and Ei—l — T;—1

It follows that
Q=+ =aQapn and —x9o=F1—21=---=FEn_1—xN_1.

The theorem now follows easily. []

90



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

Robustness of the optimal strategy
[Plots by C. Lorenz (2009)]
First figure:

aaaaaaaaaaaaaaaaa
///
—
L — ]
R
7L\
L .
3
5
1
~
25 75 4 05 05 T8 25 25 2 4 o as 05 1 15 25
pimal stuategies & (b1us), ., (50) values of st funct blue). Clxge) red)
“ 71
12
705
1
7
08
06 695 1
04 6ol 1
02 685 1
0
t2 3 4 5 6 7 8 9 1 1 T

Figure 2: f, F', F~!, G and optimal strategy
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LOB shape function f F

optimal strategies & (blue), x_; (red) values of cost functional C(&) (blue), C(x . ) (red)

14 T T T T T T T T T T T T

i)

08

06

0.4

02

Figure 3: f(x) = |x|
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LOB shape function f F
T T T T T T T ‘ T 50 ‘ T T T T T T T T

optimal strategies & (blue), x . (red) values of cost functional C(§) (blue), C(x ;) (red)
14 T T T T T T T T T T T 1335 F o ]
121 b 13,38 b F PP PP PO PP PRSPPI e
r 7 13.33
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02 B 13.29
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LOB shape function f

optimal strategies & (blue), x_; (red) values of cost functional C(&) (blue), C(x ;) (red)

14 T T T T T T T T T T T T
498 3 n

497
4.96
495
494 -
4.93
4.92

491

Figure 5: f(x) = exp(—(|z| —1)?) + 0.1
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LOB shape function f
2 T T T T T T T T T

10 i i 1
10 -8 B 4 2 1] 2 4 B g 10 10 g B 4 2 o 2 4 B 8 10
optimal strategies & (blue), x_ (red)

1.4 T T T T T T T T T T T
317

12F A
3.16
315
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313
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Figure 6: f(z) = 3
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Viability of market impact models and

LOB shape function f

optimal execution

15 T T T T T T T

-10 1 1 1 L 1 1 1 1 1
-5
optimal strategies & (blue), x_ (red)
1.4 T T T T T T T T T T T
12F A

Figure 7: f(x) =

2nd SMAI European Summer School, 2009

values of cost functional C(§) (blue), C(x ;) (red)
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LOB shape function f
T T T

optimal strategies & (blue), x . (red) values of cost functional C(&) (blue), Cx . ) (red)
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LOB shape function f
T T T

optimal strategies & (blue), x . (red) values of cost functional C(&) (blue), C{x
14 T T T T T T T T T T T T

(red)

min)
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Figure 9: f random
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LOB shape function f F
T T T T T T T ‘ T 15 ‘ T T T T T T T T

optimal strategies & (blue), x . (red) values of cost functional C(&) (blue), C(x ) (red)
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Figure 10: f random

99



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

LOB shape function f F
45 T T T T T T T T T 10 T T T T T T T T T

optimal strategies & (blue), x
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min, (B0 values of cost functional C(&) (blue), C(x ;) (red)
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Figure 11: f piecewise constant
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LOB shape function f F
45 T T T T T T T T 10 T T T T T T T T T

optimal strategies & (blue), x
1.4 T T T T T T T

min, (B0 values of cost functional C(§) (blue), C(x ;) (red)
T

Figure 12: f piecewise constant
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LOB shape function f F
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optimal strategies & (blue), x
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Figure 13: f piecewise constant

102



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

LOB shape function f F

optimal strategies & (blue), x_._ (red)

25 . . . . T T T T T " " 748

rin

Figure 14: f piecewise constant
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Continuous-time limit of the optimal strategy

e [nitial block trade of size &;, where

&o
FE1(E))

F_l(Xo — & /OTPst) = F71(&) +

e Continuous trading in |0, T at rate
& = pebo

e Terminal block trade of size

T
f%zXo—ﬁa‘—fS/ o1 di
0
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I. Order book models

1. Linear impact, general resilience

2. Nonlinear impact,
exponential resilience

3. Gatheral’s model
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Liquidation time: T > 0.

Strategy: X adapted with Xy > 0 fixed and X+ = 0.
Admissible: X; bounded, absolutely continuous in ¢.
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Liquidation time: T > 0.

Strategy: X adapted with Xy > 0 fixed and X+ = 0.
Admissible: X; bounded, absolutely continuous in ¢.

Note: These strategies are of bounded variation.
So there will be no liquidation costs in many of the models
from Peter Bank’s course
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Liquidation time: T > 0.

Strategy: X adapted with Xy > 0 fixed and X+ = 0.
Admissible: X; bounded, absolutely continuous in ¢.

Market impact model: S° unaffected price, = martingale
!
S, = SY +/ h(—X¢)Y(t — s)ds
0

e For h(z) = Az continuous-time version of simplified model in I.1.

e For nonlinear h close to continuous-time version of simplified model
in I.2.

e ) = const corresponds to purely permanent impact
e )(t —s) =0(t — s) corresponds to purely temporary impact

e Almgren-Chriss model: (studied in next lectures)

Yt —s)=A(t—s)+~
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Costs:
Xt dt shares are sold at price S; = infinitesimal costs = —XtSt dt

T
Total costs = —/ XtSt dt
0
T Tt .
_ _/ XS0 dt +/ / (— X )h(—X )0t — 5) ds dt
0 0o Jo
Letting & := — X;, we get
T pt
Expected costs = —X,S) + E[ / / Eh(&s)Y(t — s)dsdt
0o Jo
Remark: Model formulation is not complete since optimal strategies

typically will not be absolutely continous (see continous-time limit in

preceding section)
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Are there price manipulation strategies?

Find & € L?[0,T] such that

T t
/ / fth(fs)¢(t — S) ds dt < 0.
0 0

For linear impact h(x) = z: Bochner-Schwartz theorem
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Theorem 12. [Gatheral (2008)]
Suppose that

o(t) = e

and market tmpact is not linear. Then the model admits price

manipulation strategies in the strong sense.
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Theorem 12. [Gatheral (2008)]
Suppose that

o(t) = e

and market tmpact is not linear. Then the model admits price

manipulation strategies in the strong sense.

Very puzzling result in view of Corollary 9!
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Theorem 12. [Gatheral (2008)]
Suppose that

Y(t) =e "
and market tmpact is not linear. Then the model admits price

manipulation strategies in the strong sense.

Very puzzling result in view of Corollary 9!

The resolution of this paradox is surprising ... stay tuned.
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Theorem 12. [Gatheral (2008)]
Suppose that

Y(t) =e "
and market tmpact is not linear. Then the model admits price

manipulation strategies in the strong sense.

Taking p | O yields:

Corollary 13. [Huberman & Stanzl (2004)]
Suppose that market impact is permanent and nonlinear. Then the

model admits price manipulation strategies in the strong sense.
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Sketch of proof of Theorem 12: For simplicity assume

Consider a strategy of the form
& =vfor0<t<Tyand & = —vg for Ty <t <T.
‘Round trip’ requires that
v1 Ty = vo (T —Tp)

A calculation yields that for this specific strategy

/OT /Ot Ech(&s)Y(t —s)dsdt = - -
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_ varT T _ w1pT T
= (T e ) e (¢ 1 )

v  —2eT _ v1pT
—’Ugh(vl)(l—l—e PL _ e vitva — e vl—l—v2)
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vo pT T
_ v1h(v1)(6_—“f+vz g WP

vy pT n UlpT )

+ voh(v (e_vl+v2 —1
”U1-|—U2> 2h(v2) V1 + V2

vo pT vy pT )

—vgh(v1) (1 e Pl — et — e vite

v1vg [v1h(v2) — vah(v1)](pT)?
2(’01 —+ ’02)2

Q

+O((pT)?) for pT" — 0

111



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

vo pT T
= ’U1h(f01)(6_”2Tv2 14 2P

v1pT n ’UlpT )

+ vah(v (e_m—l
ful—i—v2> 2h(v2) v1 + U2

vo pT vy pT )

—vgh(v1) (1 e Pl — et — e vite

v1vg |[v1h(v2) — vah(v1)](pT)?
2(’01 —+ ’02)2

Q

+O((pT)?) for pT" — 0

Can always choose v1, vy such that |...] < 0, then take T such that
o1 small enough. []
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More econo-physics:

Y(t) =177, h(v) = v°

Gatheral finds that

log 3

~ must be such that v > ~+* := 2 ~ 0.415

_log2
0+~v~1

Consistent with (some) empirical studies.
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Conclusion for Part I:
e Market impact should decay as a convex function of time

e Eixponential or power law resilience leads to “bathtub solutions”

trading strategy

9

trading sizes

0
-20 0 20 40 60 80 100 120
trading dates

which are extremely robust

e Many open problems

e Minimizing expected costs does not take into account volatility risk.

Must introduce risk aversion — see next part.
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II. The qualitative eflfects of
risk aversion

1. Exponential utility and mean-variance

2. General utility functions
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II. The qualitative effects of
risk aversion

1. Exponential utility and mean-variance
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Liquidation time: T € [0, o¢].
Strategy: X adapted with Xy > 0 fixed and X, = 0.
Admissible: X; bounded, absolutely continuous in t. Take

as controll. Then t
Xt ::XO—/ £y ds
0

Market impact model: Following Almgren (2003),

SE= Sy 4+ oB  + yX:-Xo) 4+  h(&)
initial Brownian permanent temporary
price motion impact impact

Most common model in practice; drift, multiple assets, general Lévy

process, Gatheral-type impact possible.
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Assumption:
f(x) :==zh(x)
f(=z) and f(x)/x — oo for

is convex, C'!, and satisfies f(x)
x| — oo.
E.g., h(x) = asign(z)+\/|z| + Bz.

Sales revenues:

Rr(§) = /OT(—Xt)Sf dt =

T T
0 0

Goal: maximize expected utility

E[u(Rr(§))]

— X

over admissible strategies for u(z) = —e¢
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Setup as control problem

e controlled diffusion:
t t
RS :R0+a/ ngBS—/ F(&s) ds
0 0

e value function

o(T, Xo,Ro) = sup  E[u(R5)],
SEX(T,XO)

where

T
X(T,Xy) = {§|Xg is bounded and / & dt = Xo}
0
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Heuristic derivation of HJB equation

dv(T —t, X5, RS) = ovp XS dB,

0.2

5 (XE)QURR) dt

+ (—’Ut —&ox +orf(&) +

Hence
2

vy = %X2URR - ing (§vx +vrf(E))
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Heuristic derivation of HJB equation

dv(T —t, X5, RS) = ovp XS dB,
0.2

5 (XE)QURR) dt

+ (—’Ut —&ox +orf(&) +

Hence
2

vy = %X2URR — irgf (Svx +vrf(£))

What about the constraint fOT & dt = X7 It is in the initial

condition:

_ u(R) if X =0,
v(0, X, R) =limv(T, X, R) =
Tlo —00  otherwise.
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Heuristic derivation of HJB equation

dv(T —t, X5, RS) = ovp X dB,
0.2

5 (XE)QURR) dt

+ (—’Ut —&ox +orf(&) +

Hence
2

vy = %X2URR - ing (§vx +vrf(E))

What about the constraint fOT & dt = X7 It is in the initial

condition:

. u(R) if X =0,
v(0,X,R) =limv(T, X, R) =
rlo —oo  otherwise.
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Theorem 14. [A.S. & Schoéneborn (2008), A.S., Schéneborn

& Tehranchi (2009)]

If u(z) = —e=** for some a > 0, then the unique optimal strategy &*
18 a deterministic function of t. Moreover, v 1s a classical solution of
the singular HJB equation.

The fact that optimal strategies for CARA investors are

deterministic is very robust. Is also true
e if Brownian motion is replaced by a Lévy process;
e for Gatheral-type impact

e other models with functionally dependent impact
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Sketch of proof: For simplicity: ¢ = 1. We have
E[U(R%)} — _e_aROE[e_afoT th dBt+Oéf0T f(Et)dt]

= —e oS {60‘2_2 Jo (X§)? dt+a [ f(&) dt }

where

§ 2
—dP — e_afoT Xf dB¢— 5 fOT(Xf)2 dt

dP
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Sketch of proof: For simplicity: ¢ = 1. We have

E[U(R%)} — _e_aROE[e_afoT th dBt+Oéf0T f(Et)dt]

= —e—O‘ROEg{e% foT<Xf>2dt+afon<gt>dt}

where
AP o XS B~ 2E [T (X6 at
dPP
Now, by Jensen’s inequality,
2 T 2 T 2 T T
Eg[e%fo (th) dt—l—Oéfo f(ft)dti| ZeXp (E{f[%/ (X§)2dt+@/ f(gt)dt:|)
0 0

with equality if and only if £ is deterministic.
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Sketch of proof: For simplicity: ¢ = 1. We have

E[U(ngr)} = —G_QROE[G_O‘IOTdeBﬁLOéfOTf(&t)dt]

—e~¥HoRs {605_2 S (X5 dt+a [ f(&)dt }

where
dLP& — e_afoT Xf dBt_a_; foT(th)Q dt
dlP
Now, by Jensen’s inequality,
2 T 2 T 2 T T
Ef[e% fo (Xf) dt—i—Oéfo f(gt)dt:| 2 exp (EE[%/ <X§)2 dt—l—Oé/ f(ft) dti|)
0 0

with equality if and only if £ is deterministic. Moreover

2 2

ES[ / (X6 dtto / ] =% / (X dtto / @)

where &, := E5[ & ].
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Hence, the value function is

v(T, Xo, Rg) = sup E[u(RgT)}z sup E[u(R%)}
fEX(T,Xo) EEXdet(T,Xo)

T
- —aR inf L(XS, dt)
exp( o o+oz£€ngl(T,X0)/0 ( t ft)

where Xgot (T, Xo) are the deterministic strategies in X (7T, Xy) and L

is the Lagrangian

L(g,p) = %QQ + f(—p) = %(f + f(p)
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Classical mechanics: the action function

T T
S(T,X):=  inf L(X5.&)dt =  inf / L(XE, X%) dt
(T.X)=,_ inf / (XEg)d= it LK XS

is a classical solution of the Hamilton-Jacobi equation
St(T, X))+ H(X,Sx(T,X)) =0 T>0 XelR

where H is the Hamiltonian

H(q,p) = —%qQ + f*(p)

Boundary conditions:
5(0,0) =0 and S0, X) = oo for X # 0.
[Side remark: this fact is classical when f € C? but more subtle when

f € Ot as for h(z) = \/|7|]
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Plugging the Hamilton-Jacobi equation into

T
T X, Ry)) = — (—R+ inf /LXﬁ, dt)
u( 0, Io) exXp QLig agexdgl(:r,xo) . (X%, &)
= —eXp(—()zRO—I—OéS(T,XQ)>
yields the singular HJB-equation for v. []
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Alternative proof: Define the function
w(T, Xo, Ry) := — exp ( — aRg + aS(T, Xo))

so that it’s a classical solution of the singular HJB-equation. Then

use a verification argument to show that w = v (subtle).

Then there is £* € Xget (T, Xo) such that

T *
S(T, Xo) = /0 L(XE &) di

and this £* must hence be optimal. []

127



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

The relation with mean-variance optimization

For f c Xdet(Ty Xo),

t t
Rf:R0+a/ ngBS—/ F(&s) ds
0 0

is Gaussian, and so

E[U(R%)} = —exp ( — QE[R%] + %V&I‘(Rgv))

Hence, exponential-utility maximization is equivalent to the

maximization of the mean-variance functional
Q

E[ RS ] — §var(R§p)

for deterministic strategies [Markowitz,. .., Almgren & Chriss (2000)].
Different for adaptive strategies [Almgren & Lorenz (2008)].

128



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

Computation of the optimal strategy

Classical mechanics: X¢  is solution of the Euler-Lagrange equation

aX = (X)X, with Xo = nitial portfolio and Xt =0
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Computation of the optimal strategy

Classical mechanics: X¢  is solution of the Euler-Lagrange equation

aX = (X)X, with Xo = nitial portfolio and Xt =0

Not clear when f ¢ C? as for h(z) = /|7

Theorem 15. [A.S. & Schoneborn (2008)]
The optimal X¢ is C' and uniquely solves the Hamilton equations

X: = Hy(Xe,p(t) =—(f*) (—p(t))
p(t) — _Hq(Xt,p(t)) aXy

with initial conditions Xg* = Xo and p(0) = —(f*) (&).
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Example: For linear temporary impact, f(x) = \z?, the optimal
strategy is

002 cosh ((T — 1) 0‘20;\2)
oA . —
sinh (T T)

& = Xo

X —xy cosh (/%57 ) sinh (/957 ) — cosh (T'\/ 55" ) sinh (£/ %5 )

sinh (T 0‘20)\ )

The value function is

Aa3o2 2
v(T, Ry, Xg) = —exp [—Q(RO+SOX0_%X§)+X02 \/ &20 coth (T O;LA)]
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II. The qualitative eflfects of
risk aversion

1. Exponential utility and mean-variance

2. General utility functions
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Problem with 7" < oo difficult because of singular initial condition of

HJB equation.

— (Consider infinite time horizon instead

- Assume also linear temporary impact (for simplicity only)
f(z) = Az’
- Utility function u € C°(R) such that the absolute risk aversion,

u//(R)
uw'(R)

A(R) := —

(= constant for exponential utility),

satisfies
0 < Amin S AR) < Appaz < 0.

Entire section based on A.S. & Schoéneborn (2009)
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Recall
t t
Rf:R0+a/ ngBS—A/ £2 ds.
0 0
e Optimal liquidation:

maximize E[u(RS)]

e Maximization of asymptotic portfolio value:

maximize liTm E| U(Rf )]
tToo

Note: Liquidation enforced by the fact that a risk-averse investor

does not want to hold a stock whose price process is a martingale.
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HJB equation for finite time horizon:

0.2

vy = ?XZ’URR — iIle (ch + )\ch2)

(GGuess for infinite time horizon:

0.2

0= ?XQURR — inf (C’UX — )\URCQ)

Initial condition:

v(0, R) = u(R).
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HJB equation for finite time horizon:

2
vy = %XZ’URR — inf (ch + )\ch2)
Guess for infinite time horizon:
52
0= ?XQURR — inf (C’UX — )\URCQ)

Initial condition:

v(0, R) = u(R).

Corresponding reduced-form equation:
’U% = —2)\0'2X2?)R ‘URR

Not a straightforward PDE either......
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Way out: consider optimal Markov control in HJB equation

—~ Vx (Xa R)
X = —
O S ),
and let
cWY
&Y, R) = WY, R)

Yo

If v solves the HJB equation, then ¢ solves

( o2 _ 3XW
Cy = —<CRR — ZACCR
4c 2

~ 02A(R
kC(O’R) —V #

(*) 4
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Way out: consider optimal Markov control in HJB equation

~ Ux (X7 R)
X = —
AKX B) = = (X R)
and let
c(WY
”5(}/7 R) — C(\/77 R)

VY
If v solves the HJB equation, then ¢ solves
( o 3

Cy = —CRR — —ACCR
4c 2

(*) 4

~ o 02 A(R)
L c(0,R) = 5

Theorem 16. () admits a unique classical solution ¢ € C** s.th.

O'QAmin ~ O'QAma,x
Z fTman - < 4 | L Tmax
% 2\ —dKR”—¢ )
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Follows from:

Theorem 17. [Ladyzhenskaya, Solonnikov & Uraltseva

(1968)] There is a classical C**-solution for the parabolic partial
differential equation

ft - %[a(xatafafaj)} +b(x7t7 f7 fx) =0

with initial value condition f(0,x) = vo(x) if all of the following
conditions are satisfied:

e o(x) is smooth (C*) and bounded
e a and b are smooth (C? respectively C?)

e There are constants by and by > 0 such that for all x and u:

Oa

(b(a},t,u, 0) — a—(a:,t,u, O)) u > —biu? — bo.
X

135



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

e For all M > 0, there are constants uyr > vy > 0 such that for
all x, t, u and p that are bounded in modulus by M :

0
(5) v < (st ) <
and
da da 5
- - < .
© (Il |5 ]) @ b+ | 2] + 11 < paeCa 4 o)

Proof: Obtained from original existence theorem by cutting off the
coeflicients of the PDE. ]
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Next, consider the transport equation

~

Wy — —)\E@R

w(0, R) = u(R).

Proposition 18. The transport equation admits a C**-solution .

Moreover, w(X, R) :== w(X?, R) is a classical solution of the HJB
equation

0.2

0= 7X2wRR — inf (cwx + wgrc?), w(0, R) = u(R)
The unique minimum above is attained at

¢(X,R) :=¢(X* R)X.
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Sketch of proof: Existence and uniqueness of solutions follws by
method of characteristics. Assume for the moment that
2 ~

~9 O "WRR
C — —————.
2AwR
Then with Y = X?:
2~
0= - AX20p ( Z2EE | 22
QAWR

2 ~ ~9
—A\X? = =
R ( 2 \wpr i )\Qw%—)
1 ’w%

2v2
— ——o°X —
20 WRE 4AwR

1
inf [—502X2wRR + Mwge® + ch]

C
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We now show that
2

2 o WRR
2 \WR
First, observe that it holds for Y = 0. For general Y, consider
d N °
d—YEQ = —SAEQCR + %CRR
d O'QGRR I~ d ’LAU/RR I~ ’L’ERR O'2~
TAY 2ar  C “dR2ag 7 Pomg T 2 ORR

The first holds by PDE for ¢, the second by transport eqn. for w.

Next,
d ~9 1 UQ@RR SAAQN 4 O'2~ I~ d ’lTJRR I~ @RR 025
—=|c — = —OAC™C —CRR —O0°C ~—— — 0 CR==— — (=
dY IND R Ry TRR dR 20 n Bowp 2 HE
~ d OQ@RR _ O'Q’ITJRR
— —\o— (¢ = —Xeg | &2 )
“dR (C " zwa) °R (C T on
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We now show that ,

EZ _ _0‘ @RR
2A\UWR
First, observe that it holds for Y = 0. For general Y, consider
d o
— ¢ = —3)\¢%C —cC
7Y R T 5 CRR
d UQ’LERR o 2Nd QERR O~ ’LERR O'2

A ovin AR 2w, 7 Rog, T 9 CRR

The first holds by PDE for ¢, the second by transport eqn. for w.

Next,
i ! — 3\ Z _ i L 7
dY (C INGR CORT S CRR O R S Rown 2 “FR
_d U2{DRR ~ UQQb/RR
= —Ae—— [ & — ) —Xcg | & N
“dR (C INUR ) °R (C T g

Therefore need u € C°!
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Hence,

UQ@RR

2 \wpR

f(Y,R) :=¢"+
satisfies the linear PDE
fy = —Acfr — Acrf

with initial value condition f(0, R) = 0. One obvious solution to this
PDE is f(Y, R) = 0. By the method of characteristics this is the
unique solution to the PDE, since ¢ and cr are smooth and hence
locally Lipschitz. []
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A (rather technical) verification argument yields:

Theorem 19. The value functions for optimal liquidation and for
mazximization of asymptotic portfolio value are equal and are classical
solutions of the HJB equation

1
—§J2X2URR + inf [)\URCQ + UXC] =0

with boundary condition v(0, R) = uw(R). The a.s. unique optimal
control ét 1s Markovian and given in feedback form by

A e c ’UX < <
(7) & = o(XF, Rp) = =5~ (X7, Rp).
For the value functions, we have convergence:
(8) v(Xo, Ro) = lim Elu(R})] = Elu(RS,)]
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Corollary 20. If u(R) = —e %, then

. g2 A
th :Xoexp(—t W)
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Corollary 20. If u(R) = —e %, then
. [o2A
th :XoeXp<—t W)
General result:

Theorem 21. The optimal strategy c(X, R) is increasing
(decreasing) in R iff A(R) is increasing (decreasing). ILe.,

Utility function Optimal trading strategy

DARA <= Passive in the money
CARA <+— Neutral in the money
IARA <=  Aggresive in the money
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Theorem 22. If u' and v’ are such that A* > AY then ¢t > (.

Idea of Proof: g := ¢! — ¢’ solves
1
gy = 509RR + bgr + Vg,
where
2 3 N 21 3
0=~ b=—°X,  and V=-2CER_ 2550

20’ 2
The boundary condition of g is

Now maximum principle or Feynman-Kac argument....

(plus localization) O]
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Relation to forward utilities

Theorem 23.
For every X > 0, the value function v(X, R) is again a utility
function i R. Moreover,

(9) &Y, R) = \/ 02,4(;1?, R)

where
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What about other monotonicity relations?

e Monotonicity in A: intuitively, an increase in liquidaton costs

should lead to a decrease of liquidation speed.
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~

C

Lot
0.8 f
0.6}
0.4}

02F

Dependence of the transformed optimal strategy ¢ on A for the
DARA utility function with A(R) = 2(1.2 — tanh(15R))?.
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A(R)

The shape of the absolute risk aversion

A(R) = 2(1.2 — tanh(15R))?
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~

C

Lot
0.8 f
0.6}
0.4}

02F

Dependence of the transformed optimal strategy ¢ on A for the
DARA utility function with A(R) = 2(1.2 — tanh(15R))?.

Theorem 24. [ARA = c is decreasing in \.

Proof similiar to Theorem 22. []
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What about other monotonicity relations?

e Monotonicity in A: intuitively, an increase in liquidaton costs
should lead to a decrease of liquidation speed.

e Monotonicity in X: intuitively, larger asset position should lead to

an increased liquidation speed.
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TARA utility function with A(R) = 2(1.5 + tanh(R — 100))? and
parameter A = o = 1.
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What about other monotonicity relations?

e Monotonicity in A: intuitively, an increase in liquidaton costs
should lead to a decrease of liquidation speed.

e Monotonicity in X: intuitively, larger asset position should lead to

an increased liquidation speed.
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What about other monotonicity relations?

e Monotonicity in A: intuitively, an increase in liquidaton costs

should lead to a decrease of liquidation speed.

e Monotonicity in X: intuitively, larger asset position should lead to

an increased liquidation speed.

e Monotonicity in o: intuitively, an increase in volatility should lead

to an increase in the liquidation speed.
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What about other monotonicity relations?

e Monotonicity in A: intuitively, an increase in liquidaton costs

should lead to a decrease of liquidation speed.

e Monotonicity in X: intuitively, larger asset position should lead to

an increased liquidation speed.

e Monotonicity in o: intuitively, an increase in volatility should lead

to an increase in the liquidation speed.

(?
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The multi-asset case

Initial portfolio of d assets
Xo=(X},..., X
Strategy
X = X, —/tﬁsds
Price process: :

S; =S80 +0B; +~"(X; — Xo) — h(&)

for d-dim Brownian motion B and covariance matrix ¥ := oo .

Letting
f(€) :==¢"h(8),
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The revenues are

t t
R€:R0+/O (X§)Tast—/O F(&,) ds.

Guess for HJB equation

1
0= §XT2XURR — inf (CTVX”U -+ va(c))

with initial condition

v(0, R) = u(R).
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The revenues are
t t
R = Ry +/ (X5) 0 dB; — / f(&s)ds.
0 0

Guess for HJB equation

1
0= §XT2X’URR — inf (CTVXU + va(c))

with initial condition

v(0, R) = u(R).

Formally: Nonlinear PDE of ”parabolic” type with d time

parameters
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The revenues are
t t
RS = R0+/ (Xg)Tast —/ f(&s) ds.
0 0

Guess for HJB equation

1
0= §XTZX1}RR —inf (¢' Vxv +vrf(c))

with initial condition

v(0, R) = u(R).

Formally: Nonlinear PDE of ”parabolic” type with d time

parameters

Solvability completely unclear, a priori:
Vxv=g

typically not solvable (Poincaré lemma)
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Theorem 25. [Schoneborn (2008)]

Under analogous conditions as in the onedimensional case and f

having the scaling property

f(a€) = a1 f(€), a2>0,

the value function is a classical solution of the HJB equation

1
0= §XT2XURR —inf (¢' Vxv +vrf(c))

with tnitial condition
v(0, R) = u(R).

The mintmizer ¢ determines the optimal strategy....
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Theorem 25. [Schoneborn (2008)]

Under analogous conditions as in the onedimensional case and f

having the scaling property

f(a€) = a1 f(€), a2>0,

the value function is a classical solution of the HJB equation

1
0= §XTZXURR —inf (¢' Vxv +vrf(c))

with tnitial condition
v(0, R) = u(R).

The mintmizer ¢ determines the optimal strategy....

How can this be proved??
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Theorem 26. [Schoneborn (2008)]

The optimal control is
o(X, R) = &(5(X), RE(X),

where U(X) is the cost and ¢(X) is the vector field (optimal strategy)
for mean-variance optimal liquidation of X, and ¢(Y, R) is the

unique solution of the nonlinear PDE

~

N 200 +1 _ ala—1) /cp\2 a C
. OF ( )(R) n fiR
a—+1 a—+ 1

~

C a+1 ¢

with wmitial condition

1

c(0,R) = A(R)a+T
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I11I. Multi-agent equilibrium
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Information leakage creates multi-player situations

e One trader (‘the seller’) must liquidate large portfolio by T}

e Informed traders (‘the predators’) can exploit the resulting drift:
- first short the asset
- buy back shortly before T3 at lower price

“predatory trading”
e Suggests ‘stealth trading strategy’ for seller
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Information leakage creates multi-player situations

e One trader (‘the seller’) must liquidate large portfolio by T}

e Informed traders (‘the predators’) can exploit the resulting drift:
- first short the asset
- buy back shortly before T3 at lower price

“predatory trading”
e Suggests ‘stealth trading strategy’ for seller

e But why, then, do some sellers practice ‘sunshine trading’?
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e n + 1 traders with positions X¢(t), X1(t), ..., Xp(t)

e Trades at time ¢ are executed at the price
S(t) = 5(0) + oB(t) + ’YZ (Xi(t) — Xi(0)) + AZXz'(t)
i=0 i=0

e Player 0 (the seller) has Xy(0) > 0, Xo(t) =0 for t > T}
e Players 1,...,n have X;(0) =0, X;(7}) = arbitrary, X;(72) =0
e Strategies are deterministic

e Players are risk-neutral and aim to maximize expected return

Goal: Find Nash equilibrium
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Situation in a one-stage framework

Theorem 1. [Carlin, Lobo, Viswanathan]

If T =15, then the unique optimal strategies for these n+ 1 players
are given by:

with
n_a Y A S o(Xi(Th) — X;(0))
v n+2X(1_6 " ) 1
~ —1 7?’_0 Xj Ty _Xj 0
b= % X - 1) <X75(T1) — X;(0) - 2ol 7”E+)1 ( ))>
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Asset positions X (t)

0.8
0.6
0.4
0.2
— 0.2 0.4 0.6 0.8 //1Time
T —

-0.2} S -

Solid line ~ seller, dashed line ~ predator
e Predation occurs irrespective of the market parameters
e Predators always decrease the seller’s return

e Predation becomes fiercer when the number of predators

lncreases

—> Model cannot explain sunshine trading or liquidity provision
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Theorem 2.
In the two-stage framework, 15 > T, there is a unique Nash
equilibrium, in which all predators acquire the same asset positions,

and these are determined by their value at 17 :

A2n2 +A1n—|—A0 X
Bgn?’ -+ BQTL2 -+ Bln -+ BO v

X;(Ty) =
The coefficients A; and B; are functions of n that converge in the

limit n T oo.

Idea of Proof: Use result from Carlin et al., optimize over X;(7}).

162



A. Schied:

Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

Coeflicients in theorem can be computed exlicitly, e.g.,

Yy(n(342n)T1+(24n)To)

v(=T1+(2+n)T3) ( 2)
v ( (2—|—2n—|—n2) T —|—n(2—|—n)T2) ~ ( (—2—|—n2) T —|—(2—|—n)2T2)
e (2—|—3n—|—n2)>\ +oe (2—|—3n+n2)>\ +
~ (—nTl + (2+5n+2n2) TQ)
Y(=nT1+(142n)Ty) ( ) nyT1+vTo
YT +nyTo
e A+nA
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Are there new effects in the two-stage model?

e Plastic market:

temporary impact A < permanent impact -y

e Elastic market:

temporary impact A > permanent impact 7y

e Intermediate market:

temporary impact A ~ permanent impact -y
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Plastic market (large perm. impact) one predator

Asset positions X;(t)

0.6
0.47

0.2}

‘ ' ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ' —————— ’Time

0.5 1__ — —1:5 2
BN /

-0.2¢ ™~ -

Solid line ~ seller, dashed line ~ predator
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Plastic market (large perm. impact)

Asset positions X;(t)
1

Solid lines ~ seller, dashed lines ~ n predators

Black ~ n = 2, dark grey ~ n = 10, light grey ~ n = 100

166



A. Schied: Viability of market impact models and optimal execution 2nd SMAI European Summer School, 2009

Plastic market (large perm. impact)

Joint asset position >, X;(T1) of all predators

O 04 . . . °
° B ° ° ° (]
[ ]

, s 10 15  20f predators
-0.02}

~0.04+ -

~0.067

~0.08}

Upper grey line = lim, o0 > . X;(T1)
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Plastic market (large perm. impact)

Expected return R, for the seller

. — . # predators
5 10 15 20

The grey line represents the limit n — oo. The return for the seller

without predators is at the intersection of x- and y-axis.
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Plastic market (large perm. impact)

Expected price P(t)
8

—Time

6.75"

6.5"
Black ~ n = 2, dark grey ~ n = 10, light grey ~ n = 100
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Elastic market (large temp. impact) with one predator

Asset positions X, (t)

0.8
0.6
0.4/
0.2/
| _
\\
. >~ Time
1.5 2

Solid line ~ seller, dashed line ~ predator
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Elastic market (large temp. impact) without predators

Expected price P(t)
H__e__

—Time
0.5 1 1.5 2
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Elastic market market (large temp. impact)

Asset positions X, ()

l?
0.8}
0.6
0.4
! /\
0.25 - \\\
// \\
e —
R \ - \leme
0.5 1 1.5 2

Solid lines ~ seller, dashed lines ~ n predators

Black ~ n = 2, dark grey ~ n = 10, light grey ~ n = 100
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Elastic market (large temp. impact)

Joint asset position >, X;(T1) of all predators

¥

0.35! .

———# predators
5 10 15 ZO#p

The grey line represents the limit lim >, X;(7T1)

n—oo
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Elastic market (large temp. impact)

Expected price P(t)

Black ~ n = 2, dark grey =~ n = 10, light grey ~ n = 100
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Elastic market (large temp. impact)

Expected return R, for the seller

?
7.8t A
160 .
7.4}

7.2 °

6.8¢

6.6

. # predators
5 10 15 20

The grey line represents the limit n — oo.
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Moderate market (A ~ «)

Expected return R for the seller
8.147

8.127 .

e .. . . . F predators
5 10 15 20

The grey line represents the limit n — oo. The return for the seller

without predators is at the intersection of x- and y-axis.
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Theorem 3.

For all n, the asset position of the combined asset positions of the

competitors is increasing in Y17 /A

As n T oo, it converges to

e’Y(TQA_Tl) 1
Xo >0

Jim, ) Xi(Ty) = lim nXa(Th) = — 5
i=1 €

For alln,

. T> — 17 . —2X
1 X;(17) = X >0 | X;(17) = <0
fy:rff&llo (1) (n+ 1)T5 0 ’yTll/IilToo (T) n3 +4n? +n — 2

For all n, X;(t) is increasing in t and decreasing in vTy /X with

Ty — 1T

Xi(0) = (n+ DT T

Xo >0 for yT /A =0
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Corollary 4.
There are L < P €0, 00| such that

o For 0 <~Ty/)\ < L, the competitors are pure liquidity providers,
e, Xi(t) >0 for0<t<T

o For L <~Ti/\ < P, there is first predatory trading, then
liquidity provision, i.e., X;(0) <0 and X;(T1) >0

o For P <~Ty/\, there is pure predation, i.e., X;(T1) <0
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Theorem 5.
In competitive markets (i.e. in the limit n T oo ), the competitors are
pure liquidity providers, 1i.e.,

liTm X;(t) >0 for0<t<Ty
nToo P
of and only if

Ty log(2 — YT /A)+

— >
T 1T

Otherwise, they engage in intra-stage predatory trading (i.e.,

> Xi(0) < 0)
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Stealth trading: no predators, expected return

X()(P() — ’}/X()/Z — )\X()/Tl)

Sunshine trading: large number of predators, expected return

vX0 )

Xo (PO B 1 — e—YT2/A

Proposition 6. For n T oo, sunshine trading is superior to steath

trading if

1_|_ A S 1
2 ’}/Tl 1—6_%T2.

For T5 T oo, a stealth algorithm is beneficial if

fy
—17 <2
)\1

Predatory trading vs. liquidity provision: anecdotal evidence
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Conclusion

Have studied optimal execution problems on three different levels
e Microscopic: Order book models
e Mesoscopic: Expected utility maximization in stylized model

e Macroscopic: Multi-agent situation; stealth vs. sunshine trading,

predation vs. liquidity provision
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Thank you
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