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Bakward SDEs with Finanial Appliations E. Gobet

Agenda
• Thursday: appliations in �nane + numerial methods
• Friday an saturday: numerial methods
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Bakward SDEs with Finanial Appliations E. Gobet1 Appliations in �nane[Ref: El Karoui, Peng, Quenez '97 ; El Karoui, Quenez '97 ; Peng '03℄
1.1 Priing of European style ontingent laimsStandard �ltered probability spae (Ω,F , (Ft)0 ≤ t ≤ T ,P), supporting a standardBM W ∈ Rq.Usual assumptions:1. d risky assets: dSi

t = Si
t(b

i
t +

q
∑

j=1

σi,j
t dW

j
t), 1 ≤ i ≤ d.The appreiation rates bi and volatilities σi,j are preditable and bounded.2. A non risky asset (money market instrument): dS0

t = S0
t rtdt, where rt is theshort rate (preditable and bounded).3. Existene of risk premium θt: preditable and bounded proess suh that

bt − rt1 = σtθt (1 is the vetor with all omponents equal to 1).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 3



Bakward SDEs with Finanial Appliations E. Gobet1.1.1 Self-�naning strategy
φt: the row vetor of amounts invested in eah risky asset.Here, we do not assume any onstraints on the strategy.The wealth proess Yt satis�es the self-�naning ondition:

dYt =

d∑

i=1

φi
t

dSi
t

Si
t

+ (Yt −
d∑

i=1

φi(t))rtdt

= φt(σtdWt + btdt) + (Yt − φt1)rtdt

= rtYtdt+ φtσtθtdt+ φtσtdWt.If we set Zt = φtσt, the self-�naning ondition writes
−dYt = −rtYtdt − Ztθtdt − ZtdWt.Up to the spei�ation of the terminal value of YT , (Y, Z) solves a Linear BSDE(LBSDE), with a driver de�ned by f(t, ω,y, z) = −rty − zθt.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 4



Bakward SDEs with Finanial Appliations E. GobetThe driver f(t, ω, y, z) = −rty − zθt is globally Lipshitz in (y, z) (reall that r and
θ are bounded).Note that to safely ome bak to the hedging strategy, one has to invert therelation φt 7→ Zt = φtσt

 usually, the volatility matrix σ has to be invertible ↔ ompletemarket.
1.1.2 Complete market without portfolio onstraintsRepliation of an optionAssume additionnally that1. the volatility matrix σ has a full rank (d = q) and its inverse is bounded.Consider a option maturing at T and payo� Φ(St : 0 ≤ t ≤ T) (a path-dependentfuntional of S).Repliation of the option? link with the risk-neutral valuation rule?European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 5



Bakward SDEs with Finanial Appliations E. GobetAnswer: YESTheorem. If Φ(St : 0 ≤ t ≤ T ) ∈ L2(P), then there is a solution (Y, Z) ∈ H2 to theLBSDE and thus to the hedging problem.In addition, the Y -omponent has a expliit representation has a onditionalexpetation.Proof.
• For existene and uniqueness, apply standard BSDE results (see Jin Ma'sminiourse).
• The hedging strategy is given by φt = Ztσ

−1
t .

• Finally, all LBSDE have an expliit representation (see [EPQ97℄): the solution to
−dYt = [ϕt + Ytβt + Ztγt]dt − ZtdWt and YT = ξ ∈ L2 (with bounded
(β, γ), ϕ ∈ H2 and ξ ∈ L2) is given by Yt = E

[
ξΓt

T +

∫ T

t

Γs
tϕsds|Ft

] where
Γs

t = exp(
∫ s

t
(βr − 1

2 |γr|2)dr +
∫ s

t
γ∗rdWr).= Rare situation where expliit solutions are known.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 6



Bakward SDEs with Finanial Appliations E. Gobet
In our setting of repliating an option, we have ϕs = 0, βt = −rt, γt = −θt:

Yt = EP

[
exp(

∫ T

t

(−rs −
1

2
|θs|2)ds−

∫ T

t

θ∗sdWs)ξ|Ft

]

= EQ

[
exp(

∫ T

t

−rsds)ξ|Ft

]

where Q|Ft
= exp(− 1

2

∫ t

0
|θs|2)ds−

∫ t

0
θ∗sdWs)P|Ft

de�nes the usual (unique)risk-neutral measure.Solving this BSDE is done under the historial measure (with non risk-neutralsimulations) and estimates under P!
European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 7



Bakward SDEs with Finanial Appliations E. Gobet1.1.3 Complete market with portfolio onstraintsBid-ask spread for interest rates [Bergman '95, Korn '95, CvitaniKaratzas '93℄The investor borrows money at interest rate Rt and lends at rate rt < Rt.
 Modi�ation of the self-�naning strategy:

dYt =

d∑

i=1

φi
t

dSi
t

Si
t

+ (Yt −
d∑

i=1

φi(t))+rtdt− (Yt −
d∑

i=1

φi(t))−Rtdt

= φt(σtdWt + btdt) + (Yt − φt1)rtdt− (Rt − rt)(Yt − φt1)−dt

= rtYtdt+ φtσtθ
r
tdt+ φtσtdWt −(Rt − rt)(Yt − φt1)−

︸ ︷︷ ︸additional ost when borrowing dtwhere bt − rt1 = σtθ
r
t .Similarly, with bt − Rt1 = σtθ

R
t , we have

dYt = RtYtdt+ φtσtθ
R
t dt+ φtσtdWt −(Rt − rt)(Yt − φt1)+

︸ ︷︷ ︸smaller portfolio appreiation when lending dt.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 8



Bakward SDEs with Finanial Appliations E. GobetSet Zt = φtσt. Then, (Y, Z) solves a non-linear BSDE with the globally Lipshitzdriver
f r,R(t,y, z) = −rty − zθr

t + (Rt − rt)(y − zσ−1
t 1)−

= −Rty − zθR
t + (Rt − rt)(y − zσ−1

t 1)+.We fous on the dependene on (r, R) by denoting (Yr,R,Zr,R) the solution to theBSDE with a given terminal ondition and driver f r,R.Comparison of pries with/without di�erent interest rates?Lower bounds. The prie with di�erent interest rates is still larger than the priewith �xed interest rates:
Y

r,R
t ≥ max(Yr,r

t ,YR,R
t )for any t ∈ [0, T ].Proof. Apply the omparison theorem within its strong version:

fr,R(t, y, z) ≥ max(−rty − zθr
t ,−Rty − zθR

t ) = max(fr,r(t, y, z), fR,R(t, y, z)).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 9



Bakward SDEs with Finanial Appliations E. Gobet
Upper bounds and equalities: examples in the Blak-Sholes setting.
• Call option: Φ(S) = (ST −K)+.From the Blak-Sholes formula with a single interest rate, one knows thatthe amount in ash is always negative (money borrowing)  

f r,R(t,YR,R
t ,ZR,R

t ) = −RtY
R,R
t − ZR,R

t θR
t + (Rt − rt) (Y R,R

t − ZR,R
t σ−1

t 1)+
︸ ︷︷ ︸

=0

= fR,R(t,YR,R
t ,ZR,R

t ).Hene, (Y R,R, ZR,R) also solves the BSDE with the driver fr,R. By uniqueness:
(Yr,R,Zr,R) = (YR,R,ZR,R).The prie is obtained using the higher interest rate.
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Bakward SDEs with Finanial Appliations E. Gobet
• Put option: Φ(S) = (K − ST )+.Similarly, with a single interest rate, one always lends money  

(Yr,R,Zr,R) = (Yr,r,Zr,r).The prie is obtained with the lower interest rate.
• Call Spread: Φ(S) = (ST −K1)+ − 2(ST −K2)+ (K1 < K2).With probability 1, we have

Y
r,R
t > max(Yr,r

t ,YR,R
t ) ∀t < T.Proof by ontradition. Assume the equality on a set A ∈ Ft. Theomparison theorem implies the equality of drivers along (Y r,r

s , Zr,r
s )t≤s≤T and

(Y R,R
s , ZR,R

s )t≤s≤T almost surely on A  P(A) = 0.
• General payo� with deterministi oe�ients (rt)t, (Rt)t, (σt)t, (bt)t :su�ient onditions in [EPQ97℄. If

DtΦ(S)σ−1
t 1 ≥ Φ(S) dt ⊗ dP − a.e.,then (Yr,R,Zr,R) = (YR,R,ZR,R).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 11



Bakward SDEs with Finanial Appliations E. Gobet

Short sales onstraints [Jouiny, Kallal '95...℄Di�erene of returns blt and bst when long and short positions in the risky assets.Aim at modeling the existene of reposit rate for instane.Similar story as before.Leads to
• two risk premias θlt and θst.
• a BSDE with non-linear driver f(t,y, z) = −rty − zθlt + [zσ−1

t ]−σt(θ
l
t − θst).
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Bakward SDEs with Finanial Appliations E. Gobet
1.2 Inomplete marketsSuppose that d < q: number of tradable assets d smaller than the number ofsoures of risk q.Examples:
• trading restrition on the assets.
• stohasti volatilities model like Heston model:

dSt = St(rtdt+
√

VtdWt),

dVt = κ(θt − Vt)dt+ ξt
√

VtdBt,

d〈W,B〉t = ρtdt.Here d = 1 (one an not trade the volatility) and q = 2.
European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 13



Bakward SDEs with Finanial Appliations E. GobetMarket inompletenessDenote the assoiated amount φ1
t in the traded assets and the assoiated volatility

σ1
t ∈ Rd ⊗ Rq w.r.t. the q-dimensional BM W .The self-�naning equation writes: dYt = rtYtdt + φ1

tσ
1
t θtdt + φ1

tσ
1
t dWt.In general, there does not exist a strategy φ1

t suh that YT = Φ(S).Possible approahes:1. mean-variane hedging2. super-repliation3. ...4. loal-risk minimization: mean self-�naning strategy + orthogonality of theost proess to the tradable martingale part
 Find a martingale M orthogonal to (

∫ t

0
σ1

sdWs)t suh that
YT + MT = Φ(S) ([Föllmer-Shweizer deomposition '90℄).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 14



Bakward SDEs with Finanial Appliations E. Gobet
A BSDE-solution to the FS deompositionAssumption: rank(σ1

t ) = d (non redundant tradable assets).The FS strategy is obtained by solving a linear BSDE
dYt = rtYtdt + Ztθ

1
t dt + ZtdWt, YT = Φ(S),where

• σt =




σ1

t

σ2
t



 ∈ Rq ⊗ Rq has a full rank q (we omplete the market by �titiousassets with volatilities σ2
t ).

• θ1t = Proj⊥Range([σ1
t ]∗)(θt) is the minimal risk premium.(the solution of this LBSDE is the risk-neutral evaluation under the minimalmartingale measure).
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Bakward SDEs with Finanial Appliations E. GobetProof by veri�ation. (Y, Z) solves dYt = rtYtdt+ Ztθ
1
t dt+ ZtdWt where

θ1t = [σ1
t ]∗[σ1

t σ
1,∗
t ]−1σ1

t θt.De�ne [Z1
t ]∗ := Proj⊥Range([σ1

t ]∗)(Z
∗
t) = [σ1

t ]∗[φ1
t ]∗ and Z2

t := Zt − Z1
t .Sine Rq = Range([σ1

t ]∗) ⊕ Ker(σ1
t ), one has [Z2

t ]∗ ∈ Ker(σ1
t ): σ1

t [Z2
t ]∗ = 0.It follows

• Ztθ
1
t = Z1

t θ
1
t + Z2

t θ
1
t = φ1

tσ
1
t θ

1
t + Z2

t [σ1
t ]∗[σ1

t σ
1,∗
t ]−1σ1

t θt
︸ ︷︷ ︸

=0

= φ1
tσ

1
t θ

1
t ,

• ZtdWt = φ1
tσ

1
t dWt + Z2

t dWt
︸ ︷︷ ︸

=:dMt

.
Thus, dYt = rtYtdt + φ1

tσ
1
t θ

1
t dt + φ1

tσ
1
t dWt + dMt.In addition, < ∫ .

0

σ1
s dWs,M >t= 0 =

∫ t

0

σ1
s [Z2

s ]∗ds

=⇒ M is strongly orthogonal to (
∫ t

0
σ1

t dWt)t.Uniqueness is proved similarly.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 16



Bakward SDEs with Finanial Appliations E. Gobet
Other onnetions between priing and BSDEs

• Superhedging via inreasing sequene of non linear BSDEs (via penalization onthe non tradable risks) [Cvitani, Karatzas '93; El Karoui, Quenez '95; ElKaroui, Peng, Quenez '97℄
• Non linear priing theory [El Karoui, Quenez '97℄
• Large investor (fully oupled FBSDE) [Cvitani, Ma '96...℄.
• Reursive utility: driver quadrati in z [Du�e, Epstein '92 ...℄.
• Exponential hedging and quadrati BSDE [El Karoui, Rouge '01; Sekine '06 ...℄: V (x) = supφ∈AE(U(Xx,φ

T − F )) with U exponential utility.
• g-expetations and dynamially onsistent evaluations/expetations [Peng '03...℄
• Amerian options [El Karoui, Kapoudjian, Pardoux, Peng, Quenez '97 ℄

European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 17



Bakward SDEs with Finanial Appliations E. Gobet1.3 Dynamially onsistent evaluationAn operator Es,t : L2(Ft) 7→ L2(Fs) is a dynamially onsistent non linearevaluation if it satis�es:A1) Monotoniity: X ≥ Y=⇒ Es,t(X) ≥ Es,t(Y ).A2) Constant-preserving: Et,t(X) = X for X ∈ L2(Ft).A3) Time-onsisteny: Er,s(Es,t(X)) = Er,t(X) for all r ≤ s ≤ t.A4) 0-1 law: ∀A ∈ Fs and X ∈ L2(Ft) with s ≤ t, one has
1AEs,t(X) = 1AEs,t(1AX).Consider a Lipshitz driver g and for X ∈ L2(Ft), denote by (Y g

s,t(X))s≤t thesolution to
Ys = X +

∫ t

s

g(r,Yr,Zr)dr −
∫ t

s

ZrdWr.Then Y g
s,t(X) = Es,t(X) de�nes a dynamially onsistent non linearevaluation.Proof. Follows from standard omparison and �ow properties of BSDEs.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 18



Bakward SDEs with Finanial Appliations E. Gobet
Converse property for dominated non linear evaluationConsider a Brownian �ltration and a dynamially onsistent non linear evaluationoperator Es,t(.).De�ne gµ(y, z) = µ|y| + µ|z|.In addition, assume that for some (kt)t and µ > 0, one has

• Y
−gµ+k
s,t (X) ≤ Es,t(X) ≤ Y

gµ+k
s,t (X) for all X ∈ L2(Ft),

• Es,t(X) − Es,t(X
′) ≤ Y

gµ

s,t (X −X ′) for all X,X ′ ∈ L2(Ft).Then, there exits a standard driver with g(t, 0, 0) = kt suh that
Es,t(X) = Y

g
s,t(X).Extension to a domination by quadrati BSDEs [Hu, Ma, Peng, Yao '08...℄Qualitative properties on g tranfer to the Y g

s,t(X): sub-additivity, positivehomogeneity, onvexity... See [Barrieu, El Karoui '09...℄European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 19



Bakward SDEs with Finanial Appliations E. Gobet1.4 Re�eted BSDEs and Amerian options [EKP+97℄
∃ solution (Y,Z,K) to







Yt = Φ +
∫ T

t
f(s, Ys, Zs)ds+ KT − Kt −

∫ T

t
ZsdWs,

Yt ≥ Ot,

K is ontinuous, inreasing, K0 = 0 and ∫ T

0
(Yt − Ot)dKt = 0.Assumptions:

• standard Lipshitz driver f + augmented Brownian �ltration
• Φ ∈ L2(FT )

• The obstale O is ontinuous adapted proess, satisfying Φ ≥ OT and
E sup

t≤T
S2

t <∞.Theorem. There is a unique triplet solution (Y, Z,K).Appliations to Amerian options [El Karoui, Kapoudjian, Pardoux, Peng,Quenez '97℄, to swithing problems [Hamadene, Jeanblan '07...℄.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 20



Bakward SDEs with Finanial Appliations E. GobetAppliations to optimal stopping problemsLower bound. For any stopping time τ ∈ Tt,T , one has
Yt = E(Yτ +

∫ τ

t

f(s, Ys, Zs)ds+Kτ −Kt −
∫ τ

t

ZsdWs|Ft)

≥ E(Oτ1τ<T + Φ1τ=T +

∫ τ

t

f(s, Ys, Zs)ds|Ft),

whih implies Yt ≥ ess sup
τ∈Tt,T

E(Oτ1τ<T + Φ1τ=T +

∫ τ

t

f(s,Ys,Zs)ds|Ft).Equality. The equality holds for τ∗ = inf{u ∈ [t, T ] : Yu = Ou} ∧ T .Amerian optionsConsider a linear driver f(t, y, z) = −rty − zθt (self-�naning ondition withoutonstraints).Theorem. Yt is the prie at time t of the Amerian option with payo�
Pt = 1t=T Φ + 1t<TOt: Yt = ess sup

τ∈Tt,T

EQ(e−
R

τ

t
rsdsPτ |Ft).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 21



Bakward SDEs with Finanial Appliations E. GobetMethods of onstrution of a solution1. Piard iteration + Snell envelops.Does not lead to a pratial numerial method.2. Penalized BSDEs. Consider the sequene of standard BSDEs (Y n, Zn)n≥0de�ned by
Y n

t = Φ +

∫ T

t

f(s, Y n
s , Z

n
s )ds+ n

∫ T

t

(Yn
s − Os)−ds−

∫ T

t

Zn
s dWs.

• By omparison theorem, Y n ≤ Y n+1, hene it onverges to a proess Y  lower approximation.
• We an prove that Yt ≥ Ot.
• By setting Kn

t = n
∫ t

0
(Y n

s −Os)−ds, one an prove that (Zn, Kn) is aCauhy sequene that the limit-triplet (Y n, Zn, Kn) onverges to theRBSDE.The penalization approah an be turned into a numerial method.The driver and its Lisphitz onstant inreases like n!!European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 22



Bakward SDEs with Finanial Appliations E. GobetMethods of onstrution of a solution (Cont'd)3. Spei� representation of the loal time K. [Bally, Caballero, Fernandez,El Karoui '02℄Assume that the obstale O has the Ito deomposition:
dOt = Utdt+ VtdWt + dA+

twith A+ is a ontinuous inreasing proess, with dA+
t singular w.r.t. dt.Examples: all, put, onvex payo�s...Then, one has

• smooth-�t ondition:
Zt = Vt on the set {Yt = Ot}.

• absolute ontinuity of K:
dKt = αt1Yt=Ot

(f(t, Ot, Vt) + Ut)
−dt for some αt ∈ [0, 1].Proof. The Ito deompositions of d(Yt −Ot) and d(Yt −Ot)+ oinide!!Proeed by identi�ation.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 23



Bakward SDEs with Finanial Appliations E. Gobet
An alternative representation of re�eted BSDE [BCFK02℄
∃ solution (Y,Z, α) to







Yt = Φ +
∫ T

t
f(s, Ys, Zs)ds+

∫ T

t
αs1Ys=Os

(f(s,Os,Vs) + Us)−ds−
∫ T

t
ZsdWs,

Yt ≥ Ot.Theorem. There is a unique solution (Y, Z, α) and 0 ≤ α ≤ 1.
α is uniquely determined only on {(s, ω) : 1Ys=Os

(f(s,Os, Vs) + Us)− > 0}.
By setting Kt =

∫ t

0
αs1Ys=Os

(f(s,Os, Vs) + Us)−ds, this proves that (Y, Z,K) issolution to the standard RBSDE.
European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 24



Bakward SDEs with Finanial Appliations E. GobetSolving
Yt = Φ+

∫ T

t
f(s, Ys, Zs)ds+

∫ T

t
αs1Ys=Os

(f(s,Os, Vs)+Us)−ds−
∫ T

t
ZsdWsThe solution is obtained as follows:

• de�ne a smooth funtion ϕn suh that 1[0,2−n] ≤ ϕn ≤ 1[0,2−(n−1)].
• onsider the solution (Y n, Zn) of the standard BSDE with driver

fn(s, ω,y, z) = f(s, ω,y, z) + ϕn(y − Ot)(f(s,Os,Vs) + Us)−.

• show that (Y n, Zn) onverges to (Y, Z) and that αn onverges to α1Y =O.Then, Y n is a dereasing sequene onverging to Y .
=⇒ Very interesting for numerial methods sineit gives an upper approximation (the penalization app. gives a lower bound).the bounds on the approximated driver depends less on n than for thepenalization sheme.No available estimates on the rate of onvergene w.r.t. n.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 25



Bakward SDEs with Finanial Appliations E. Gobet
2 Numerial methodsOur aim:
• to simulate Y and Z
• to estimate the error, in order to tune �nely the onvergene parameters.Quite intriate and demanding sine
• it is a non-linear problem (the urrent proess dynamis depend on the futureevolution of the solution).
• it involves various deterministi and probabilisti tools (also from statistis).
• the estimation of the onvergene rate is not easy beause of the non-linearity,of the loss of independane (mixing of independent simulations)...

European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 26



Bakward SDEs with Finanial Appliations E. Gobet2.1 Intriate ombination of weak and strongapproximationsStrong approximation. (XN
t )0≤t≤T is a strong approximation of (Xt)0≤t≤T if

sup
t≤T

‖XN
t −Xt‖Lp

→ 0 ( or ‖ sup
t≤T

|XN
t −Xt|‖Lp

→ 0) as N goes to ∞.
Weak approximation. For any test funtion (smooth or non smooth), one has

E(f(XN
T )) − E(f(XT )) → 0 as N goes to ∞.

Examples. Approximation of SDE: Xt = x+

∫ t

0

b(s,Xs)ds+

∫ t

0

σ(s,Xs)dWs.Time disretization using Euler sheme. De�ne tk = k T
N = kh.

XN
0 = x, XN

tk+1
= XN

tk
+ b(tk, X

N
tk

)h+ σ(tk, X
N
tk

)(Wtk+1
−Wtk

).The simplest sheme to use. Converges at rate 1
2 for strong approximation and 1for weak approximation.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 27



Bakward SDEs with Finanial Appliations E. GobetMilshtein sheme (not available for arbitrary σ): rate 1 for both strong and weakapproximations. The BSDE aseWe fous mainly on Markovian BSDE:
Yt = Φ(XT ) +

∫ T

t

f(s,Xs, Ys, Zs)ds−
∫ T

t

Zs dWswhere X is Brownian SDE (later, jumps ould be inluded in X).We know that Yt = u(t,Xt) and Zt = ∇xu(t,Xt)σ(t,Xt) where u solves asemi-linear PDE=⇒ to approximate Y, Z, we need to approximate the funtion u(.)and the proess X
• Y N

t = uN (t,XN
t );

• in pratie, XN is always random;
• although u is deterministi, uN may be random (e.g. Monte Carloapproximations): the randomness may ome from two di�erent objets.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 28



Bakward SDEs with Finanial Appliations E. Gobet
Formal error analysis

E|Y N
t − Yt| ≤ E|uN (t,XN

t ) − u(t,XN
t )| + E|u(t,XN

t ) − u(t,Xt)|
≤ |uN (t, .) − u(t, .)|L∞

+ ‖∇u‖L∞
E|XN

t −Xt|.

 two soures of error:
• strong error related to E|XN

t −Xt|.For the Euler sheme E|XN
t −Xt| = O(N−1/2).

• weak error related to |uN (t, .) − u(t, .)|L∞
. Indeed, to see that this is aweak-type error, take f ≡ 0 (u(t, x) = E(f(XT )|Xt = x)) and the Euler shemeto approximate the onditional law of XT : from [BT96℄, one knows that

|uN (t, .) − u(t, .)| = |E(f(XT )|Xt = x) − E(f(XN
T )|XN

t = x)| = O(N−1)

=⇒ it seems that simulating aurately the underlying SDE in the strongapproximation sense is neessary (stated later).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 29



Bakward SDEs with Finanial Appliations E. Gobet2.2 Resolution by dynami programming equationTime grid: π = {0 = t0 < · · · < ti < · · · < tN = T} with non uniform time step:
|π| = maxi(ti+1 − ti).We write ∆ti = ti+1 − ti and ∆Wti

= Wti+1 −Wti
.Heuristi derivationFrom Yti

= Yti+1 +
∫ ti+1

ti
f(s,Xs, Ys, Zs)ds−

∫ ti+1

ti
ZsdWs, we derive

Yti
= E(Yti+1 +

∫ ti+1

ti

f(s,Xs, Ys, Zs)ds|Fti
),

E(

∫ ti+1

ti

Zsds|Fti
) = E([Yti+1 +

∫ ti+1

ti

f(s,Xs, Ys, Zs)ds]∆W
∗
ti
|Fti

)

=⇒







ZN
ti

=
1

∆ti
E(YN

ti+1
∆W∗

ti
|Fti),

YN
ti

= E(YN
ti+1

+ ∆tif(ti,X
N
ti
,YN

ti+1
,ZN

ti
)|Fti) and YN

T = Φ(XN
T ).This is a disrete bakward iteration. The sheme is of expliit type.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 30
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Impliit shemeMore losely related to the idea of disrete BSDE.

(YN
ti
,ZN

ti
) = arg min

(Y,Z)∈L2(Fti
)
E(YN

ti+1
+ ∆tif(ti,X

N
ti
,Y,Z) − Y − Z∆Wti)

2

with Y N
tN

= Φ(XN
tN

).
 







ZN
ti

=
1

∆ti
E(Y N

ti+1
∆W ∗

ti
|Fti

),

YN
ti

= E(YN
ti+1

|Fti) + ∆tif(ti,X
N
ti
,YN

ti
,ZN

ti
).Needs a Piard iteration proedure to ompute Y N

ti
.Well de�ned for |π| small enough (f Lipshitz).Rates of onvergene of expliit and impliit shemes oinide for Lipshitz driver.The expliit sheme is the simplest one, and presumably su�ient for Lipshitzdriver.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 31



Bakward SDEs with Finanial Appliations E. Gobet2.3 Error analysisDe�ne the measure of the squared error
E(Y N − Y, ZN − Z) = max0≤i≤N E|Y N

ti
− Yti

|2 +
∑N−1

i=0

∫ ti+1

ti
E|ZN

ti
− Zt|2dt.Theorem. For a Lipshitz driver w.r.t. (x, y, z) and 1

2 -Holder w.r.t. t, one has
E(YN − Y,ZN − Z) ≤ C(E|Φ(XN

T ) − Φ(XT)|2 + sup
i≤N

E|XN
ti
− Xti |2

+|π| +
N−1∑

i=0

∫ ti+1

ti

E|Zt − Z̄ti |2dt)

where Z̄ti
= 1

∆ti
E(

∫ ti+1

ti
Zsds|Fti

)  Di�erent error ontributions:
• Strong approximation of the forward SDE (depends on the forwardsheme and not on the BSDE-problem)
• Strong approximation of the terminal onditions (depends on theforward sheme and on the BSDE-data Φ)
• L2-regularity of Z (intrinsi to the BSDE-problem).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 32
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Remarks on generalized BSDEsForward jump SDE:

Xt = x+

∫ t

0

b(s,Xs)ds+

∫ t

0

σ(s,Xs)dWs +

∫ t

0

∫

E

β(s,Xs− , e)µ̃(ds, de),Generalized BSDE (with Lipshitz driver):
−dYt =f(t,Xt, Yt, Zt)dt− ZtdWt − dLt, YT = Φ(XT ),where L is àdlàg martingale orthogonal to W [Barles, Bukdhan, Pardoux '97; ElKaroui, Huang '97℄.Then,

• the same dynami programming equation holds to ompute (Y, Z).
• error estimates are unhanged [Lemor, G. '05℄.
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Bakward SDEs with Finanial Appliations E. GobetProof for the Y -omponent
Yti

− Y N
ti

= Eti
(Yti+1 − Y N

ti+1
) + Eti

∫ ti+1

ti
{f(s,Xs, Ys, Zs) − f(ti, X

N
ti
, Y N

ti+1
, ZN

ti
)}ds.Then, use Young inequality (a + b)2 ≤ (1 + γ∆ti)a

2 + (1 + 1
γ∆ti

)b2 to get
E|Yti − Y

N
ti

|2 ≤ (1 + γ∆ti)E|Eti(Yti+1 − Y
N

ti+1
)|2 + (1 +

1

γ∆ti

)4L
2
f∆tiE

Z ti+1

ti

|Zs − Z
N
ti
|2ds

+ (1 +
1

γ∆ti

)4L
2
f∆ti(∆ti

2 +

Z ti+1

ti

E|Xs − X
N
ti
|2ds +

Z ti+1

ti

E|Ys − Y
N

ti+1
|2ds).Gronwall's lemma? γ =?

• E
∫ ti+1

ti
|Zs − ZN

ti
|2ds = E

∫ ti+1

ti
|Zs − Zti

|2ds+ ∆tiE|Zti
− ZN

ti
|2.

• ∆tiE|Zti
− ZN

ti
|2 ≤

C{E|Yti+1 − Y N
ti+1

|2 − E|Eti
(Yti+1 − Y N

ti+1
)|2} + C∆tiE

∫ ti+1

ti
f(s,Xs, Ys, Zs)

2ds.

• E|Xs −XN
ti
|2 ≤ 2E|Xti

−XN
ti
|2 + 2E|Xs −Xti

|2 ≤ 2E|Xti
−XN

ti
|2 + C∆ti.

• E|Ys − Y N
ti+1

|2 ≤
3E|Yti+1 − Y N

ti+1
|2 + 3E

∫ ti+1

ti
|Zs|2ds+ 3∆tiE

∫ ti+1

ti
f(s,Xs, Ys, Zs)

2ds.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 34
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After simpli�ations, we obtain:
E|Yti

− Y N
ti
|2 ≤(1 + C∆ti)E|Yti+1 − Y N

ti+1
|2 + C∆ti

2 + C∆ti max
0≤i≤N

E|Xti
−XN

ti
|2

+ CE

∫ ti+1

ti

|Zs − Zti
|2ds+ C∆tiE

∫ ti+1

ti

(f(s,Xs, Ys, Zs)
2 + |Zs|2)ds.Disrete Gronwall's lemma yields

max
0≤k≤N

E|Y N
ti

− Yti
|2 ≤C|π| + C max

0≤i≤N
E|Xti

−XN
ti
|2

+ C

N−1∑

i=0

E

∫ ti+1

ti

|Zs − Zti
|2ds+ C E|Y N

T − YT |2
︸ ︷︷ ︸

=E|Φ(XN
T

)−Φ(XT )|2

.
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2.4 Strong approximation supi≤N E|XN
ti
− Xti|2The easy part: using the Euler sheme

• supi≤N |XN
ti

−Xti
|L2 = O(N−1/2)

• if σ does not depend on x, rate O(N−1).
• Otherwise, Milshtein sheme to get N−1-rate.
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Bakward SDEs with Finanial Appliations E. Gobet2.5 Strong approximation of the terminal ondition
• If Φ Lipshitz, then E|Φ(XN

T ) − Φ(XT )|2 ≤ L2
ΦE|XN

T −XT |2.
• If Φ is irregularSome results of Avikainen [Avi09℄ for disontinuous funtion (Φ(x) = 1x≤a).Also useful for the Multi-Level Monte Carlo methods of Giles [Gil08℄.Theorem. If XT has a bounded density p(.), then for any p > 0

sup
a∈R

E|1XN
T

<a − 1XT<a| ≤ 9
(
|p|L∞

‖XN
T − XT‖Lp

) p

p+1 .Optimal inequalities:
• if E|1X̂<a − 1X<a| ≤ C(X, a, p, r)‖X̂ −X‖r

Lp
for any r.v. X with boundeddensity, then r ≤ p

p+1 .
• if E|1X̂<a − 1X<a| ≤ C(X, p0)‖X̂ −X‖

p
p+1

Lp
for any p ≥ p0, any a and any X̂,then X has a bounded density.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 37
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=⇒

E|Φ(XN
T ) − Φ(XT )|2 = E|1XN

T
≤a − 1XT ≤a|2

≤ Cp(‖XN
T −XT ‖Lp

)p/(p+1)

≤ C′
pN

− 1
2

p
p+1 .Hene, the onvergene rate dereases from N−1 to N− 1

2+ǫ for any ǫ > 0.(under a non degeneray assumptions on the SDE).Possible generalization to funtions with bounded variation [Avikainen '09℄.For intermediare regularity funtions, open questions.
European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 38
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2.6 The L2-regularity of Z

L2-regularity of Z-omponentDe�ne EZ(π) =

N−1∑

i=0

∫ ti+1

ti

E|Zt − Z̄ti |2dt.Theorem. [Convergene to 0℄ Sine the Z̄ is the a L2-projetion of Z, in fullgenerality one has
lim

|π|→0
EZ(π) = 0.Theorem. [Ma, Zhang '02 '04℄ Assume a Lipshitz driver f and a Lipshitzterminal ondition Φ.Then Z is a ontinuous proess and EZ(π) = O(|π|) for any time-grid π.No elliptiity assumption.
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Bakward SDEs with Finanial Appliations E. GobetSketh of proofKey fat: Z an be represented via a linear BSDE!! It is proved using theMalliavin alulus representation of Z omponent.The basis of Malliavin alulus:sensitivity of Wiener funtionals w.r.t. the BMFor ξ = ξ(Wt : t ≥ 0), its Malliavin derivative (Dtξ)t≥0 ∈ L2(R
+ × Ω, dt⊗ dP) isde�ned as

′′ Dtξ = ∂dWt
ξ(Wt : t ≥ 0). “Basi rules.

• if ξ =
∫ T

0
htdWt with h ∈ L2(R

+), Dtξ = ht1t≤T .
• for smooth random variables X = g(

∫ T

0
h1

tdWt, · · · ,
∫ T

0
hn

t dWt),
DtX =

n∑

i=1

∂ig(· · · )hi
t1t≤T .

• hain rule for ξ = g(X) with smooth g: Dtξ = g′(X)DtX .European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 40
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• duality relation with adjoint operator D∗: E(

∫

R+

ut.Dtξ dt) = E(D∗(u)ξ)(known as integration by parts formula).If u is adapted and in L2, then D∗(u) =
∫ T

0
utdWt (usual stohastiIto-integral).

• Clark-Oone's formula: if ξ ∈ L2(FT ) and in D1,2:
ξ = E(ξ) +

∫ T

0

E(Dtξ|Ft)dWt.Provides a representation of the Z when the driver is null.
• if Xt = x+

∫ t

0
b(s,Xs)ds+

∫ t

0
σ(s,Xs)dWs, then for r ≤ t

DrXt =

∫ t

r

b′(s,Xs)DrXsds+

∫ t

r

σ′(s,Xs)DrXsdWs + σ(r,Xr)

= ∇Xt[∇Xr]
−1σ(r,Xr).

• DtXt = σ(t,Xt).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 41



Bakward SDEs with Finanial Appliations E. GobetMalliavin derivatives of (Y, Z) for smooth dataTheorem. If Yt = Φ(XT ) +
∫ T

t
f(s,Xs, Ys, Zs)ds−

∫ T

t
ZsdWs, then for θ ≤ t ≤ T

DθYt = Φ′(XT )DθXT +

∫ T

t

[f ′x(s,Xs, Ys, Zs)DθXs + f ′y(s,Xs, Ys, Zs)DθYs

+ f ′z(s,Xs, Ys, Zs)DθZs]ds−
∫ T

t

DθZsdWs

=⇒ (DθYt,DθZt)t∈[θ,T ] solves a linear BSDE (for �xed θ).In addition:
• Viewing the BSDE as FSDE, one has Zt = DtYt.
• Due to DθXt = ∇Xt[∇Xθ]

−1σ(θ,Xθ), we get
(DθYt,DθZt) = (∇Yt[∇Xθ]

−1σ(θ,Xθ),∇Zt[∇Xθ]
−1σ(θ,Xθ)) where

∇Yt = Φ′(XT )∇XT +

∫ T

t

[f ′x(s,Xs, Ys, Zs)∇Xs + f ′y(s,Xs, Ys, Zs)∇Ys

+ f ′z(s,Xs, Ys, Zs)∇Zs]ds−
∫ T

t

∇ZsdWs.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 42



Bakward SDEs with Finanial Appliations E. GobetThe expliit representation of the LBSDE yields [Ma, Zhang '02℄
Zt = ∇Yt[∇Xt]

−1σ(t,Xt)

= E

(

Φ′(XT )∇XT Γt
T +

∫ T

t

f ′x(s,Xs, Ys, Zs)∇XsΓ
s
Tds|Ft

)

[∇Xt]
−1σ(t,Xt).Appliation to the study of the L2-regularity of Z:

∑N−1
i=0

∫ ti+1

ti
E|Zt − Z̄ti|2dtFollowing from this representation, the Ito-deomposition of Z ontains:

• an absolutely ontinuous part (in dt)  easy to handle.
• a martingale part M (in dWt):

N−1∑

i=0

∫ ti+1

ti

E|Mt − M̄ti
|2dt ≤ |π|E(M2

T −M2
0 )!!Possible extensions to L∞-funtionals [Zhang '04℄, to jumps [Bouhard, Elie '08℄,to RBSDE [Bouhard, Chassagneux '06℄, to BSDE with random terminaltime [Bouhard, Menozzi '09℄.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 43



Bakward SDEs with Finanial Appliations E. Gobet

The ase of irregular terminal funtion Φ(XT ) [G., Makhlouf '09℄In the following, we assume strit elliptiity.If not, Z an be disontinuous at some points [Zha05℄ ...Sketh of proof.1. We study the ase with f ≡ 0. It gives the signi�ative ontribution.2. We study the BSDE-di�erene (Y f 6=0 − Y f=0, Zf 6=0 −Zf=0). The L2-regularityof Zf 6=0 − Zf=0 is still nier, sine it has zero terminal ondition.
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The BSDE with null driverWe �rst approximate Φ(XT ) ∈ L2 by a sequene of bounded terminal onditions

ΦM (ST ) = M ∧ Φ(XT ) ∨ −M L2−→ Φ(XT ) and then dedue by stability results.
u(t, x) := E [Φ(XT )|Xt = x] solves
∂tu(t, x) +

d∑

i=1

bi(t, x)∂xi
u(t, x) +

1

2

d∑

i,j=1

[σσ∗]i,j(t, x)∂
2
xi,xj

u(t, x) = 0 for t < T,

u(T, x) = Φ(x)From It�'s formula, we an identify the solution (y, z) to the BSDE
yt = Φ(XT ) −

∫ T

t

zsdWs.

 yt = u(t,Xt) and zt = ∇xu(t,Xt)σ(t,Xt)
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The index α to measure the regularityFor α ∈ (0, 1], set

Kα(Φ) := E|g(XT )|2 + sup
t∈[0,T )

E(Φ(XT ) − E(Φ(XT )|Ft))
2

(T − t)αand de�ne
L2,α = {Φ s.t. Kα(Φ) < +∞}.It measures the rate of dereasing of the integrated onditional variane of Φ(XT ).The index α is also alled frational regularity (introdued by Geiss...).Some examples:1. Lipshitz=⇒ Φ ∈ L2,α=1;2. α-Holder =⇒ Φ ∈ L2,α;3. indiator funtion =⇒ Φ ∈ L2,α= 1

2
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Frational regularity for indiator funtions (digital payo�s)Proof. Let Φ(x) = 1[0,∞)(x) and (Xt) ≡ (Wt). One has

E[Φ(XT ) − E(Φ(XT )|Ft)]
2 = E

∫ T

t

|u′

x(s,Ws)|2ds.Then
u(t, x) = P(x+WT −Wt ≥ 0),

u′x(t, x) =
1

√

2π(T − t)
exp− x2

2(T − t)
,

E|u′x(t,Wt)|2 =
1

2π
√
T + t

√
T − t

=⇒ α = 1
2 .
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L2,α= interpolation spae between L2 and D1,2Following [Geiss, Hujo '07℄, one de�nes:

• the K-funtional by
K(Φ, λ; L2,D1,2) = inf{|Φ0|L2 + λ|Φ1|D1,2 suh that Φ = Φ0 + Φ1}.

• the spae (L2,D1,2)α,∞ by the elements Φ suh that
|Φ|(L2,D1,2)α,∞

:= sup
λ>0

λ−αK(Φ, λ; L2,D1,2) <∞.In the BM ase, possible in terms of sequenes using the haos deomposition.Suh Wiener haos expansion enables to provide a Φ suh that Φ(W1) /∈
⋃

α∈(0,1]

L2,α.
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Equivalent estimates on u and its derivativesAssume uniform elliptiity.Lemma. Let α ∈ (0, 1]. Then the three following assertions are equivalent:i) Φ ∈ L2,α.ii) For some onstant C > 0, ∀t ∈ [0, T ), ∫ t

0
E

∣
∣D2u(s,Xs)

∣
∣
2
ds ≤ C

(T−t)1−α .iii) For some onstant C > 0, ∀t ∈ [0, T ), E |∇xu(t,Xt)|2 ≤ C
(T−t)1−α .And, if Φ ∈ L2,α, one an take C in i) and ii) proportional to Kα(Φ).

If α < 1 (resp. α = 1), the previous three assertions are also equivalent to (resp.lead to) the following one:iv) For some onstant C > 0, ∀t ∈ [0, T ), E
∣
∣D2u(t,Xt)

∣
∣
2 ≤ C

(T−t)2−α .
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A general upper bound in L2,αFor Φ in some L2,α (α ∈ (0, 1]), one has

N−1∑

i=0

∫ ti+1

ti

E|zt − z̄ti
|2dt ≤ C(|π|Kα(Φ)Tα +

N−1∑

k=0

∫ tk+1

tk

(tk+1 − r)E|D2u(r,Xr)|2dr)

Corollary. Assume Φ ∈ L2,α (α ∈ (0, 1]). Then, for the uniform time grid,
N−1∑

i=0

∫ ti+1

ti

E|zt − z̄ti
|2dt = O(N−α).

The rate is optimal: for eah α ∈ (0, 1], one an exhibit a Φ ahieving exatly thisrate [GT01℄.
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Theorem. Assume that Φ ∈ L2,α, for some α ∈ (0, 1].Now, take β = 1, if α = 1, and β < α otherwise. Then, ∃C > 0 suh that, for anytime net π = {tk, k = 0...N},
N−1∑

i=0

∫ ti+1

ti

E|zt − z̄ti
|2dt ≤ CKα(Φ)Tα|π|+CKα(Φ)Tα−β sup

k=0...N−1

(
tk+1 − tk

(T − tk)1−β

)

.

Corollary. For α < 1, the non-uniform grid
π(β) :=

{
t
(N,β)
k := T − T

(
1 − k

N

) 1
β , 0 ≤ k ≤ N

}
.with β < α yields an error as N−1 for the L2-regularity of Z.By adapting the grid to the payo� regularity, we an maintainthe rate 1

N
for the L2-regularity of Z.
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Bak to the initial BSDEWe de�ne the BSDE-di�erene
Y 0

t := Yt − yt, Z0
t := Zt − zt.solution in L2 of the BSDE with null terminal ondition and singulargenerator

f0(t, x, y, z) := f (t, x, y + u(t, x), z + ∇xu(t, x)σ(t, x)) ,i.e.
Y 0

t =

∫ T

t

f0(s,Xs, Y
0
s , Z

0
s )ds−

∫ T

t

Z0
sdWs.Theorem. We have Zt − zt = Utσ(t,Xt) where (U, V ) the solution of the followinglinear BSDE
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Ut =

Z T

t

˘

a
0
r + Ur

`

b
0
rId + ∇xb(r, Xr) +

q
X

j=1

c
0
j,r∇xσj(r,Xr)

´

+

q
X

j=1

V
j

r

`

c
0
j,rId + σ

′

j,r

´¯

dr

−

q
X

j=1

Z T

t

V
j

r dW
j
r ,where we have set f0(t, x, y, z) = f

(
t, x, y + u(t, x), z + ∇xu(t, x)σ(t, x)

) and
a0

r := ∇xf
0(r,Xr, Y

0
r , Z

0
r );

b0r := ∇yf
0(r,Xr, Y

0
r , Z

0
r );

c0r := ∇zf
0(r,Xr, Y

0
r , Z

0
r ).Proof. In general for Φ ∈ ⋃

α∈(0,1] L2,α, we have ∫ T

0

E|a0
r|2dr = ∞, but we anprove ∫ T

0
|a0

r |L2
dr <∞ (one needs results from [Briand, Delyon, Hu, Pardoux,Stoia '03℄)Key point: to establish that the usual representation of Z0 using Malliavinderivatives holds (not trivial!!)European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 53



Bakward SDEs with Finanial Appliations E. Gobet
Corollary. Assume that g ∈ L2,α (α ∈ (0, 1]). Then

|Zt − zt| ≤ C

∫ T

t

√

E

[

(Φ(XT ) − E[Φ(XT )|Fs])
2 |Ft

]

T − s
ds+ C(T − t).

=⇒1. L2-bounds:
E |Zt − zt|2 ≤ CKα(Φ)(T − t)α + C(T − t)2.2. Pointwise bounds: when Φ is α-Hölder ontinuous, it yields

|Zt − zt| ≤ C(T − t)
α
2 + C(T − t).
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Bakward SDEs with Finanial Appliations E. GobetThe L2-regularity of z (without driver) ontrols the
L2-regularity of Z (with driver)Corollary. Assume that Φ ∈ L2,α (α ∈ (0, 1]). Then

1

2

N−1∑

i=0

∫ ti+1

ti

E|zt − z̄ti
|2dt+O(|π|) ≤

N−1∑

i=0

∫ ti+1

ti

E|Zt − Z̄ti
|2dt

≤ 2
N−1∑

i=0

∫ ti+1

ti

E|zt − z̄ti
|2dt+O(|π|).

To ahieve the rate N−1 with N -points grid, one should hoose,
• if α = 1, uniform grids
• if α < 1, the non-uniform grid

π(β) :=
{
t
(N,β)
k := T − T

(
1 − k

N

) 1
β , 0 ≤ k ≤ N

}
.with an index β < α.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 55
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Error expansion for smooth data and uniform grid [G., Labart '07℄Instead of upper bounds on Y − Y N and Z − ZN in L2 norm, we expand the error.Dynami programming equation on the value funtionDue to the Markov property of the Euler sheme (XN

ti
)i, one has Y N

ti
= uN (ti, X

N
ti

)and ZN
ti

= vN (ti, X
N
ti

) where






vN (ti, x) =
1

∆ti
E(uN (ti+1, X

N
ti+1

)∆W ∗
ti
|XN

ti
= x),

uN (ti, x) = E(uN (ti+1, X
N
ti+1

) + ∆tif(ti, x, u
N (ti+1, X

N
ti+1

), vN (ti+1, x)|XN
ti

= x))

uN (T, x) = Φ(x).
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Approximation result of weak typeTheorem. Assuming smooth data b, σ, f,Φ, one has
|uN (ti, x) − u(ti, x)| ≤

C(1 + |x|k)

Nand
|vN (ti, x) −∇xu(ti, x)σ(ti, x)| ≤

C(1 + |x|k)

N
.Proof. Adaptation of the Malliavin alulus approah of Kohatsu-Higa [KH01℄.
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Bakward SDEs with Finanial Appliations E. GobetGlobal expansionCorollary.
Y N

ti
− Yti

= ∇xu(ti, Xti
)(Xti

−XN
ti

) +O(|Xti
−XN

ti
|2) +O(N−1)and

ZN
ti

− Zti
= [∇x[∇xuσ]∗(ti, Xti

)(Xti
−XN

ti
)]∗ +O(|Xti

−XN
ti
|2) +O(N−1).Proof of orollary.

Y N
ti

− Yti
= uN (ti, X

N
ti

) − u(ti, Xti
)

= uN (ti, X
N
ti

) − u(ti, X
N
ti

) + u(ti, X
N
ti

) − u(ti, Xti
)

= O(N−1) + ∇u(ti, Xti
)(Xti

−XN
ti

) +O(|Xti
−XN

ti
|2). �

=⇒ Strong approximation of the forward SDE is ruial.
=⇒ At time 0, YN

0 − Y0 = O(N−1)!!First proved by Chevane [Che97℄ when f does not depend on z.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 58
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2.7 Resolution by Piard's iterationBSDE = limit of a sequene of linear BSDE
Y n+1

t = un+1(t,Xt) = E(Φ(XT ) +
∫ T

t
f(s,Xs, Y

n
s , Z

n
s )ds|Xt)and

Zn+1
t = ∇xu

n+1(t,Xt)σ(t,Xt).Allow (t, x) to play similar roles.[Bender, Denk '07℄; [G., Labart '09℄ with adaptive ontrol variates.Smaller errors propagation ompared to the dynami programming equation.
European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 59



Bakward SDEs with Finanial Appliations E. Gobet3 Computations of the onditional expetationsOur objetive: to implement the dynami programmin equation = to ompute theonditional expetations  the ruial step!!Di�erent points of view:
• the onditional expetation is a projetion operator: if Y ∈ L2, then

E(Y |X)=Arg min
m∈L2(PX)

E (Y −m(X))
2
.

 this is a least-squares problem. What for?� To simulate the random variable m(X)? one only needs its law.� To ompute the regression funtion m? �nding a funtion ofdimension= dim(X)  urse of dimensionality.
• Markovian setting: E(g(Xti+1)|Xti

) with (Xti
)i Markov hain.� To ompute the transition operator from Xti

to Xti+1? to ompute theintegral of g w.r.t. PXti+1
|Xti

(dx)?European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 60
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� To simulate the transition?

• How many regression funtions to ompute?Answer. For the DPE of BSDEs, N regression funtions and N → ∞.






vN (ti, x) =
1

∆ti
E(uN (ti+1, X

N
ti+1

)∆W ∗
ti
|XN

ti
= x),

uN (ti, x) = E(uN (ti+1, X
N
ti+1

) + ∆tif(ti, x, u
N(ti+1, X

N
ti+1

), vN (ti+1, x)|XN
ti

= x))

uN (T, x) = Φ(x).

• In whih points X ∈ Rd?Answer. Potentially, many...All is a question of global e�ieny= balane between auray and omputational ost
European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 61



Bakward SDEs with Finanial Appliations E. GobetMarkovian settingBased on E(g(Xti+1)|Xti
) =

∫
g(x)PXti+1

|Xti
(dx) = m(Xti

).If m(.) are required at only few values of Xti
= x1, ..., xn:

• one an simulate M independant paths of Xti+1 starting from Xti
= x1, · · · , xnand average them out (usual Monte Carlo proedures).

• but if needed for many i, exponentially growing tree!!How to put onstraints on the omplexity?
• One possibility for one-dimensional BM (or Geometri BM): replae the truedynamis by that of a Bernoulli random walk (binomial tree).The size of the tree grows linearly with N sine it reombines.In pratie, feasible in dimension 1. Convergene: see [Ma, Protter, San Martin,Torres '02℄.Available for Ornstein-Uhlenbek proess (trinomial tree).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 62



Bakward SDEs with Finanial Appliations E. Gobet3.1 For more general dynamis: quantization [Graf, Lushgy '00℄Step 1. To disretize optimally the law of Xtj
for eah j  quantization.Step 2. To use this quantized level to implement the dynami programmingequation.Step 1. Computation of the grids. Fix the number of points Mj (→ ∞).Min. of the L2-distorsion: X j = {xj

m : 1 ≤ m ≤ Mj} = argmin E(min
l

|Xtj − x
j
l|2).Existene of stohasti algorithm to ompute these points (Kohonen algorithm).Quite slow. Better to ompute them o�-line.Suitable for L2-approximations (and Lipshitz funtions).Grid already known in the ase of Gaussian r.v. for various dimensions andvarious number of points [see Pages' website℄.Rate of onvergene available on the distorsion (Zador theorem: M1/d

j ) of theoptimal grid.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 63



Bakward SDEs with Finanial Appliations E. GobetDe�ne Voronoi tesselations: Ck(X j) = {z ∈ Rd : |z − xj
k| = min

l
|z − xj

l |}.Step 2. Computation of onditional expetations.
E(g(Xtj+1)|Xtj

= xj
k) =

Mj+1∑

l=1

αk,lg(x
j+1
l ).

Weights αj
k,l =?  αj

k,l ≈
P(Xtj

∈ Ck(X j), Xtj+1 ∈ Cl(X j+1))

P(Xtj
∈ Ck(X j))

.Computed by Monte Carlo simulations of X (also done o�-line).To sum up:deterministi approximationsmany omputations are made o�-linerequire the pre-omputations of quanti�ed grids of weightsFor RBSDEs (with f independent of z), see [Bally, Pages '03℄ .European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 64
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3.2 Representation of onditional expetations usingMalliavin alulus[Fournié, Lasry, Lebuhoux, Lions '01; Bouhard, Touzi '04; Bally, Caramellino,Zanette '05 ...℄Theorem. [integration by parts formula℄ Suppose that for any smooth f , one has

E(fk(F )G) = E(f(F )Hk(F,G))for some r.v. Hk(F,G), depending on F , G, on the multi-index k but not on f .Then, one has
E(G|F = x) =

E(1F1≤x1,··· ,Fd≤xd
H1,··· ,1(F,G))

E(1F1≤x1,··· ,Fd≤xd
H1,··· ,1(F, 1))

.

Formal proof (d=1): E(G|F = x) = E(Gδx(X))
E(δx(X)) =

E(G(1F≤x)′)

E((1F≤x)′) =
E(1F≤xH1(F,G)))

E(1F≤xH1(F,1)) .
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The H are obtained using Malliavin alulus, or a diret integration by partswhen densities are known.

• Atually, we look for H(F,G) = GH̃(F,G).Representation with fatorization not so immediate to obtain (possible forSDE).In pratie, large varianes  need some extra loalization proedures.For non trivial dynamis, the omputational time needed to simulate H may behigh.For BSDEs, available rates of onvergene w.r.t. N and M [Bouhard, Touzi'04℄ using N independent set of simulated paths.
European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 66



Bakward SDEs with Finanial Appliations E. Gobet3.3 The approah using projetions and regressionsStatistial regression model: Y = m(X) + ǫ with E(ǫ|X) = 0.
X is alled the (random) design.Large literature on statistial tools to approximate E(Y |X).Referenes [Hardle '92; Bosq, Leoutre '87; Gyor�, Kohler, Krzyzak, Walk '02℄Problem: ompute m(.) using M independent (?) samples (Yi, Xi)1≤i≤M .Usually, estimation errors in the literature are not su�ient for our purpose:
• the law X may not have a density w.r.t. Lebesgue measure.
• the support of the law of the X is never bounded!
• ...In addition, the samples are not independant (sine one has N -times iterationin the disrete BSDE).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 67



Bakward SDEs with Finanial Appliations E. GobetDisussions of non parametri regression tools fromtheoretial/pratial points of view
3.3.1 Kernel estimators

E(Y |W = x) ≈
1

hd

∑M
i=1K(x−Xi

h )Yi

1
hd

∑M
i=1K(x−Xi

h )
= mM,h(x)where

• the kernel funtion is de�ned on the ompat support [−1, 1], bounded, even,non-negative, C2
p and ∫

Rd K(u)du = 1;
• h > 0 is the bandwith.Non-integrated L2-error estimates available.Remaining problems with the non-ompat support of X (partially solved reentlyin [G., Labart '09℄ using weighted Sobolev spae estimates).Computational e�ieny: to ompute mM,h at one point, M omputations.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 68



Bakward SDEs with Finanial Appliations E. Gobet3.3.2 Projetion on a set of funtionsSet of funtions: (φk)0≤k≤K .
E(Y |X) = Arg min

g
E (Y − g(X))

2

≈ Argmin
P

K
k=1 αkφk(.)

E(Y −
K∑

k=1

αkφk(X))2.

Computations of the optimal oe�ients (αk)k: it solves the normal equation
Aα = E(Y φ) where Ai,j = E(φi(X)φj(X)), [E(Y φ)]i = E(Y φi(X)).

• For simpliity, one should have a system of orthonormal funtions (w.r.t. thelaw of X).In pratie, impossible exept in few ases (Gaussian ase using Hermittepolynomials, ...).In many situations, the law of X is not expliitely known.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 69



Bakward SDEs with Finanial Appliations E. GobetIf the system is not orthonormal, one should ompute A and invert it.Its dimension is expeted to be very large: K → ∞ to ensure onvergentapproximations.Presumably big instabilities (ill-onditioned matrix) to solve this least-squaresproblem [Golub, Van Loan '96℄.
• In pratie, A is omputed using simulations, as well E(Y φ).Equivalent to solve the empirial least-squares problem:

(αM
k )k = Arg min

α

1

M

M∑

m=1

(Y m −
K∑

k=1

αkφk(Xm))2.

[CLT℄ At �xed K, if A is invertible, one has lim
M→∞

√
M(αM − α)

d
= N (0, ...).Whih set of funtions leads to quik/e�ient omputations of (αM
k )?How to prove onvergene rates of α.φ(.) −m(.) as M → ∞ and K → ∞ (forgeneral laws for (X,Y ))?European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 70



Bakward SDEs with Finanial Appliations E. GobetThe ase of polynomial funtions
• Popular hoie.
• Smooth approximation.Global approximation: within few polynomials, a smooth m(.) an be very wellapproximated.But slow onvergene for non smooth funtions (non-linear BSDEs may lead tonon-smooth funtions).Do projetions on polynomials onverge to m(.)? ⊕k≥0Pk(X) = L2(X)?If for some a > 0 one has E(ea|X|) <∞, then polynomials are dense in

L2-funtions.Proof. Related to the moment problems. Is a r.v. haraterized by itspolynomial moment?In partiular, if X is log-normal, olynomials of X are not dense in L2 (Fellerounter-exemple)!! Compare with Longsta�-Shwartz algorithm [LS01℄.In the good ases, onvergene rates?European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 71



Bakward SDEs with Finanial Appliations E. GobetThe ase of loal approximationPieewise onstant approximations. φk = 1Ck
where the subsets (Ck)k forms atesselation of a part of Rd : Ck ∩ Cl = ∅ for l 6= k.

arg inf
g=

P

k αk1Ck

E(Y − g(X))2 or arg inf
g=

P

k αk1Ck

EM (Y − g(X))2?The �matrix� A = (E(φi(X)φj(X))i,j is diagonal: A = Diag(P(X ∈ Ci)i).
=⇒

αk =







E(Y 1X∈Ck
)

P(X∈Ck) = E(Y |X ∈ Ck) if P(X ∈ Ck) > 0,

0 if P(X ∈ Ck) = 0,

αM
k =







1
#{m:Xm∈Ck}

∑

m:Xm∈Ck
Y m if #{m : Xm ∈ Ck} > 0,

0 if #{m : Xm ∈ Ck} = 0.Possible easy extensions to pieewise a�ne funtions (or polynomials).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 72



Bakward SDEs with Finanial Appliations E. GobetRate of approximations of a Lipshitz regression funtion m(.)Size of the tesselation: |C| ≤ supl sup(x,y)∈Cl
|x − y|.Given a probability measure µ: µ = PX or µ = 1

M

∑M
m=1 δXm(.).

inf
g=

P

k αk1Ck

∫

Rd

|g(x) −m(x)|2µ(dx)

≤
∑

k

∫

Ck

|m(xk) −m(x)|2µ(dx) +

∫

[∪kCk]c
m2(x)µ(dx)

≤
∑

k

|C|2µ(Ck) + |m|2∞µ([∪kCk]c)

≤ |C|2 + |m|2∞µ([∪kCk]c).

• We expet the tesselation size to be small.The omplementary µ([∪kCk]c) has to be small (tail estimates).Model-free error-estimates.Optimal estimates for Lipshitz funtions.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 73
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E�ient hoie of tesselations?Given x ∈ Rd, how to loate e�iently the Ck suh that x ∈ Ck?

• Voronoi tesselations assoiated to a sample (Xk)1≤k≤K of the underlyingr.v. X : Ck = {z ∈ Rd : |z −Xk| = minl |z −X l|}. Closed to quantization ideas.Theorially, there exists searhing algorithms with a ost O(log(K)).
• Regular grid (hyperubes).
k = (k1, ..., kd) ∈ {0, .., K1 − 1} × ...× {0, .., Kd − 1} de�ne
Ck = [−x1,min+∆x1k1,−x1,min+∆x1(k1+1)[× · · ·×[−xd,min+∆xdkd,−xd,min+∆xd(kd+1)[.Tesselation size=O(maxi ∆xi).Quik searh formula:

x ∈ Ck with k = (k1, ..., kd) if xi,min ≤ xi < xi,max and ki = ⌊xi − xi,min

∆xi
⌋.
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Bakward SDEs with Finanial Appliations E. Gobet3.4 Model-free estimation of the regression error [GKKW02℄In the BSDEs framework, see [Lemor, G., Warin '06℄ .Working assumptions:
• Y = m(X) + ǫ with E(ǫ|X) = 0.
• Data: sample of independant opies (X1, Y1), · · · , (Xn, Yn).
• σ2 = supx Var(Y |X = x) <∞
• Fn = Span(f1, ...fKn

) a linear vetor spae of dimension Kn, whih maydepend on the data!Notations: |f |2n = 1
n

∑n
i=1 f

2(Xi). Write µn for the empirial measure assoiatedto (X1, · · · , Xn).
m̂n(.) = arg min

f∈Fn

1

n

n∑

i=1

|f(Xi) − Yi|2.Theorem. L2(µ
n)-error: E(|m̂n − m|2n|X1, · · · ,Xn) ≤ σ2 Kn

n
+ min

f∈Fn

|f − m|2n.A little extra work would give bounds in L2(µ).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 75



Bakward SDEs with Finanial Appliations E. GobetProofW.l.o.g., we an assume that
• (f1, ...fKn

) is orthonormal family in L2(µ
n): 1

n

∑

i fk(Xi)fl(Xi) = δk,l.

=⇒ The solution of arg minf∈Fn

1
n

∑n
i=1 |f(Xi) − Yi|2 is given by

m̂n(.) =
∑

j

αjfj(.) with αj =
1

n

∑

i

fj(Xi)Yi.Lemma. Denote E∗(.) = E(.|X1, · · · , Xn). Then E∗(m̃n(.)) is the least-squaressolution of arg minf∈Fn

1
n

∑n
i=1 |f(Xi) −m(Xi)|2 = arg minf∈Fn

|f −m|2n.Proof.
• The above least-squares solution is given by ∑

j α
∗
jfj(.) with

α∗
j = 1

n

∑

i fj(Xi)m(Xi).
• As a onditional expetation, E∗(m̃n(.)) =

∑

j E∗(αj)fj(.).Then, E∗(αj) =
1

n

∑

i

fj(Xi)E
∗(Yi) =

1

n

∑

i

fj(Xi)E(m(Xi) + ǫi|X1, · · · , Xn) = α∗
j .European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 76



Bakward SDEs with Finanial Appliations E. GobetPythagore theorem: |m̃n −m|2n = |m̃n − E∗(m̃n)|2n + |E∗(m̃n) −m|2n.Then, E∗|m̃n −m|2n = E∗|m̃n − E∗(m̃n)|2n + |E∗(m̃n) −m|2n
= E∗|m̃n − E∗(m̃n)|2n + min

f∈Fn

|f −m|2n.Sine (fj)j is orthonormal in L2(µn), we have
|m̃n − E∗(m̃n)|2n =

∑

j

|αj − E∗(αj)|2.Thus, using αj − E∗(αj) = 1
n

∑

i fj(Xi)(Yi −m(Xi)), we have
E∗|m̃n − E∗(m̃n)|2n =

∑

j

1

n2
E∗

∑

i,l

fj(Xi)fj(Xl)(Yi −m(Xi))(Yl −m(Xl)

=
∑

j

1

n2

∑

i

f2
j (Xi)Var(Yi|Xi)sine the (ǫi)i onditionnaly on (X1, · · ·Xn) are entered.

=⇒ E∗|m̃n − E∗(m̃n)|2n ≤ σ2
∑

j

1

n2

∑

i

f2
j (Xi) = σ2Kn

n
.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 77
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Uniform law of large numbers

Z1:n = (Z1, · · · , Zn) a i.i.d. sample of size n.For G ⊂ {g : Rd 7→ [0, B]}, one needs to quantifty
P(∀g ∈ G : | 1

n

n∑

i=1

g(Zi) − Eg(Z)| > ǫ)as a funtion of ǫ and n?By Borel-Cantelli lemma, may lead to uniform laws of large numbers:
sup
g∈G

| 1
n

n∑

i=1

g(Zi) − Eg(Z)| → 0 a.s.as n→ ∞.
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ǫ-over of GDe�nition. For a lass of funtions G and a given empirial measure µn assoiatedto n points Z1:n = (Z1, · · · , Zn), we de�ne a ǫ-over of G w.r.t. L1(µ

n) by aolletion (g1, · · · , gN ) in G suh thatfor any g ∈ G, there is a j ∈ {1, · · · , N} s.t. |g − gj |L1(µn) < ǫ.Set N1(ǫ,G,Z1:n)=the smallest size N of ǫ-over of G w.r.t. L1(µn).Theorem. For G ⊂ {g : Rd 7→ [−B,B]}. For any n and any ǫ > 0, one has
P(∀g ∈ G : |1

n

n∑

i=1

g(Zi) − Eg(Z)| > ǫ) ≤ 8E(N1(ǫ/8,G,Z1:n)) exp(− nǫ2

512B2
).

Theorem. If G = {−B ∨ ∑

k αkφk(.) ∧B : (α1, · · · , αK) ∈ RK}, then
N1(ǫ,G,Z1:n) ≤ 3

(
4eB

ǫ
log(

4eB

ǫ
)

)K+1

.Enables to replae an empirial mean by its expetation, up to error ǫ with highprobability (expliitely quanti�ed).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 79



Bakward SDEs with Finanial Appliations E. Gobet3.5 Appliations to numerial solution of BSDEs usingempirial simulations[LGW06℄Regular time grid with time step h = T
N + Lipshitz f , Φ, b and σ.Towards an approximation of the regression operatorsTrunation of the tails using a threshold R = (R0, · · · , Rd):

[∆Wl,k]w =
(
−R0

√
h

)
∨ ∆Wl,k ∧

(
R0

√
h

)
,

fR(t, x, y, z) = f(t,−R1 ∨ x1 ∧R1, · · · ,−Rd ∨ xd ∧Rd, y, z),

ΦR(x) = Φ(−R1 ∨ x1 ∧R1, · · · ,−Rd ∨ xd ∧Rd).

 Loalized BSDEsDe�ne Y N,R
T (XN

tN
) = ΦR(XN

tN
) and







ZN,R
l,tk

=
1

h
E(Y N,R

tk+1
[∆Wl,k]w|Ftk

),

Y N,R
tk

= E(Y N,R
tk+1

+ hfR(tk, X
N
tk
, Y N,R

tk+1
, ZN,R

tk
)|Ftk

).European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 80



Bakward SDEs with Finanial Appliations E. GobetProposition. For some Lipshitz funtions yN,R
k (•) and zN,R

k (•), one has:






ZN,R
l,tk

=
1

h
E(Y N,R

tk+1
[∆Wl,k]w|Ftk

) = zN,R
l,k (XN

tk
),

Y N,R
tk

= E(Y N,R
tk+1

+ hfR(tk, X
N
tk
, Y N,R

tk+1
, ZN,R

tk
)|Ftk

) = yN,R
k (XN

tk
).a) The Lipshitz onstants of yN,R

k (•) and N−1/2zN,R
k (•) are uniform in N and R.b) Bounded funtions: sup

N

(

‖yN,R
k (•)‖∞ +N−1/2‖zN,R

k (•)‖∞
)

= C⋆ <∞.Proposition. (Convergene as |R| ↑ ∞). For h small enough, one has
max

0≤k≤N
E|Y N,R

tk
− Y N

tk
|2 + hE

N−1∑

k=0

|ZN,R
tk

− ZN
tk
|2

≤ CE|Φ(XN
tN

) − ΦR(XN
tN

)|2 + C
1 +R2

h

N−1∑

k=0

E
(
|∆Wk|21|∆Wk|≥R0

√
h

)

+ ChE

N−1∑

k=0

|f(tk, X
N
tk
, Y N

tk+1
, ZN

tk
) − fR(tk, X

N
tk
, Y N

tk+1
, ZN

tk
)|2.

 Small impat of the threshold R. But more numerial stability.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 81
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Approximation of y

N,R
k (•) and z

N,R
k (•)Projetion on a �nite dimensional spae:

y
N,R
k (•) ≈ α0,k.p0,k(•), z

N,R
l,k (•) ≈ αl,k.pl,k(•).(for instane, hyperubes as presented before).Coe�ients will be omputed by extra M independent simulations of (XN

tk
)k and

(∆Wk)k  {(XN,m
tk

)k}m and {(∆Wm
k )k}m (only one set of simulated paths).In addition, we impose boundedness properties:

y
N,R,M
k (•) = [αM

0,k.p0,k(•)]y, z
N,R,M
l,k ≈ [αM

l,k.pl,k(•)]z,where [ψ]y = −C⋆ ∨ ψ ∧ C⋆, [ψ]z = −C⋆N
1/2 ∨ ψ ∧ C⋆N

1/2.

 Ytk
≈ yN,R,M

k (XN
tk

), Zl,tk
≈ zN,R,M

l,k (XN
tk

).
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Bakward SDEs with Finanial Appliations E. GobetThe �nal algorithm
→→→ Initialization : for k = N take yN,R

N (·) = ΦR(·).
→→→ Iteration : for k = N − 1, · · · , 0, solve the q least-squares problems :

αM
l,k = arg inf

α

1

M

M∑

m=1

|yN,R,M
k+1 (XN,m

tk+1
)
[∆Wm

l,k]w

h
− α · pl,k(XN,m

tk
)|2.Then ompute αM

0,k as the minimizer of
M∑

m=1

|yN,R,M
k+1 (XN,m

tk+1
)+hfR(tk, X

N,m
tk

, yN,R,M
k+1 (XN,m

tk+1
), [αM

l,k·pl,k(XN,m
tk

)]z)−α·p0,k(XN,m
tk

)|2.

Then de�ne yN,R,M
k (•) = [αM

0,k · p0,k(•)]y, zN,R,M
l,k (•) = [αM

l,k · pl,k(•)]z.Error analysis1. M = ∞: quite easy to analyse.2. For �xed N and �xed set of funtions, Central Limit Theorem on α as M → ∞.3. Non asymptoti estimates? hard beause dependent regression operators.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 83



Bakward SDEs with Finanial Appliations E. GobetRobust error boundsTheorem. Under Lipshitz onditions (only!), one has
max

0≤k≤N
E|Y N,R

tk
− yN,R,M

k (SN
tk

)|2 + h

N−1∑

k=0

E|ZN,R
tk

− zN,R,M
k (SN

tk
)|2

≤CC
2
⋆ log(M)

M

N−1∑

k=0

q
∑

l=0

E(KM
l,k) + Ch

+ C
N−1∑

k=0

{inf
α

E|yN,R
k (SN

tk
) − α · p0,k(SN

tk
)|2 +

q
∑

l=1

inf
α

E|
√
hzN,R

l,k (SN
tk

) − α · pl,k(SN
tk

)|2}

+ C
C2

⋆

h

N−1∑

k=0

{

E
(
KM

0,k exp(− Mh3

72C2
⋆K

M
0,k

) exp(CK0,k+1 log
C C⋆(K

M
0,k)

1
2

h
3
2

)
)

+ hE
(
KM

l,k exp(− Mh2

72C2
⋆R

2
0K

M
l,k

) exp(CK0,k+1 log
C C⋆R0(K

M
l,k)

1
2

h
)
)

+ exp(CK0,k log
C C⋆

h
3
2

) exp(−Mh3

72C2
⋆

)

}
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Convergene of the parametersin the ase of HC funtionsFor a global squared error of order ǫ = 1

N , hoose:1. Edge of the hyperube: δ ∼ C
N .2. Number of simulations: M ∼ N3+2d.Available for a large lass of models on X , whih depend essentially on L2 boundson the solution (no elliptiity ondition, with or without jump...).Complexity/aurayGlobal omplexity: C ∼ ǫ−

1
4+2d .Tehniques of loal dupliating of paths: C ∼ ǫ−

1
4+d .

European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 85



Bakward SDEs with Finanial Appliations E. Gobet3.6 Numerial results (mainly due to J.P. Lemor)Ex.1: bid-ask spread for interest rates
• Blak-Sholes model and Φ(S) = (ST −K1)+ − 2(ST −K2)+.
• f(t, x, y, z) = −{yr + zθ − (y − z

σ )−(R − r)}, θ = µ−r
σ .

• Parameters: µ σ r R T S0 K1 K20.05 0.2 0.01 0.06 0.25 100 95 105
N = 5, δ = 5 N = 20, δ = 1 N = 50, δ = 0.5M D = [60, 140] D = [60, 200] D = [40, 200]128 3.05(0.27) 3.71(0.95) 3.69(4.15)512 2.93(0.11) 3.14(0.16) 3.48(0.54)2048 2.92(0.05) 3.00(0.03) 3.08(0.12)8192 2.91(0.03) 2.96(0.02) 2.99(0.02)32768 2.90(0.01) 2.95(0.01) 2.96(0.01)Table 1: Results for the ombination of Calls using HC.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 86
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Global polynomials (GP)Polynomials of d variables with a maximal degree.

N = 5 N = 20 N = 50 N = 50M dy = 1 , dz = 0 dy = 2, dz = 1 dy = 4, dz = 2 dy = 9, dz = 9128 2.87(0.39) 3.01(0.24) 3.02(0.22) 3.49(1.57)512 2.82(0.20) 2.94(0.12) 2.97(0.09) 3.02(0.1)2048 2.78(0.07) 2.92(0.07) 2.92(0.04) 2.97(0.03)8192 2.78(0.05) 2.92(0.04) 2.92(0.02) 2.96(0.01)32768 2.79(0.03) 2.91(0.02) 2.91(0.01) 2.95(0.01)Table 2: Results for the alls ombination using GP.
Large standard error  GP not appropriateEuropean Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 87



Bakward SDEs with Finanial Appliations E. GobetEx.2: loally-risk minimizing strategies (FS deomposition)Heston stohasti volatility models [Heath, Platen, Shweizer '02℄:
dSt

St
= γY 2

t dt+ YtdWt, dYt = (
c0
Yt

− c1Yt)dt+ c2dBt.

Funtions HC,parameters (N, δ).
M

P
ri

ce

0 41. 10
7

8

7.5

8.5
(5,10)     
(20,5)     
(40,2.5)   
(80,1.25)  
(160,0.625)
Ref Price  
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Bakward SDEs with Finanial Appliations E. GobetAmerian options via RBSDEs: several approahes1. Taking the max with obstale  Bermuda options (lower approximation)
Y n

tk
= max(Φ(tk, S

N
tk

),E(Y N
tk+1

|Ftk
) + hf(tk, S

N
tk
, Y N

tk
, ZN

tk
)),

ZN
l,tk

=
1

h
E(Y N

tk+1
∆Wl,k|Ftk

).2. Penalization. Obtained as the limit of standard BSDEs with driver
f(s, Ss, Ys, Zs) + λ(Ys − Φ(s, Ss))− with λ ↑ +∞.Lower approximation.3. Regularization of the inreasing proess: when

dΦ(t, St) = Utdt+ VtdWt + dA+
t ,then dKt = αt1Yt=Φ(t,St)(f(t, St,Φ(t, St), Vt) + Ut)−dt with αt ∈ [0, 1].Obtained as a limit of standard BSDEs with driver

f(s, Ss, Ys, Zs) + ρλ(Ys − Φ(s, Ss))(f(s, Ss,Φ(s, Ss), Vs) + Us)− et...Upper approximation.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 89
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Ex.3 : Amerian option on three assets
• Payo� g(x) =

(
K − (

∏3
i=1 xi)

1
3

)+.
• Blak-Sholes parameters: T r σ K Si

0 d1 0.05 0.4 Id 100 100 1
• Referene prie 8.93 (PDE method).
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M

Pr
ic

e

0 51. 1045. 10

9

10

9.5

Regularization 
Penalization   
Max            
Reference price

FuntionsHC(1,0) with lo-al polynomials of degree 1for Y and 0 for Z.Regularization: N = 32,
δ = 9, λ = 2.Max: N = 44, δ = 7.Penalization: N = 60,
δ = 2, λ = 2.
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Ex.4 : Amerian option on ten assets
• d = 10 = 2p. Multidimensional Blak-Sholes model: dSl

t

Sl
t

= (r − µl)dt+ σldW
l
t .

• Payo� : max(x1 · · ·xp − xp+1 · · ·x2p, 0).
• r = 0 , dividend rate µ1 = −0.05 , µl = 0 for l ≥ 2. σl = 0.2√

d
. T = 0.5.

Si
0 = 40

2
d , 1 ≤ i ≤ p. Si

0 = 36
2
d , p+ 1 ≤ i ≤ 2p.

• Referene prie 4.896, obtained with a PDE method [Villeneuve, Zanette 2002℄.
• Prie with quantization algorithm: 4.9945 [Bally-Pages-Printemps 2005℄.
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number of simulations

Pr
ice

0 51. 1045. 10

5

6

7

8

5.5

6.5

7.5

Max Price      
Reference Price Funtions HC(1,0).

Max: N = 60, δ = 0.6.Computational time:
15 seonds.

European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 93



Bakward SDEs with Finanial Appliations E. GobetReferenes[Avi09℄ R. Avikainen. On irregular funtionals of SDEs and the Euler sheme. Finane andStohastis, 13:381�401, 2009.[BBP97℄ G. Barles, R. Bukdahn, and E. Pardoux. Bakward stohasti di�erential equations andintegral-partial di�erential equations. Stohastis Stohastis Rep., 60(1-2):57�83, 1997.[BC08℄ B. Bouhard and J.F. Chassagneux. Disrete time approximation for ontinuously anddisretely re�eted BSDE's. Stohasti Proesses and their Appliations, 118:2269�2293,2008.[BCFK02℄ V. Bally, M.E. Caballero, B. Fernandez, and N. El Karoui. Re�eted BSDE's, PDE's andvariational inequalities. INRIA Report 4455, 2002.[BCZ05℄ V. Bally, L. Caramellino, and A. Zanette. Priing amerian options by monte arlo methodsusing a malliavin alulus approah. Monte Carlo Methods and Appliations, 11:97�133,2005.[BE08℄ B. Bouhard and R. Elie. Disrete-time approximation of deoupled Forward-BakwardSDE with jumps. Stohasti Proesses and their Appliations, 118:53�75, 2008.[BE09℄ P. Barrieu and N. El Karoui. Priing, hedging and optimally designing derivatives viaminimization of risk measures. In Rene Carmona, editor, Volume on Indi�erene Priing.Prineton University Press, 2009.[Ber95℄ Y.Z. Bergman. Option priing with di�erential interest rates. Rev. of Finanial Studies,8(2):475�500, 1995.[BP03℄ V. Bally and G. Pagès. Error analysis of the optimal quantization algorithm for obstaleEuropean Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 94



Bakward SDEs with Finanial Appliations E. Gobetproblems. Stohasti Proess. Appl., 106(1):1�40, 2003.[BT96℄ V. Bally and D. Talay. The law of the Euler sheme for stohasti di�erential equations: I.Convergene rate of the distribution funtion. Probab. Theory Related Fields, 104-1:43�60,1996.[BT04℄ B. Bouhard and N. Touzi. Disrete time approximation and Monte Carlo simulation ofbakward stohasti di�erential equations. Stohasti Proesses and their Appliations,111:175�206, 2004.[Che97℄ D. Chevane. Numerial methods for bakward stohasti di�erential equations. InNumerial methods in �nane, Publ. Newton Inst., pages 232�244. Cambridge Univ. Press,Cambridge, 1997.[CK93℄ J. Cvitani¢ and I. Karatzas. Hedging ontingent laims with onstrained portfolios. Ann.Appl. Probab., 3(3):652�681, 1993.[CM96℄ J. Cvitani and J. Ma. Hedging options for a large investor and Forward-Bakward SDEs.The Annals of Applied Probability, 6(2):370�398, 1996.[DE92℄ D. Du�e and L. Epstein. Stohasti di�erential utility. Eonometria, 60(2):353�394, 1992.[EH97℄ N. El Karoui and S.J. Huang. A general result of existene and uniqueness of bakwardstohasti di�erential equations. In Bakward stohasti di�erential equations (Paris,1995�1996), volume 364 of Pitman Res. Notes Math. Ser., pages 27�36. Longman, Harlow,1997.[EKP+97℄ N. El Karoui, C. Kapoudjian, E. Pardoux, S. Peng, and M.C. Quenez. Re�eted solutions ofbakward SDE's and related obstale problems for PDE's. Ann. Probab., 25(2):702�737,1997.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 95



Bakward SDEs with Finanial Appliations E. Gobet[EPQ97℄ N. El Karoui, S.G. Peng, and M.C. Quenez. Bakward stohasti di�erential equations in�nane. Math. Finane, 7(1):1�71, 1997.[EQ95℄ N. El Karoui and M.C. Quenez. Dynami programming and priing of ontingent laims inan inomplete market. SIAM J. Control Optim., 33(1):29�66, 1995.[EQ97℄ N. El Karoui and M.C. Quenez. Non-linear priing theory and BSDEs. In Finanialmathematis (Bressanone 1996), pages 191�246. Letures Notes in Maths 1656, 1997.[ER01℄ N. El Karoui and R. Rouge. Priing via utility maximization and entropy. Math. Finane,10(2), 2001.[FLL+99℄ E. Fournié, J.M. Lasry, J. Lebuhoux, P.L. Lions, and N. Touzi. Appliations of Malliavinalulus to Monte Carlo methods in �nane. Finane and Stohastis, 3(4):391�412, 1999.[FLLL01℄ E. Fournié, J.M. Lasry, J. Lebuhoux, and P.L. Lions. Appliations of Malliavin alulus toMonte Carlo methods in �nane, II. Finane and Stohastis, 5(2):201�236, 2001.[GH07℄ S. Geiss and M. Hujo. Interpolation and approximation in L2(γ). Journal ofApproximation Theory, 144:213�232, 2007.[Gil08℄ M.B. Giles. Multilevel Monte Carlo path simulation. Operation Researh, 2008.[GKKW02℄ L. Gyor�, M. Kohler, A. Krzyzak, and H. Walk. A distribution-free theory ofnonparametri regression. Springer Series in Statistis, 2002.[GL96℄ G. Golub and C.F. Van Loan. Matrix omputations.3rd ed. Baltimore, MD: The JohnsHopkins Univ. Press. xxvii, 694 p. , 1996.[GL00℄ S. Graf and H. Lushgy. Foundations of quantization for probability distributions, volume1730 of Leture Notes in Mathematis. Springer-Verlag, Berlin, 2000.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 96



Bakward SDEs with Finanial Appliations E. Gobet[GL06℄ E. Gobet and J. P. Lemor. Numerial simulation of BSDEs using empirial regressionmethods: theory and pratie. In Proeedings of the Fifth Colloquium on BSDEs (29thMay - 1st June 2005, Shangai) - Available onhttp://hal.arhives-ouvertes.fr/hal-00291199/fr/, 2006.[GL07℄ E. Gobet and C. Labart. Error expansion for the disretization of bakward stohastidi�erential equations. Stohasti Proesses and their Appliations, 117(7):803�829, 2007.[GL09℄ E. Gobet and C. Labart. Solving BSDE with adaptive ontrole variate. Submitted to SIAMNumerial Analysis, 2009.[GLW05℄ E. Gobet, J.P. Lemor, and X. Warin. A regression-based Monte Carlo method to solvebakward stohasti di�erential equations. Annals of Applied Probability, 15(3):2172�2202,2005.[GM09℄ E. Gobet and A. Makhlouf. L2-time regularity of BSDEs with irregular terminal funtions.In revision for Stohasti Proesses and their Appliations, available athttp://hal.arhives-ouvertes.fr/hal-00291768/fr/, 2009.[GT01℄ E. Gobet and E. Temam. Disrete time hedging errors for options with irregular pay-o�s.Finane and Stohastis, 5(3):357�367, 2001.[har92℄ Applied nonparametri regression. Cambridge University Press, 1992.[HMPY08℄ Y. Hu, J. Ma, S. Peng, and S. Yao. Representation theorems for quadrati F-onsistentnonlinear expetations. Stohasti Proesses and Their Appliations, 118(9):1518�1551,2008.[JK95℄ E. Jouini and H. Kallal. Arbitrage in seurities markets with short-sales onstraints. Math.Finane, 5(3):197�232, 1995.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 97



Bakward SDEs with Finanial Appliations E. Gobet[KH01℄ A. Kohatsu-Higa. Weak approximations. A Malliavin alulus approah. Math. Comp.,70(233):135�172, 2001.[Kor95℄ R. Korn. Contingent laim valuation in a market with di�erent interest rates.Mathematial Methods of Operations Researh, 42:255�274, 1995.[LGW06℄ J.P. Lemor, E. Gobet, and X. Warin. Rate of onvergene of an empirial regression methodfor solving generalized bakward stohasti di�erential equations. Bernoulli, 12(5):889�916,2006.[LS01℄ F. Longsta� and E.S. Shwartz. Valuing amerian options by simulation: A simple leastsquares approah. The Review of Finanial Studies, 14:113�147, 2001.[MPMT02℄ J. Ma, P. Protter, J. San Martín, and S. Torres. Numerial method for bakward stohastidi�erential equations. Ann. Appl. Probab., 12(1):302�316, 2002.[MZ02a℄ J. Ma and J. Zhang. Path regularity for solutions of bakward stohasti di�erentialequations. Probab. Theory Related Fields, 122(2):163�190, 2002.[MZ02b℄ J. Ma and J. Zhang. Representation theorems for bakward stohasti di�erentialequations. Ann. Appl. Probab., 12(4):1390�1418, 2002.[Pen03℄ S. Peng. Nonlinear expetations, noninear evaluations and risk measures. In Leturespresented in CIME EMS Bressanone, Italy July 6 13, 2003, 2003.[Sek06℄ J. Sekine. On exponential hedging and related quadrati bakward stohasti di�erentialequations. Applied mathematis and optimization, 54(2):131�158, 2006.[Zha04℄ J. Zhang. A numerial sheme for BSDEs. Ann. Appl. Probab., 14(1):459�488, 2004.[Zha05℄ J. Zhang. Representation of solutions to BSDEs assoiated with a degenerate FSDE. Ann.Appl. Probab., 15(3):1798�1831, 2005.European Summer Shool in Finanial Mathematis - Paris - 24-29 August 2009 page 98


