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Theorem (Main Theorem)

Let S be locally bounded process. TFAE:
m S satisfies NFLVRLI.

m S is a semimartingale.
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Sketch of Proof

m Assume Sp =0, T =1.
m Being a semimartingale is a local property, hence assume S is
bounded. WLOG, S < 1.

» Consider D, = {0, 2%,, ce %, 1} and S” sampled on D,,.
m Apply discrete Doob-Meyer to obtain S” = M" + A", where
(M~ )J?;o is a martingale and (A”, )J?;o is predictable.
3n 3n
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Sketch of Proof Continued...

Assume NFLVRLI. For e > 0, there exist a constant C > 0 and a
sequence of {2,, }2" 1 U{oo}-valued stopping times (0,)7°, such
that P(on < 00) < € and

2"(ppA1)
TV(AMen) = ’A"- A <, 1
(A™") ; L= AL (1)
1M 122y = Mg, nallZ2(q <C. 2)
Idea:
Hf = 221 151 1 Tnl%n( ) = ||Mn9"||L2(Q)<(H"‘5)T-
H = ZF S|gn(A” — 7 )]l -1 % )= TV(A") < (H"-S)T.

2n
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We want to pass to the limits
®m o, — 0 and
m A" — Aand M" — M on [0, g].

m S=A+ Mon [0,p]. Since € was arbitrary, S is a
semimartingale.

Lemma (Komlos L2-version)

Let (f,)n>1 be a sequence of measurable functions on a probability
space (2, F,P) such that sup,~1 ||fa]|]2 < co. Then, there exist
functions g, € conv(fn, foi1,. .._) such that (g,)n>1 converges
almost surely and in |[|.||;2(q)-

m RT =1jo,, — Rr using Komlos.
m Rt is a good enough substitute for g.
m Using Komlos again, A” — A and M" — M on [0, g].



