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Why BSDEs and FBSDEs?

An Example:

A standard “LQ" stochastic control problem:

dX{ = (aX{ + bu)dt + dW,, X5 = x;

1 T
) = 52 [ O+ Py + g

where W is a standard Brownian motion and F = {FV},> is the
natural filtration generated by W; u = {u;} is the “control”
process; and J(u) is the “cost functional’.

The problem:

Find u* € %y C L2(Q x [0, T]) such that J(u*) = inqj J(u).
UEUaq
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A necessary condition (Pontryagin's Maximum Principle):

Assume u* is optimal.
Then Ve > 0 and Vv € %4, one has J(u* +ev) > J(v*) =

d
< — *
0< dEJ(u +ev)

)
=E{/ XV €+ ufviebde + XY gT},
e=0 0

where £ = L X" +ev| _ s the solution to the variational
equation:
dft = {aﬁt + th}dt, fo =0. (1)
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A necessary condition (Pontryagin's Maximum Principle):

Assume u* is optimal.
Then Ve > 0 and Vv € %4, one has J(u* +ev) > J(v*) =

d T * *
0< —J(u"+ev) =E{/ {X¢ &+ upve}dt + X7 §T},
dE e=0 0

where § = %X”*’LE"L:O is the solution to the variational
equation:
dft = {aé.t + th}dt, fo = 0. (1)

Assume that 7 is the solution to the following “adjoint equation”
of (1):

dne = —(ane + X )dt,  nr=X¥. (2)
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Then, “integration by parts” yields

;
° §T77T=/ {=&X{ + bneve }dt
0

T T )

o | {wive+ brevde= [ (X 6o+ vt X¥ r
0 0
T

° IE/ {ui + bnefvedt =

0

;
IE{/ (XX &+ ufvt}dt+X%*£T} >0
0

e Since v € L2(Q x [0, T]) is arbitrary, u} = —bn;, Vt, a.s.

@ u* = —bn should have all the reasons to be an optimal
control except...
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Then, “integration by parts” yields

;
° fTUTZ/ {=&X{ + bneve }dt
0

T T )

o | {wive+ brevde= [ (X 6o+ vt X¥ r
0 0
T

° IE/ {ui + bnefvedt =

0

;
E{/ (XX &+ u’t*vt}dt+X%*§T} >0
0

e Since v € L2(Q x [0, T]) is arbitrary, u} = —bn;, Vt, a.s.

@ u* = —bn should have all the reasons to be an optimal
control except...

A Problem:
u* & U.qg' (since it is not adapted!!)
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BSDE to the rescue:

dY: = 0;
{ YT = f € Lz(ﬁ-,-), (3)

Same Problem: The unique “solution” Y; = £ is not adapted!
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BSDE to the rescue:

dY: = 0;
{ Yr=¢€ Lz(y'r). (3)

Same Problem: The unique “solution” Y; = £ is not adapted!

The Solution:

Define Y; = E{{|%#:}, t € [0, T]. Then Y becomes an
L2-martingale, and by Martingale Representation Theorem (It5,
1951), there exists Z € L%(Q x [0, T]) such that

| A\

t

]
—  Ye=e- [ Zaw, tel0,T] —ABSDE! ()
t

<
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Back to the LQ problem:

Consider the modified adjoint equation (as a BSDE):

{ dne = —(any + X2 )dt+Z,dW,,
nr = X7 .

(5)

The Conclusion

Suppose that one can find a pair of process (7, Z) that is the
solution to (5). Then define uf = —bn;, Vt, we obtain an optimal
control!

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 8/ 218



Back to the LQ problem:

Consider the modified adjoint equation (as a BSDE):

{ dne = —(any + X2 )dt+Z,dW,,
nr =X7 .

(5)

The Conclusion

Suppose that one can find a pair of process (7, Z) that is the
solution to (5). Then define uf = —bn;, Vt, we obtain an optimal
control!

4

The “close-loop” system is then

dX¢" = (aX; — b?n.)dt + dW,,
dny = —(ane + X )dt + Z;dW,;, — An FBSDE!
X(;J =X nr = X'L]l' )

\
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A Brief History

e Bismut ('73) — Linear BSDEs (Maximum Principle)

e Pardoux-Peng ('90, '92) — Nonlinear BSDEs

o Antonelli ('"93) — FBSDEs (Stochastic Recursive Utility —
Duffie-Epstain ('92))

e Ma-Yong/Ma-Protter-Yong ('93,'94) — “Four Step Scheme”

o El Karoui-Kapoudjian-Pardoux-Peng-Quenez,
Cvitanic-Karatzas, ('97) — BSDEs with reflections

e Ma-Yong ('96-'98) — BSPDEs

e Ma-Yong ('99) — Book (LNM 1702)

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 9/ 218



A Brief History

Bismut ('73) — Linear BSDEs (Maximum Principle)
Pardoux-Peng (90, '92) — Nonlinear BSDEs

Antonelli ('93) — FBSDEs (Stochastic Recursive Utility —
Duffie-Epstain ('92))

e Ma-Yong/Ma-Protter-Yong ('93,'94) — “Four Step Scheme”

El Karoui-Kapoudjian-Pardoux-Peng-Quenez,
Cvitanic-Karatzas, ('97) — BSDEs with reflections
Ma-Yong ('96-'98) — BSPDEs

Ma-Yong ('99) — Book (LNM 1702)

Other Developments

Lepeltier-San Martin ('97) — BSDEs with cont. coefficients
Kobylanski ('01) — BSDEs with quadratic growth (in Z)
Delarue ('02) — FBSDE with Lipschitz coefficients
Ma-Zhang-Zheng ('08) — Weak solution and “FBMP"
Soner-Touzi-Zhang (097) — 2BSDEs
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Option Pricing

dS? = SPrdt, SO =50, (Bond/Money Market)

d
dsi = 5{{b§dt+ Za,';fdvv,{}, Si=si, 1<i<d, (Stocks)
j=1

SO, Si—prices of bond/(i-th) stocks (per share) at time t

rr—interest rate at time t

{bi}9_ ,—appreciation rates at time t

[0/ ]—volatility matrix at time ¢

More general form of the underlying asset price:

dSt = St{b(t, St)dt—‘ra(t, St)th}, 50 = S.
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Denote:

@ Y;—dollar amount of the total wealth of an investor at time t
° ﬂi—dollars invested in /-th stock at time t, i=1,--- N
@ C;—cumulated consumption up to time t

Then, the wealth process Y satisfies an SDE: for t € [0, T],

t t

Yt=Y+/ {r5Y5+<7T5,[b5—r51]>}d5+/ <7Ts>ades>_Cta
0 0

where 1 £ (1,---,1).

Any £ € Z7. In particular, £ = g(St) — Options. E.g.,

o ¢ = (S} — g)*—European call

o ¢ =(S! — g)"—American call (7-stopping time)

N,
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Define the “fair price” of an option to be

p = inf{v : 3(m, C),such that Y¥™C > ¢}.

Then (El Karoui-Peng-Quenez, '96), the price p and the “hedging
strategy” (, C) can be determined by:

e C=0,p=Yo=y, and 7 = (0] )1 Z;
e (Y, Z) solves the BSDE:

T T
e —1rp _ —
Ye=¢ /t {rsYs+(Zs,0, *[bs —rs1] )} ds /t (Zs,dWs ).

v

Fair price for American Option:

p = inf{v : 3(x, C),such that Y»'™C¢ > g(S,),Vr}.
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For & = g(S;), where 7 is exercise time (any {.%;}-stopping time).
Then the price, hedging strategy, and the optimal exercise time are
solved as:

e p=Yo=y, C=0,

e (Y,Z,K) solves a BSDE with reflection:

i
_ g(ST)—/ (reYe + ( Zo, o [bs — rs1] )} s

— [T Zs, dWs ) +K7 — Ky

i
Y, > g(S,), Veelo,T], a.s.;/ (Ys — g(S0))dK: = 0.
0

\

@ The optimal exercise time is given by
T=inf{t >0:Y:=g(5)}
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“Large Investors” Problem

Contrary to the Black-Scholes theory, one may assume that some
investors are “large”.

dX: = Xe{b(t, Xt, Yi, Z¢)dt + o(t, X, Yi, Z:)dW, },

dY: = —{nY: + Z|b(t, X¢, Yt, Zt) — rel]}dt
—Zio(t,- - )dW; + Cr — C;.

Xo = X, Yr =g(X7).

e Hedging without constraint (Cvitanic-Ma, 1996)
e Hedging with constraint (Buckdahn-Hu, 1998)
@ American “game” option (FBSDER, Cvitanic-Ma, 2000)

y
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Stochastic Recursive Utility

Duffie-Epstain ('92) defined the “SRU" by a BSDE:

T T
Ut:d>(YT)+/ (s, o, Us, Vs)ds—/ VedW,,
t t

Y — wealth;
& — utility function
f — “standard driver” or “aggregator”

|Ve|?> = & (U); — the “variability” process

¢ — consumption (rate) process

e Standard Utility: f(c,u,v) = ¢(c) — Su.

e Uzawa Utility: f(c,u,v) = p(c) — B(c)u.
o Generalized Uzawa Utility: f(c,u,v) = ¢(c) — fu — v|v|,
(Chen-Epstein (1999)).
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Portfolio/Consumption Optimization Problems

General wealth equation with portfolio-consumption strategy (, ¢):

dYt = b(t, Ct, Yt,O';rT('t)dt — <7Tt,0'tth> . (6)

Portfolio/consumption optimization problem

Find (m, ¢) so as to maximize certain “utility”:
T
U(y,m,c) 2 E{¢(Y¥’”) +/ h(t, c, Yf’””’c)dt}.

— A stochastic control problem!

With Stochastic Recursive Utility:

|
S—
o
\

=
U = E{@(YF™) + | Flt e, YO, UL VI de |
— A stochastic control problem for FBSDEs!
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Term Structure of Interest Rates.

Brennan-Schwartz’s Term structure model: (1979)

drt = /.L(rt, Rt)dt + O[(rt, Rt)th
dRy = v(re, Ry)dt + B(re, Ry)dW,

where r—short rate, R—consol rate (consol = perpetual annuity).
This model was later disputed by M. Hogan, by counterexample,
which leads to

Assume that the consol price Yy = R, L where R is the consol
rate. Then, under at most technical conditions, Y and o, 3A(-, ")
such that

drt = ,u(rt, Yt)dt + O[(rt, Yt)th (7)
dYt = (rth = 1)dt =k A(rt, Yt)th,
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@ Assume ry = h(X;) for some “factor” process X and h(-) > 0,
e X satisfies an SDE depending on R (or equivalent Y).

@ Then the term structure SDEs (7) becomes an FBSDE with
infinite horizon:

dXt = b(Xt, Yt)dt + O'(Xt, Yt)th, XO = X,
Yt:E{/ e Jih X“d“dsﬂ}, t €[0,00),
t

where Y is uniformly bounded for t € [0, 00).

(8)

@ Or equivalently,

dXt = b(Xt, Yt)dt + O'(Xt, Yt)th,
Yt - (h(Xt)Yt - 1)dt + A(Xt, Yt)th, (9)
Xo = X,  esssup,, sUpsco o) | Ye(w)| < 0.
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Solution of Black’s Consol Rate Conjecture

This result (Duffie-Ma-Yong, 1993) was one of the early successful
applications of FBSDE in finance, and the first application using
the Four Step Scheme.

Theorem

Under some technical conditions, there exists a unique function
A(x,y) = —a(x,y) T 0x(x) such that (X, Y) in (8) satisfies (9),
and 0 is the unique classical solution to the PDE:

1
Eao—T(x, 0)0, + b(x,0)0x — h(x)8 +1 = 0.

Moreover, Y: = 6(X:) for any t € [0, c0).
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BSDEs and g-expectations

Consider a Backward SDE of the following general form:

T T
Yt:§+/ g(t,Ys,Zs)ds—/ Z.dB,, tc[0,T], (10)
t t

where ¢ € L2(.ZT) is the terminal condition and g(t,y, z) is the
generator.

g-expectation via BSDE (Peng, '93)

o If the BSDE (10) is well-posed, then the solution mapping
&8 & — Yy is called a g-expectation.

e For any t € [0, T], the conditional g-expectation of £ given
F, is defined by &8[¢|. 7] 2 Y.
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BSDEs and g-expectations

Properties of g-expectations: Assume that g|,—o = 0.
o Constant-preserving: &8[¢|.F;] = &, P-ass., V¢ € L2(F);
In particular, &8[c] = ¢, Vc € R;
o Time-consistency: &8[&8[¢|.F:]|.Fs] = £8[¢|.F), P-ass.,
VO<s<t<T,;

@ (Strict) Monotonicity: If £ > 7, then
EE[E|F] > &8[n|F], P-as., te]0,T];

Moreover if “=" holds for some t, then £ = n, P-a.s,;
o “Zero-one” Law: &E[14£|.7;] = 1a&8[E|-F4), P-ass.,

e Translation Invariance: If g is independent of y, then
EELE + | Fe] = E8[E|Fe] +n, P-as., Ve LP(F).

e Convexity: If g is convex (in z), then so is &8[-|.%;].
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g-Expectations and Risk Measures

Axioms for Risk Measures (Artzner et al., Barrieu-El Karoui,...)

@ A (static) RM is a mapping p : 2" +— R (for some space of
random variables 2"), s.t.,
o Monotonicity: £ <n = p(&) > p(n);
o Translation Invariance: p(§ + m) =p(§) —m, meR,
e Coherent: if
e Subadditivity: p(&+ 1) < p(&) + p(n)
o Positive homogeneity: p(af) = ap(§), Va > 0;
o Convex: (Fdllmer and Schied, '02)
p(a€ + (1 —a)n) < ap(€) + (1 —a)p(n), a € [0,1].
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g-Expectations and Risk Measures

Axioms for Risk Measures (Artzner et al., Barrieu-El Karoui,...)

@ A (static) RM is a mapping p : 2" +— R (for some space of
random variables 2"), s.t.,
o Monotonicity: £ <n = p(&) > p(n);
o Translation Invariance: p(§ + m) =p(§) —m, meR,
e Coherent: if
e Subadditivity: p(&+ 1) < p(&) + p(n)
o Positive homogeneity: p(af) = ap(§), Va > 0;
o Convex: (Fdllmer and Schied, '02)
p(a€+ (1 —a)) < ap(§) + (1 —a)p(n), a € [0,1].
o A (dynamic) RM is a family of mappings p; : 2 +— L%(F:),
te|0,T] st V¢, ne 2,
Monotoncity: If £ <, then p:(§) > p:(n), P-ass., Vt;
Translation Invariance: p:(¢£ + 1) = p:(§) — 1, Vn € F.
po is a static risk measure

pr(€) = —Eforany { € 2.
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@ Worst-case Dynamic Risk Measure:
A
pt(é) = eSSSUPEQ[—ﬂc%], te [07 T]’
QePp

@ Entropic Dynamic Risk Measuge:
p1(E) = 71 {E[e‘ﬁ\%] } te o, T].
@ Convex Dynamic Risk Measure:

pe(€) 2 esssup{ Eql ¢l — Fi(Q)}, t€0,T],

where F; is the “penalty function” of p; for any t.

® {pt}icfo,1] is called convex (or coherent) if each p; is.
(e.g., Worst case — coherent; Entropic — convex.)

® {pt}ecfo,1] is said to be time-consistent if

PO[&IA] = PO[_Pt(ﬁ)lA]a te [07 T]7§ € X, ,Ae Fy.
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g-Expectations and Risk Measures

Let g be generator with g|,—o = 0, and is Lipschitz in (y, z).

e p(&) 2 &[] defines a static risk measure on 2~ = L2(F7).

o pi(€) £ £8[—€|Z], t € [0, T], defines a dynamic risk
measure on 2 = L2(Fr).

@ The risk measure (resp. dynamic risk measure) is convex if g
is convex in z.

@ The risk measure (resp. dynamic risk measure) is coherent if
g is further independent of y.

4

Does every risk measure have to be a g-expectation?? I
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Nonlinear Expectations

Definition
Let (Q,.7, P,{.%:}) be a given probability space. A functional
& : L?(Z7) — R is called a nonlinear expectation if it satisfies the
following axioms:
o Monotonicity: ¢ > 7, P-as. —
o &[¢] = &[n]
o &€] = &Ml <= & =n P-as.
e Constant-preserving: &[c] =c, c € R.
A nonlinear expectation & is called {.7; }-consistent if it satisfies
e forall t € [0, T] and & € L?(F7), there exists n € F; such

that
E1a]l = Ean], VA€ F
Will denote n = &{&|-F#:}, for obvious reasons.

Paris Aug. 2009 26/ 218

Jin Ma (University of Southern California) BSDEs in Financial Math



Nonlinear Expectations

Definition

An {.Z;}-consistant nonlinear expectation & is said to be

dominated by &+ = &8+ (u > 0) if
ElE+n) -] <), Ve e LP(FT). (11)

where &% = &8+ is the g-expectation with g = u|z|. Further, & is
said to satisfy the translability condition if

El€ + | F] = E[E|.Fe] + o, VE € L2(FT), ac l?(F).
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Nonlinear Expectations

Definition
An {.Z;}-consistant nonlinear expectation & is said to be
dominated by &+ = &8+ (u > 0) if

ElE+n] - EE] < &4l VE e LX(Fr). (11)

where &% = &8+ is the g-expectation with g = u|z|. Further, & is
said to satisfy the translability condition if

El€ + | F] = E[E|.Fe] + o, VE € L2(FT), ac l?(F).

Representation Theorem (Coquet et al. '02)

If & is a translable {.%}}-expectation dominated by &* , for some
w > 0, then 3! (deterministic) function g, independent of y, such
that |g(t, z)| < p|z|, and that

&le] = €8], forall € € L2(F 7).

A\
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Representing Risk Measures as g-Expectations

A direct consequence of the Representation Theorem for nonlinear
expectation is the following representation theorem for dynamic
coherent risk measures.

Some Facts:

Let {p:} be a dynamic, coherent, time-consistent risk measure on
2 2 [2(F1). Define &(€) 2 pi(—€), t € [0, T]; and & 2 &.
Then

e & is a nonlinear expectation

o &{-} = &{:|#:} is the nonlinear conditional expectation
(“time-consistency” = “{.%; }-consistency”!)

e Consequently, if & is further &#-dominated for some u > 0,
then there exists a unique Lipschitz generator g such that

po(€) = 68(=€),  pel€) = E5{—€|F}, VEE LA(FT).
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Wellposedness for BSDEs

Consider the BSDE
T T
Y, —¢ +/ £(s, Ve, Z2)ds —/ Z.dW.., (12)
t t

where € € LZ?T(Q;]R"), W is a d-dimensional Brownian motion.
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Wellposedness for BSDEs

Consider the BSDE

T T
Yt:§+/ (s, Ys,Zs)ds—/ Z.dW., (12)
t t

where € € L;T(Q;R"), W is a d-dimensional Brownian motion.

Some spaces:

For any B > 0 and Euclidean space 57, define

° YE(O, T; ) to be the space of all #-valued, continuous,
[F-adapted processes X, such that

E{ SUPo<t<T eﬁt,ti} <
° H%(O, T;E) to be the space of all .7#-valued, F-adapted

T
processes X such that ]E{/ eﬁt|Xt|2dt} < 00
0

o 5[0, T] = yﬁ(o T;R") x H5(0, T; R"™)
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Main result:

f is Lipschitz in (y, z) with a uniform Lipschitz constant L > 0.
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Main result:

f is Lipschitz in (y, z) with a uniform Lipschitz constant L > 0.

Under the above assumptions on f, for any £ € L29T (B RM), (12)
admits a unique solution (Y, Z) € |0, T].
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Main result:

f is Lipschitz in (y, z) with a uniform Lipschitz constant L > 0.

Under the above assumptions on f, for any £ € L29T (B RM), (12)
admits a unique solution (Y, Z) € |0, T].

Observations:

@ Since .43[0, T] is equivalent to .45[0, T], we need only find
the solution (Y, Z) € Jﬁ{g(O, T) for some 3 > 0.

e Y(y,z) € A0, T], let h() f(,y.,z) € L3(Q x [0, T|;R").
Then, M; = E{§+/ h(s)ds|.Z:}, t € [0, T]is an
L2(F)-martingale.
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The First Step:

o By the Mart. Rep. Thm, 3Z € L%(0, T; R"™*9), such that
M, = M0+/ ZdW,,  Vtelo, T (13)
0
@ Define Yt fo s)ds. Then My = Yp, and

-
g+/ h(s)ds = Mt =Yg +/ ZsdW.
0 0

o Consequenly,
t t t
Y = I\/It—/ h(s)ds:Yo—i—/ ZSdWs—/ h(s)ds
0 0 0

T T t t
§+/ h(s)ds—/ ZSdWs—/ h(s)ds—i—/ ZsdWs
0 0 0 0

= §-|-/tTh(s)ds—/tTstWs- (14)
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A Priori Estimates

e For any (y,z) € A3[0, T], let (Y, Z) be the solution to (14).

o Applying Itd's formula to F(t, Y;) = e’t|Y;|?, then taking
expectation and applying Fatou:

T T
E{eﬁf|yt|2}+ﬁE/ e’65|Ys|2ds—|—E/ %% Z,2ds
t t
T
< PTEIEP + 2E/ e’ (Y, h(s)) ds.
t
o Using the trick: 2ab < ca® + b? /e, Ve > 0, we have

1. [T 7
B{e?ViP}+(3- DB [ *|VoPds+E [ |z fds
t t

T
< e’TE|¢)? —i—sIE/ e’ |h(s)|?ds.

t
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o Continuing from before, one has

VI2, < € 8T 2 2 .
Y1, < gy TEIER + el )

1212, < e TRIEP + <[ 2,.

(15)

@ Using Burkholder-Davis-Gundy’s inequality, one then derive
that

1Yz <201+ Gi(8,€)e’TBIEP +2:Cu(B, ) s, (16)

where Ci(0,¢) 214 sﬁg— 1 +2(14 C)?, and C is the

universal constant in the Burkholder-Davis-Gundy inequality.
= (Y,Z) e 450, T].
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Furthermore,
o For (y,z),(¥,2) € A3[0, T], let (Y, Z),(Y,Z) € 35[0, T] be
the corresponding solutions of (14), respectively.
o Define C=(C—C C=y,z Y,Z and
H(s) = f(s,¥s,2s) — (s, ¥s,2s). Then,
H(s) < L(I9s| + [25]), Yr=E=0;
@ Choosing = (3(¢) and € > 0 small enough, show that
1. 2)Pyypo.m < CONG 2P0

where C(e) < 1. Thus the mapping (y,z) — (Y, Z) is a
contraction on .43[0, T], proving the theorem.
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Comparison Theorems

Suppose that (Y, Z'), i = 1,2 are solutions to the following two
BSDEs: for t € [0, T],

T T
Y;:§'+/ f'(s,y;,z;)ds—/ ZidW,, i=12. (17)
t t

Assume that
o &1 > €2 P-as;
o fi(t,y,z) > f(t,y,z), Y(t,y,z).
Can we conclude that Y} > Y2, vVt € [0, T]?

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 36/ 218



Comparison Theorems

Suppose that (Y, Z'), i = 1,2 are solutions to the following two
BSDEs: for t € [0, T],

T T
Y;=§'+/ f'(s,y;,z;)ds—/ ZidW,, i=12. (17)
t t

Assume that

o &1 > €2 P-as;
o fi(t,y,2) > f3(t,y,2) Y(t,y,2).
Can we conclude that Y} > Y2, vVt € [0, T]?

Yes, provided £ is uniformly Lipschitz in (y, z)!!
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Comparison Theorems

Define AY 2 Y! — Y2 and AZ £ 7 — 72, Then
FH(t, Y2 ZE) — F2(t, Y2, Z2)=0f (t) +a(t) AY:+( B(t), AZ:),
where 6f(t) 2 fi(t, Y1, Z}) — f2(t, Y}, Z1), and

f2(t, YL, Zh) — f3(t, Y2, Z}2
a(t) — ( t t)AYt ( t t)l{AYt;éO};

/Bl(t) _ fz(t7 Ytz?Ztl’i) B f2(t’ Ytzvztz’l)l .
AZ] {Aazj#0}>

In other words, we have
T
AY: = AE+ / {6f(s) + a(s)AYs + (B(s), AZs)}ds
t

;
—/ (AZs, dW, ).
t
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Comparison Theorems

Since 2 is uniformly Lipschitz, both o and 3 are bounded,
adapted processes!!

Two Tricks:

1. (Change of Measure:) Define
O(t) = exp{ — [ B(s)dW; — 3 [1 |Bs[2ds}; and

dQ
5 =07

Since (3 is bounded, by Girsanov Theorem we know that © is

. A . .
a P-martingale, and th =W+ fot Bsds is a Q-Brownian
motion.
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Comparison Theorems

2. (Exponentiating:) Define 't = exp { — [ a(s)ds}. Then
applying Itd we have, for t € [0, T],

T T
FrrAYr —T:AY: = —/ [s0f(s)ds —|—/ M5 (AZg,dW2).
t t
Now taking conditional expectation on both sides above, we have
T
FeAY: = EQ{I—TAg -I—/ I'sdf(s)ds|§f7t}, vt € [0, T],P-ass.
t

Since A¢ = ¢ —¢2 >0, P-as. (hence Q-a.s.!); and
6f(t) = fl(t? Ytl?Ztil) - fz(ta Yt17 Ztl) Z 07 Vt’ Q'a-s-a

we conclude that ;AY; > 0, Vt, Q-a.s. This implies that
AY; >0, Vt, P-a.s., proving the comparison theorem. [ |
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BSDEs with Continuous Coefficients

Theorem (Lepeltier-San Martin, 1997)

Assume f: [0, T x Q x RxRY - Ris a & ® Z(RI!) m'able
function, s.t. for fixed t,w, the mapping (y,z) — f(t,w,y,z) is
continuous, and 3K > 0, s.t. V(t,w, y, z),

f(t.w,y,2)] < K(1+|y|+ |2]).

Then for any ¢ € L?(Q, Z1, P) the BSDE
T T
Y, = ¢ +/ £(s, Ve, Z2)ds —/ Z.dW, (18)
t t

has an adapted solution (Y, Z) € H?>(R*1), where Y is a
continuous process and Z is predictable.

Also, there is a minimal solution (Y, Z) of equation (1), in the
sense that for any other solution (Y, Z) of (1) we have Y < Y.

v
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BSDEs with Continuous Coefficients

Lemma 1

Let f : RP — R be a continuous function with linear growth, that
is: 3K > 0 such that Vx € RP  |f(x)| < K(1+ |x]). Then the
sequence of functions

fa(x) = yien(gp{f(y) +nlx —yl} (19)

is well defined for n > K and it satisfies:
(i) Linear growth: Vx € RP |f,(x)| < K(1+ |x]);
(ii) Monotonicity in n: ¥x € RP fy(x)
(iii) Lipschitz condition: Vx,y € RP  |f,(x) — fa(y)| < n|x — y|;
)

(iv) strong convergence: if x, — x as n — oo, then f,(x,) — f(x),
as n — oo.

v
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Proof of Lemma 1

e Since f, < f (= fp(x) < K(1+ |x]|)), and
fa(x) 2 infye @r{—K = Kly| + K|x = y[} = =K(1 + [x]),
= (i) holds.

o (ii) is evident from the definition of the sequence (f,).

@ Ve > 0, choose y. € QP so that

fa(x) = fye) +nlx —ye| —¢
> f(ye) +nly —ye| +nlx = ye|=nly — ye| — ¢
> f(ye) +nly —ye|-nlx —y| —¢
> foly) —njx —y|—e.

Exchanging the roles of x and y, and since ¢ is arbitrary we
deduce that |f,(x) — fa(y)| < n|x — y|, proving (iii).
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Proof of Lemma 1

@ To see (iv), assume x, — x as n — oo. For every n, let
¥n € QP be such that

f(xn) > fu(xn) > f(yn) + nlxa — yn| — 1/n.

Since {x,} is bounded and f has linear growth, we deduce
that {y,} is bounded, and so is {f(y,)}.

Consequently lim, n|y, — x,| < oo, and in particular y, — x,
as n — 0o. Moreover,

f(xn) > fa(xn) > f(ya) —1/n,

from which the result follows. [ |
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Proof of the Theorem

Define, for fixed (t,w), a sequence f,(t,w, y, z), associated to f by
Lemma 1; and h(t,w,y,z) = K(1 4+ |y| + |z|). Then consider the
following two BSDEs:

T T
Y = §+/ fn(s, Ys”,Zs”)ds—/ ZldWs, n>K
t

T T ‘
U = ¢ +/t h(Us, V,)ds — /t V,dW,.
By Comparison Theorem we obtain that
Yn>m>K ym<yn<y dt ® dP — a.s.
=— JA > 0, depending only on K, T and IE(§2) s.t.

|IU|| <A, ||V <A, andhence Vn>K, [|[Y"]| <A
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Proof of the Theorem

Claim: ||Z"|| < A as well.

Jin Ma (University of S rn California) BSDEs in Financial Math Paris Aug. 2009 45/ 218



Proof of the Theorem

Claim: || Z"|| < A as well.
Let A2 > K, and applying It6 to (Y;")?:

T T
2 = (Y")? _2/ YI £ (s, YS",ZS”)ds+2/ Y ZPdW,

t t
-
+ / (ZD)?ds.
t

Taking expectation on both sides, we deduce

T T
E((Y)?)+E / (Z0)?ds=E(£?) 4 21 / YIf (s, Y, ZM)ds.

t t

Therefore we obtain from the uniform linear growth condition on f,
(see (i) of Lemma 1), for t =0

.
1Z"|1? SE(€2)+2KHY”H2+2KE/O [YSI(L A+ [25])ds.
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Proof of the Theorem

Using 2a < a2 % 4+ % and 2ab < 22)\% 4+ f{—i, we have
n n 1 2 ni2 1 ni2
and

KT K
12712 < B(E) + Sy + 2K + D Y72+ 5127,

Since A2 > K we deduce for n > K
E(£2) 4+ KT /X +2K(X2 +1)B? A

Zn 2< S A

proving the claim. [ ]
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Proof of the Theorem

Now fix ng > K. Since {Y"} is increasing and bounded in H?(R),
it converges in H2(R) to a limit Y. Then, for n,m > ng:

)
E(|Y§ — YP) + E /0 20— ZPdu

i
_ 2]E/ (Y? = Y™V, YO, Z7) — (s Y™, Z7))dlu.
0

Applying Cauchy-Schwartz, and noting the uniform linear growth
of {f,} and boundedness of {||(Y",Z")||} we obtain

for all n,m > n, |1Z" —Z™||2 <2C|| Y™ = Y™|.

= {Z"} is Cauchy in H?(R9), and thus converge to Z € H(R).
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Proof of the Theorem

It then can be checked that, possibly along a subsequence: as
n — oo, P-almost surely,

T
sup | Y — Yy < / |fa(s, YO, Z0) — f(s, Ys, Zs)|ds
t<T 0
T T
+ sup | Z]dWs —/ ZsdWs| — 0,
t<T Jt t

= Y is continuous, and since {Y"} is monotone, by Dini the
convergence is uniform.

= One can then pass all the necessary limits to show that
(Y, Z) is an adapted solution of the original equation (18).

Finally, let (¥, Z) any H? solution of (18). By Comparison Thm
we get that Vn Y"” < Y and therefore Y < Y proving that Y is
the minimal solution. |
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BSDEs with Reflections

We now consider the following BSDE with Reflection (cf. e.g., El
Karoui-Kapoudjian-Pardoux-Peng-Quenez, 1997):

T T
Ye = £+/ f(s,Ys, Zs)ds —/ ZsdWs + KT — Ko,
t t
Y: > S, tel0,T], (20)
where

@ S, t €[0, T]is the obstacle process, which is assumed to be
continuous, and E{supg<;< 7 |S¢|?} < 00; and is given as a
parameter of the equation.

e K, t €0, T] is the reflecting process, which is assumed to be
continuous and increasing, and satisfies:

T
Ko = 0, / (Yt — St)th = 0,
0

and it is defined as a part of the solution to the BSDE (20)(!)
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BSDEs with Reflections

Recall the well-known Skorohod Problem:
Let x be a continuous function on [0, 00) such that xo > 0.
Then there exists a unique pair (y, k) of functions on [0, )
such that
o y=x+k;
e y; >0, Vt;
o t— ke is continuous, increasing, ko =0, and [;* yedk; = 0.
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BSDEs with Reflections

Recall the well-known Skorohod Problem:

Let x be a continuous function on [0, 00) such that xo > 0.
Then there exists a unique pair (y, k) of functions on [0, )
such that

o y=x+k;

e y; >0, Vt;

o t— ke is continuous, increasing, ko =0, and [;* yedk; = 0.
It is known that the solution to the Skorohod Problem for x has an
explicit form: k; = sup,<; x5, t > 0. In the BSDE case we have

Proposition

Let (Y, Z, K) be a solution to the BSDE (20). Then for all
t € [0, T], it holds that

T T _
Kr— Ke= sup {§+/ (s, YS,Zs)ds—/ zdes—su} :

t<u<T
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Other Observations

Let (Y, Z, K) be a solution to (20). Then
e for each t € [0, T,

Yl’ = esssup]E{ / f(57 YS7 Zs)dS + SVI{V<T} =+ gl{v:T}n }7
vET: t

where 7; is the set of all stopping times v, s.t. t<v < T.

@ Suppose further that the obstacle process S is an It process:

t t
St:50+/ Usds+/ (Vs,dWs), t>0,
0 0

where U, V € L2([0, T] x Q). Then
o Z; = Vi, dP® dt-a.e. on the set {Y; = S;};
o 0< dKy < Liy,_s,[F(£, S, Vi) + Ul ~dt.
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A Priori Estimates
Let (Y, Z, K) be a solution to (20). Then 3C > 0 such that

.
IE{ sup Y3+/ \Ztyzdt+K%}
0<t<T 0

.
< CE{§2+/ f2(t,0,0)dt + sup (sj)Z}. (21)
0 0<t<T

W

Proof. First apply It6’'s formula to get

T T T
Y3+/ |Z|2ds = §2+2/ Y (s, Ys,Zs)ds—i—Q/ Y. dK
t
TS S
—2/ Y, (Zs, dW,) .
S

Then use [ (Y; — St)dK: = 0, Hélder, and Gronwall. m
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A Priori Estimates

Let (Y, Z',K"), i = 1,2 be solutions to BSDEs (20) with
parameters (&, f1, S7), i = 1,2, respectively. Then 3C > 0 s.t.

A
E{ sup (AYt)2+/ |AZt|2dt—|—(AKT)2}
0<t<T 0

< CE{(A§)2 + / T[Af(t,O,O)]2dt} (22)

—i—C[E( sup (AS;H)? )} :E,-/Z,

0<t<T

where AX = X! — X2 for X =¢,f, S, Y, Z, and K; and
i T\ ci i
Wr = B{ 2 (I62 + Jy IF(2,0,0)dt +supye,<7 ISI) .
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A Priori Estimates

Let (Y, Z',K"), i = 1,2 be solutions to BSDEs (20) with
parameters (&, f1, S7), i = 1,2, respectively. Then 3C > 0 s.t.

A
E{ sup (AYt)2+/ |AZt|2dt+(AKT)2}
0<t<T 0

< CE{(A§)2 + / T[Af(t,O,O)]2dt} (22)

—i—C[E( sup (AS;H)? )} :E,-/Z,

0<t<T

where AX = X! — X2 for X =¢,f, S, Y, Z, and K; and
i T\ ci i
Wr = B{ 2 (I62 + Jy IF(2,0,0)dt +supye,<7 ISI) .

Note: The uniqueness of BSDE follows directly from Lemma 2!
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Comparison Theorem

Let (Y, Z7, K"'), i=1,2 be solutions to BSDEs (20) with
parameters (&', ', S"), i = 1,2, respectively. Suppose that
° £l <&
o 1< f?
0 S1<S2,0<t<T,as.
Then Yt1 < Yt2, 0<t<T,as.

Proof. Apply 1td’s formula to |(AY;)*|?, and taking expectation.
Then use the fact that Y! > 52 > Sl on {AY; > 0} to get

T T
/ (AY)*(dK; — dK?) = — / (AYy)tdKZ < 0.
t t

Then apply Gronwall to get (AY;)T =0 = Y! < Y2 u
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Well-Posdedness of the Reflected BSDEs

The existence and uniqueness of the adapted solution to the
reflected BSDE (20) can be proved using a standard Picard
iteration (see EK-K-P-P-Q). However, the following “penalization”
method has been used more often for its clarity on the structure of
the solution.

Penalization Scheme

For each n € N, let (Y", Z") be the solution to the unconstrained
BSDE:

T T
yo—¢ +/ f(s, Y7, Z")ds + K2 — KP — / (Z0 dW,), (23)
t t

where K £ n [£(Y2 — S;)~ds, t € [0, T].
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Well-Posdedness of the Reflected BSDEs

One can show that (as unconstrained BSDE):
E{supo<i<T Y™} < o0
e JC > 0, such that

;
]E{ sup |Yt”\2+/ ]Zt”\zdt+(K¥)2} < C.
0<t<T 0

Since f, =f 4+ n(y — St)~ < fp+1, by Comparison Theorem,
YP< YL 0<t< T, as. = Y"1V,

By Fatou, one has IE{ SUPo<t<T |Yt|2} <C.

Apply DCT to get E [;/ (Y: — Y)?dt — 0, as n — oc.

Since ]E{ sup, |(Y — St)*\z} — 0, as n — oo (not trivial!l),
it follows that {(Y™", Z")} is Cauchy in L2([0, T] x ;R x R9).
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Well-Posdedness of the Reflected BSDEs

o Thus {(Y",Z")} C L3(Q;C([0, T];R) x L2([0, T] x O;R9) is
Cauchy, and {K"} is Cauchy in L2(2; C([0, T]; R) as well

— The limit (Y, Z,K) (of {(Y", Z", K")) must satisfy (20)
@ To check the “flat-off" condition, note that

E{ sup (Ve = S0)712} = limn B sup, | (Y — i)} =

— Y, > S, YVt =[] (Y: — S;)dK: > 0.
@ On the other hand, since

ST (Y = Sedky = —n [T [( +)"]2dt <0,
— [ (Ve = Se)dKe= lim, [i] (Y - st)th" <0
= [ (Ye— S:)dK. = 0. u
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BSDEs with Quadratic Growth

Consider the BSDE:
T T
Ye =&+ / (s, Ys, Zs)ds — / ZsdWs, t€[0,T]. (24)
t t

We assume that the generator f takes the following form:

f(t,y,Z) = 30(t7y7z)y + FO(tvyvz)v (25)

where for constants 3y < ag, it holds for all (y,z) € R that

{ Bo < ao(t,y,z) < ao;
|Fo(t,y,z)| < k+c(lyl)|z

(H1) dt x dP-as.

2.

Under (H1) f grows linearly in y, but quadratically in z!
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BSDEs with Quadratic Growth

Theorem (Kobylanski, 2000)

Suppose that the coefficient f satisfies (H1), with ag, B0, k € R,
and ¢ : RT — RT being continuous and increasing.

Then, for any £ € L*°(.7 1), the BSDE (24) admits at least one
solution (Y, Z) € L(Q; C([0, T];R)) x s£2([0, T]; R9).
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BSDEs with Quadratic Growth

Theorem (Kobylanski, 2000)

Suppose that the coefficient f satisfies (H1), with ag, B0, k € R,
and ¢ : RT — RT being continuous and increasing.

Then, for any £ € L*°(.7 1), the BSDE (24) admits at least one
solution (Y, Z) € L(Q; C([0, T];R)) x s£2([0, T]; R9).

The Power of “Exponential (Hopf-Cole) Transformation”

Consider a simple quadratic BSDE:
T 1 T
Y: :5+/ 5\zsy2ds—/ ZdW,, te[o,T]. (26)
t t

Define y = exp[Y], z = yZ. Then, the BSDE (26) becomes

-
yr = exp[€] — / zdWs, te[0,T].
t
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A Priori Estimates

Suppose that the assumption (H1) is replaced by

aolt,y,z) < ap;
(HO) { olt.y2) ° ) dt x dP-a.s.
|Fo(t,y,2)] < b(t) + C(ly])|z]*,

where g is constant and b € L1([0, T]). Then the following a
priori estimates hold:

o Assume that € L3 (), then

1T aud T 2 axdA
Y: < [sup(f)} ele =% + bselt P19 ds; (27)
Q t

T
e for some constant K > 0, E/ | Z|2ds < K;
0

16l
|

 [[Yloo < ll€lloo +
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A Priori Estimates

Suppose that the assumption (H1) is replaced by

ao(t,y,z) < ap;
(HO) { olt..2) ’ 5 dt x dP-a.s.
|Fo(t,y,z)| < b(t) + C(ly])]z]%,

where ag is constant and b € L1([0, T]). Then the following a
priori estimates hold:

o Assume that £ € L7 (€2), then

R T
Vi > [inf(6)| el e - / bselt 2P ds; (28)

t

-
@ for some constant K > 0, E/ |Zs|2ds < K;
0

[l]o
° |V < ll€lloc +

lag|
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A Priori Estimates

Idea of the Proof.
o Define the RHS of (27) by ¢, then ¢ satisfies the ODE:

Yt = [Sgp(g)}—i_ 1T(as¢s + bS)dS7 te [Oa T]'

o Let ® be a C?-function to be determined. Applying It6 to get
O(Ye — ) = (YT — 1)

:
+ / (s — a)[F(s, Yo Z2) — (asips + Be)]ds (29

T T
1
- [ e ezl [ (Y ) zeaw
t t
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A Priori Estimates

@ Denote M = ||Y||oo + ||¢]|co, and choose

e2Cu 1 —2Cu —2C22, uelo,M
d(u) = { 0 [0, M}

u e [—M,Q0].

One can check that

o ®(u)>0and P(u)=0<=u<0
o ®'(u)>0

o 0 < ud'(u )§2(I\/I—|—1)C<b(u)

o CO'(u) — 3" (u) <
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A Priori Estimates

@ Denote M = ||Y||ooc + ||¢]/c0, and choose

e?Ct — 1 —-2Cu —2C%?, u € [0, M]
®(u) = { 0 u e [-M,0].

One can check that

d(u) >0and P(u)=0<= u<0
®'(u) >0

0 <ud'(u) <2(M+1)Co(u)
Co'(u) — %(D”(u) <0.

o Applying these to (29) we get, with k; = af 2(M + 1)C,

T T
0< ¢'(Yt—90t) < / ksq)(ys_@s)ds_/ q)/(Ys_SOs)stW&
t t

e Taking expectation and applying Gronwall one shows that
E{®(Y: —pe)} =0 = ®(Y: —pt) =0 = Y < 1.
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A Priori Estimates

The L2-bound for Z can be proved by considering

o(u) = [exp(2C(u+/\/I))—(1+2C(u+M))],

2C2
where M = ||Y||so. Indeed, since
e ®(u) >0, d'(u) >0
0 0< ud'(u) < M(erM _1) 2
10"(u) — CP'(u) =1,
Setting ¢ = 0 in (29) we can check

0§¢(Y0)§¢(YT)+K0/ at ds— /|Z|ds/ & (Y2)ZsdWs,

Ko

.
:>E/ |Z,[2ds < ®(M) + Kolla™ |1 2 K. m
0

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 64/ 218



Monotone Stability

Suppose that {(f",£")} are a sequence of parameters such that

o " — f locally uniformly on Rt x R x R¢;
o &M= £in Lo,

o Jk:RT — R*, k € LY([0, T]), such that for some C > 0,
F7(t,y,2)| < ke+Clz]?,  VneN,(t,y,z) € RT xRxR?.

o (YN, Z") € L(Q;C([0, T];R)) x s42([0, T]; RY) such that
{Y"} /" and || Y"]|sc < M.
Then 3(Y, Z) € LP(Q; C([0, T];R)) x s2([0, T]; RY) such that
lim Y™ =Y, uniformly on [0, T]; Z" — Z in 5£2([0, T];RY),

n—oo

and (Y, Z) solves BSDE (24). [ |

v
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Monotone Stability

Main Points:
e {Y"} is monotone and bounded = 3Y, s.t., Y" > Y
(pointwisely).
o {Z"} is bounded in L2([0, T] x Q) = it has a weakly
convergent subsequence, denoted by itself.
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Monotone Stability

Main Points:
e {Y"} is monotone and bounded = 3Y, s.t., Y" > Y
(pointwisely).
o {Z"} is bounded in L2([0, T] x Q) = it has a weakly
convergent subsequence, denoted by itself.

e {Z"} converges Strongly in L2([0, T] x Q) (Mazur's Theorem)

e {Y"} converges Uniformly in t (Dini's Theorem)

Consequently, one can then show that

T T
° / (s, Y], Zds — / (s, Ys, Zs)ds; and
t t

T T
° / ZdWs —>/ ZsdWs, and thus (Y, Z) solves the BSDE.
t t
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Proof of the Main Result

There exists ag, B0 € R, B, C € RT, such that for all
(t,y,z) € Rt x R x RY,
f(t,y,z) = ao(t,y, z)y + Fo(t, v, 2),
where
° Bo < ao(t,y,z) < ao,
o Fo(t,y,z)| < B+ Clz[?
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Proof of the Main Result

Assumptions:

There exists ag, B0 € R, B, C € RT, such that for all
(t,y,z) € Rt x R x RY,

f(tvyaz) = aO(tayaz)y + FO(taya 2)7

where

® o < ao(t,y,z) < ay,
o Fo(t,y,z)| < B+ Clz].

1. Exponential Change. Define y; 2 e2CYt and z; 2 2CyZ;.
Then, by Itd one can check that (y, z) solves the BSDE (24) with

parameters:
Qyr = e2c5;
A In(y) =z 1|z?
F(t,y, :2C-f(, : )—77
° Flt.y.2) YERe 2C '2C-y 2y
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Proof of the Main Result

2. Truncation.  Define a C* function ¢ : R — [0, 1] by

1, ifue [e 2CM eZCM].
Y(u) = 0 if u ¢ [e—ZC(M+1) e2C(M+1)]

4

Now, define F(t,y,z) = ¢(y)F(t,y, z), and let

P(y)(aoy In(y) +2CBy);
¥(y) (o In(y) — 2CBy —

>

(y)

(y,z) L

2

1>

Then it is easily checked that

0 (y,2) < F(t,y,z) <fy),  Y(t,y,2). (30)

The function y + ¢ (y) is bounded and Lipschitz!
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Proof of the Main Result

3. Approximation. For any n € N, find Fre Cg° such that

F+ﬁ§Fn§F+

9

1
2n
1 0
0, u

; Define

IV IA
SIS
+ IA
=3

Then, let ¢, € C*™ be s.t. ¢(u) = {

F(t,y,2) 2 F7 (2, 2)6n(ly 2+ (£ () o ) 1—0n(ly| 2]

e F"'s are uniformly Lipschitz (in (y, z));
e For any n € N and all (t,y, z), it holds that

N _ 1
F(t,y,z) < F'(t,y,z) < F"(t,y,z) < 1 (y) + o (31)
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Proof of the Main Result

4. Synthesis. Denote (y”,z") to be solution to BSDE(F", €2¢¢),
via standard theory.

@ For n large enough
o F"(t,e?M 0) <0, and e2M > £2¢¢;
o F(t, e 2M 0) >0, and e 2M < £2¢¢
o Since y; = M, 7, =0 (resp. y: = e ?>M, 2z, =0) are
solutions to the BSDE(e?“M, 0) (resp. BSDE(e=2M0)), by
the standard Comparison Theorem we conclude:

e—2CM < yn—}-l < yn < GZCM.

. A n n
o Define Y/ = 2(5) Z! = 2éty"y and
t

F(t,e??,2Ce?% 2)

A
tyz) & FBETRETD | cpp
~n A Fr(t,e2Y 2Ce2Y z)
Plty,2) & 20 e cpp,
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Proof of the Main Result

Then (Y™, Z") is the solution to BSDE(f",¢), n € N, and
Y™'s are monotone, since y"'s are!

o Since f" — f and f" — f, uniformly on compacts, we can
first apply the Monotone Stability Theorem, we know that
Y, Z) € LE(Q; C([0, T];R)) x S42([0, T]; RY) such that
(Y, Z) solves BSDE(F, €).

@ One can then show that ||Y||c < M as was done in the a
priori estimate, and note that

f(t,y,z) =f(t,y,z), whenever |y| < M

(by the nature of the truncation), we conclude that (Y, Z)
solves BSDE(f, &), proving the existence. [ |
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Uniqueness

We shall assume that the generator f satisfies the following
assumptions throughout the uniqueness discussion.

(H2) For some constants M and C > 0, and positive
functions /(-) and k(-), it holds for all t € RT, y € [-M, M],
and z € RY that
F(t.y,2) < I(8) + ClzP, as.,
of (32)

Sty D) <KD+ ClP as.

(H3) For some constant ¢ > 0 and C. > 0, it holds for all
t e Rt y €R, and z € RY that

g—;u,y,z) <L)+ ClzP. as. (33)
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Uniqueness

Comparison Theorem

Let (Y, Z7), i = 1,2 be two solutions of BSDE(f',¢'), i = 1,2.
Assume that
° fl < §2, a.s., and f1 < 2
@ For all ¢ > 0 and M > 0, there exist functions /, [, € L!,
k € L2, and constant C € R, such that either 1 or f2
satisfies both (H2) with /, k, and C and (H3) with /. and e.
Then if (Y1, Z1) [resp. (Y?,2%) € L%°(---) x L2(---)] is a
sub-solution (resp. super-solution) of the BSDEs with parameters
(1, &%) (resp. (f2,£?)), one has

YI<Y?  VteRT, as.

Proof. Lengthy. (cf. Kobylanski (2000)) [ |
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A Quick Summary

We have studied following types of BSDEs beyond the standard
ones:

@ BSDEs with continuous coefficients
@ BSDEs with reflections
e BSDEs with quadratic growth
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A Quick Summary

We have studied following types of BSDEs beyond the standard
ones:

@ BSDEs with continuous coefficients

@ BSDEs with reflections

e BSDEs with quadratic growth
Some Variations

@ Reflected BSDEs with continuous coefficients — Matoussi
(1997), Hamadene-Matoussi-Lepeltier (1997)

@ BSDEs with superlinear-quadratic coefficients — Lepelier-San
Martin (1998)

o Reflected BSDE with superlinear-quadratic coefficients —
Kobylanski-Lepeltier-Quenez-Torres (2001)
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Converse Comparison Theorem

Consider the BSDE:
T T
Y, = g+/ (s, Ys,Zs)ds—/ ZdWe, t3>0.
t t

We know that “¢1 > ¢2" @ “f1 > 2" — “Y1> VY2 t>0"

Under what condition Y! > Y2 implies f1 > f2? I

(A1) The random field f : [0, T] x Q x R x R — R is uniformly
Lipschitz in (y, z), uniformly in (t,w).

(A2) t+ f(t,0,0), is a square-integrable adapted process.
(A3) f(t,y,0)=0
(A4) t — f(t,y,z) is continuous.
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Converse Comparison Theorem

Theorem (Briand-Coquet-Hu-Mémin-Peng, 2000)

Assume (A1)-(A4), and assume further that for any & € L2(.Z7),
it holds that Y}(&) < Y2(&), for all t € [0, T], P-a.s.
Then P-almost surely,

fol(tvy7z) < fbl(tyyaz)7 V(y,z) € R x R6.

Main Tricks:
@ Choose & = y + z(Wiye — We), € > 0; and denote
R A
@ Show that %(Yt6 —y)—g(t,y,z), ase — 0;
@ Then Y£ < Y2¢F — g < g.
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Quadratic BSDEs with Unbounded Terminal Value

This is based on the works of Briand and Hu (2005-08).
Consider the BSDE:

T T
Yy =¢ +/ (s, Ys, Zs)ds — / ZsdWs, te[0, T] (34)
t t

Main Assumptions

33>0,7>0, a € L3([0, T] x Q), and ¢ : Ry — R, with
©(0) = 0, such that P-a.s,,

(i) Forall t €0, T], (v,z) — f(t,y,z) is continuous;
(ii) (Monotoniciy in y) ¥(t, z),

ylf(t,y.z) — f(t,0,2)] < Bly|%
(i) (Quadratic growth): Y(t,y, z),

I£(t,y,2) < a(t) + e(lyl) + 312
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Quadratic BSDEs with Unbounded Terminal Value

Main Purpose:

Find the adapted solution (hopefully unique!) to the BSDE (34),
with terminal value ¢ satisfying: E{e¢l} < oo (¢ is said to have
“exponential moment of order ~"), for some or all v > 0.

A Trick:  Consider U(t,|Y:]) = e7¥(t1YtD) where ) is a smooth
function to be determined. Applying It6 & Tanaka:

dU(t? ’Yt‘)

U YD) (=0 (t, | Ye)sgn( Yo F(t, Ye, Ze) + e(t, | Yel)

1
o eI Ze Pyt + St | VeI Ze Pl
+wx(t, |Yt‘)st -+ T/}X(t, |Yt|)sgn( Yt)Zt . th,

where L is the local time of Y at zero.
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Quadratic BSDEs with Unbounded Terminal Value

Since

Sgn( Yt)f(t, Yt, Zt) = sgn(Yt)[f(t, Yt, Zt) — f(t, 0, Zt)]
+Sgn( Yt)f(t, 0, Zt)
< BIYel +a(t) + 21z,

assuming 1 (t,x) > 1 for x > 0, one has

V(t, | Yel)sgn(Ye)f(t, Ye, Ze) —n(t, \Yt|)—%¢x(tv | Y2))?1Ze?
< u(t, [ Ye))[a(t) + B Yel] — e(t, | Yel)-
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Quadratic BSDEs with Unbounded Terminal Value

Since

Sgn( Yt)f(t, Yt, Zt) = sgn(Yt)[f(t, Yt, Zt) — f(t, 0, Zt)]
+Sgn( Yt)f(t, 0, Zt)
< BIVil +at) + 51 Z P

assuming 1 (t,x) > 1 for x > 0, one has

V(t, | Yel)sgn(Ye)f(t, Ye, Ze) —n(t, \Yt\)—%wx(t, | Y2))?1Ze?
< u(t, [ Ye))[a(t) + B Yel] — e(t, | Yel)-

Look for 1 that solves the first order PDE for (t,x) € [s, T| x R:
wt’(t?X) - (a(t) + ,BX)QZJX(t,X) - 07 ¢(57X) = X. (35)
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Quadratic BSDEs with Unbounded Terminal Value

The solution to the characteristic equation of (35):
t
v(u;t,x) = x+ / [a(r) + Bv(r; t,x)]dr, 0<u<t  (36)
is v(s; t,x) = xe®(9) + [Fa(r)e’==)dr,0<s<t<T.
Since ZLp(u, v(u; t,x)) =0, we have for s <t < T,

Y(t,x) = P(t, v(t; t, x)) = (s, v(s; t, x)) = v(s; t, x).

= Ux(t,x) > 1 and Yy(t, x) > 0!!

A Key Estimate

sl = U(s,|Ys))
t

U(t, | el) — / VU, Y Yl | Yo )sgn(V2) Zo AW,
S

IN
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Quadratic BSDEs with Unbounded Terminal Value

Theorem (Existence)

Assume that the main assumption holds. Assume also that
€ 4 |a|; has an exponential moment of order ye®7, then the
BSDE (34) has a solution (Y, Z) such that

1Y:| < %IogE{ exp {fyeﬂ(T_t)|§| —i—’y/tTa(r)eﬂ(’_t)dr})ﬁt}.

The Comparison Theorems (whence uniqueness) for quadratic
BSDE were only proved for the bounded terminal value case, based
essentially on the fact that in that case the process Z e W is a
“BMO Martingale”. Since this fact fails in the unbounded terminal
case, a new idea is needed!
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Quadratic BSDEs with Convex Coefficients in z

Assumption (A2)

There exist two constants v > 0 and 8 > 0, and a non-negative,
progressively measurable process «(t), t > 0, such that,

e Vt € [0, T], Vy € R, the mapping z — f(t,y, z) is convex;
e V(t,z) € [0, T] xR,

f(t,y,2) — f(t,y . Z) < Bly =¥, V(y.y) € R

o f satisfies the growth condition:

£ty 2)] < a(t) + Bly| + 2|2/

@ |a|; has exponential moment of all order.
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Quadratic BSDEs with Convex Coefficients in z

Let (Y, Z) and (Y’,Z’) be two solution to (34) w.r.t. terminal
conditions £ and &', generators f and f/, respectively. Assume that
e for any A\ > 0, ]E{e)‘y* + e)‘Y'*} < 00, where
Y* =supscpo, 1y | Yel:
0 £ <Y, Pas,;
o f(t,y,z) < f'(t,y,z), ¥(t,y,z) € [0, T] x R x R¢;
o f satisfies (A2).

Then Y < Y/, for all t € [0, T], P-a.s. Furthermore, if Yy = Y{,
then

P{g’ —¢, /OT(f' —f)(t, Y], Z))dt = 0} > 0.
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Quadratic BSDEs with Convex Coefficients in z

Main Trick:
e For any 6 € (0,1), consider n° =n —0n', n=¢6,Y,Z.
o Let A = [, a(s)ds, then we have

T T
efyd = eATy$_+/ eAstds—/ e Z0dwy,

t t

=(

where, denoting 0f(t) = (f — f')(t, Y{, Z{),

Fe = (f(t,Ye,Z) = 0f'(t, Y], Z)) — a(t)Y?
(f(t, Ye, Zt) — (¢, Y!, Z))
+(F(t, Y!, Z) — 0F(t, Y], Z0)) + 05f(¢).

@ Using the convexity of f in z, one has

0
F(t,Y{,Ze) < OF(t, Y], Z)) + (1 — 9)f<f= Ye, —1Z_t 9>
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Quadratic BSDEs with Convex Coefficients in z

@ Using the growth condition to get

F(t, Y, Ze) < OF(£ Y], Z)+(1-6) (al£)+8] YI)+ 2!

— F < (1—0)(a(t) +28|Y]]) + 12812 4+ 05f(¢).

_r
2(1—0)

A 0
e Denote P, = ™'Yt , Q, = cPtZteeAf, then

Pt:PT+C/ PeAS(F— ‘Ze ds—/ QsdWs.
t
—0 T
— Y/ < log < expive?0T(|¢ +/ G(s,|Y!])ds ’ﬁ .
: {oele (el + [ 6(s1vihas) }| 7}
@ Letting # — 1, one obtains Y; < Y/! [ |
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Quadratic BSDEs and Convex Risk Measures

Recall the Entropic dynamic risk measure.

@ It is shown by Barrieu-El Karoui ('04) that {p;(£)}¢eqo,77 i
the unique solution of the following quadratic BSDE:

1 T T
p¥(§)=—5+5/ |zs|2ds—/ Z,dB,, Vtelo,T],
t t
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Quadratic BSDEs and Convex Risk Measures

Recall the Entropic dynamic risk measure.

@ It is shown by Barrieu-El Karoui ('04) that {p;(£)}¢eqo,77 i
the unique solution of the following quadratic BSDE:

1 T T
p?(§)=—5+5/ |zs|2ds—/ Z,dB,, Vtelo,T],
t t

@ But the generator g = %|z|2 is quadratic, and hence NOT a
consequence of the representation theorem!
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Quadratic BSDEs and Convex Risk Measures

Recall the Entropic dynamic risk measure.

@ It is shown by Barrieu-El Karoui ('04) that {p;(£)}¢eqo,77 i
the unique solution of the following quadratic BSDE:

1 T T
p?(&)z—HZ/ |zs|2ds—/ Z,dB,, Vtelo,T],
t t

@ But the generator g = %|z|2 is quadratic, and hence NOT a
consequence of the representation theorem!

@ In fact, in this case the "domination” (11) fails. E.g., v = 1:
1 T T
po(§+m)—po(§) = ?7+§/0 (’ZserZs\z—’Zsz\z)dS—/o Z.dB;.

where Z = Z1 — 72, But (|22 + 2> — |22]?) < |2]? + §|22)?
cannot be dominated by any (quadratic g).
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Quadratic BSDEs and Convex Risk Measures

@ In fact one needs to consider a quadratic BSDE:
T T
=&+ zB, + / g(s, Zs)ds — / ZsdBs, (37)
t t

where £ € L®(F7), z€ RY, and 7 € My 7.

@ Although & + zB; is unbounded, it does have exponential
moment of all orders (recall the moment generating function
of a Brownian motion), and the BSDE is convex in z. Thus
the previous existence and uniqueness apphesI

@ An easier way: Set Yt Y: — zBinr, Zt = Zr — zBli<ry,

then (37) becomes
T

~ T ~ o~
Y =&+ / g(s, Zs + zf1(s<ry)ds — / ZsdBs.  (38)
t t

Since ¢ € L°(.Z7), the BSDE (38) is uniquely solvable.
@ The “domination” problem is more subtle, need to invoke the
“BMOQ” theory (see, Hu-Ma-Peng-Song, 2008).

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 87/ 218



BSDEs in Financial Ma 2009 88/



Solution Methods for FBSDEs:

General FBSDEs: for t € [0, T],

t t
Xe = x —|—/ b(s,©s)ds —i—/ o(s,©s)dWs;
0 0
. . (39)
Y: = g(X1) +/ f(s,Os)ds —i—/ ZsdWs,
t t

where ©5 = (Xs, Ys, Zs).

Objective:

For any given T > 0, and x € R", find an F-adapted,
square-integrable process (X, Y, Z) that satisfies (39) on [0, T],
P-as.
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An Example:

Consider the following simple FBSDE:

{ dXt = Ytdt + th, Xt =X

dYt = —Xtdt + thWt, YT - —XT (40)

@ Suppose that (40) has an adapted solutions (X, Y, Z)
o letting x = EX;, y+ = EY; one has

{ dXt = ytdt, X0 =X
dyr = —x;dt, YT = —XT

@ Solving, xT + x7 = x(cos T —sin T) + C(cos T +sin T).
° IfT:k7r+?%r,thenOzyT+xT:\/§x<:>x:O(!).
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An Example:

Consider the following simple FBSDE:

{ dXt = Ytdt + th, Xt =X

dYt = —Xtdt + thWt, YT - —XT (40)

@ Suppose that (40) has an adapted solutions (X, Y, Z)
o letting x = EX;, y+ = EY; one has

{ dXt = ytdt, X0 =X
dyr = —x;dt, YT = —XT

@ Solving, xT + x7 = x(cos T —sin T) + C(cos T +sin T).
° IfT:kw+¥,thenOzyT+XT:\/§x<:>x:O(!).

The example shows that an FBSDE is not always solvable over an
arbitrary duration!
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A Simple Case

Consider a simple FBSDE:

dXt = b(f.‘7 Xt, Zt)dt + U(Zt)th
dYt == h(t, Xt, Yt)dt + thWt, t e [0, T],
Xo = x, Y7 =g(X7).

Assume that
@ b and h are Lipschitz in (X, Y, Z) with constant L,
@ o is Lipschitz in z with constant Ly,
@ g is Lipschitz in x with constant Lg
Define
1Y 2) 071 2 suPeciory {EIY (D)2 + E [T 1Z(s) 2ds)
let .40, T] be the completion of 47[0, T] in L.

1/2, and
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A Simple Case

For a given (Y, Z) € [0, T], define (Y, Z) = (Y, Z) as follows.
First solve an FSDE for X:

dXt = b(t,Xt, Zt)dt + O'(Zt)th, t e [0, T],
Xo = X.

and then solve the BSDE

{ i?t = h(Yt,Zt)dt +7tth7 t e [0, T],
YT = g(X-r).

We shall see when I' could be a contraction mapping.

So take (Y7, Z') € ¥[0, T], i = 1,2, and denote X and (Y',Z")
be the corresponding solutions above. Denote A¢ = X1 — X?,
E=X,Y,2,Y,Z.
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A Simple Case

Applying It6:

EIAX]? < E/t{2L\AX \<|AX|+\AZ y) + 12|AZ,|2ds
01.'
< E/o {Ca<]AXS]2+|AYS\2) (0+5)|AZ|}

-
— E|AX? < eCETE/ {CIAYE + (13 +2) Bz }ds
0

Similarly one has

T . T
E|A7t|2+IE/ |AZ|?ds < eCET{CaE/ |AY,|*ds
0

t
)
He+ (G TG+ 9)eSTIE [ |azfos)
0

< eCT[CT +e+ (L + TG +e)e“TIAY, A2) |2, 5
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A Simple Case

By choosing € > 0 small enough then choosing T > 0 small
enough, we obtain

||(A75 Af”y[o’-/—] < a||(AY, AZ)HW[QT]a

for some 0 < a < 1, whenever Lol; < 1.
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A Simple Case

By choosing € > 0 small enough then choosing T > 0 small
enough, we obtain

||(A75 Af”y[o’-/—] < a||(AY, AZ)HW[QT]a

for some 0 < a < 1, whenever Lol; < 1.
Namely, the mapping I is contraction if

o T small;
o Lol < 1.
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Method of Contraction Mapping

This method was used by Antonelli ('92), Pardoux-Tang ('96),
Cvitanic-Ma ('98)... A more general version can be found in
Ma-Yong (LMN, 1999). Consider the FBSDE (39).

Basic Assumptions:

(A1) b, h, and o are continuous, F-adapted random fields with
linear growth in (x,y,z), and Jk1, ko > 0 and v € R s.t. for all

(t,w) and 0 2 (x,y,2),0 2 (xi, yi, zi), and 6 = (x,¥),

|b(w, t,01) — b(w, t,0:)| < K|01 — 62
(h(w, t,x,y1,2) = h(w, t, X, y2,2),y1 — y2 ) < Yly1 — yo|*;
|h(w, t,x1,y,21) — h(w, t,x2,y, 2)|

< K(xa — x|+ |21 — z|);
lo(w, t,01) — o(w, t,02)]2 < K20} — 02 + kP |z1 — z|?;
g(w,x1) — g(w, x2)| < kalx1 — x2.
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Method of Contraction Mapping

Denote, for any constants Gy, G, Gz, G4 >0, and A € R,

M o= A-2K-KQ+GM+ G- K%

A = A2y - K(Gt-C,
Ao, T
wla, T) = K(G+K)B(X, T)+ %(KQ + k3),
1— e—)\t
where A(\, t) = e” (M)t and B\ t) = —
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Method of Contraction Mapping

Denote, for any constants Gy, G, Gz, G4 >0, and A € R,

M o= A-2K-KQ+ G+ GhH - K2

M = —A-2y-K(G'-C,
Ado, T
poT) = K(G+ KB T)+ 22 Dk, 1 k),
1— e—)\t
where A(\, t) = e~ 0t and B(\, t) = —

Assume (A1), and that 0 < kikp < 1. Assume also that one of the
following holds for some constants C1—Cs, and Cy = 1_—K0‘°

@ kp =0, Jag € (0 1) such that p(ag, T)KG < A1,

° kp>0; )\ = Jag € (0,1) such that (a3, T)ks < 1.

k2r

Then the FBSDE (39) has a unique adapted solution over [0, T].
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Method of Contraction Mapping

The “compatibility condition”: 0 < kjkp, < 1 is essential! I

@ If 0 < kjko < 1, then there exists Tg > 0 such that for all
0 < T < Ty, the FBSDE (39) is uniquely solvable on [0, T].
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Method of Contraction Mapping

The “compatibility condition”: 0 < kjkp, < 1 is essential! I

@ If 0 < kjko < 1, then there exists Tg > 0 such that for all
0 < T < Ty, the FBSDE (39) is uniquely solvable on [0, T].
@ This condition is indispensable! For example, consider

t
Xt:/ ZsdWs;
0

T (41)
Yo = (Xr+6)— / Z.dW,,

t

where £ is an .Z7-measurable, L? random variable. This
FBSDE has no adapted solution on any interval [0, T]!
Indeed, if (X,Y,Z) were an adapted solution, let n =Y — X,
then n; = &, Vt € [0, T]. The F-adaptedness of 7 then leads
to that £ is a constant(!). But this is obviously not necessarily
ture.
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Method of Contraction Mapping

Denote, for t € [0, T),
o H(t, T) = L2(t, T; R),
e HS(t, T) — elements in H(t, T), with continuous paths
o YAER, £ € H(t, T), define [[€]2, 2 E [, e<|¢(s)[2ds.
A
= H\(t, T)={{cH(t, T): ||¢]|er < oo} =H(t, T)
@ For § e HY(t, T), A € R, and 3 > 0, define

A
€l = e M TEjEr? + BlIEl7 A,

and let Hy g(t, T) be the completion of H¢(t, T) under norm
I-1¢),8. Then for any X and 3, H) 5(t, T) is a Banach space.
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Method of Contraction Mapping

The Solution Mapping:

Define I' : H® — HEC defined as follows: for fixed x € R”, let
X 2 T(X) be the solution to the FSDE:

t t
7t2x+/ b(s, X, Ys,Zs)ds+/ o (5, Xs, Ve, Z)dWs,  (42)
0 0
where (Y, Z) ia the solution to the BSDE:
T T
Ye = g(Xr) + / h(s, Xe, Yo, Z,)ds — / Zdw,  (43)
t t

Need to show that I' is a contraction on H, 5, for some A1
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Let X1, X2 € HS; and let X' and (Y7, Z), i = 1,2, be the
corresponding solutions to (42) and (43), respectively. Denote
AE =L — €2, for ¢ = X, Y, Z. Then one shows that (with

G- 5
e_’\TE\AYTF + /_\1HA7H§\ (44)
< (e, T){K2e *TE|AXT|> + KG||AX| 3}
where
- Ao, T
o T) 2 K(G+ KB, T) + 202 D, 4 4,

and

{ M =A-K2+ 1+ G- K
A

2= -A=2y - K(Gt+ ). (45)
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. 1-a?
Fix G4 = %1

(i) If ko =0, then (44) leads to

M(av T) KG
A

IAX]I3 < IAX]3-

Find o € (0,1) so that u(a, T)KG3 <1 =T is a

contraction mapping on (H, || - [|))-
(ii) If ko > 0, then we can solve A from (45) and \; = KC3/k3,
(44) gives

I1AX 1505, < mlag, TIKRIAX1S 5,

Let C;, i =1,2,3 and ag € (kikz,1) be such that
p(a3, T)k3 <1 = T is a contraction on Hyx - [ |
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Method of Stochastic Control

Purpose:  Solve FBSDEs over arbitrary interval [0, T]! J
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Method of Stochastic Control

Purpose:  Solve FBSDEs over arbitrary interval [0, T]! J

Consider the stochastic control problem with
o State equations:

t t
Xt:x—i—/ b(r, X;, Y,,Z,)dr~|—/ o(r, Xy, Yy, Z,)dW,,
S S

t t
Yt:y_/ h(raXh Yl’vzl’)dr_/ a(rvxra YraZr)dWra
S S

with Z being the control process, and
@ Cost functional

2.

1

A
JT(S7X7.y; Z) = E57X7y |g(XT) - YT
@ Value function

VT(S,X,y) é |2f JT(57X7.y; Z)
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Objective:

Vx € R", VT >0, find y € R™ and Z* € L2([0, T]; R™*?), such

that

(©) )

Jr(0,x,y;: Z*) = V1(0,x,y) = 0.
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Objective:

Vx € R", VT >0, find y € R™ and Z* € L2([0, T]; R™*?), such
that

(©) )

Jr(0,x,y;: Z*) = V1(0,x,y) = 0.

| A\

Remark

e (1) = Existence of optimal control (relaxed control);

o (Hard!) Note that V1 (s,x,y) is only a viscosity solution of a
fully nonlinear PDE (Hamilton-Jacobi-Bellman equation). If
we define the “Nodal set” of V't as

A (Vr) 2 {(t,x,y) : Vr(t, x,y) = 0},

Then (2) amounts to saying that

Vx e R", T >0, #/(Vr)Nn{(0,x,y):y R} #£0.
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A Worked-out Case (Ma-Yong, 1993)

Assume that b, h, and o satisfies some standard conditions (e.g.,
Lipschitz, linear growth, ... ), and that

@ o and h are independent of Z (k; = 0!)
@ o is non-degenerate. l.e., , Iu > 0 such that oo™ > pl.
Then, it holds that

‘/V(VT) = {(t,X, 0(t,X))|(t,X) € [07 T] 2 Rn}7
where 6 is the classical solution of the following PDE:

{ 0: + 3tr {o(x,0)0 T (x,0)0% } + (b(x,0),0x) + h(x,0) = 0;

0(T,x) = g(x).
(46)
In other words, V1 (s,x,0(s,x)) =0, V(s,x); and if we let
y = 0(0,x), then V7(0,x,y) = 0.
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A Deeper Thinking...

In light of the previous theorem, it is natural to conjecture that
Y: = 6(t, X¢) for all t € [0, T], for some function 6.

Is there a direct method to figure out the function 67 I
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A Deeper Thinking...

In light of the previous theorem, it is natural to conjecture that
Y: = 6(t, X¢) for all t € [0, T], for some function 6.

Is there a direct method to figure out the function 67

A Heuristic Argument:
@ Assume @ is “smooth” and apply 1t6’s formula:

dY, = dé(t, X,)
= {608, X0) + (Bult X, bt X 6(2, X0), Z2))

—|—%t1‘ [exx(t, Xt)O'UT(t7 Xt7 9(t7 Xf))} }dt
‘|‘<9x(ta Xt)7 U(t7 Xtv 6(t7 Xt)> Zf)th>7

e Comparing this to the BSDE in (39)!
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Four Step Scheme

Step 1: Find a “smooth” function z = z(t, x, y, p) so that

pO‘(t,X,y,Z(t’X,y,p))+Z(t,X,y,p):0, (47)
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Four Step Scheme

Step 1: Find a “smooth” function z = z(t, x, y, p) so that

pO‘(t,X,y,Z(t’X,y,p))+Z(t,X,y,p):0, (47)

Step 2: Using z above, solve the quasilinear parabolic system for
0(t, x):

0= e tr [Baxco™ (65, 0)] (B 20, 0.)), )
+h(t,x,0,z(t,x,0,0y)), (48)

0(T,x) = g(x), x € R"”
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Step 3: Setting
B(t,x) = b(t,x, 0(t,x), z(t,x, 0(t, x),0x(t, x)))
(49)
a(t,x) = o(t,x,0(t,x)),

Solve the FSDE:

t t
Xt:x—i—/ b(s,XS)ds—i—/ (s, Xs)dW,.  (50)
0 0

u]
o)
I
i
it
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Step 3: Setting
{ b(t,x) = b(t, x,0(t, x), z(t, x, 0(t, x), Ox(t, x)))

a(t,x) = o(t,x,0(t,x)),

(49)

Solve the FSDE:
t . t
Xt :x—l—/ b(s,XS)ds—i—/ (s, Xs)dWs. (50)
0 0
Step 4: Setting

(51)

Yt = e(taXt)
Zt = Z(t, Xt,ﬂ(t,Xt), Qx(t,Xt)).
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Step 3: Setting
{ b(t,x) = b(t, x,0(t, x), z(t, x, 0(t, x), Ox(t, x)))

a(t,x) = o(t,x,0(t,x)),

(49)

Solve the FSDE:
t . t
Xt :x—l—/ b(s,XS)ds—i—/ (s, Xs)dWs. (50)
0 0
Step 4: Setting

(51)

Yt = e(taXt)
Zt = Z(t, Xt,ﬂ(t,Xt), Qx(t,Xt)).

—> DONE!
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Theorem (Ma-Protter-Yong, '94)
Assume that d = n; and that

@ o is independent of z;
@ b, g, h, and g are smooth, and their first order derivatives in
(x,y, z) are bounded by a common constant L > 0;

e 1 continuous function v > 0 and constant . > 0 such that
v(lyl) < o(t,x, y)o(t,x,y)" < ul;
|b(t, x,0,0)| + |h(t, x,0,2)| < p

e g is bounded in C>T*(R") for some o € (0,1).

Then, the quasilinear PDE (48) admits a unique classical solution
0 which has uniformly bounded derivatives 0, and 0, and the
FBSDE (39) has a unique adapted solution, constructed via steps

(49)—(51). J
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More generally....

Theorem

Assume that (47) admits a unique solution z, and (48) admits a
classical solution 6 with bounded 0, and 0,,. Assume that z, b, o
are Lipschitz with linear growth in (x,y, p), uniformly in (t,x,y)
and locally uniformly in p. Then the processes defined in (51) give
an adapted solution to the FBSDE (39).

Moreover, if h is also uniform Lipschitz in (x,y,z), o is bound,
and there exists a constant 3 > 0 such that

|(O'(S,X,y,Z) - U(S7X7yazl))T0)l§(57X)| < ﬂlZ - Z/|7 (52)

for all (s,x,y,z), then the adapted solution to (39) is unique.
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More generally....

Theorem

Assume that (47) admits a unique solution z, and (48) admits a
classical solution 6 with bounded 0, and 0,,. Assume that z, b, o
are Lipschitz with linear growth in (x,y, p), uniformly in (t,x,y)
and locally uniformly in p. Then the processes defined in (51) give
an adapted solution to the FBSDE (39).

Moreover, if h is also uniform Lipschitz in (x,y,z), o is bound,
and there exists a constant 3 > 0 such that

’(0(57X7y72) - U(S7X7yazl))T0)l§(57X)| < /3|Z - Z/|7 (52)

for all (s,x,y,z), then the adapted solution to (39) is unique.

Remark

The dependence of o on z will complicate both the existence and
the uniqueness of the solution to an FBSDE (recall FBSDE (41))

!
”
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Method of Continuation

@ explicit solution (especially the component Z!)

@ numerically “feasible”.
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Method of Continuation

@ explicit solution (especially the component Z!)

@ numerically “feasible”.

4

Shortcomings of Previous Methods

@ non-degeneracy of o

@ high regularity of the coefficients

o all coefficients have to be deterministic (PDE)

A\

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 110/ 218



Method of Continuation

@ explicit solution (especially the component Z!)

@ numerically “feasible”.

4

Shortcomings of Previous Methods

@ non-degeneracy of o

@ high regularity of the coefficients

o all coefficients have to be deterministic (PDE)

A\

The purpose of the Method of continuation is to replace the
smoothness conditions on the coefficients by some structural
condition. E.g., the"Monotonicity Conditions”.
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Still consider the FBSDE (39), and allow even the coefficients to
be random(!).

The Monotonicity condition

The coefficients (h, b, o, g) satisfy the following monotonicity
conditions: 36 > 0 such that

(U(t,01) — U(t,62),01 — 02) < —p3]|01 — 02
(53)
(g(x1) — g(x),x1 —x) > Blx1 — x|?,

where 0 = (x,y,z), and U = (h, b, o).
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Let (b, b', o', g"), i = 1,2 be two sets of coefficients. For any
(h0, b°,6°) € LE(Q2 x [0, T]), g0 € L% (), and a € (0,1),
consider the FBSDE («; h°, b°, 6°, g0):
(dXP = {(1 - a)bl(t,0%) + ab?(t,0%2) + b0}dt
H(1 = a)ol(t,07) + ac?(t,07) + o7 }dW,
dve = {(1 - a)h'(t,0¢) + ah®(t,0%) + hY}dt (54)

+Z3dW;

( X§=x, Y¢=(1-a)g'+ag®+g°

where ©% = (X, Y, 7).
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The Continuation Step:

Show that, there exists an g9 > 0, such that for any a € [0, 1),

o If FBSDE(c; h°, b°,5°, g°) is solvable for all (h°, b°, o°, g°),
then FBSDE(c + eo; h°, b°, 00, g°) is solvable for all
(h0, b0, 00, g%).

o Consequently, the solvability of FBSDE(h*, b, ', g')
(o = 0) will imply the solvability of any FBSDE(h?, b%, o2;
g2) (o = 1) as long as the coefficients (h*, b2, a2, g?) verify
the continuation step!
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The Continuation Step:

Show that, there exists an g9 > 0, such that for any a € [0, 1),

o If FBSDE(c; h°, b°,5°, g°) is solvable for all (h°, b°, o°, g°),
then FBSDE(c + eo; h°, b°, 00, g°) is solvable for all
(h0, b0, 00, g%).

o Consequently, the solvability of FBSDE(h*, b, ', g')
(o = 0) will imply the solvability of any FBSDE(h?, b%, o2;
g2) (o = 1) as long as the coefficients (h*, b2, a2, g?) verify
the continuation step!

Theorem (Hu-Peng, '96)

Under the monotonicity condition, the FBSDE (39) admits a
unique adapted solution.
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Monotonicity condition vs. Four Step Scheme

Consider the following decoupled FBSDE:

dXt:Xtdt+th, XO = X,
dYt :Xtdt+thWt, YT :XT.
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Monotonicity condition vs. Four Step Scheme

Consider the following decoupled FBSDE:

dXt:Xtdt+th, XO = X,
dY: = Xedt + ZydW, YT =Xr.

The monotonicity condition does not hold in this case:

(U(61) — U(62),01 — 02) = |x1— x>+ (x1 — 2,51 — y2)
< C||91—92||2.

However, the (quasilinear) PDE

O:9t+%¢9xx+xex—x,
0(T,x) = x, x € R"

has a unique solution 0(t,x) = x! Thatis, Y: = X; and Z; =1
solves the FBSDE (uniquely)!
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An Extended form of Four Step Scheme

Restrictions of the Method presented:

e Contraction Mapping — Small duration

@ Four Step Scheme — High regularity of the coefficients(thus
exclusively Markovian)

e Continuation — Monotonicity of the coefficients (could not
even cover the simple Lipschitz case!)
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An Extended form of Four Step Scheme

Restrictions of the Method presented:

e Contraction Mapping — Small duration

@ Four Step Scheme — High regularity of the coefficients(thus
exclusively Markovian)

e Continuation — Monotonicity of the coefficients (could not
even cover the simple Lipschitz case!)

v

Can we improve the methods above by combining them? I

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 115/ 218



An Extended form of Four Step Scheme

Restrictions of the Method presented:

e Contraction Mapping — Small duration

@ Four Step Scheme — High regularity of the coefficients(thus
exclusively Markovian)

e Continuation — Monotonicity of the coefficients (could not
even cover the simple Lipschitz case!)

Can we improve the methods above by combining them? l

Yes! — F. Delarue (2001) combined the method of Contraction
mapping with the Four Step Scheme, and extended latter to the
case when coefficients need only be Lipschitz!
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An Extended form of Four Step Scheme

Consider the FBSDE:

t

t
Xe=¢ +/ b(s, Xs, Ys, Zs)ds + / o(s, Xs, Ys)dWs
0 0 (55)

T T
Y: = g(X7)+ / h(s, Xs, Ys, Zs)ds — / ZsdWs.
t t

Main Assumptions

o W is an F-BM, but F* C I (denote .#0 = .%o v .Z W, Vt);

@ All coefficients are deterministic, and are of linear growth;

@ b is uniformly Lipschitz in (y, z), monotone in x;
e f is uniformly Lipschitz in (x, z), monotone in y;

@ g is uniformly Lipschitz in x;

@ o is uniformly Lipschitz in (x,y);
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An Extended form of Four Step Scheme

Theorm (Existence and uniqueness in small time duration)
Assume that the main assumptions are all in force. Then
o For every ¢ € [2(Fy;RY), the solution (X, Y, Z) to
FBSDE(55) satisfies
o (X,Y) has continuous paths;

° IE{ sup | X2+ sup |Yi| }<oo.
te[0,T] te[0,T]

e 3T2 > 0, depending only on the common Lipschitz constant
of the coefficients K, such that for every T < T}% and for
every ¢ € %2(F;RY), the FBSDE has a unique solution.

Note: The relaxation of the filtration is possible because of a
martingale representation theorem by Jacod-Shiryaev.
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An Extended form of Four Step Scheme

A slightly modified form of the small duration case is to consider
the following FBSDE for 0 <t <s < T:

s S
Xs=¢ +/ b(r, X, Y,,Z,)dr—{—/ a(r, Xy, Y,)dW,
t t
T T (56)
Ys = g(X71) —I-/ h(r, Xy, Yr, Z)ds —/ Z,dW,.
S S
Then for T < T2, there exists a unique solution to (56). Denote

the solution by (X, Y&, Z&™), for s € [t, T], and extend it to
[0, T] by setting

X =x, Y=Y/, zZb=0, selo1]

We define the (deterministic) mapping (t,x) — Y™ by 6(t, x).
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Continuous Dependence on Initial Data

First note that for some constants C;, (3, Gz > 0, depending only
on K, it holds that

.
IE{ sup |XEX[2+ sup |V +/ |Z§’X2ds} (57)
0<s<T 0<s<T 0
< G+ [x?);
B sup X0 - XEFP L sup VIS VER| (58)
0<s<T 0<s<T

<
+ [ 1z -z
0

Consequently,
o 10(t,X) < Gi(1+ IxP?);
o |0(t,x") —0(t,x)| < Go|x — X'|? 4+ G(1 + |x|?)|t — t|
o Vt € [0, T], and V¢ € L?(F;R"), 3 a P-null set N € % s.t.

YES(w) = 0(s, X4 (W), Vse[t,T], Yw ¢ N.

2ds} < Golx = X2+ Go(1+ xP)le — 1.
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Continuous Dependence on Coefficients (Stability)

Theorem

Assume that the main assumptions are all in force, and assume
that T < Tﬂ. Let (bn, hn, gn, 0n) be a family of coefficients
satisfying the same assumptions as (b, h, g, o) with the same
Lipschitz constants, such that (bn, hn, gn,on) — (b, h, g, 0)
pointwisely. Then

E{ sup |XPO€— XVP+ sup |VIO€ - vO€|
0<s<T 0<s<T

T
+/ | Zm0¢ — Zso’§|2ds} — 0, as n — oo.
0

Consequently, 0,(t,x) — 6(t,x) uniformly on compacta in
[0, T] x Re.
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Some Important Facts

Recall the quasi-linear PDE in Four Step Scheme
1 T
0= 9t+§tr |:0XXO-O- (t,X, 9)] +< b(v 97 9XU('7 0))7 ‘9X>
+h(t,x,0,0,0(t, x,0)), (59)

0(T,x) = g(x), x € RY

We know if
o all coefficients are in C3°, and
o (T (ooT)¢ > cl¢]?, V¢ € RY, for some ¢ > 0.

Then the PDE (59) admits a unique bounded solution § € C12
with bounded first and second order derivatives.
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The Solution Scheme

On the other hand, if # is a (smooth) solution to the PDE (59),
then we define

b(t, x)

a(t,x)

b(t, x,0(t, x),0«(t, x)o(t, x, 6(t,x))),
o(t,x,0(t, x)).

> 1>

For any t € [0, T] and ¢ € L2(F; RY), let X%¢ denote the solution
to the forward SDE:

s __ s
Xs=¢ —|—/ b(r, X, )dr +/ a(r,X,)dW,, selt T],
t t
and define Y5 = 0(r, X2%), ZE* = 0,(s, XE%) o (s, Xs, (s, X))

Then, whenever T —t < T2, (Xb¢, Y&, Z48) should be the the
unique solution to the FBSDE(46) on [t, T], starting from &.
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The Solution Scheme

A Problem:

Under only Lipschitz assumptions, the PDE(59) DOES NOT have
smooth solutions in general!
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The Solution Scheme

A Problem:
Under only Lipschitz assumptions, the PDE(59) DOES NOT have
smooth solutions in general!

<

The Solution Scheme:

@ Approximate (b, h, g, o) by (bn, hn, gn,0n) € C™

@ For each n, find §" € C*? to the PDE (59), with bounded
first and second order derivatives, such that

107(t, x)| < Cu, |07(t, x)—0"(t', X)| < Go|x—X'|+Cs|t—t'|*/2.
e By “Continuous Dependence’: 6" — 0, |0(t,x)| < G, and

]0(t,x) — H(tl’xl)| < C2|X —X/‘ + C3‘t— t/‘l/z.

@ Construct a “global” solution via 6.
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The Solution Scheme

The function # may not be obtained by a simple Arzela-Ascoli
argument, because the lack of “equi-continuity” in the variable t
and the uniform bound of the second derivatives.

The following “running-down” induction defines the function 8 on
[0, T] x R¢:

e Partition the interval [0, T] into 0=ty <ty < ---<ty=T,
st tiy1—ti=T/N<TR.
e Consider the following FBSDEs on [t, tjt1], i=N—1,--- 1
S S
X, = ,5+/ b(r, X,, Y,,z,)dr+/ o(r, X, Y,)dW,
t t

tit1 tit1
Y, = 9(t,-+1,xt,+1)+/ h(r,x,,y,,z,)ds—/ Z,dW,.

o Then 6(t,x) = Y/ for t € [t;, tiz1] is the desired function.

Jin Ma (University of Southern California) BSDEs in Financial Math

Paris Aug. 2009 124/ 218



The Solution Scheme

Once the “decoupling machine” 6 is defined, then the following
“running-up” induction gives the desired solution on [0, T]:

o For 0 <s <t let (X© y© z(0) solve the FBSDE:

x© = x+/ b(r,@ﬁo))dﬂr/ U(ﬂXr(o)’Yf(O))de
0 t

tir1 t
v = 9(t1,X§1°))+/+h(r,@(°’)ds—/ Zaw.

S S

o For tj_1 < s < ty, let (X, YK 7(K) solve the FBSDE:

Xs(k) _ t(kkll / b(r,© k))d, +/ (r,X,(k), Yr(k))dWr
tk—1

ty
v = (0, XP)+ / b ©W)ds— [ 2w,

S s

@ Then, to complete the “patch-up”, one needs only check:
Xt(kk 1) _ xt(kk), y(k) =0(t, X(k)) = o(t, X(k 1)) _ Yt(kkfl)!
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Feynman-Kac formula (the linear case)

Denote X** to be the solution to an SDE on [t, T]:

S S
XE¥ = x4 / b(XE)dr + / (XEX)dW,.
t t

Then under appropriate regularity conditions the function

U(t,X) é Et,X {g(XT)eftT C(Xs)ds +/ eft Xs dsf(r X )d }

t
is a (probablistic) solution to the (linear) PDE:

{ up + Str [uoo T (x)]+( b(x), ux )+c(x)u+f(t,x) =0,

u(T,x)=g(x), xeR" (60)
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Feynman-Kac formula (the linear case)
Denote X** to be the solution to an SDE on [t, T]:
s S
XE¥ = x4 / b(XE)dr + / (XEX)dW,.
t t

Then under appropriate regularity conditions the function

U(t,X) é Et,X {g(XT)eftT C(Xs)ds +/ eft Xs dsf(r X )d }
t

is a (probablistic) solution to the (linear) PDE:

{ up + Str [uoo T (x)]+( b(x), ux )+c(x)u+f(t,x) =0,

u(T,x)=g(x), xeR" (60)

Is it possible to extend the Feynman-Kac formula to the case
where PDE obove is nonlinear in u (or even uy)?
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Non-linear Feynman-Kac Formula via BSDEs

Consider FBSDEs defined on the subinterval [t, T] C [0, T]:

S S
Xs:x-l—/ b(X,)dr-l—/ o(X,)dW,,
t t
T T (61)
Ys:g(XT)+/ f(r, X, Y,,Zr)dr_/ Z.dW,,

where s € [t, T| and the coefficients are assumed to be only
continuous and uniformly Lipschitz in the spatial variables (x, y, z).
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Non-linear Feynman-Kac Formula via BSDEs

Consider FBSDEs defined on the subinterval [t, T] C [0, T]:

S S
Xs:x-l—/ b(X,)dr-l—/ o(X,)dW,,
t t
T T (61)
Ys:g(XT)+/ f(r, X, Y,,Zr)dr_/ Z.dW,,

where s € [t, T| and the coefficients are assumed to be only
continuous and uniformly Lipschitz in the spatial variables (x, y, z).
Denote the solution by (X, Y&X Z8X). Then,
o forany s € [t, T], Yo is .Zt-measurable, where
FE=0{Ws— W t<s< T}

e in particular, u(t,x) = Y * is a deterministic function
(Blumenthal 0 — 1 law!);
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Theorem (Pardoux-Peng, '92; Ma-Protter-Yong '94)

Assume b, o, f, and g are Lipschitz, then
@ u(-,-) is continuous, Hélder-1/2 in t and Lipschitz in x;

@ u is the unique viscosity solution of the quasilinear PDE:

1 T T,y _
{ ut+§tr [uxxaa ]+(b, uy )+ (t,x,u, 0" uy) =0, (62)

u(T,x) = g(x), x € R
@ Further, under regularity conditions on the coefficients,
T
i) — o {g(XT) + / F(r, X, Y, Z,)dr} (63)
t

is a (classical) solution to (62), where (X, Y, Z) solves (61).

@ and the following representation holds

ux(s, Xs) = Zso (s, Xs), set, T], P-as. (64)

v
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Possible generalizations

How far can the representations (63) and (64) go?

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 130/ 218



Possible generalizations

How far can the representations (63) and (64) go?

@ What are the minimum conditions on f and g under which
(63) and (64) both hold (e.g., g(x) = (x — K)* in finance
applications — only Lipschitz!)?

e Will Z always be continuous in light of (64)?

e What if b,o0,f, g are random (l.e., can Four Step Scheme be
applied for FBSDEs with random coefficients?);

@ Is there a Feynman-Kac type solution to an Stochastic PDE?

@ In the SPDE case, can one define the notion of “Stochastic
Viscosity Solution”)?
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A Quick Analysis:

Assume

e f =0 and

e gc CL
Then, by representation: u(t,x) = E;{g(X7)},
= ux(t,x) = Eex{g'(XT)VXT},

where V X is the solution to the variational equation of X:

S S
UX. =1+ / B(X,) VX, dr + / o (X)X, dW,.  (65)
t t
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A Quick Analysis:

Assume

e f =0 and

e gc CL
Then, by representation: u(t,x) = E;{g(X7)},
= ux(t,x) = Eex{g'(XT)VXT},

where VX is the solution to the variational equation of X:

S S
UX. =1+ / B(X,) VX, dr + / o (X)X, dW,.  (65)
t t

What if g (or f) is not differentiable? (Again, consider
g(x) = (x — K)™ — simply Lipschitz!)
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A New Tool: Malliavin Calculus/Skorohod Integrals

Fournié-Lasry-Lebuchoux-Lions-Touzi, '97; Ma-Zhang, '00:

D.g(Xt) = &'(X7)D: X7 = &' (X7) VX7 (VX:) lo(X;)

= ux(t,x) = Er{g'(XT)VX7r}

= Eix {/tTDTg(XT)%i(tVXT)dT}

T O\Ar -1 T
= Et,x {g(XT)\/t %dw‘r}
— Et,x {g(XT)Ng'} .

where NI £ / o(X)"HVX)dW, /(T —t),0<t<s<T.
t
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A New Tool: Malliavin Calculus/Skorohod Integrals

Fournié-Lasry-Lebuchoux-Lions-Touzi, '97; Ma-Zhang, '00:

D.g(Xt) = &'(X7)D: X7 = &' (X7) VX7 (VX:) lo(X;)

= ux(t,x) = Er{g'(XT)VX7r}

= Eix {/tTDTg(XT)%dT}

T O\Ar -1 T
= Et,x {g(XT)\/t %dwf}
= Et,x {g(XT)Ns'} :

where NI £ / o(X)"HVX)dW, /(T —t),0<t<s<T.
t

Derivative of g is NOT necessary for u,! l

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 132/ 218



Theorem (Ma-Zhang, 2000)
Suppose that f and g are uniformly Lipschitz in (x,y,z). Let

-
v(t,x) = E¢x {g(XT)Ng- —l—/ f(r,@,)Nrtdr
S

a@:} o(XE),

for (t,x) € [0, T) x RY, where ©, = (X, Y;, Z,), and
1

r—s

1>

NS

(vxs)—lf o Y X)VXdW,, 0<t<s<r<T.
5}

Then, for (t,x) € [0, T) x RY,
@ v is uniformly bounded and continuous;
o ZE = v(s, XS (XeX), s € [t, T), P-as.;
o uy(t,x) = v(t,x);

o If we assume further that g € C*, then all the above hold true
on [0, T] x RY, and v(T,x) = g'(x).

v
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Path Regularity of process Z

Recall that if £ € L2(#%;IR), then by Martingale Representation
Theorem, 3! (predictable) process Z with EfoT |Zs|?ds < o0, s.t.

i
Y, S E{¢|F) =€ - /t Z.dW,, teo,T].

Question: What can we say about the path regularity of Z7?
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Path Regularity of process Z

Recall that if £ € L2(9¥V;IR), then by Martingale Representation
Theorem, 3! (predictable) process Z with EfoT |Zs|?ds < o0, s.t.

i
Y, S E{¢|F) =€ - /t Z.dW,, teo,T].

Question: What can we say about the path regularity of Z7
Answer: Nothing!

o {=Wr. Then Z; =1,Vt€[0, T];

@ £ = maxo<¢<T W;. Then by the Clark-Ocone formula,

Z; = E{D:{|F+} = E{1)0.1(t)|-#¢}, where D is the Malliavin
derivative and 7 is the a.s. maximum point of W.

0 (= fOT hsdWs, where h is any F-predictable process such that
EfOT |hs|>ds < 0o, then by uniqueness Z; = h;, Vt, a.s.
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Now consider the FBSDE:

t t
X, = x + / b(s, X.)ds + / o (5, Xs)dWs,
0 0 (66)

T T
Yt:§+/ f(s,@s)ds—/ ZodWs, te [0, T],
t

t

where £ = ®(X) 7, and ® : C([0, T];R?) — R is a functional.

u]
o)
I
i
it
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Now consider the FBSDE:
t t
X, = x + / b(s, X.)ds + / o (5, Xs)dWs,
Or 0T (66)
Yt:§+/ f(s,@s)ds—/ ZodWs, te [0, T],
t

t
where £ = ®(X) 7, and ® : C([0, T];R?) — R is a functional.
o If ®(X)1 = g(X7) and g is Lipschitz, then by Rep. Thm.:

Zy = ux(t,Xe)o(t, Xy) == Zis continuous;

o If &(X)r = g(Xg, ..., Xt,) and g is Lipschitz, then on each
subinterval [tj_1, t;),

.
Z.—E {g(Xto, s Xy )NE +/ f(@,)NfAtl_dr|3?s} o(Xs).

= Z is a.s. continuous on each [t;_1, t;), hence cadlag .
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Now consider the FBSDE:
t t
Xt:x—i—/ b(s7XS)ds—|—/ o (5, Xs)dWs,
0r 0T (66)
Yt:§+/ f(s,@s)ds—/ ZodWs, te [0, T],
t

t
where £ = ®(X) 7, and ® : C([0, T];R?) — R is a functional.
o If ®(X)1 = g(X7) and g is Lipschitz, then by Rep. Thm.:

Zy = ux(t,Xe)o(t, Xy) == Zis continuous;

o If &(X)r = g(Xg, ..., Xt,) and g is Lipschitz, then on each
subinterval [tj_1, t;),

.
Z.—E {g(Xto, s Xy )NE +/ f(@,)NfAtl_dr|3?5} o(Xs).

— Z is a.s. continuous on each [t;_1, t;), hence cadlag .

Question: Can we go any further to more general functionals for
which the process Z has at least a RCLL (cadlag) version?
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Two Worked-Out Cases :

Theorem (Ma-Zhang,00)

Suppose that f is continuous and uniformly Lipschitz in (x, y, z).

o If ® satisfies the “functional Lipschitz" condition:

[(x") — &(x*)] < L sup_|x'(s) —x*(s)] (67)

t<s<T
for all x},x% € C([0, T]; R"). Then Z has cadlag paths.

o If ® satisfies the “Integral Lipschitz’ condition:

,
[®(x") — &(x*)| < L/O [x'(t) —x*(t)|dt,  (68)

then Z has a.s. continuous paths.
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Proof (e.g., the functional Lipschitz case)

For any partition 71: 0 =tp < t; < ... < t, = T, define
Py R C([0, T]; R) and ¢, : C([0, T];R) — R by

A tip1—t t—t

[r(x0, - oxn)](£) E - x; xitp1, t € [t tis);
tiv:1 — ti tiy1 — ti

Soﬂ(x) = (xtoa to 7xtn)’ X € C([Ov T])

Define @, := [® o ¢] and mollify (®, f) to (g, fx) € C} s.t.

@ &, is uniform Lipschitz; and g, satisfies
Y 10vgx(x)yil < Lmaxlyi|,  Vx,y eR™ (69)
i=0 '

@ gr 0w, — ® pointwisely on C([0, T];R), as |x| — 0;

e fr — f uniformly in all variables, as |r| — 0.
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@ Denote the solution to (66) with £ = g(Xy,, - - Xt,) and
f=fby (X, Y™, Z7).

o Let VX be the solution of (65), and (V' Y™, V/Z™) be the
solution of the following BSDE on [tj_1, t;):

. T .
VY = ) 0,gVXy + / (VF(r),VOI™) dr
J>i t

.
_/ VIZEdW,, te [ty t),
t

where 0;g = O0x,8( Xy, -+, Xt,), and
V() = (A (07(1)), 9, F(O7(1), 0:F(O7(1))
VoI = (VX,, VY™, ViZT)
or = (X, Y7, Z7).
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o Define: VYT 23 VIV, o) () + VIYE_1i7y(2).
i=0
Show that {V™ Y7} is a family of quasimartingale (i.e., RCLL
and for all partition 7, it holds that

_En: E{|E{v7ve, - v¥| 7o} |} + EUVT YR} < €)

i=

o By the Meyer-Zheng Theorem (1986) V™ Y™ converges
weakly to a cadlag process Z under the so-called pseudo-path
topology (of Meyer-Zheng).

@ Using the stability result of BSDE to show that VY™
converges to Z in L?(Q x [0, T]), hence a.s. converges to Z in
the pseudo-path topology. Identifying the laws of Z and Z we
see that Z is cadlag , as. |
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Some Extensions

In almost all of the existing theory of Financial Asset Pricing, the
“price” process is assumed to be Markov under the so-called risk
neutral measure. But by a result of Cinlar-Jacod (1981) states that
all “reasonable” strong Markov martingale processes are solutions
of equations of the form:

t t
X =y + / o (r, X, )dW, + / / b(r, X,_, 2)ji(drdz),  (70)
0 0 JR

where W is a Wiener process 11 is a compensated Poisson random
measure with Lévy measure F.

Consider, for example, the Markov Martingale with b = b(r, x)z:

X =y + /0 Co(r X)W, + /0 t /R b(r, X, )zii(drdz).  (71)
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Let & : A — R be st. E|®(X)|? < 0o, and M; 2 E{d(X)|.Z¢},
t > 0. By Mart. Rep. Thm, 3 F-predictable process Z s.t.

t
M, = Mo + / ZedXs + N, (72)
0

where N is an F-martingale that is orthogonal to X.

Under what conditions on ® will Z have caglad paths? I
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Let & : A R be s.t. E[O(X)[2 < 0o, and M, 2 E{&(X)|.F},
t > 0. By Mart. Rep. Thm, 3 F-predictable process Z s.t.

t

M, = Mo + / ZedXs + N, (72)
0

where N is an F-martingale that is orthogonal to X.

Under what conditions on ® will Z have caglad paths? I

° (D(X) = g(Xtoathv e ath)v PSS C[]J-(R’H_l)
— Jacod-Méléard-Protter (2000)

€
o [®(x1) — d(x2)| < L/ x1(t) — x2(8)|dt, x1,%2 € A
0
— Ma-Protter-Zhang (2000)
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Possible Applications in Finance:

1 T
° (D(X)T = ?/ Xsds;
0

o O(X)r =g( sup h(t, X)), where g and h(t,-) are uniformly
0<t<T
Lipschitz with a common constant K, and h(-, x) is

continuous for all x. (Lookback option)
T
e O(X)r = g(/ h(s, Xs—)dXs), where g and h(t,-) are
0
uniformly Lipschitz continuous; h is bounded; and for fixed x,
h(-, x) is caglad .
o O(X) = g(P1(X),---,®n(X)), where g is Lipschitz and ®;'s
are of any of the forms (i)—(iii). (For example, if
g(x) = (K — x)*, then g combined with (i) gives an Asian
Option.)
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Definition of Weak Solution of FBSDEs

Recall the general form of forward-backward SDE:

t t
Xe = x—i—/ b(s,@s)ds—i-/ o(s, ©s)dWs
0 0 (73)

T T
Y, = g(X)r+ / h(s, ©,)ds / Z.dw,,
t t
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Definition of Weak Solution of FBSDEs

Recall the general form of forward-backward SDE:

t t
Xe = x—i—/ b(s,@s)ds—i-/ o(s, ©s)dWs
0 0 (73)

T T
Y, = g(X)r+ / h(s, ©,)ds / Z.dw,,
t t

What can we say about the well-posedness of the FBSDE if the
coefficients are only continuous?
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(i) Decoupled Case:

t t
X, = x + / b(s, X.)ds + / o (5, X.)dW,
0 0

T T
Y. = g(X)7 + / h(s, Xs, Ve, Z5)ds — / Z.dw,,
t t

In this case we can take a weak solution (Q,.7,P, X, W), and
obtain the (strong) solution (Y, Z) on the space (Q2,.%7,P).

(i) Weakly Coupled Case:

t t
Xe=x+ / [bo(s, Xs) + bi(s,Os)]ds + / o(s, Xs)dWs
0 0

T T
Y =g(X)r +/ h(s,©s)ds — / ZsdW,
t t

where 0! and b; are bounded — Girsanov(?)
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Some Preparations

e A quintuple (Q,.7,P,F, W) is called a

o ‘“standard set-up” if (Q,.%#,P;F) is a complete, filtered prob.
space satisfying the usual hypotheses and W is a F-B.M.

o “Brownian set-up’ if F =FW = {ftw}te[o,T]-

. A A
o “Canonical Space’: Q= Q! x Q?, .F = FL ® F2, where
o Q' 2D([0,00);R™), i = 1,2 — path space of X and Y
o Fi éa{wi(r/\ t)y:r>0},i=12 (ftéﬂ}®ﬂf, t>0)
@ On a canonical space (Q,.7), denote w = (w!,w?) € Q, and
o (x¢(w),ye(w)) 2 (w(t),w?(t)), the “canonical process”,

o Z(Q) = all prob. meas. on (Q,.%), with Prohorov metric.
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Existing Literature

@ Antonelli and Ma ('03) — (FBSDE)
— Existence via Girsanov, Yamada-Watanabe Theorem,
e Buckdahn, Engelbert, and Rascanu ('04) — (BSDE, no "Z")

— Existence via Meyer-Zheng, Yamada-Watanabe
Theorem, ...

@ Delarue and Guatteri ('05) — (FBSDE)
— Forward “weak” @ backward “strong”...
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Existing Literature

@ Antonelli and Ma ('03) — (FBSDE)
— Existence via Girsanov, Yamada-Watanabe Theorem,
e Buckdahn, Engelbert, and Rascanu ('04) — (BSDE, no "Z")

— Existence via Meyer-Zheng, Yamada-Watanabe
Theorem, ...

@ Delarue and Guatteri ('05) — (FBSDE)
— Forward “weak” @ backward “strong”...

Our Main Purpose:

@ Find a “backward” version of the “Martingale Problem”

@ A more general existence result (multi-dimensional,
non-Markovian FBSDEs)

e Uniquenss (in law)!!!
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Definition (Antonelli-Ma, '03)

A standard set-up (Q,.7,P,F, W) along with a triplet of processes
(X, Y, Z) defined on the set-up is called a weak solution of (73) if

e (X,Y,Z) isF-adapted; and (X, Y) are continuous,
e denoting ns = (s, (X)s, Ys, Zs) for n = b, o, h, it holds that

-
P{/ (1bs] + |os)? + [hs|? + | Z5]?) ds + |g(X) 7]? < oo} =1
0

o (X,Y,Z) verifies (73) P—a.s.
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Definition (Antonelli-Ma, '03)

A standard set-up (Q,.7,P,F, W) along with a triplet of processes
(X, Y, Z) defined on the set-up is called a weak solution of (73) if

e (X,Y,Z) isF-adapted; and (X, Y) are continuous,
e denoting ns = (s, (X)s, Ys, Zs) for n = b, o, h, it holds that

.
P{/ (1bs] + |os)? + [hs|? + | Z5]?) ds + |g(X) 7]? < oo} =1
0

o (X,Y,Z) verifies (73) P—a.s.

RENEILS

| \

@ Similar to the forward SDE, a weak sol. allows the flexibility
of probability space, and relaxed the most fundamental
requirement for a BSDE, i.e., that the set-up is Brownian.

@ The Tsirelson-type examples for forward SDEs would lead to
the fact that there do exist weak sol. that are not “strong”.

V.
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Forward-Backward Martingale Problems (FBMP)

Assume o = o(t,x,y), and let (2,.%) be the canonical space and
(x,y) the canonical processes. Denote

@ a=o0’;

° ?(t,x,y, z) = f(t,x,y, zo(t,x,y)), for f = b, h.

The general case 0 = o(t, X, y, z) can can be treated along the
lines of “Four Step Scheme":

@ find a function ® such that

(D(t? X?y? Z) = ZU(t, X?y? ¢(t7 X7y7 Z))?

@ define the functions IA), lA7, and ¢ as

?(taxay7z): f(t7x7y7¢(t7xayaz))7 f:ba h,O’.

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 149/ 218



V(s,x) € [0, T] x R", a solution to FBMP;s , t(b,0, h,g) is a pair
(P,z) € 2(Q) ® LE([0, T] x Q; R™*") such that

e Both processes My(t) = 2 x — [Eb(r, (X)r,yr,2,)dr and
My (t) Z Y + fs h( ,(x)r,y,,z,)dr are IP’-mgs fort > s;

i . t
° [M)IUMi](t):/ aU(r7(x)r7yr)dr' tZSr ia.j:]-;"’nr
S

o My(t) = [lz,dMy(r), t > s.
o P{xs =x} =1and P{yr = g(x)7} = 1.

@ The process {z.} is different from {Z;} in (73)! In fact,
{z:} ~ Vu, Z ~ 0"Vu, where u satisfies PDE (62).

@ (73) has a weak solution <= FBMP; , 7(a, b, h,g) has a

solution with a = oo .
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FBMP vs. Traditional Martingale Problem:

Assume f(t,x,y,z) = f(t,x,y,z), f =b, o, h, g. Then (P,z) is a
solution to the FBMP; , 7(b,0,h,g) <=

dxt = E(t7 Xty Yt, zt)dt + dMX(t)u

dy: = —h(t,X¢, Y, z¢)dt + dMy(t) = —h(t, - - - )dt + z,dM(t).
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FBMP vs. Traditional Martingale Problem:

Assume f(t,x,y,z) = f(t,x,y,z), f =b, o, h, g. Then (P,z) is a
solution to the FBMP; , 7(b,0,h,g) <=

dxe = b(t, Xe, Ve, 2¢)dt + dMy(t),

dy: = —h(t, %, ye,2¢)dt + dMy(t) = —h(t, - - - )dt + z;dMy(t).
<= (By It6 and choice of ¢):

A t
CIA(t) 2 o(xe, ye) — o(x,yo) — /0 Lrxoyon(Xe,ys)ds

is a P-martingale for all ¢ € C2(R" x R™). where

1>

1 N N
Lrxy.z Str {ADZ )} + (b, Vi) —(h,V,);

1>

A(t, x,y,z) [l,,,z]Ta(t,x,y)[/,,,zT].
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Solvability of FBMPs (Existence)

Main Assumption:

(H1) b, o, h, and g are bounded and uniformly continuous on
(x,y,z), uniformly in t.
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Solvability of FBMPs (Existence)

Main Assumption:

(H1) b, o, h, and g are bounded and uniformly continuous on
(x,y,z), uniformly in t.

| A\

Theorem

Assume (H1), and that 3{(bp,on, hn,&n)}, all satisfying (H1), s.t.
o for f = b,0,h,g, ||fa—flle <%
e FBSDE (73) with (bn,on, fn, gn) has strong sol. (X", Y", Z");

o denoting Z/* = 1 1 s Z0ds, it holds that

-
lim sup E{/ |z — Zf"s]zdt} —0. (74)
6—0 n 0

Then (73) admits a weak solution.

v

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 152/ 218



Sketch of the Proof.

Step 1. Assume ©F 2 ((X™M)e, Y, Z[) “lives” on a fixed prob.
space. Denote

BI £ [fby(s, @) ds; FI2 [fhy(s,00)ds; AP 2 [fZrds;
M2 E [fon(s,00)dWs; NP2 [F Z0dWs,
and £7 2 (W, X", Y, B", F", A", M, ™).
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Sketch of the Proof.

Step 1. Assume ©F 2 ((X™M)e, Y, Z[) “lives” on a fixed prob.
space. Denote
A ot JANY: 4t
B! = fo bn(s,©0)ds; F'= fo hn(s,©0)ds; A? = fo ZIds;
M2 E [fon(s,00)dWs; NP2 [F Z0dWs,
and ¥7 2 (W, X", Y" B" F" A" M" N").
Then
e {¥"} are quasimartingales under P with uniformly bounded
conditional variation. (e.g., VO =ty < -+ - <tm=T,

m—1

CVar(Y") < 3" E{ /;’“ (hn(t, ©7)dt + lga(XP)|} < C)

i= i

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 153/ 218



Sketch of the Proof.

Step 1. Assume ©F 2 ((X™M)e, Y, Z[) “lives” on a fixed prob.
space. Denote

BI £ [fby(s, @) ds; FI2 [fhy(s,00)ds; AP 2 [fZrds;
M2 E [fon(s,00)dWs; NP 2 [ Z0dW,,
and £7 2 (W, X", Y, B", F", A", M, ™).

Then

e {¥"} are quasimartingales under P with uniformly bounded
conditional variation. (e.g., VO =ty < -+ - <tm=T,

m—1 tis1
CVar(Y) < 3 E{/ Ihn(t, ©7)|dt + |ga(XP)|} < C)
i=0 t

@ by Meyer-Zheng tightness criteria,
P2 po [£7]71 — P € 2(Q) weakly, as n — oo (possibly
along a subsequence), where e D([0, T]; R®);
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Step 2. By a slight abuse of notations, denote the coordinate
processs of Q by ¥ = (W,x,y, B, F,A, M, N). Then
@ W is a Brownian motion under P;
e B, F (whence x), and M are all continuous;
e M, N are martingales ([Meyer-Zheng, Theorem 11], as
sup, E{ I |zpy2dt} < o0);
@ A is absolutely continuous w.r.t. dt, P-a.s., and for some
t
z € L2([0, T] x ), it holds that A; = / z,ds,
0
([Meyer-Zheng, Theorem 10]).

— Xy = X0+Bt+Mt, Yt = yO_Ft+Nt7 Vt, P-a.s.
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Step 2. By a slight abuse of notations, denote the coordinate
processs of Q by ¥ = (W,x,y, B, F,A, M, N). Then
@ W is a Brownian motion under P;
e B, F (whence x), and M are all continuous;
e M, N are martingales ([Meyer-Zheng, Theorem 11], as
sup,, E{ fOT |Zt”]2dt} < 0);
@ A is absolutely continuous w.r.t. dt, P-a.s., and for some
t
z € L2([0, T] x ), it holds that A; = / z,ds,
0
([Meyer-Zheng, Theorem 10]).

— Xy = X0'|‘Bt_-'|‘l\/lt7 Yt = yO—Ft-I‘Nt, Vt, P-a.s.

t t t
B, — / b(s, ©4)ds, M; — / o(5,04)dWs, Fr — / h(s, ©4)ds,
0 0 0

t
Nt:/ zdWs ...
0
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Step 3. Show that B; = [; b(s, ©,)ds and F; = [, h(s, ©;)ds.

Key estimates:

1
o Denote Z! 2 S[Ac = Acs] and ©F = ((X)s, Y, Z0);

@ by the uniform continuity of b (on z) @ Assumption (74)

P ‘ . P ‘ [
E {|Bt—/o b(s, @S)ds|}:m)5 {|Bt—/0 b(s, @s)ds|}

.
< lim lim E{/ |b(s,©7) — b(s, @Z’J)IdS}
0

5—0 n

i
— lim lim E{/ b(s, ©7) — (s, 1) ds} = 0
0

n 6—)0
t
— EP{|Bt —/ b(s, @s)ds\} _
0

@ Similar for F.
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Step 4. Show that Ny = [ z;dWs, M; = [ o(s,©s)dWs.

e By Dom. Conv. Thm: fOT |Zy — Z)?dt — 0, P —as.
@ letm:0=1ty<:-- < tm= T be any partition. Show that

m—1 .t j—1
P i 5 2 C pins
EY 0 INe= D Z0Weyy — W) P+ 5 EP{I70)

i=0

j=0714

T t t
< cige{ [ 1 [ zaws~ [ zztawipar) + 5
n 0 0 0 0
T
Cln|
< n__ 7nd,2 .
< Cs:pE{/o |z — Z| dt}+_62

Letting |7| — 0 and using (74) (Again!) = lims_ /° = 0.
e Similarly, M; = fot o(s,Os)dWs.
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When will Assumption (74) satisfied?

(H2) b, h, 0, and g are deterministic, Lipschitz, and
1
R/ < oo, < Kl, for some K > 0.
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When will Assumption (74) satisfied?

(H2) b, h, 0, and g are deterministic, Lipschitz, and
1
Rl < oo, < Kl, for some K > 0.

o Let {(bn,0n, hn,gn)} be the molifiers of (b, o, h,g), and let
(X", Y",Z") be the correspondin strong solutions

@ In light of the “Four Step Scheme”, the following relations
hold:

YO = u(t,X0),  ZP = oa(t, X2, u"(t, X)) Veu" (£, X7),

where u"(t, x) is the (classical) solution to the PDE:

{ ut + 2a§DEXu + Vot b+ 0 Vlt") + o) = 0;

"(T,x) = gn(x).
(75)
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Holder Continuous Case

For simplicity, assume b=0and m=d = 1.

Key Estimates (MZZ-2005):

If o, h, and g are C%, and u € C? is the solution to the PDE
(75), then 3C > 0, a € (0,1), and C. > 0 for each € > 0, s.t.

ux(£,X)] < C(T = 6)°T; Juw(t,x)] < C(T — )57,
lux(ts, x) — ux(t2,X)| < CVta —t1, 0<ti <t <T—e.

v

Note: Z[ = [uon|(t, X, u"(t, X)) = Vb,e > 0,
36 = fB(a) > 0, s.t.

;
E{/ |z — Z{"5|2dt} < C.6° + Ceo.
0

First letting 6 — 0 and then ¢ — 0 = Assumption (74) holds.
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Uniformly Continuous Case

More complicated, but still possible. Need: gradient Estimate of
the form:

|ux(s, ) — ux(t.y)| < Clls — £ + x = y|*] (1) (76)

@ One dimensional case, use the result of Nash

@ Higher dimensional case, need LP-theory (e.g., Lieberman’s
book)
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Some Facts about “Canonical Weak Solution”:

We call the weak solution (Q2,.%,P;F, W, X, Y, Z) constructed via
“Four Step Scheme” the "Canonical Weak Solution”. Then,

e Y; = u(t,X;), where u is a viscosity solution of the
corresponding PDE.

@ By an estimate on u (cf. e.g., Delarue, 2003), for
t<t+6<Tog< T,

u(t + 6, Xers) — u(t, Xe)| < [5% | Xegs — xtya].
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Some Facts about “Canonical Weak Solution”:

We call the weak solution (Q2,.%,P;F, W, X, Y, Z) constructed via
“Four Step Scheme” the "Canonical Weak Solution”. Then,

e Y; = u(t,X;), where u is a viscosity solution of the
corresponding PDE.

@ By an estimate on u (cf. e.g., Delarue, 2003), for
t<t+6<Tog< T,

u(t + 6, Xers) — u(t, Xe)| < [5% | Xegs — xtya].

@ Hence
C t+6 2a
P o 2 < o P .
EfYers = Vi < (5o [5 +E] /t o(-)dW,s }
C
< 0™
- (T— To)a
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Consequently,

P t+4 ) P t+6 )
E / Zs|“dsy = E Y(;—Y+/ h(---)ds
t{ . |S| } t{| t+ t . ( ) |}
C

| ——— Y
- (T—To)o‘

Finally,

t+9 C
EF{\YH& - Yt|2} + EF{/ \Zs|2d5} < m(sa- (77)
t

The estimates (77) will be useful in the discussion of uniqueness! I
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Uniqueness of FBMP

Main Assumptions:

e m =1 and Markovian type

@ b, g, h, and g are bounded and uniformly continuous in
(x,y,2), and oo™ > cl, ¢ > 0. Thus WLOG may assume
b =0 (Girsanov).
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Uniqueness of FBMP

Main Assumptions:

e m =1 and Markovian type

@ b, g, h, and g are bounded and uniformly continuous in
(x,y,2), and oo™ > cl, ¢ > 0. Thus WLOG may assume
b = 0 (Girsanov).

Recall that a weak solution is a pair (P, Z), where P is a proba.
measure on the canonical space Q = C([0, T]; R”) x C([0, T]; R)

and Z € LZ([0, T] x Q;P), such that W; = / L, xe, yi)dxe,
0

t > 0 is a P-Brownian motion.

Definition of Uniqueness:

If (P, Z"), i = 1,2 are two weak solutions, then the processes
(x,y,Z%) and (x,y, Z?) have the same finite dimensional
distributions, under P! and IP?, respectively.
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K-Weak Solutions

Definition

Let K : [0, T] x Ry +— Ry be such that || K2dt < co. We say
that a pair (P,Z) is a “K-weak solution” at
(s,x,y) € [0, T] x R x R if the following hold:

o W; 2 fst o~ Y(r,x.,y,)dx, is a P-Brownian motion for t > s;
o P{xs =x,ys =y} =1,

o ye =y — [Fh(r,x.,y.)dr + [[ Z.dW,, t € [s, T], P-a.s;

o Plyr =g(x7)} =1,

° |Z:| < K: Vte(s, T), Pas.

Objective:
Show that the K-weak solution is unique!
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K-Weak Solutions

If o, h, g are Holder-a continuous, and u € C12 is the classical
solution to PDE

1
{ ur + EUXXUZ + h(t,x, u,uxc) =0; (78)
u(T, %) = g(x).

Then, recall that we have proved (MZZ-2005) that 3C > 0,
depending only on L, T, and «, such that

lue(£, )] < C(T = )75 Juwl(t,x)] < C(T =)7L,
Consequently, if we assume that Ky > C(T — t)o‘T_1 then the class

of K-weak solutions is nonempty, and it at least contains the
canonical weak solution!
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K-Weak Solutions

o Denote & = {(t, x, y) : 3K-weak solution at (t,x,y)}.
o Define & =cl{0}, and u(t, x) 2 inf{y : (t,x,y) € O};
fi(t.x) £ suply : (£.x,y) € O},

Important Facts

u (resp. @) is a viscosity super-solution (resp. sub-solution) of
(78). Consequently, if the Comparison Theorem (for viscosity
solutions) holds for the PDE (78). Then

@ u>u=— u=10=u. (le., Ois a singleton for each (t, x),
and u is the unique viscosity solution to (78).)

e For any K-weak solution (IP, Z), one shows that
(t,x¢,¥t) € O = y: = u(t,x¢) holds Vt, P-as., as well.
(Compare to the canonical weak solution!)
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Uniqueness of K-Weak Solutions

Let (P*, Z*) be any K-weak solution, we want to show that it is
“identical” to the canonical K-weak solution.

o dW; = o7 1(t, x¢, u(t, x¢))dxq.

e W*is a BM under P* = (W*,x) is a weak solution to a
forward SDE (!)

P* o (W*,x)~t =P%o (W9, x)~! (uniqueness of FMP)

since both P* and P° are K-weak solution, one has

y: = u(t,x¢), both P* and P%-as. (!)

P*o (W* x,y) 1 =P0o (WO, x,y)7 1,

P* = PP, and furthermore, P* o (y, W* )™t = P00 (y, WO )~?

o /* ~ z!
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Uniqueness of K-Weak Solutions

Let (P*, Z*) be any K-weak solution, we want to show that it is
“identical” to the canonical K-weak solution.

o dW; = o7 1(t, x¢, u(t, x¢))dxq.

e W*is a BM under P* = (W*,x) is a weak solution to a
forward SDE (!)

P* o (W*,x)~t =P%o (W9, x)~! (uniqueness of FMP)
since both P* and P° are K-weak solution, one has

y: = u(t,x¢), both P* and P%-as. (!)

e P*o (W*,x,y)_:l =P0o (Wo,x, y)_l,
o P* =P, and furthermore, P* o (y, W* )™ = P00 (y, WO)™?
o /* ~ z!

DONE!
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Some Observations:

1° For a weak solution (P, Z) and any § > 0, denoting P¥ to be
the r.c.p.d. of P{:|.%;:}(w), define

. (t+6)AT
KPZ(t,8,w) = EF {/ yzs|2ds}.
t
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Some Observations:

1° For a weak solution (P, Z) and any § > 0, denoting P¥ to be
the r.c.p.d. of P{:|.%;:}(w), define

. (t+0)AT
KPZ(t,0,w) = EP {/ yzs\zds}.
t

If g, o, and h are all Holder continuous, then for any § > 0, the
canonical weak solution (P°, z) satisfies:

o [(EHOAT
KP2(5w) = sup E77{ / z:Pds) < Co°,  Poas
te[0,T] t

Hence

lim E¥{(K®#(ta,1//n,-)} = 0. (79)

W
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2° Assume (H1) and (H2). Recall the estimate (77) for the
canonical weak solution:

t+0 C
EF’ —y,|? EPO/ 2gsl = 5o
S e P

Then, for any § > 0, n > 0, we have

w Céo«
P?’ {lyts —yel =2} < (

L 40 0
TR T k>(t,0,m), P -a.e.

Or, in line of (79):

. 0. (t+0)AT Cse
K" #(t,6,0) = EF {/ |z,]2dr} < m
t

ki(t, o), Pl-ae. w.
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k-Weak Solutions

Definition

We say that a pair (P, Z) is a “k-weak solution” (resp. k-weak
solution) at (s, x,y) € [0, T] x R x R if it is a weak solution (or
solution to the FBMP) such that the following hold:

@ Foranytels, T), >0, andn >0,

PY{lye — Yero)ntl = 0} < k(t,6,m),  P-ae we

@ (resp. Foranyt e [t, T) and o >0,

5 (t-+6)AT 5
EFé {/ ]Z,]Zdr} < k(t,0), P-a.s. w € Q.
t
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k-Weak Solutions

Remark:

Clearly, the “k-", and “k-solutions” are the modifications of the
"K-weak solution”, with k : [0, T) x (0, T) x (0,1) — R (resp.
k:[0,T)x (0, T)+— R;) now satisfying the following properties:

© k(t1,61,m) < k(t2,02,n), Vt1 < to, 61 < &2

o /;(tladl) S I;(t2552)) th S to, 51 S 52;

o lim k(t,d,n) = lim k(t,8) =0, ¥(t,n);

o k(t,0,n) > kO(t,8,m), Vt<t+d6<T;

o k(t,6) > ki(t,0)), Vt<t+d<T.

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 170/ 218



k-Weak Solutions

Remark:

Clearly, the “k-", and “k-solutions” are the modifications of the
"K-weak solution”, with k : [0, T) x (0, T) x (0,1) — R (resp.
k:[0,T)x (0, T)+— R;) now satisfying the following properties:

© k(t1,61,m) < k(t2,02,n), Vt1 < to, 61 < &2

o k(t1,01) < k(t2,82)) Vi1 < ta, 01 < 6;

o lim k(t,d,n) = lim k(t,8) =0, ¥(t,n);

o k(t,0,n) > kO(t,8,m), Vt<t+d6<T;

o k(t,6) > ki(t,0)), Vt<t+d<T.

Theorem (MZZ-2006)

Both k— and k—weak solutions are unique.
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Uniqueness of General Weak Solution

Two Possibilities:

@ Show that every weak solution is a k (k)-weak solution

@ Show that every weak solution can be “controlled” by a k
(k)-weak solution
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Uniqueness of General Weak Solution

Two Possibilities:
@ Show that every weak solution is a k (k)-weak solution

@ Show that every weak solution can be “controlled” by a k
(k)-weak solution

Example
Assume that the FBSDE is decoupled. (l.e., b = b(t, x),
o =o(t,x).) Let
o= {(t,x,y) : 3 a weak solution on [t, T] s.t. X; =x, Y:=y}.
Then, one can show that
e O(t,x) = {y: (t,x,y) e O} = [Xi’X,V:’X] is an interval;
e Vy € 0(t,x), 3 a k-weak solution (PP, Z) starting from
(t.x,y).
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e Fixa (Q,.#,P,X, W) (forward weak solution) starting from
(t,x), and find approximation f, | f (resp. f, | f) to obtain
solutions Y (resp. Y) (Lepeltier-San Martin);

@ By construction, both Y and Y are k-solutions.

o Show that all weak sol's from (¢, x, y) can be “controlled” by
(Y.Z) and (Y, 2).
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e Fixa (Q,.#,P,X, W) (forward weak solution) starting from
(t,x), and find approximation f, | f (resp. f, | f) to obtain
solutions Y (resp. Y) (Lepeltier-San Martin);

@ By construction, both Y and Y are k-solutions.

o Show that all weak sol's from (¢, x, y) can be “controlled” by
(Y.Z) and (Y, 2).

In general, one needs:

o Comparison Theorem for FBSDEs (only at t = 0!)
@ More knowledge on the PDE solutions
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Linear BSPDEs

o W= (Wl ..., Wd) — a d-dimensional Brownian motion.

o {F:} ={F"}.

o g:R"x Q+— R — arandom field such that for fixed x,
g(x,) is Zr-measurable.

Backward SPDE (linear version):

du(t,x) = —[ZLu+ #q+f](t,x)dt+ (q(t,x),dW;)
u(T,x) = g(x), 0<t<T, (80)

where, for ¢ € C? and v € C*,

(Lo)tx) = 3V (AE Vo) + {alt,x), Vi) el x)e
(AD)(Ex) = BtV + (e, X0,

and A, B, a, ¢, h and f are F-prog. measurable random fields.
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Main Assumptions

The BSPDE s called
e “Parabolic” if A— BBT >0, V(t,x), a.s.

@ “Super-parabolic:” if 36 > 0, A— BB > 61, a.e. (t,x), P-as.

@ "Degenerate Parabolic:" if it is “Parabolic” @
“3G C [0, T] x R", |G| > 0, such that det[A — BBT] =0,
V(t,x) € G, as.

@ satisfies the “"Symmetric Condition:" if
[B(0BT)] T = B(0x,BT), for a.e. (t,x), P-as., 1 <i<n.
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Main Assumptions

The BSPDE is called
e “Parabolic” if A— BBT >0, V(t,x), a.s.

@ “Super-parabolic:” if 36 > 0, A— BB > 61, a.e. (t,x), P-as.

@ "Degenerate Parabolic:” if it is "Parabolic” &
“3G C [0, T] x R", |G| > 0, such that det[A — BBT] =0,
V(t,x) € G, as.”

@ satisfies the “"Symmetric Condition:" if
[B(0BT)] T = B(0x,BT), for a.e. (t,x), P-as., 1 <i<n.

Assumptions (H),:

For fixed x, A, B, a, ¢, h and f are predictable; and g is
Fr-measurable. For fixed (t,w), they are differentiable in x up to
order m, and all the partial derivatives are bounded uniformly in
(t,w), by a constant K, > 0.

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 175/ 218



Definitions of Solutions

Let (u, ) be a pair of random fields satisfying (80) Vt, a.s.

@ (u,q) is called an adapted classical solution of (80) if

u € Cx([0, T]; L2(Q; C3(Bgr))),
{ - L?j(o’ : Cl(B_R; Rd))’R VR > 0,

e (u,q) is called an adapted strong solution of (80) if

uec Cﬂ‘([ov T], L2(Qv HZ(B )))7
{ q€L%(0,T; HI(BR?Rd))aR =0

e (u,q) is called an adapted weak solution of (80) if

u e Cx([0, T]; L3(Q; HY(BR))),
{ qel%(0,T; LQ(BR;Rd)),R R=0

such that for all ¢ € C§°(R") and all t € [0, T], it holds that
T
1
(u(e)0) ~ (&) = [ {5 (AVu,99) + (aVurtcurp)
t

5
- (Ba. Ve )+ ((h a)op) +(Fop) fos— [ (a.) W),
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Main Results

Denote

em 2 0— integer’ o = (a17a27 T ,O[n) - mU|ti—index,
AN

o la|=a1+az+ -+ ay 0% =092 9o

o If 8= (61,52, ,n) is another multi-index, then

Bla<+= B <a;V1I<i<n,
B <a<= f<a,and |5] < |a|.

Also, for given (u, g), denote
2

F(t,x;u,q,m) Z (A= BBT)V(0%u),V(0“u))
|| <m
+ > 10%q+ BTV(0%u) — hd®uf* > 0.
lo]<m
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Main Results

Suppose that A(t,x) = A(t), and (H), holds for some m > 1.
Then

e BSPDE (80) has a unique adapted weak solution (u, q).

@ the following estimate holds:

.
max_E|u(t, - 2m+]E/ t,)||%mordt
i Ju(t, )IIE ; lq(t, )Igm—

—HE/ F(t,x; u,q, m)dxdt
[0, T]xR4

2 2
= C{”f“Lg(o,T;Hm) + ||g||[_?gT(Q;Hm)}7

where C > 0 depends only on m, T and K.
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Main Results

Theorem

Assume Parabolic and symmetric conditions; and that (H), holds
for some m > 1, f € L%(0, T; H™(R")), g € L?@T(Q; H™(R")).
Then BSPDE (80) admits a unique weak solution (u, q), s.t.

2 2
té?;§]E||U(t, Wim + llallzzgo, ryxaspm-1) + 1 Fllcr(o, Tixrox0)

2 2
< C{’|f‘|Léz(07-,—;Hm) + Hg“Lf?T(Q;H"')}’

where the constant C > 0 only depends on m, T and K,, and

F = F(t,x;u,q,m)= Z { (A= BBT)V(0%u),V(0“u))

lo|<m
)

+(BT[V(aau)] + 8%

Jin Ma (University of Southern California)
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@ Take an orthonormal basis {¢x}k>1 C Cg°(IR") for the space
H™ = H™(R"), whose inner product is denoted by

(@me—/ Z(aa (0“¢)dx, Ve, e H™.

|a|<m
o Consider the following linear BSDE (not BSPDE):

dub(t) = { Z, 1 [(D?@:,Soj)mu i(t) = (A i, 07)m, " (1)) ]
. (f,0j)m bt + (g9 (t), dW(t)),
ukf(T) (&, ¢j)m: 1 <J < k.

@ Define _
{ uk(t, x,w) = zf Xy K(t,w)ps(x),
g (t,x,w) = S5 g9 (t,w)pi(x),

Then uk(t,-,w) € C§°(R"), gX(t,-,w) € C§°(R™; RY).
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o Prove the a priori estimates hold for (u¥, g¥)’s, and then
conclude that they are bounded in the space of L% x L2

@ Hence

uk — u, Weak*inL°°(OTL2( HY), 0<{<m,
gk — q, weaklylnL (OTHZ), 0</l<m-1,

and for any |a] < m,

(A— BBT)/2D(9*u¥) — (A — BBT)'/2D(9*v),
BT[D(0%u¥)] + 9*q* — BT[D(0“u)] + 8*q,
weakly in L2(0, T; HO).

e Taking limits to show that (u, g) satisfies the estimates, with
constant C > 0 depending only on T, m and K.

@ Argue that the convergence is strong and (u, q) is a weak
solution.
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@ The “"Symmetry Condition” holds in the following cases:

o B is symmetric (in this case, it is necessary that n = d);
d=n=1(Bis a scalar);

B is independent of x;

B(t,x) = ¢(t,x)Bo(t), where ¢ is a scalar random field.

@ In Theorem 2, if the symmetric condition on B is replaced by
either one of the following conditions: for some g9 > 0,

(i) A—BBT > ¢,BBT >0,
(i) A= BBT > &0 ,—1(0°B)(@*BT) >0,

Then the conclusion of Theorem 2 remains true. Furthermore,
if (i) holds, the function F in estimate (4) can be improved to

F(t,x;u,q,m) = Z (AV(0%u),V(0%u)) .

la<m
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Some Direct Consequences

@ m > 2 = "weak solution” becomes “strong solution”;
@ m > 2+ n/2 = "strong solution” becomes “classical sol.”;
@ ‘“superparabolic condition” = *

max E * 2m+E m + m dt

max Ellu(t. )| {H s+t ) o}

2 2
< C{”f||L2([O,T]><Q;Hm—1) + ||gHL2(Q;H'")}'

o " Coefficients are all deterministic’ = g = 0 and v satisfies

{ up=—-2Lu—f, (t,x) € [0, T] x R",
ul,_r =g
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Comparison Theorems

For given A > 0 and m > 1, we say that the BSPDE
{Z, M, f, g, \, m}is regular if the following conditions are
satisfied:

e Parabolicity condition (2) holds;
e (H)n, holds;
@ the “Symmetry Condition” holds for B,

e for p,(x) 2 e Mx) = e WIHKE it holds that
ox- f € L5(0,t;HT(R), ox-g € L% (2 H™(R")).

Since a regular BSPDE {.%, ., f,g, A\, m} must have at least a
unique adapted weak solution, we denote it by (u, q). If A, B, 3,
h, € is another set of coefficients that determines the operators .
and ., we denote the corresponding adapted solution of BSPDE

{Z, A, F.g. )\ m} by (3,9).
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Comparison Theorems

Assume that for some A\ > 0 and m > 2, the BSPDEs

(L, M, f, g, \,m} and {L, .M f,g,\, m} are both regular. Let
(u,q) and (4, q) be the corresponding adapted strong solutions,
respectively. Then for some p > 0,

IE/Rn A0 [1E, x) — (e, )] [P
< eu<T—t)]E/ ox()|lg(x) — ()] [P
Rn

i
+E / e / AL — PYals, x) + (A — A)a(s, x)

+f(s,x) — f(s,x)] \ dxds, Vte [0, T].
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Direct Consequences.

0o 'g>g (L -LVu+ (M - M)G+f—F>0"
]

)
N
g
I
A

>g > u>T
>

e “A B, 3, hand T are independent of x" @ “f and g are
convex in X" = U is convex in x.
e “A B, 3, h ¢, f, g are all deterministic’ @ “T convex in x”
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BSPDEs in Stochastic Evolution Equation Form

One can also consider a BSPDE as a BSDE in infinite dimensional
space. For example, consider

dYt — —BYtdt — ’l/)(t, Xt, Yt, Zt)dt + thWt, Yt = g(XT), (81)

where
@ W is a cylindrical Wiener process in a Hilbert space #/,

@ B is the infinitesimal generator of a strongly continuous
dissipative compact semigroup S(t) = €5t in a Hilbert space
J, and

@ X is a Markov process with infinite dimensional state space
. For example, X could be the solution to the stochastic

evolution equation:

dX; = AXedt + F(t, X;)dt + G(t, Xe)dW,, Xo =x. (82)
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BSPDEs in Stochastic Evolution Equation Form

There are differences between the BSPDE studied before and the
BSDE in infinite dimensional spaces!

Existing Results:
@ Hu-Peng (1991) — Semilinear Backward SEEs

e Pardoux-Rascanu (1999) — Backward stochastic Variational
Inequalities

@ Fuhrman-Tessitore (2002) — Nonlinear Kolmogorov equations
in infinite dimensional spaces

e Confortola (2006) — Dissipative BSDEs in infinite
dimensional spaces

@ Gurtteris — FBSDEs in infinite dimensional spaces
@ Hong-Ma-Zhang — FBSPDEs...

Jin Ma (University of Southern California) BSDEs in Financial Math Paris Aug. 2009 188/ 218



BSDEs in Financial Ma



Backward Doubly SDE (BDSDE)

The non-linear Feynman-Kac formula was extended to backward
SPDEs via the so-called BDSDE, first by Pardoux-Peng ('95).

Consider the following new probabilistic set-up:
o (', 7' ,P') — another complete probability space;
@ B — a (k-dim) Brownian motion;
° ﬂfT 2 0{Bs — B, t <s< T}V A’ where 4" denotes all
P'-null sets in .#’. Denote F& 2 {FEr}oceeT
0 Q0=0xQ;, F=FF:. P=PxP,;
° ?t:ﬂtw®ﬁfp for0<t<T.
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Backward Doubly SDE (BDSDE)

The non-linear Feynman-Kac formula was extended to backward
SPDEs via the so-called BDSDE, first by Pardoux-Peng ('95).

Consider the following new probabilistic set-up:
o (', 7' ,P') — another complete probability space;
@ B — a (k-dim) Brownian motion;

° ﬂBT—a{B Br, t<s< T}V A’ where 4" denotes all

A
P’-null sets in .#’. Denote F§ = {Z [/ }o<i<T.
Q=QxQ,; ?zﬁ@f’; P=PxP,
Fi=FV 2 7 tT, for0<t<T.

= A — . . . . . .
F = {Z+}o<t<T is neither increasing nor decreasing, therefore it is
NOT a filtration!
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Backward Doubly SDE (BDSDE)

o Rv. &(w), weQorn(w), w € Q is viewed as r.v. in Q by

(@) =Ew): 1@ =n), @2 (W)

o Let .#?(F, [0, T];R") be the set of n-dim measurable
processes h = {h;, t € [0, T]} satisfying

.
E{/ |ht|2dt} < o0; and he € Fy, foraet € [0, T.
0

e For He .#*(F,[0, T|;R") and j = 1,--- , k, we denote
fst H,|dB! to be the backward stoch. integral against B/.

The “backward integral” can be understood as a Skorohod
integral. But if H is FB-adapted, then it is a “time-reversed”
standard [t6 integral from t to s, adapted to FB!
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Backward Doubly SDE (BDSDE)

Consider now the following FBSDE: for (t, x) € [0, T] x R", and
set, T]

Xi(x) = X-l—/tS b(Xrt(X))dr-I-/tSa(X,t(X))dW,, (83)
T
Yi(x) = UO(X?(X))JF/S F(r, X7 (x), Y7 (x), Z7 (x))dr

!
T / (g(r, XE(x), Vi (x), ZE (), LdB,)  (84)

—/ST<Z:(x),dvvr>,

where wug is a deterministic function. This is the so-called backward
doubly SDE proposed by Pardoux-Peng in 1995.
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Well-posedness of BDSDE

Theorem (Pardoux-Peng)
Under the standard assumptions on the coefficients, for each
(t,x) € [0, T] x R" the BDSDE (83) has a unique solution
(Xt(x), Yt(x), Zt(x)) such that
o Ja € (0,3), Vt >0, (s,x) — XI(x) is locally Hélder-C/2;
e Vg >2, 3IM,; >0, s.t. for t € [0, T] and x,x" € R",
E{ sup | XE(x) — x| } < Mg(s — t)(1 + |x]9),

t<r<s

B{[ swp 2P+ [ 1200Ps)"*} < o + )

t<s<T

E{ sup |(XF(x) = XF(x)) = (x = x)|7} < Mq(s — )(Ix — X/

t<r<s

o Yi(x) = YI(X!(x)), ZLH(x) = ZL(X[(x)), a.e. s€[0,1], as.; )
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BDSDEs vs. BSPDEs
We note that, unlike the single BSDE case, if we define

u(t,x) 2 Yi(x),  (t,x) €0, T] x R,

then by the Blumenthal 0 — 1 law, this is a random field on the

probability space (', %', '), and for each x € R", the mapping
t — u(t,x) is .Z-measurable. Namely, with a time-reversal, this
is a progressively measurable random field w.r.t. the filtration F&.
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BDSDEs vs. BSPDEs

We note that, unlike the single BSDE case, if we define

u(t,x) 2 Yi(x),  (t,x) €0, T] x R,

then by the Blumenthal 0 — 1 law, this is a random field on the
probability space (', %', '), and for each x € R", the mapping
t — u(t,x) is .Z-measurable. Namely, with a time-reversal, this
is a progressively measurable random field w.r.t. the filtration F&.

With the help of Malliavin Calculus, it was first argued in
Pardoux-Peng ('94) that, if the coefficients are smooth enough,
then the sol. (X*(x), Y!(x), Z*(x)) has the following regularity:
o sup;<s< T{IXS()| + [V XE(x)] + [DEXE(X)[} € Mp=1 LP(R)
o (s,t,x) — Y{(x) belongs to C%%2([0, T]?> x R");
o (s,t,x)+— Zi(x) belongs to C([0, T]?> x R"), and

Zi(x) = VY{(x)(VX{ () To(Xi(x)) = Z{(x) = ux(t, x)o(x).
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BDSDEs vs. BSPDEs

Theorem (Pardoux-Peng, '94)

Assume that the coefficients of BDSDE (83) are smooth, and let
(Xt(x), Yt(x), Z(x)) be the unique solution to (83). Then

u(t, x) 2 Y} (x) is the unique classical solution to the (backward)
SPDE on the space (', 7', P/, FB):

du(t,x) = —{ u(t,x) + f(t,x, u(t,x),c*(x)Vu(t, x)) } dt
+ (&(t,x, u(t, x), o"(x)Vu(t, x)),|dBt ),
u(T,x) = uo(x), (85)

where o7 is the second order differential operator:

Z me X)0je(x)0% + D bi(x) D
i=1

1,1181
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BDSDEs vs. BSPDEs

Remark

A more interesting connection between the BDSDEs and SPDEs is
when the coefficients are NOT smooth. In light of the non-linear
Feynman-Kac formula, one would expect that in such a case the
random field u(t,x) = Y{(x) should give the “Stochastic Viscosity
Solution” to the BSPDE (85). This was done in Buckdahn-Ma
(2001-2002).
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BSPDEs and FBSDEs

Consider the following FBSDE with random coefficients: for
te0,T],

ClXt = b(t Xt)dt+ U(t Xt)th,
dY; = —[bl(t Xe)Y: + bz(t Xt)Zi|dt — Z:dW, (86)
Xo = X, YT = g(XT)

where b, by, by, and & are all random fields.
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BSPDEs and FBSDEs

Consider the following FBSDE with random coefficients: for
te0,T],

dXt = b(t Xt)dt+ U(t Xt)th,
dY; = —[bl(t Xe)Y: + bz(t Xt)Zi|dt — Z:dW, (86)
Xo = X, YT = g(XT)

where b, by, by, and & are all random fields.

Objective

e Find square-integrable processes (X, Y, Z) such that they are
adapted to {.%#;}, and satisfies (86) almost surely.

@ Determine, if possible, the relations among X, Y, and Z.
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BSPDEs and FBSDEs

Assume sufficient regularity of the coefficients b, o, /51, 2;2, and g.
In light of “Four Step Scheme” we first solve BSPDE (1) with

A(t,x) = o%(t,x), a(t,x):b(t,x)—i—a(t,x)gz(t,)i),
c(t,x) = bi(t,x), B(t,x)=o(t,x), h(t,x)=—bo(t,x).

and denote its adapted (classical) solution by (u, g). Then, let X
be the solution to the forward SDE in (86), and define

Yt = U(t, Xt7 )r Zt = q(t7Xta ) + U(ta Xt) ')vu(t7 Xt7 ')a

Using |t6-Ventzell Formula, one shows that (X, Y, Z) solves (86)!
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BSPDEs and FBSDEs

Assume sufficient regularity of the coefficients b, o, Bl, /52, and g.
In light of “Four Step Scheme” we first solve BSPDE (1) with

A(t,x) = o%(t,x), a(t,x):b(t,x)—i—a(t,x)gz(t,)i),
c(t,x) = bi(t,x), B(t,x)=o(t,x), h(t,x)=—bo(t,x).

and denote its adapted (classical) solution by (u, g). Then, let X
be the solution to the forward SDE in (86), and define

Yt = U(t, Xt7 )r Zt = q(t7Xta ) + U(ta Xt7 ')vu(t7 Xt7 ')a

Using |t6-Ventzell Formula, one shows that (X, Y, Z) solves (86)!

In this case A(t,x) — BBT(t,x) = oo (t,x) — oo (t,x)=0, and
B(t,x) # 0 (i.e., .4 is unbounded)!
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BSPDEs and FBSDEs

Recall that
o D:L2(Q)+ L2([0, T] x Q) — the Malliavin derivation
operator,

o D, p> 2 — the set of all £ € L2(Q) such that

1€ll1,p = lIllr@) + D&l 210, 1) I Lr () < o0-

Under suitable technical conditions, the solutions (X, Y, Z) to
FBSDE and (u, g) to BSPDE satisfy the following relations:

o the process u(-,X.,) € Dy ;

@ Diu(t,Xt,) = D:Y: = Zr = q(t, Xt, ) + o(t, - )Vu(t, Xz, -);

o q(t,Xe, ) = [Deu](t, Xe,-), t € [0, T], -a.s. , where
[Deu](t, Xe(w), w) 2 Drut, x,w))|

x=X¢(w)"
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@ The theorem regarding BSPDE and FBSDE can be thought of
as a Stochastic Feynman-Kac Formula.

@ An immediate application in Finance would be the Stochastic
Black-Scholes Formula (Ma-Yong, book)

@ The Comparison Theorem could be used to prove the
Convexity of the European Contingent Claims and the
Robustness of Black-Scholes Formula, along the lines of El
Karoui-Jeanblanc-Shreve (1999)

@ The well-posedness of BSPDEs with similar type (or
Stochastic Feynman-Kac formula) was extended to semilinear
case (Hu-Ma-Yong, 2004)

@ Quasilinear case (or fully coupled FBSDEs) is still not known
so far.
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General Quasi-linear/Random Coefficient Cases

Consider the following FBSDE with possibly random coefficients:

( t t
Xe = x —i—/ b(s, Xs, Ys)ds +/ o(s, Xs, Ys)dW;
o o (57)
Y: = g(X7) +/ (s, Xs, Ys, Zs)ds — / ZsdW.
\ t t
In the decoupled case, the FBSDE becomes
¢ t t
Xe=x+ / b(s, Xs)ds + / o(s, Xs)dWs;
o : (58)
Y: = g(X7) -I—/ f(s,Xs, Ys, Zs)ds — / ZsdWs.
0 t t
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General Quasi-linear/Random Coefficient Cases

Consider the following FBSDE with possibly random coefficients:

(

t t
Xe = x —i—/ b(s, Xs, Ys)ds +/ o(s, Xs, Ys)dWs;
e o (57)
Y: = g(X7) +/ (s, Xs, Ys, Zs)ds — / ZsdWs.
\ t t
In the decoupled case, the FBSDE becomes
t t
Xe=x+ / b(s, Xs)ds + / o(s, Xs)dWs;
o : (88)
Y: = g(X7) -l—/ f(s,Xs, Ys, Zs)ds — / ZsdWs.
\ t t

Definition

We say that FBSDE (87) is well-posed if it has a unique solution
for any initial value (t,x) and |V,0| < C, where 6(t, x) is the
random field determined by Y; = 6(t, X;).
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Random Coefficient Cases

Assume the random field 8 is smooth and takes the following form:
do(t, x) = a(t, x)dt + [(t, x)dW,.
Applying 1t6-Ventzell formula we get
dO(t, X:) = [o + 0b + %mﬂ 1 Beoldt + [8 + Oxo]dW.
Then formally we should have
Ye =0(t, Xt), Zr=B(t,Xe) + 0x(t, Xe)o(t, Xz, 0(t, Xt)), (89)
and

1
o+ 9Xb+ 50)@(0’2 + ﬁxa— + f(707/8 + HXU('70)) = 0
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Random Coefficient Cases

Thus we may consider the following “decoupling” BSPDE

{ do(t,x) = —[%@ng + Bxo + b+ fldt+ BdWe gy
0(T, x) = g(x)-

Corresponding to the well-posedness of the FBSDE, we should have

Definition
We say that 6 is a weak solution to (90) if 6 is bounded and there
exists 3 in L? such that, for any "good” function ¢ on R, it holds:

d /]R 0(t, x)p(x)dx = /R[%QX(OQQO)X + B(op)x — Oxby + fldxdt

+ /R Bp(x)dxdW;. (91)

.
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A Conjecture

Theorem (Ma-Zhang, 2009)

Assume that b, o, f, g are uniformly Lipschitz continuous in
(x,y,z), and b, o are bounded. Then

(i) If (90) has a weak solution, then FBSDE (73) has a solution
defined by (89).

(i) FBSDE (73) is wellposed if and only if (90) has a unique weak
solution.

(iii) (90) has at most one weak solution.

In particular, if the FBSDE is decoupled, then the corresponding
BSPDE (90) has a unique weak solution and (89) holds.
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The Decoupled Case

Note that in this case (88) is always wellposed. And if b,o,f, g are
smooth enough, then (90) has a unique classical solution and (89)
holds.

Lemma

Assume 6 is a classical solution to (90). Then for any good
Px (X) | ’ Pxx (X)

_ ¢(x) o(x
constant C, depending only on K, and the bounds of the

coefficients, such that

.. . A .
positive ¢ with K, = sup [[ |] < 00, there exists a
X

IE{SLtIp/R\HZ(t,x)]ch(x)dx—i-/OT/R’[ﬂ + 0,0)(t, X) Po(x)axt |

< C¢E{/]R|g(x)|2g0(x)dx+/OT/R|f(t,x,0,0)|2<p(x)dxdt}.
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Comparison Theorems

Consider the following FBSDEs, with @' = (X', Y/, Z/), i = 1,2:
t

t
X[ =x-+ [ bl (Wi @Dds + [ ols, (W)X Y)W
. 0. . 0 . . .
Yi =g (W), X5) + [, s, (W), ©0)ds — [, Zidw;

Assume that

(92)

(i) b,o,fy, g are uniformly Lipschitz continuous in (x,y, z);
(i) FBSDE(92)-2 is wellposeded, and Y}? o o(t, (W?):, X3?),
where 0 is uniformly Lipschitz continuous in x;
(iv) (92)-1 has a weak solution;

(V) At (W), ) < h(t, (W)t €) and g1((w) T, x) < g2((w) T, x),
for any w € C[0, T] and any £ = (x,y, z).

Then we have Y& < 0(t, (W), X2). In particular, Y3 < Y.
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Fully Nonlinear PDEs and 2BSDEs

Consider the following fully nonlinear parabolic PDE:
us + H(t, x, u, Du, D*u) = 0, u(T,x)=g(x) (93)

Finding numerical method for such a PDE is rather challenging,
especially in higher dimensional case.
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Fully Nonlinear PDEs and 2BSDEs

Consider the following fully nonlinear parabolic PDE:
us + H(t, x, u, Du, D*u) = 0, u(T,x)=g(x) (93)

Finding numerical method for such a PDE is rather challenging,
especially in higher dimensional case.

A Feynman-Kac Formula (Cheridito-Soner-Touzi-Victoir, '06)

o Let Xy = x + W, and let u be a (smooth) solution to (93).
@ Define Yt = U(t,Xt), Zt = DU(t,Xt), rt = DZU(t, Xt),
A¢ = [Du; + D3u](t, X;). Then, applying It5, one has

1
dY: = du(t,X;) = [us + 5D2u](t, X;)dt + Du(t, X;)dW;

1
dZ; = [Du; + §D3u](t,Xt)dt+ D2u(t, X;)dW; (94)
= Atdt T rtth.
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Fully Nonlinear PDEs and 2BSDEs

Note that if we use the Stratonovic integral:

1 1

Zyo dWe = Z,dW, + 5d ( Ze, We) = ZedW, + §D2u(t,Xt)dt,

it would be more convenient to write
1
§D2u(t, X¢)dt + Z,dW; = Z; o dW,,

and thus (94) becomes

Yt

T T
g(X71)+ / H(s, Xs, u, Du, D?*u)ds — / Zs o dW;
t t

The BSDE (95) is called the Second Order BSDE or simply
2BSDE.
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Fully Nonlinear PDEs and 2BSDEs

To this point the 2BSDEs in which v — H(t, x,y,z,7) is convex
have found most applications. In particular when H can be written
as the following Fenchel-Legendre transform:

1
H(t,x,y,z,7) = sup {Za*y+ f(t,x,y,a)},
<a<z 2

a<a<
the 2BSDE seem to have the potential of becoming a powerful
new tool. The subjects where 2BSDEs seem to be useful include:
@ Super-hedging problems under liquidity risk
o G-expectations, G-Martingale Representations, and G-BSDEs
@ Dynamic Risks under volatility uncertainty
@ Stochastic optimization under volatility uncertainty
°

Dual formulation of second order target problems
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Fully Nonlinear PDEs and 2BSDEs

To this point the 2BSDEs in which v — H(t, x,y,z,7) is convex
have found most applications. In particular when H can be written
as the following Fenchel-Legendre transform:

1
H(t,x,y,z,7) = sup {Za*y+ f(t,x,y,a)},
<a<z 2

a<a<
the 2BSDE seem to have the potential of becoming a powerful
new tool. The subjects where 2BSDEs seem to be useful include:
@ Super-hedging problems under liquidity risk
o G-expectations, G-Martingale Representations, and G-BSDEs
@ Dynamic Risks under volatility uncertainty
@ Stochastic optimization under volatility uncertainty
@ Dual formulation of second order target problems
°

Ask Touzi for more ...
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