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0. Introduction

e Large deviations theory: asymptotic estimates of probabilities of rare
events A°® < random processes X°¢

P[A®] = C- exp(—g) = exp(—g—l—o(l/e))

for some I > 0, and (C¢) sequence converging at a subexponential rate, i.e.
elnCs: — 0, as € goes to zero;

I is the leading order term on logarithm scale in large deviations: rate function

C: is the correction term.



e Large deviations results < change of probability measures under which the
event A% (rare under P) is non longer rare under P,

e [ypically, the Radon-Nikodym % has an exponential form

e One needs to determine the dominant contribution to the exponent (when
e is small)



e Large deviations results < change of probability measures under which the
event A€ (rare under P) is non longer rare under P€.

e [ypically, the Radon-Nikodym % has an exponential form

e One needs to determine the dominant contribution to the exponent (when
e is small)

» Change of probability measures useful in simulating rare events

o If po = P[AF] is small, then sampling according to P is unlikely to produce
A® — high relative error in estimating pe

e Quick simulation samples according to P¢, which gives more weight to the
rare but important outcomes of A¢: importance sampling method



e Large deviation rate function <« entropy.
Illustration through an elementary example:
Throw a (fair) dice n times and set f;: the frequency of number i =1,...,6

Denote by pn(f): the probability that the numbers 1,...,6 appear with fre-
quencies f = (f1 =ni1/n,..., fe = ng/n) in the n throws of dices:

1 n!

6”%1! . ..n6!

pn(f) =



e Large deviation rate function <« entropy.
Illustration through an elementary example:
Throw a (fair) dice n times and set f;: the frequency of number i =1,...,6

Denote by pn(f): the probability that the numbers 1,...,6 appear with fre-

quencies f = (f1 =ni1/n,..., fe = ng/n) in the n throws of dices:
1 n!
Pilf) = Gungl. ngl

Using Stirling formula: k! ~ kke—k\/27k, we get when n is large:

inpa(f) = —~1(f) = - AL

=1 6
I(f) > 0 is the relative entropy of the a posteriori probability f = (f;) with
respect to the a priori probability r = (%).



e Hence pn(f) = exp(—nI(f) + o(n))

» This means that when n is large, pn(f) is concentrated where I(f) is
minimal.



e Hence pn(f) = exp(—nI(f) + o(n))

» This means that when n is large, pn(f) is concentrated where I(f) is
minimal.

» The minimizing point is attained for f* = (1/6,...,1/6), and I(f*) = O
this is the ordinary law of large numbers!

» For f = f*, I(f) > 0O, and pn(f) tends to zero exponentially small!

» These ideas, concepts and computations in large deviations (concentration
phenomenon, entropy functional minimization, etc ...) still hold in general
random contexts, including diffusion processes,

— but need more sophisticated mathematical treatments.
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1. Laplace transform and exponential change of measures

Let X be a real-valued random variable on (2, F,P) with probability distribu-
tion u(dx).

The logarithm Laplace (or moment generating) function of X is:

r) = InE[?X] = |n/e%(dx) € (—o00, 0], 6 €R.

e [(0) = 0, I convex (Holder inequality).

e Forany 8 e D(I') = {8 eR: T (0) < x}, we define a probability measure pug
on R by:

po(dz) = exp(Oz —I(0))u(dr).
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o Let Xq,..., X, i.i.d. ~ u, and consider the probability measure Py on (€2, F):

dPy o dpg R
—(X1,...,Xn) = ] ——(X;) = exp (9 > Xz-—nl_(H)).
ap =1 O i=1

<— (Bayes formula)

Ef(Xl,...,Xn)] — Eglf(xl,...,xn)exp(—eéxmwrw))],

e For any 6 in the interior of D(IN):
Eg[X] = T7(0), Varg[X] = "(6).
In particular if 0 € int(D(IN)), then E[X] = I"(0), Var[X] = '"(0).
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Examples

Bernoulli distribution: let © ~ B(p). Then

pe?

1 —p—+ pe?

r@) = In(1—p+pe?), and pg~ Blpg), pop =

Poisson distribution: let © ~ P(\). Then
r) = Me?—1), and py~ Pre?)

Normal distribution: let u ~ N(0,02). Then
@2 2
r(0) = TU, and M@MN(QOQ,O'Q)

Exponential distribution: let u ~ £(\). Then

n(x25), 0<X and pg~ EA—0)
00, 0> A\

) = {
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2. Cramer’s theorem

Large deviations of level 1: concern random variables valued in a finite-
dimensional space.

Let (X;) be an i.i.d. sequence of real random variables with probability dis-
tribution p and finite mean z = E[X1] = [zu(dr) < oo, and consider the
empirical mean:
_ S
Sn —_ —n

n

n
1=1

» By the law of large numbers, S, converges in probability to Z.

» Cramer’'s theorem focus on the asymptotics for probabilities of rare events,
e.g. P[S, > x], for x > z, and states that

1 _
—InP[Sp, >x2] — —v < 0.
n
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The rate of convergence is determined by the Fenchel-Legendre transform
of the Log-Laplace function I of Xj:

*(x) = su

P {9:13 — I_(H)} € [0,00], x€R.
0cR

» [ is convex, *(z) = 0, M(z) = supg>o [93; — I’(H)], for x > x, and so I'*
iSs nondecreasing on [, 00)

» Given z € R, if 8 = 0(x) is solution to the saddle-point equation: =z = "(60),
then M (x) = 6z — (), and

EglX;] = =

15



Cramer’s theorem. For any x > x, we have

1 _
lim —|n1P>[Sn2x] = —IM(z) = —inf IM(y).
y>x

n—oo n
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Cramer’s theorem. For any x > x, we have

lim llnp[gnzx] = —IM(z) = —inf IM(y).

Proof (Sketch). Upper bound. The main step in the upper bound < is
based on Chebichev inequality combined with the i.i.d. assumption on the

< E[ee(sn_nx)} = exp (nI_(Q) — 9n:c>, vo > 0.

17



Cramer’s theorem. For any x > x, we have

lim llnp[gnzx] = —IM(z) = —inf IM(y).

Proof (Sketch). Upper bound. The main step in the upper bound < is
based on Chebichev inequality combined with the i.i.d. assumption on the
X?l .

P|S, >3] = E| | < E[!Enm)] = exp (nl(0) — Onz), VO > 0.

1%>x
By taking the infimum over 8 > 0, and by definition of *, we get
P[Sn > x| < exp(—nl*(2)),

and we conclude by taking logarithm.
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Lower bound. For simplicity, assume that there exists a solution 8 = 6(z) >
0 to the saddle-point equation: (0) = =z, i.e. attaining the supremum in
*(x) = 0(x)x—T(0(x)). The key step is now to introduce the new probability
distribution py and Py the corresponding probability measure on (€2, F) with

likelihood ratio:

dPy o dpg ( )
— = || —(X;) = exp(0S, —nl(0) ),
dP ] d/,L( z) P n n ( )

so that Ey[X;] = = (the event {S, > z} is no longer rare under Py).
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Lower bound. For simplicity, assume that there exists a solution 8 = 6(xz) >
0 to the saddle-point equation: (0) = =z, i.e. attaining the supremum in
*(x) = 0(x)x—T(0(x)). The key step is now to introduce the new probability
distribution py and Py the corresponding probability measure on (€2, F) with
likelihood ratio:

dPy o dpg ( )
o — 11 X)) = exp (6S, —nl(0)),
dP il;ll d,u< z) P n— "N ()

so that Ey[X;] = = (the event {S,, > z} is no longer rare under Py). Then,
we have for all € > O:

—Nn\vxr— T)LS(TL
= e 0z=T )R, [exp ( - ”‘9(; B 5’3)) 1%6[91:,9:4-8)]

> e—n(é’:c—r(e))e—n‘mqp@ [gn € |z, z+ 8)] ,
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Taking logarithm:
1 _ 1 _
—InIP’[SnE [x,a:—l—s)] > —[«9:1:—F(0)]—|9|8—|——InIP>9[SnE [x,x—l—e)]
n n

1 _
= —I"(z)—10le+ —InPy [Sn € [z, z+ 6)]
n
Now, since Ey[X;] =z, we have: IimnPQIS’n « [a:,:v—l—s)] = 1/2 (> 0). Thus,

o1 _ o1 _
I%nLloréfﬁlnP[San] > &!L%I%nyoréfglnplsne [a:,x—l—z—:)]

> [ (z).
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Examples

Bernoulli distribution: let X; ~ B(p). Then

M (z) = x|n(§)+(1—x)|n(1_‘”

Poisson distribution: let X; ~ P(\). Then

() = xIn (;) +AX—x, for x>0, and oo otherwise.

Normal distribution: let X, ~» A (0,02). Then

72

o

Exponential distribution: let X; ~ £()\). Then

*(z) = M —1—-In(Az) for >0 and oo otherwise.

) for x € [0,1] and oo otherwise.
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Remark 1.

Cramer’s theorem possesses a multivariate counterpart dealing with the large
deviations of the empirical means of i.i.d. random vectors in RY.

Remark 2.

The independence of the random variables X, in the large deviations result
for the empirical mean S,, = Z?Zl X;/n can be relaxed with the Gartner-Ellis
theorem, once we get the existence of the limit:
1 —
r() = lim ~InEle"|, 0eRr?

n—oo n
The rate of convergence of the large deviation principle is then given by the

Fenchel-Legendre transform of [:

(z) = supl.x—T(0)], zecR%
OcRd

under the condition that I is steep, i.e. I'(6,) — oo for any sequence (6)
converging to a boundary point of the domain of I' (this ensures the existence
of a saddle-point for any z € R%).
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Remark 3: Relation with importance sampling

Fix n and let us consider the estimation of p, = P[S, > z]. A standard
estimator for p, is the average with N independent copies of X = 1§n>x >

standard deviation  /pn(1 — pn)

mean  ppV/N
Since py is extremely small, we see that a large sample size N is required for
the estimator to achieve a reasonable relative error bound.

relative error =

24



Remark 3: Relation with importance sampling

Fix n and let us consider the estimation of p, = P[S, > z]. A standard
estimator for p, is the average with N independent copies of X = 15 . —

standard deviation  /pn(1 — pn)

mean pnV N

Since py is extremely small, we see that a large sample size N is required for
the estimator to achieve a reasonable relative error bound.

relative error =

» By using an exponential change of measure Py with likelihood ratio
dPg

o = exp (HSn—nI_(G)),

sO that

we have an importance sampling (IS) (unbiased) estimator of p,, by taking
the average of independent replications (under Py) of

exp (= 0Sn 4+ nl(0))1g, >,

25



The parameter 6 is chosen in order to minimize the variance of this esti-
mator, or equivalently its second moment:

MZ2(8, x)

Eg[exp (— 205y + 201 (6))1 gnzgc]
< exp ( — 2n(0x — r(e)))

26



The parameter 6 is chosen in order to minimize the variance of this esti-
mator, or equivalently its second moment:

MZ2(8, x)

Eg[exp (— 205y + 201 (9)) 1§n2x]
< exp ( — 2n(0x — r(e))) (1)

By noting from Cauchy-Schwarz’'s inequality that M2(0,z) > p2 = P[S, > «]
~ Ce 27" (2) 35 n goes to infinity, from Cramer’s theorem, we see that the
fastest possible exponential rate of decay of M,,%(Q,x) is twice the rate of the
probability itself, i.e. 2I'*(x). Hence, from (1), and with the choice of 6 =
O(x) s.t. M (x) = 6(x)x—T(6(x)), we get an asymptotic optimal IS estimator
in the sense that :

.1 > 1
nl;mooglnMn(em,a:) — 2n|l_>mooﬁ|ﬂpn.

This parameter 6(x) is such that Ee(w)[S’n] — z SO that the event {S,, > z} is
NO More rare under Pe(a;)' and is precisely the parameter used in the derivation
of the large deviations result in Cramer’s theorem.
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3. Large deviations and Laplace principles
General definition of a large deviation principle (LDP)
Consider a sequence {X¢}: on (L2, F,P) valued in some topological space X.

The LDP characterizes the limiting behaviour as ¢ — 0 of the family of
probability measures {P[X°€ € dz]}s on X in terms of a rate function.

A rate function I is a lower semicontinuous function mapping I : X — [0, oc]
such that the level sets {r e X : I(x) < M} are compact for all M < ~c.

28



The sequence {X¢}. satisfies a LDP on X with rate function I (and speed ¢)
if :

(i) Upper bound : for any closed subset F' of X

limsupeInP[X® € F] < —inf I(x).
e—0 rEF

(ii) Lower bound : for any open subset G of X
liminfeInP[X®* €G] > — inf I(x).
e—0 xeG
If F'is a subset of &' s.t. infycpoI(x) = inf 5 I(x) ;= I, then

imeInP[X® e F] = —Ip,

e—0

which means that P[X¢ € F] = exp ( — I?F + 0(1/6)). The classical Cramer’s
theorem considered the case of the empirical mean X¢ = S, /n of i.i.d. random
variables in R%, with ¢ = 1/n.

29



Transformation of LDP by contraction principle
The LDP is preserved under continuous mappings.

Suppose that {X¢}. satisfies a LDP on X with rate function I, and let f be
a continuous mapping from X to ).

Then {f(X°¢)}c satisfies a LDP on Y with rate function:

J(y) = inf{I(z):x€ X,y= f(x)}.

Remark

If f is a continuous bijection, then J(.) = I(f~1(.)).

30



Laplace method gives an equivalent formulation of LDP, relying on Vara-
dhan’s formula.

Theorem (Varadhan)

Suppose that {X¢}. satisfies a LDP on X with good rate function I. Then,
{X¢}¢ satisfies the Laplace principle: for any bounded continuous function
o . X — R, we have
lim e1In E[ew(Xg)/ﬂ = sup [90(33) — f(:v)}-
X

e—0 T E

Remark. This can be viewed as a stochastic extension of the (deterministic)
Laplace integral’s formula:

1
lim sln/ e?@)/eqr = sup o(x).
e—0 0 x€[0,1]
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Laplace method gives an equivalent formulation of LDP, relying on Vara-
dhan’s formula.

Theorem (Varadhan)

Suppose that {X¢}. satisfies a LDP on X with good rate function I. Then,
{X¢}¢ satisfies the Laplace principle: for any bounded continuous function
¢ . X — R, we have

lim = InE[e#(X/¢] = sup o(a) — I(2)].

Interpretation. By writing formally the LDP for (X¢) with rate function I
as P[X°¢ € dx] ~ e~ 1(z)/edr we can write

E[er(X/e] = / eP@/EPIXE € dp] ~ / S(p(@)—1(x)) /e g,

supzex(p(z) — 1 (w)))
. :
As in Laplace’'s method for integrals, Varadhan's formula states that to ex-
ponential order, the main contribution to the integral is due to the largest
value of the exponent.

~ C’exp<
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T heorem

The Laplace principle implies the large deviation principle with the same good
rate function. More precisely, if I is rate function on X and the limit

(@) — ()]

is valid for all bounded continuous functions ¢, then (X¢) satisfies a LDP on
X with rate function I.

lim elnE[e%f’(X€>/ﬂ = sup
e—0 reX

33



T heorem

The Laplace principle implies the large deviation principle with the same good
rate function. More precisely, if I is rate function on X and the limit

(@) — ()]

is valid for all bounded continuous functions ¢, then (X¢) satisfies a LDP on
X with rate function I.

lim elnE[e%f’(X€>/ﬂ = sup
e—0 reX

Formal proof. Given F' C X, consider: ¥(xz) = 0 if x € F, and oo otherwise.

eINP[X® € F] = elnElexp(—y(X*®)/e)]
— sup[—y(z) — I(x)] = — inf I(x).
reX xeF
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4. Relative entropy and Donsker-VVaradhan formula

We are given a topological space S, and we denote by P(S) the set of prob-
ability measures on S equipped with its Borel o field.

For v € P(S), the relative entropy R(.|v) is a mapping from P(S) into R,
defined by

d d d .
R(uly) = fs('”d—ﬁ)du = fgd—ZL(lﬂd—ﬁ)du, if < v
o0, otherwise

By observing that slns > s— 1 with equality if and only if s = 1, we see that
R(ulv) > 0, and R(u|lv) = 0 if and only if y = v.

35



Proposition (Log-Laplace and relative entropy)

Let ¢ be a bounded measurable function on S, i.e. ¢ € B(S), and v € P(S).
Then,

In/ e’dv = sup [/ wdp — R(ulv) |,
S peEP(S) L/S
and the supremum is attained uniquely by the probability measure pug:

dpug __ e¥

dv Jserdy
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Proposition (Log-Laplace and relative entropy)

Let ¢ be a bounded measurable function on S, i.e. ¢ € B(S), and v € P(S).
Then,

In/ e’dv = sup [/ wdp — R(plv) |,

S peP(S) L/S

and the supremum is attained uniquely by the probability measure pug:
dug _  €”
dv Jgerdy

Proof. For any p < v, we have:

/Ssodu—R(uIV) = /sodu—/ (lnd—u>du
oo ) [ (%)
= In [_e?dv — Ruluo).

We conclude by using the fact that R(u|pg) > 0 and R(u|pug) = O if and only

if u = up. O
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Dual Proposition (Donsker-Varadhan variational formula)

For all u, v € P(S), we have

R = dp — | %Od]
(u|v) @:E?g}[é@# n/Se v
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Dual Proposition (Donsker-Varadhan variational formula)

For all u, v € P(S), we have

= dp — | Sod]
R(plv) @ESEFS)USsO 0 n/Se v

Proof (Sketch). From the previous proposition, we have

In/ od >/d—R
Jerdv = | edu (u|v)

Since this holds true for all ¢ € B(S), we get

> dy — | 90d]=:H ).
R(uv) > wgg&)[/{s@u n [ efdv| =: Hp,v)

39



Proof. (Ctd).

Conversely, let u s.t. H(u,v) < oo. Then u < v. Indeed, if v(A) = 0, then
by considering ¢, = nl,, we have for all n:

oo > H(u,v) > L@ndu—ln[ge¢”du = nu(A) and so u(A) = 0.

40



Proof. (Ctd).

Conversely, let u s.t. H(u,v) < oo. Then u < v. Indeed, if v(A) = 0, then
by considering ¢, = nl,, we have for all n:

oo > H(u,v) > /Sgond,u—ln/Se“"”dl/ = nu(A) and so u(A) = 0.

Set f = du/dv and assume for simplicity that f is bounded and uniformly
positive so that ¢ = Inf € B(S):

H(p,v) > /gpd,u In/ ePdv = /In—d,u = R(u|v).
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5. Sanov’'s theorem
Large deviations of level 2: concern random measures.

Let (X;) be ani.i.d. sequence of random variables valued in S with probability
distribution p, and consider the empirical measure valued in P(S):

1 n
L" = _ZéXi
"i=1

» By the law of large numbers, L™ converges weakly to p.

Theorem (Sanov) The sequence of empirical measures (L"), satisfies a LDP
with rate function the relative entropy R(.|p).
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Idea of proof by Laplace method (Dupuis-Ellis)

Study the asymptotic behavior of

pno— %mE[expmso(L”»],

where ¢ is any bounded continuous function mapping P(S) into R.
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Idea of proof by Laplace method (Dupuis-Ellis)
Study the asymptotic behavior of

1
V' o= —InE[exp(np(L"))],
n
where ¢ is any bounded continuous function mapping P(S) into R.
Corresponding dynamic problem. We introduce a sequence of random
subprobability measures related to the empirical measures as follows. For t &€

[0, 1], we denote M;(S) the set of measures on & with total mass equal to ¢.
Fix n € N*, and for« = 0,...,n— 1, we define L = 0, and

1
i1l = L?+55X¢+1’

so that L7 equals the empirical measure L™, and L} is valued in M, ,,(S). We
also introduce, for each ¢ = 0,...,n, and u € /\/lz-/n(S), the function

VG = I lexp(ng(Li)]

where E; , denotes the expectation conditioned on L? = p. Thus, V"(0,0)
= V", and V*(n,u) = p(u).
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Since X; are i.i.d. ~ p, we see that the random measures {L},i = 0,...,n}

form a Markov chain on state spaces {Mi/n(S),i = 0,...,n} with probability
transition:

1 1
PILYy; € ALY = u] = Plut —dx, € A] = [ 140+ -8,)p(dy).
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Since X; are i.i.d. ~ p, we see that the random measures {L},i = 0,...,n}
form a Markov chain on state spaces {Mz/n(S),z = 0,...,n} with probablllty

transition:
1 1

By the law of iterated conditional expectations and Markov property:

. 1 [
Vi) = B By, [exe(ue (L))

n
1

—InE; exp(nV”(z + 1, L% 1))
n .
1
n

In /8 exp [nvn(z + 1,0+ gdy)}p(dy).
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From the variational formula relating Log-Laplace and relative entropy:

1 1
V(i) = sup | [ VG414 28)u(dy) ~ R(vlp)
veP(S) L/S n n

47



From the variational formula relating Log-Laplace and relative entropy:

1 1
V(i) = sup | [ VG414 28)u(dy) ~ R(vlp)
veP(S) L/S n n

— dynamic programming equation for the following stochastic control
problem. The controlled process is a Markov chain {E?,i = 0,...,n} starting
from L{ = 0, with controlled probability transitions:

_ _ 1
PILYy s € ALY = p] = [ 1a(u+ —6,)vidy).

where {v;,7 = 0,...,n} is the control process valued in P(S), in feedback
type, i.e. for each i, the decision v; depends on E?}. The running gain is
—1/nR(v|p), and the terminal gain is . We deduce the stochastic control
representation formula:

n—1
V o— Vn(0,0) — SU'DE[@(E2> _l Z R(V@‘|P)]°

vy n 1=0
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Asymptotic behavior of V"

Fix some arbitrary v € P(S), and consider the constant control v; = v. With
this choice, L? is the empirical measure of i.i.d. r.v. ~ v, and the control
representation for V" yields

V™ > E[e(L?) — R(v|p)].

Since Eg converges weakly to v, we have:

im Elp(IMD] = o).

n—oo

Since v is arbitrary in P(S), we deduce that

iminf V" > sup [p(v) — R(v|p)].
=00 veP(S)
The corresponding upper-bound requires more technical details, and we get

finally the Laplace principle with rate function as relative entropy:

lim T nElexp(ne(L")] = Jim V" = sup [p(v) — R(|p)]
n veP(S)
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Remark

There are extensions of Sanov’s theorem on LDP for empirical measure of
Markov chains and occupation times of continuous-time Markov processes.

— Main references are the works by Donsker and Varadhan: Consider an
ergodic Feller-Markov process X. Under some conditions, the occupation
measure L; = %fé 0 x ds satisfies a LDP with rate function I, and we have the
Laplace principle:

lim llnE[exp (/thﬁ(XS)ds)] —  sup [/gpd,u—[(,u)].

t=oo i HEP(S)
for any bounded continuous function ¢ on S,
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6. Freidlin-Wentzell theory

Large deviations of level 3: concern random processes — sample path large
deviations results

Key result: Schilder's theorem

X& = eW, with W = (Wi),¢c(0,17 Brownian motion in R?, valued in C([0,T])
the space of continuous functions on [0, T].

(X¢) satisfies a LDP on C([0,T]) with rate function (action functional):

1y = | 2Jo IM®dt, if h € Ho([0, T]),

00, otherwise
where Ho([0,T]) = {h € H([0,T]) : h(0) = 0}, and H([0,T]) is the Cameron-
Martin space consisting of absolutely continuous functions h, with square-

integrable derivative h.
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Sketch of proof. (Lower bound)
Let G #= 0 be an open set of C([0,T]), h € G, and § > 0 s.t. B(h,d) C G.

We want to prove that

Iigwﬁigfdnl?[ﬁWeB(h,é)] > —I(h).
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Sketch of proof. (Lower bound)
Let G #= 0 be an open set of C([0,T]), h € G, and § > 0 s.t. B(h,d) C G.

We want to prove that

IigLi(r)wfelnIP[\/EWQB(h,(S)] > —I(h).

For h ¢ Hp([0,T1]), this inequality is trivial since I(h) = oco. Suppose now h €
Ho([0,T]), and consider the probability measure:

dQp, T h(t) Lof 2

wh = w — IS @ Brownian motion under Qh.

=
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Sketch of proof (Ctd) (Lower bound)

PL/EW € B(h,8)] = BIW" < -]

NG

p— EQh [exp ( —

(W' Q-BM )

(W ~-W) = JE—exp(—l—

— E exp(——/ |h(t)|2dt)cosh(/ (t)th)1|W|<%

1
e><|o(—2—€/O

Vv

cINP[VeW € B(h,d)]

T h(t)

T h(t)
i wat——/ |h(t)|2dt> W<t

h(t)|%dt) P S
A (t)|“dt) [IW\<\/E]

5
—I(h) ¢l —
> —I(h) + nIP’[IW\<\/g]

O L IR ) 1, 5
E éxp(-/f%dwt——/ Ih(t)|2dt) Wi<-2,
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Corollary 1: diffusion with small noise parameter
dX: = be(s, X )ds +eo(s, X)dWs, t<s<T, X;j=u=x

with lim._,gbe = b.

{x&®l t < s < T} satisfies on C([t,T]) a LDP with rate function:

50 1 =b(s, W2 oo pyy-1dss  1f he H([t,T]), h(t) =,

00, otherwise

1 = |

This result can be derived from Schilder's theorem by contraction principle
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Corollary 2: exit probability from a domain

Let {X&%! ¢t < s < T} be the diffusion with small noise parameter, and consider
the exit time from an open set I':

T(XSPT) = inf{s >t : XPMT ¢ ],
Then,
lim e 1n Plr(X4®) <T] = —inf{I(h):he H(t,T)]), h(t) =2z, 1r(h) <T}
=: —Vpo(t,x).

— \/QVo(t,x) can be interpreted as a distance between z and oI in the
Riemannian metric defined by (co’)~ 1.

— Sharp large deviations and asymptotic expansions by removing the log-
estimate (see Baldi, Fleming-James):

Plr(X5h?) <T] = e Vo2)/e(y(t, 2) + ewy(t,z) + ...),
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Sketch of proof by stochastic control method (Fleming)

We consider the exit probability large deviations problem:

ve(t,z) = P[r(X5W) <T], (¢,z) € [0,T] x R%
It is well-known that the function v. satisfies the linear PDE

% + b=(t, ). Dyve + %tr(aa’(t,x)ngg) = 0, (tz)el0,T)xT

together with the boundary conditions

ve(t,z) = 1, (¢t,z) €[0,T) x oI
ve(T,x) = 0, xel.
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We make the logarithm transformation:

‘/Qg = —¢ln Ve.
Then, V¢ satisfies the nonlinear PDE

OVe
ot

— bo(t, z).DypVe — %tr(aa’(t, z)D2V%)
1
+ E(D;,;Vg)/aal(t,x)Dng = 0, (t,x)€[0,T) xT,
together with boundary data:

Ve(t,z) = 0, (t,x) €[0,T) x oI
Ve(T, x)

oo, xel.
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At the limit ¢ — 0O, the above PDE becomes a first-order PDE:

oV, 1
0 _b(t,2).DeVo + 2(DV0) 00 (L5)DVo = O, (t.a) € [0.T) x T

with the same boundary data:

Vo (t, .’ﬁ)
Vo(T, x)

0, (t,xz) € [0,T) xor

co, xe€l.

By PDE methods and viscosity solutions, one can prove that V¢ — V[, solution
to the above PDE.
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This PDE for Vg can be rewritten as an Hamilton-Jacobi equation:

Consider the Hamiltonian function
1
Ht,w,p) = —b(t,w).p+ plod’(t,2)p, (t,2,p) €[0,T] x T x R,

which is quadratic and in particular convex in p, so that:

oo
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This PDE for Vg can be rewritten as an Hamilton-Jacobi equation:

Consider the Hamiltonian function

1

H(t,z,p) = —b(t,z).p+ Ep’aa’(t,w)p, (t,z,p) € [0,T] x I x RY,

which is quadratic and in particular convex in p, so that:
9A%,
_6—150 + H(t,z, DsVy) = O.

Then, using the Legendre transform, we may rewrite

H(t,:ﬂ,p) — Sup [—qp_H*(t,CC,Q)] — Inf [qp‘l_?'[*(t,w,Q)},

g€RA geR?

where

H*(t,x,q) = sup | —p.q—H(t,z,p)]

pERA

1
_lq — b(t,x))|20_0_, t.2))— 1> (t,ﬂ?,Q) = [O,T] X [ X Rd.
2 (oo'(t,x))
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Hence, the PDE for Vj is rewritten as an Hamilton-Jacobi equation:

oV,
—O _I_ |nf quVO _I_H*(taxaCI)} — 07 (tax) E [O7T) X I_7
81; qERd
which, together with the boundary data, is associated to the value function

for the following calculus of variations problem:

T .
Volto) =, it /t H* (s, h(s), h(s))ds,

= inf /T1|h — b(s,h)|2 ) _1du
heH,([t,T]) Jt 2 (o0’(s,h))
where

Ho([t,T]) = {he H([t,T]): h(t) =z and 7(h) <T}.
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Corollary 3: Diffusion processes densities in small time

Let X; be the diffusion:
dX¢ = o(X¢)dWy,
and denote p(t¢,z,y) the transition probability density i.e.:
p(t,z,y)dy = P[X¢ € dy|Xo = z].

also called Green function, and satisfying the (backward) Kolmogorov equa-
tion: for fixed y,

op(t, z, -
p(at y) s Etr(gg/(a:)D%p(t,x;y))a

and the (forward) Kolmogorov equation: for fixed =z,

op(t,z,y)
ot

= ~tr(D3 (o0’ (@)p(t, 7, 9))).
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Varadhan’s result gives a large deviation estimate of p for small time asymp-

totics:

. . 115 . _ _

lim tinp(t,2,y) = —mf{E/o |h|(00,(h))1.hEH([O,l]),h(O)—x,h(l)—y}
= (),

d(x,vy) is the distance between x and y in the Riemannian metric associated
with the inverse of the diffusion coefficient.

e Varadhan's result can be derived from Freidlin-Wentzell theory by time
scaling.

e Improvement by Molchanov, Kiefer, Kanai, who derived sharp large devia-

tions estimates and asymptotic expansions of p(¢,x,vy) as ¢t goes to zero (Heat
kernel expansion)
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e [ he practical use of these sample path large deviations results require the
computation of the distance for the Riemannian metric associated to the
inverse of the diffusion matrix; (co’)~1

» Solve the problem of calculus of variations (e.g. by Euler-Lagrange
equation) defining the Riemannian distance, and find the associated geodesics
(critical path attaining the infimum).

» Solve the Eikonal equation (in geometric optics) satisfied by the Riema-
nnian distance d(x,y):

|

|V$d|aa’(az)
d(xz,x)
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LLecture II. Large deviations in option pricing

1. Optimal importance sampling via large deviations approximation

2. Asymptotics in stochastic volatility models
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1. Optimal importance sampling via large deviations approximation

e Option pricing problem: computation of
Iy = E|g(5,0<t<T)),

Standard Monte-Carlo approximation:

1 N
= 7,
- S5

Consistency of this estimator by law of large numbers
Error approximation (CLT) measured by the variance

» Importance sampling: variance reduction method by changing probability
measure from which paths are generated
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Importance sampling for diffusions: Girsanov’s theorem

e Consider a diffusion in R% on (2, F,P):
dXS — b(Xs)dS _I_ Z(Xs)dWS,
and define the (option price) function:
o(t,z) = E[g(Xf;’m,t <s< T)], (t,z) € [0,T] x R%

e Introduce a probability measure Q ~ P by its Radon-Nikodym density:

P — My = ex —/ dW——/ dt),
AP T p( 0 qbu U > Jo |¢t|

for some R%valued adapted process ¢ = (¢t)o<t<T S-t. E[Mr] = 1.
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e By Girsanov’s theorem, the dynamics of X under Q is:

dXs = (b(Xs) = Z(Xs)¢s)ds + Z(Xs)dWs,
where W is a brownian motion under Q, and from Bayes formula, the (option
price) function is:

o(t,z) = E@[gwg@,t@snw],

where L is the Q-martingale density of P w.r.t. Q:
1

¢ ~ 1 t
L, = — = ex / ! AW, ——/ 24 ) 0<t<T.
t M, p<o¢u u > O|¢u| (8 SU S
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e By Girsanov’s theorem, the dynamics of X under Q is:

dXs = (b(Xs) = Z(Xs)¢s)ds + Z(Xs)dWs,

where W is a brownian motion under Q, and from Bayes formula, the (option

price) function is:
o(tx) = EQg(XL7,t < s <T)Lg),

where L is the Q-martingale density of P w.r.t. Q:

L 1 exp(/tqﬁ’dW 1/t|<;s |2d) 0<t<T
= — = — — u ), <t<T.
NV o Ut Jo 1T

» Alternative Monte-Carlo estimator for v(t, x):

N (tz) = zg<X%”>LT,
z—l

by simulation of X and L under Q.

» Variance reduction technique: choice of ¢ inducing a smaller

N
for [g,qb

variance
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» Two approaches for the construction of such ¢ (called accelerator), both
relying on asymptotic results from large deviations:

A. Approximation of the option price via Freidlin-Wentzell results — stochas-
tic accelerator ¢

e Fournié E., Lasry J.M. and P.L. Lions (1997): “Some nonlinear methods to
study far-from-the-money contingent claims’”, Numerical Methods in Finance,
L.C.G. Rogers et D. Talay, eds, Cambridge University Press.

e Fournié E., Lasry J.M. and N. Touzi (1997): “Monte-Carlo methods for

stochastic volatility models”, Numerical Methods in Finance, L.C.G. Rogers
et D. Talay, eds, Cambridge University Press.

72



B. Optimal deterministic accelerator ¢ via Laplace principle

e Glasserman P., Heidelberger P. and P. Shahabuddin (1999): “Asymptotically
optimal importance sampling and stratification for pricing path-dependent
options”, Mathematical finance, 9, 117-152.

e Guasoni P. and S. Robertson (2008): “Optimal importance sampling with
explicit formulas in continuous-time”, Finance and Stochastics, 12, 1-109.

e Robertson S. (2010): “Sample path large deviations and optimal importance
sampling for stochastic volatility models”, Stochastic Processes and their
Applications, 120, 66-383.
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A. Option pricing approximation via Freidlin-Wentzell theory

Suppose that the payoff g depends only on the terminal value X, and apply
Itd's formula to the Q-martingale fu(s,Xﬁ’x)LS between s = ¢t and s = T

T ~
g(XF)Ly = v(t, )Ly + /t Ls(Dav(s, X5*)'Z(XE") + v(@, X27) ¢l ) dWs.
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A. Option pricing approximation via Freidlin-Wentzell theory

Suppose that the payoff g depends only on the terminal value X, and apply
Itd's formula to the Q-martingale fu(s,Xﬁ’x)LS between s = ¢t and s = T

T ~
g(XF)Ly = v(t, )Ly + /t Ls(Dav(s, X5*)'Z(XE") + v(@, X27) ¢l ) dWs.

Hence, the variance of Iév¢(t,w) is given by

1 T 2
VargURNy(t,2) = B [* 12[Duv(s, X4 £ (XE) + v(a, XoD)!ds|.

If the function v were known, then one could vanish the variance by
choosing an accelerator:

1
¢s = ¢s = - X (XE) Dpo(s, XET), t<s<T.
v(s, Xg)
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» This suggests to use an accelerator ¢ from the above formula with an
approximation of the function v.

» VWe may then reasonably hope to reduce the variance, and also to use such
a method for more general payoff functions, possibly path-dependent.

» We shall use a large deviations approximation for the function w.
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Basic idea:

Many derivatives contracts are designed to offer a payout in some exercice
domain, and otherwise expire with no value.

Then, a large proportion of simulated paths may end up out of the exercice
domain (for example deep out the money option), giving no contribution to
the Monte-Carlo estimator, but increasing the variance

» However, by considering the large deviations of the process of interest
around the deterministic system, then the proportion of simulated paths,
which end up in the exercice domain, is increased significantly, reducing there-
fore the variance.

» Freidlin-Wentzell theory: asymptotics in small diffusion term, or equiva-
lently by time-scaling, Varadhan theory: asymptotics in small time.
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Illustration

Within a stochastic volatility model:

ix. — g S O\ o o (Yt) St AW}t
: Y n(Ye) py(Yy) J1—p W(Yt) dW¢
consider an up-and-in bond of price:

v(t,z) = E|1 t€[0,T], z = (s,y) € (0,00) X R,

MaX<y<T SZ’“JZK}
= Plr(X"") <T],
where

r(XHT) = inf{uZt :Xfﬁgr}, r = (0,K) x R.
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The payout event {max;<,<r LT > K} = {r(Xt*) < T} is rare when z =
(s,y) € I', i.e. s < K (out the money option) and the time to maturity T — ¢
is small.

» T he large deviations asymptotics for the option price v(¢,z) in small time to
maturity 1'—t is provided by the Freidlin-Wentzell and Varadhan theories:
By time scaling, we have v(t,z) = wp_;(x) where

we(xz) = Plr(X=") < 1],
and X7 is the solution to

dXE = eb(X%)ds + eX(X5)dWs, X§ = .
and 7(X5%) = inf {s >0: X7 ¢ r}.
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From the sample paths large deviations result, we then have:

t“/‘n%(T —t)Inv(t,x) = —Vy(x)
with

I I T . _
Vo(z) = mf{E/O |h(t)|(zz,(h))_1dt.hEH([O,l]),h(O)—:p,T(h)g1}
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From the sample paths large deviations result, we then have:

t”fn}(T_t)m v(t,z) = —Vp(x)
with
P O N .
Vo(zx) = inf {5/0 |h(t)|(zz’(h))—1dt :h e H([0,1]),h(0) =z, 7(h) < 1}

» Another expression of Vy in terms of Riemanian distance associated to the
metric (ZX)~1: Lg(x) = /2Vy(x) is solution to the eikonal equation:

(DxLo)' =3/ (x)Dsx Lo 1, =€l
Lo(x) O, xe€dl

that may be numerically solved by finite difference methods. It is also re-
presented as

Lo(z) = ZiergrLo(fB,Z), rel,

where Lg(z, 2) is the distance from z to z for the metric X1
1 .
Lo(x,z) = inf {/O |h(t)|(zzl(h))—1dt :he H([0,1]),h(0) =z, h(1) = z} .
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This leads to the choice of an accelerator:

Lo(x
6.0) = D51y Lo(a)
Such an accelerator ¢ may also be used for computing any option whose
exercice domain looks similar to the up and in bond, e.g. deep out the money

options.
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B. Choice of accelerator via Laplace principle

This approach does not require knowledge (approximation) of the option
price, and restricts to deterministic accelerators ¢.

We identify the option payoff with a nonnegative functional G(W) of the
Brownian motion W = (W;)o<t<7 On the set C([0,T]) of continuous functions
on [0,T], and we define ' = InG valued in RU {—oc}.

For example, in the case of the Black-Scholes model for the stock price S,
with interest rate r and volatility o, the payoff of an arithmetic Asian option
is (4 Jd Sidt — K)4, corresponds to a functional:

Glw) = (%/OTSOQXD(O'wt—F(T—O'Q/Q)t)—K)_I_
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Deterministic change of drifts via Girsanov’s theorem

For any h € Hp([0,T]) (Cameron-Martin space), we define the probability
measure Qy:

ao _ @m(/Th@MW%—%Afm@N%%%

dP 0
— Monte-Carlo estimator of E[G(W)] by simulating under Q,, the payoff:
dP
G(W)——

dQp,
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Deterministic change of drifts via Girsanov’s theorem

For any h € Hp([0,T]) (Cameron-Martin space), we define the probability
measure Qy:

ao _ @m(/Th@MW%—%Afm@N%%%

dP 0
— Monte-Carlo estimator of E[G(W)] by simulating under Q,, the payoff:
dP
G(W)——
dQp,

— ODbjective: minimize over h the variance or equivalently the second moment
of this estimator:

s fown Y] = slownr

_ E[exp <2F(W) —/OTh(t)th—l—%/C)T|h(t)|2dt)].

MZ(h)
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Approximation method by small noise asymptotics

M.2(R) = E[exp{%(ZF(\/EW)—/OT\/Eh(t)th—l—%/C)T|h(t)|2dt>}].
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Approximation method by small noise asymptotics

M.2(R) = E[exp{%(ZF(\/EW)—/OT\/Eh(t)th—l—%/C)T|h(t)|2dt>}].

» Schilder’'s theorem (LDP for (X¢ = +/eW):) + Varadhan's integral formula
yields:

1 T , T
lim eIn M2 - 2F - (1) — h(t)|%dt — (1) |2dt|.
lim =In M2(n) zeﬂi‘é[%,cm{ ()45 [0 —h®Pd - [ 202

— We then say that h € Hp([0,T)]) is an asymptotic optimal accelerator
if it is solution to the problem:

1 T . T
inf Sup 2F(z) + = () — h(t)|?dt — (1) |2dt | .
heHo([0,T]) ze Hy([0,T]) [ (2) 2/0 2(1) (t)] /o 2(0)] }
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Approximation method by small noise asymptotics

M.2(R) = E[exp{%(ZF(\/EW)—/OT\/Eh(t)th—l—%/C)T|h(t)|2dt>}].

» Schilder’'s theorem (LDP for (X¢ = +/eW):) + Varadhan's integral formula
yields:

: 2 1 /1 ; 2 1 2
= — —h dt — dt|.
imendZ(n) = sup 2P() + 3 [ 120 - h®Pde— [ 2Pt

— We then say that h € Hp([0,T)]) is an asymptotic optimal accelerator
if it is solution to the problem:

. 1 T ; 2 1 2
inf Sup [QF(,Z)+—/ 2(8) — h(t)] dt—/ 2(0)[Pdt].
heHo([0,T]) e Hp([0,1]) 2.J0 0
» Swapping the order of optimization, this min-max problem is reduced to:
. 2
sup  [2F(h) —/ ()|t
he Hq([0,T1]) 0
— Problem of calculus of variations: may be solved by Euler-Lagrange equa-

tion.
88



Example
: : : (r—ﬁ)T lfT cwidt
Geometric Asian option: G(w) = (Soe 2/ eT Jo 7%t —K)
_|_

%

T
sup [2 In (ea’fOTh(t)dt — c) —/ |h(t)|2dt],
heHy([0,T]) 0

2
where a = o /T, ¢ = Sﬁoexp(— (r—%)%).

» Euler-Lagrange equation:
exp (fg h(t)dt)
exp (foT h(t)dt) —c

h = —a, with a = a
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h(t) = —th-I—fyt. (3)

The parameter ~ is found by substituting (3) into « in (2), which yields

aT3a — 61n (O‘C;a>

3aT?
Then, for this value of v = ~(«), the problem (2) is solved by maximizing
over a > a. ['he optimal a is unique by strict concavity, and found implicitly
via the first-order equation

v(a) =

a&T3 + 31n (O‘_f”) = 0.
CXx
This a satisfies v(a) = aT', and thus the optimal drift is

h(t) = th—i—&Tt.
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Numerical results (I)

Monte-Carlo simulations without applying variance reduction, and by applying

the above importance sampling method. Parameter values are 7' = 1, r

3%, 0 = 30%, Sp = 100, K = 145.

Number of simulations without IS
20000
Standard deviation/mean | 13.9905 | 1.07
10000
Standard deviation/mean | 13.7428 | 1.065
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Numerical results (II)

Performance, in terms of variance ratios between the risk-neutral sample and
the sample with the optimal accelerator for an Asian option in a Black-Scholes

model.

Parameter values are T' = 1, r = 5%, o = 20%, So

varying. 10° simulations.

Strike | Price | Variance ratios
50 304.0 7.59
60 28.00 26.5
70 1.063 310

50, and strikes are
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2. Asymptotics in stochastic volatility (SV) models

e Demand from practioners for closed-form or quasi-closed form pricing of
options and the need to calibrate models to data in a robust way

» Recent years, increasing interest for asymptotic and expansion methods in
option pricing and implied volatility for SV models — considerable literature
dealing with

e various asymptotics: small time or large time to maturity, extreme strike,
fast and slow time scales.

» Some of these methods are related to large deviations, heat kernel expan-
sion, or singular perturbation methods.
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Short review of the literature
e Large deviations approach: small time asymptotics

Avellaneda, Boyer-Olsen, Busca, Friz (2003), Berestycki, Busca and Florent
(2004): PDE and viscosity solutions methods

Series of paper by Forde and Jacquier (2009, 2010), thesis of A. Jacquier
supervised by A. Mijatovic: probabilistic methods

e Heat kernel and geometric approach: small time asymptotics

Hagan, Lesniewski (2002), Henry-Labordere (2005), Bourgade, Croissant
(2005), Lewis (2007), Gatheral, Laurence et al. (2009), ...
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e Large time to maturity asymptotics: Tehranchi (2009), Forde and Jacquier
(2009)

e Singular perturbation methods for fast-mean reverting asymptotics: see
lectures of J.P. Fouque

e Extreme strike asymptotics: see lectures of R. Lee
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e Large time to maturity asymptotics: Tehranchi (2009), Forde and Jacquier
(2009)

e Singular perturbation methods for fast-mean reverting asymptotics: see
lectures of J.P. Fouque

e Extreme strike asymptotics: see lectures of R. Lee

» In this lecture, we focus on small-time asymptotics in SV models by large
deviations methods.
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Stochastic Volatility Model

Log stock price X; = InS; (and zero interest rate):

1
dX; = —502(n)dt+a(mdwtl
dy; = n(Yp)dt+~v(Y)dW2,

yo, (WL, W?) Brownian motion (eventually correlated)

with XO = I, YO
on (2, F,P).

» Compute approximation of call option price and implied volatility when time
to maturity is small.
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Large deviations for the log-stock price

imtInP[Xy —xz9g > k] = —I(k), k>0,
t—0

e For general SV models, this LDP is derived from Freidlin-Wentzell theory
and Varadhan sample path LD, and the rate function I(k) is determined by
the distance-minimizing geodesic from (0,yg) to the line {z = k} on R? for
the Riemannian metric associated to the inverse of diffusion coefficient of
(X,Y): I(k) = 3d(k)?.

— Differential geometry problem, but no explicit solution in generall
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Large deviations for the log-stock price

imtInP[Xy —xzg > k] = —I(k), k>0,

t—0

e For general SV models, this LDP is derived from Freidlin-Wentzell theory
and Varadhan sample path LD, and the rate function I(k) is determined by
the distance-minimizing geodesic from (0,yg) to the line {z = k} on R? for
the Riemannian metric associated to the diffusion coefficient of (X,Y): I(k)
= Ld(k)?2

5 .
— Differential geometry problem, but no explicit solution in generall

e For the Heston model and more generally for affine SV models, the LDP
can be derived directly from explicit computation of the moment generating
function and Ellis-Gartner theorem (see details later).

99



Corollary 1: Pricing for out-the-money call options of small maturity:

' — = — = i > :
gLrQ)tln]E[(St K)4] I(x) tll_r:’(l)tln]P)[St_K]
where
x = In(K/Sg) > 0

iIs the log-moneyness.

Similar result for out-of-the money put options.
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Proof of lower bound.

For any € > 0O, we have

E[(St — K)4] = E[(St — K)41lg,_ k> > eP[S > K +«€].
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Proof of lower bound.

For any € > 0O, we have
E[(S: — K)4] > E[(St— K)41ls, k> > eP[S: > K +€].
By using the LDP for X; — zg = In(S;/Sp), we then get
tINE[(St — K)_I_] > tInP[S; > K + €]

= tIn IP’[Xt —xg > In (KS-IO_ 8)]
N —I<In(KS—IO_8)> as t — 0.

By sending ¢ to zero, and from the continuity of I, we obtain the desired

lower bound.
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Proof of upper bound.
Apply Holder inequality for any p,q > 1, 1/p+1/q = 1:
1 1
E((S: — K)+] = El(Si— K)4lszx] < (EIS - KO4))" (ElLs2k])

< (E[sf])%(mst > K])%.
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Proof of upper bound.
Apply Holder inequality for any p,q > 1, 1/p+1/q = 1:
1 1
E((S: — K)+] = El(Si— K)4lszx] < (EIS - KO4))" (ElLs2k])
1 1
< (ElsD)” (Plse = K7)".
Taking In and multiplying by t, this implies
t 1
LINE[(S, — K)4] < “InE[SP]+ (1 _ —>t|n P[S; > K]
p p
Fom the LDP for Xy — xg = In(S¢/Sp), it follows that
1
limsuptInE[(S; — K)4] < —(1 — —)I(a:).
p

t—0

By sending p to infinity, we obtain the required upper-bound and so finally
the desired result.
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Implied volatility

Recall that the implied volatility ¢/ = ¢/™P(z) of a call option on S; with

strike K = Spe*, and time to maturity t is determined from the implicit
relation:

imp

E[(S: — K)4] = OB, 8g,2,0,™") = E[(S]" — K)4]
= So®(di(t,z,0,"")) — Spe"®(da(t, z,07"")),
where
1 2
—x =0“t
h(tao) = 21270 Gte0) = dite,o) — oV
o/t
and ®(d) = [¢__ p(x)dx is the cdf of the normal law A(0, 1).
Corollary 2:
: imp L |5U|
g%at (r) = ——— x 7%= 0.

J2I(z)
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Sketch of Proof.

e Standard estimate on the cdf d(d) = fiioo o(x)dx of the normal law:

P(—d) = 1-P(d) ~ %d), as d — oo.

e Call option price E[(S;—K)4] goes to zero as t goes to zero (out-the-money)
—

P\t — 0, and so dy =di(t,x,0"P), dp = dp(t,z,0""P) — —oo,

as t goes to zero.
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Proof of lower bound

From the large deviation estimate for the call option pricing, and the relation
defining the implied volatility, we have for any € > 0, and ¢t small enough:

oxp (~ MDY < El(s - K)4] < Sowd) ~ O p(-d)

—u]
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Proof of lower bound

From the large deviation estimate for the call option pricing, and the relation
defining the implied volatility, we have for any € > 0, and ¢t small enough:

exp (L) < BI(S - K)4] < So0(d) ~ 0 (i)

Now, since —dqi ~ imﬁﬁ and o(d) = e=%°/2/\/2x, we get by taking In, and
Ot
sending t to zero:

72

—(I(z)+e) < —

21iminf_,q |ol™P|2
We then send ¢ to zero, and get the lower bound:
2

liminf 0?12 > Y
t—0 oy 17 2 21(x)
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Proof of upper bound

For all e > 0, and ¢t small enough,

oxp (- N 75) 5 Bis - K4 = BT~ K4

> P[S]t >KA4e] = ed(do) ~ —p(—do.)

_d2,€
where
K+e¢ 1, _1mp|2 K+-e¢
. — _In(—SO )—I_le't <t N _In( s ) .
'€ O_zmp\/% O_imp\/z ?

as t goes to zero.
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Proof of upper bound

For all e > 0, and ¢t small enough,

oxp (- N 75) 5 Bis - K4 = BT~ K4

> P[S]t >KA4e] = ed(do) ~ —p(—do.)

_d2,€
where
K+e¢ 1, _1mp|2 K+-e¢
. — _In(—SO )-|-§|<7t <t N _In( s ) .
'€ O_zmp\/% O_;me\/z ?

as t goes to zero. Taking In, sending t to zero, and then ¢ to zero, we get
the upper bound:

i 2
limsup |o;" 7]c < .
t—0 QI(QE)
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Heston model (CIR process for Y):

1
dX; = —_Yidt + VYi(\ 1 = p2dWi + pdW7)
dY; = r(0—Y,)dt + o/YidWP2,
with Xg =29 € R, Yo =yg > 0, p € (-1,1), 5, 8, 0 > 0 and 2k6 > o2

» In this case, the LDP for X; — xg can be derived directly from explicit
calculation of the moment generating function (literature on affine processes:
Filipovic, Teichmann, Keller-Ressel, Andersen and Piterbarg, etc ...), and
Ellis-Gartner-theorem.
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Logarithm moment generating function

rt(p) = InE

exp (p(Xt — wO))]a p € R.
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Logarithm moment generating function

We rewrite

Mi(p) =

as.

Mi(p) = In]E[exp (p(Xt — Zvo))], p € R.

t t t

In E[exp (- 2/0 Yids + p,o/o VY dW2 + py/1 — ,02/0 \/stwsl)]
t t

In ]E{ exp ( — g/o Ysds —I—pp/o \/YSdWSQ)

In £

In [

E

exp (p\/ 1—p? /Ot \/Edwsl) ’(Wf)sq”

' p [t t p?(1 —p*) [t
_exp(—E/Osts—l—pp/O VYsdW?2 + 5 /OYSds)]

- t 2,2 ot — 1) rt
exp <p,0/0 \/YSdWS2 — ]% o sts)exp (p(p2 )/0 sts)],

where we used the law of iterated conditional expectation in the second
equality, and the fact that Y; is measurable with respect to W2.
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By Girsanov’'s theorem, we then get

M(p) = InE@[exp p(p_l)/ sts]

where under Q, the process Y satisfies the sde

dYy = (k0 — (5 — pop)Yy)dt + o/ Yed WY,

with W2Q g Brownian motion.

— exponential of functionals of CIR process
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By Girsanov’'s theorem, we then get

+(p) = In E@[exp(
where under Q, the process Y satisfies the sde
dYy = (k0 — (5 — pop)Yy)dt + o/ Yed WY,

with W2Q g Brownian motion.

— exponential of functionals of CIR process

— M¢(p) = o(t,p) + you(t,p), with ¢(.,p), ¥(.,p) solutions to the Riccati
system:

9 —1 o2
a—f = p(p2 )—(ff—papw#-?w% Y(0,p) = O

0
0 = oy, $(0,p) = O.
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The Riccati equation is solved under the condition:

5§ = 6(p) == (k—pop)?—o?p(p—1) > 0

and the solution is given by:

Sm) = oo 1) sinh (%%¢)
R (/ﬁ:—pap)siﬂh(\/?gt)—|—\/5COSh(\/75t)7
V3
o(t,p) = :—Z (ff—pap—\/g)H-an( Vée )]

(k — pop) sinh (\/7575) + /6 cosh (%gt)
which are defined for ¢t € [0,T*) until the moment explosion time

00, if Kk — pop > 0,

T = T*(p) — { 1 K—pop—y/0 :
75 In (m—pap—l—\/g)’ if Kk — pop < 0.
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In the case 6(p) < 0, the functions ¢ and vy are extended by analytic contin-
uation by substituting v/é by iv/—48, which vields:

Sin (@t)
(k — pop) sin (@t) + +/—é cos (@t) |
6t,) = “5|tx— pow—iv=d)1

p(p—1)

Y (t,p)

iv—0
v —oe 2 t

(k — pop) sin (—VQ_‘St) + v/ —0 CoSs (VQ‘St))]
and this analytic continuation holds for ¢ € [0,7*) until the moment explo-
sion time

—|—2In(

T = T'(p) = ﬂ)]

[Wlm—p0p>0 -+ arctan (
pop — K

hi
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Recalling that a moment generating function is analytic in the interior of its
convex domain (when its is not empty), we deduce that I'; is explicitly given
by

rp) = | ¢p)tuovltp), t<T"(p), peR
o 0, t>T*(p), peR.
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Recalling that a moment generating function is analytic in the interior of its
convex domain (when its is not empty), we deduce that I'; is explicitly given
by

F(p) = ¢(t,p) +yov(t,p), t<T*(p), pER
P = 00, t>T*(p), p € R.

Now, in view of deriving a LDP for X; —xg (when t goes to zero) by means of
Ellis-Gartner theorem, we need to determine the limiting logarithm moment
generating function:

M(p) = lim tr(p/t).

— Substitute p by p/t and send ¢ to zero in the above calculations.
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- 40 for p € (p—,p4+)
o ~ 5 9 » P4
F(p) = vV 1—p? cot <%)—p

00, otherwise.

where p_ < 0 (resp. p_|_) is defined by

2arctan( )
: if p <O (resp. >0)
o 1—p '
p— (resp. py) = -7, if p=20
2arctan(vl ):I:27r
5 , if p>0(resp. <0)
\ oV 1—p
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£ 40 for p € (p—,p4)
o ~ 5 9 » P4
F(p) = vV 1—p? cot (%)—p

00, otherwise.

where p_ < 0 (resp. p_|_) is defined by

2 arctan )
: if p <O (resp. >0)
o 1—p '
p— (resp. py) = —g, if p=20
2 arctan ( ) + 27
5 , if p>0(resp. <0)
\ oV 1-—p

» One checks that ' is steep, so that by Ellis-Gartner theorem, X; — xg
satisfies a LDP with rate function:

I(x) = sup [px—T(p)],
pe(p—,p4)
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Level, slope and curvature of the small-time implied volatility at-the-
money in the Heston model

By Taylor expansion of the small-time implied volatility formula:
|z

J2I(z)

around x = 0 (at-the-money), and explicit expressions of I' and its Fenchel-
Legendre transform I(x), we obtain:

og L (x) =

2
: po o 5
o5 (2) = Vio|l4+, w+ o, 5(1-2p

2 2 3
< 4+ O(z°)
40 24y§ )

(Durrleman (2004))
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Some variations and extensions

e Corrections terms for the small-time asymptotics in the Heston model:
Forde, Jacquier, Lee (2010),

e Small time asymptotics for fast-mean reverting SV models: Feng, Forde,
Fouque (2009)

e Affine stochastic volatility models with jumps: see forthcoming talk by A.
Jacquier
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Lecture III. Large deviations in risk management

1. Large portfolio losses in credit risk

2. Long term investment

e Asymptotic arbitrage and large deviations

e Beating a benchmark: a large deviations approach
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1. Large portfolio losses in credit risk

e Basic problem in measuring portfolio credit risk: Determine the distribution
of losses from default over a fixed horizon.

e Credit portfolios are often large: e.g. exposure to thousands of obligors

e Default probabilities of high-quality credits are small!

» Rare but significant large loss events.

» Computation of the small probabilities of large losses: relevant for calcula-
tion of VaR, and related risk measures.
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Notations

n = number of obligors to which portfolio is exposed,

Y;. = default indicator (= 1 if default, 0 otherwise) for k-th obligor,

pr = p = marginal probability that k-th obligor defaults, i.e. pp = P[Y;, = 1],
ci. = 1 = loss resulting from default of the k-th obligor,

Ly =c1Y7+ ...+ cnYy, = total loss from defaults.

— Estimation of tail probabilities:

P[Ly > 4y]

in the limiting regime at increasingly high loss thresholds ¢,,, and rarity of
large losses resulting from a large number n of obligors and multiple defaults.
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Dependence modelling among obligors: Normal copula model

Yo = lixsay

X, = pZ4+\J1-p%, k=1,...,n.

where Z ~» N(0,1), e, are independent N (0, 1) distribution, and Z is inde-
pendent of e, k = 1,...,n.

/. systematic risk factor, common to all obligors
e.. idiosyncratic risk factor associated with the k-th obligor.

p € [0,1): factor loading on the single factor Z.
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Case of independent obligors: p = 0
The default indicators Y, are i.i.d. ~ B(p)
— Ly ~ B(n,p), and % — .

— The loss event {L, > Il,} becomes rare (without being trivially impossible)
if e.g. we let 4, = nqg with ¢ € (p,1).
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Case of independent obligors: p = 0
The default indicators Y, are i.i.d. ~ B(p)
— Ly ~ B(n,p), and % — .

— The loss event {L, > Il,} becomes rare (without being trivially impossible)
if e.g. we let 4, = nqg with ¢ € (p,1).

» Cramer’s theorem: l|large deviation of loss probability

im = INP[Ly > ngl = —R(B(q)|B))

n—>n
1—gq

= —qln (Z%) — (1 —¢g)In (l—p

) <o
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Remark: Estimation of tail probability P[L, > nqg]

By denoting () = In(1 — p + pe?) the Log-Laplace of B(p), we have an
IS (unbiased) estimator of P[L, > ngq] by taking the average of independent
replications of

exp(—0Ln +nl(0))1, >ng

where L, is sampled with a default probability p(6) = Py[Yr = 1] = pe? /(1 —
p + pe?).

Moreover, this estimator is asymptotically optimal, as n goes to infinity, for
the choice of parameter 6, > 0 attaining the argmax in 6q — ' (6).
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Case of dependent obligors: p > 0O

Conditionally on the factor Z, the default indicators Y} arei.i.d. with Bernoulli
distribution of parameter:

p(Z) = PV, =1|Z] = PlpZ+ 1 - p°ep > -0 (p)|Z]
— cb(pZ"'q’_l(p))

\/1—,02

with & c.d.f. of N (0,1).

— % converges in law to p(Z) valued in (0,1).

— The event {L,, > [l,} becomes rare (without being trivially impossible) if

ln = ngn, with g <1,¢q, 71 as n — oo.

We shall consider:

l—qgn = O™ %), withO<a<1.
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T heorem

, 1
nlgmoomlnP[Lnann] = —a p

Comments:
e The loss probability decays like n™7, with v = a(1 — p?)/p?.

e [ he decay rate is determined by the effect of the dependence structure in
the Gaussian copula model:

e When p is small (weak dependence between sources of credit risk), large
losses occur very rarely, which is formalized by a high decay rate.

e In the opposite case, this decay rate is small when p tends to one, which
means that large losses are most likely to result from systematic risk
factors.
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Sketch of proof of the upper-bound.

We introduce the conditional Log-Laplace of Y} :
(0,z) = InE[eQY’ﬂZ:z]
IN(1 — p(2) + p(2)e?).
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Sketch of proof of the upper-bound.

We introduce the conditional Log-Laplace of Y} :
(0,z) = InE[eQY’ﬂZ:z]

= In(1 - p(2) + p(2)e”).
Then, for any 8 > 0, we get by Chebichev's inequality,

P[Ln > ngn|Z] < E[ee(Ln_nqn”Z} = e—n(@qn—r(e,Z))’

so that by taking supremum over 6 and taking expectation:

where Fp(z) = —nl*(q,z), and
*(q,z) = suplfqg—T(0,z2)]
6>0

0, if ¢ < p(z)

{qm( )+(1 q>'”(qu))» if p(2) <q<1.
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Shift the factor mean of Z to reduce the variance of ef7(%): introduce the
change of measure P, under which Z ~ N(u,1):

P[Ln > ngn] < E[D] = B[N —nZ+507)

< EM [an('u)_l_(F?gf('“)_:LL)Z_MF;L(M)-F%/,LQ} |

by concavity of Fi,.
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Shift the factor mean of Z to reduce the variance of ef7(%): introduce the
change of measure P, under which Z ~ N(u,1):

P[Ln > ngn] < E[D] = B[N —nZ+507)

< E, [an(M)+(Fﬁ(H)—M)Z—MFMM)+%M2}7
by concavity of F,,. Choose u = upn solution to:
1 :
pn = argmax[Fn(p) — =p?], i.e. Fp(un) = pn,
HER 2
so that

1 2
P[Ly, > ngy] < efnlun) =34
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e Rate of convergence of (un):

® un ~ zn, Where z, is the solution to p(z,n) = ¢gn from which F}, is constant
equal to zero.

e Since g, converges to 1, this implies z, — oo.

—1
e By writing that O(n=) = 1 —gn = 1 —p(zn) = 1 — ¢(Pznji7(p)>, and
the standard estimate 1 — ®(d) ~ ¢(d)/d, we obtain:
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» Recalling the bound:
1
IP)[Ln > nQn] < an(,un)—j,u%’
we deduce the large deviation upper bound:

2 1 —
mHtn — _, P
%

1
limsup — INP[Ly, > ngn] < — >
Inn p

n—oo |Nn

li
n

N |~
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Remark: Estimation of tail probability P[Ly, > ngn]

e Conditionally on Z, we have an IS (unbiased) estimator of P[L, > nqn|Z]
with

exp(—0q,(Z) Ln + nl(0¢,(Z), Z)) 1L, >ng,;

where L, is sampled with a default probability p(6,,(2),Z) = p(Z)eQQn(Z>/(1—
p(Z) + p(2)en(2)), and 6,,(Z) > 0 attaining the argmax in 0g, — (6, Z).
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Remark: Estimation of tail probability P[Ly, > ngn]

e Conditionally on Z, we have an IS (unbiased) estimator of P[L, > nqn|Z]
with

exp(—0q,(Z) Ln + nl(0¢,(Z), Z)) 1L, >ng,;

where L, is sampled with a default probability p(6,,(2),Z) = p(Z)eQQn(Z>/(1—
p(Z) + p(2)en(2)), and 6,,(Z) > 0 attaining the argmax in 0g, — (6, Z).

e We further apply IS to the factor Z ~ N (0, 1) under P, by shifting the factor
mean to u, and then considering the estimator

1
exp(—uZ + E,uz) exp(—0q,(Z)Ln + nl(0¢,(Z), Z)) 1L, >ng,:

where Z is sampled from N (u,1).

Moreover, this this estimator is asymptotically optimal, as n goes to infinity,
for the choice of parameter u = un.
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2. Long term investment

e Optimal investment in a financial market when the time horizon T tends to
infinity

» Exponential growth of the terminal wealth X+ for T' — oc.

» Asymptotic arbitrage and large deviations

» Beating a benchmark over long run
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Asymptotic arbitrage and large deviations

Diffusion model for stock price

dSy = E(Sp)(dWi+ A(Spdt),
on (2, F,F = (F)¢>0,P), with W a standard Brownian motion.

A IS the market price of risk: the stock’s rate of return per unit volatility.

We assume that the Doléans-Dade exponential process

t 1 ot

7, = exp(—/o A(Su)dWiy — 5/0 |)\(Su)\2du>, £>0,
IS @ martingale, so that from Girsanov’s theorem, for each T' > 0O, the measure
Q7 on Fp defined by

dQr

dlP
is a probability measure equivalent to P on (€2, F7) s.t. (St)o<i<7 is a local
martingale under Qp: equivalent martingale measure.

= Zr,
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Question

e Which features of the above model imply exponential growth of a well
chosen portfolio wealth, as time horizon goes to infinity?

» Some conditions have to be imposed on the market price of risk. Indeed,
if the market price of risk vanishes, then the stock price is a local martingale,
and one cannot systematically win by betting on a local martingale in an
admissible way.
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Question

e Which features of the above model imply exponential growth of a well
chosen portfolio wealth, as time horizon goes to infinity?

» Some conditions have to be imposed on the market price of risk. Indeed,
if the market price of risk vanishes, then the stock price is a local martingale,
and one cannot systematically win by betting on a local martingale in an
admissible way.

e \We say that S has a non-trivial market price of risk if there is ¢ > 0O s.t.

. 1 T 2
lim IP’[—/ IA(Sy)|“dt < c| = O.
T—oo L[T1J0

» 1 his condition is trivially satisfied for the BS model with nonzero constant
market price of risk A %= 0. Also satisfied for ergodic diffusion processes with
invariant measure p and if A is not p a.s. equal to zero, since

tim [P = [ 1A@)Pa(d).
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» If S has a non-trivial market price of risk, then there is an asymptotic
arbitrage in the following sense: there exists v > 0, s.t. for each ¢ > 0O, for T’
large enough (T" > T:), one can find some (admissible) terminal wealth X,
starting from zero initial capital s.t.

() Xp > —e " (i) PXp>el] > 1-—-. (4)

Interpretation: one may achieve exponential growth of a portfolio X7 with
probability close to 1 (equal to 1 —¢) as T goes to infinity (for T' > T¢), with
an exponentially decreasing maximal potential loss.

However, the relation between £ and Tz is not clarified, and the terminal
wealth X7 is not explicitly given.
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e We say that the market price of risk satisfies a large deviations estimate
if there are constants cq, ¢co > O s.t.

lim sup = In (P[1/T|A(S)|2dt< D <
— — C —CD.
°T T Jo ' = .

T— o0
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e We say that the market price of risk satisfies a large deviations estimate
if there are constants cq, ¢co > O s.t.

lim sup = In (P[1/T|A(S)|2dt< D <
— — C —CD.
°T T Jo ' = .

T— o0

» T his condition is trivially satisfied for the BS model with nonzero constant
market price of risk A = 0. More generally for ergodic processes by Donsker-
Varadhan large deviations results.

» One may expect to strenghten asymptotic arbitrage result in (??) with an
exponential decay in time for the probability of falling short of the exponential
growth portfolio:

P[Xr < el] ~ e31 e PXp>enl] ~ 1 —e7730
T T
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Illustration with the BS model: constant market price of risk A\ = 0.

Take v € (0,A\?/2), 0 <~y <7, and set for all T > 0, Ap = {Z7 > e 1}, ar

= 111 Q[AS]/Q[Ar]. Then, the claim
Xp = eﬂlTlAcT—aTlAT

iISs an admissible terminal wealth attainable from zero initial capital, and sa-

tisfies for any 0 < v < v — 71
—e 21 for large T,

1 /A~

lim 1|nIP>[X < el ( )2
- e = —— .
Tso0 T I 2\2 )

Vv

X
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Constructive proof.

o Set Ap = {Zp >e 7} Then Q[AS] = [{z,<e—1y ZTdP < e~ 7L and so:

6”YlTQ[ACT] e~ (=T 1

T T 0T QA 1 e T

< e 12l forlarge T if vo <~ — 1.
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Constructive proof.

o Set Ap = {Zp >e 7} Then Q[AS] = [{z,<e—1y ZTdP < e~ 7L and so:

— 7 QAT] ()T 1
ap = e O] e I

< e 12l forlarge T if vo <~ — 1.

e Consider the claim: X = e’VlTlA% —arly,. Then,

Xr > —ap > —e 72!
EQUX7] = eTQ[AS] — arQ[A7] = O.

— By martingale representation theorem, X7 is a terminal wealth attainable
from zero initial capital.
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e Large deviations estimate for the portfolio:

Since Xp = eVlTlA% — arly,, we see that

(Xp < ety = Ap = {Zp>e 7T}
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e Large deviations estimate for the portfolio:

Since Xp = eVlTlA% — arly,, we see that

(Xp < ety = Ap = {Zp>e 7T}
T hus,
P[Xp < ] = P[Zp > e 7]
_ )\2
= P —AWT—ETE—VT]
_ .
= (- (=-- \/T)
(G-

By using again the estimate ®(—d) ~ ¢(d)/d as d goes to infinity, we obtain:

1 1/X 7\2
lim = InP[X Nl = ——(———> .
T—oo T [ T <€ ] 2
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Remark and extensions
e EXxplicit form of the terminal wealth

e [ he key point in the large deviation estimate for the terminal wealth is the
exponential decay of the probabilities

_ 1 1 /T 1 /T
PlZr>e ] = P|TInZr=—_ /O A(SD)dW; — /O A(SH)Pdt > —].
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Remark and extensions
e EXxplicit form of the terminal wealth

e [ he key point in the large deviation estimate for the terminal wealth is the
exponential decay of the probabilities

_ 1 1 /T 1 /T
PlZr>e ] = P|TInZr=—_ /O A(SD)dW; — /O A(SH)Pdt > —].

» In general, under some ergodic properties, this should follow in principle
from Donsker-Varadhan large deviations results.

» For particular affine ergodic processes, this can be derived directly from
explicit computation of the limiting moment generating functions of In Zp/T
and Ellis-Gartner theorem.
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Example: geometric Ornstein-Uhlenbeck process for the stock price
(Platen-Rebolledo model)

Sy = exp(Yz),

where Y is the stationary Ornstein-Uhlenbeck process defined by
dY; = —krYidt + odWy,

with parameters k > 0, o > O.

: L _ 1 _ 0_2
— Market price of risk: A(Sy) = —2 (kY — % ).
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Example: geometric Ornstein-Uhlenbeck process for the stock price
(Platen-Rebolledo model)

St = exp(Y),

where Y is the stationary Ornstein-Uhlenbeck process defined by
dY; = —krYidt + odWy,

with parameters k > 0, o > O.
. L _ 1 _ 0_2
— Market price of risk: A(S;) = 0</<,Y{t 2).

— One can then compute explicitly the limiting moment generating functions
of In Zp/T (see Florens-Pham 99), and get the large deviations estimate:

(F+1-1)

. .
Tt5—7

1 1
im = InP[X N = \im ZP[Zr> T = —
Am (X7 < ell7] T—>ooT[T_€ ]

2
for0< v <vy<%G+7
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Beating a benchmark: a large deviations approach

e Classical portfolio selection problem rely on expected utility criterion: e.q.
Samuelson, Merton.

— need to specify the degree of risk aversion of the investor, which is by
nature subjective.

e Alternative popular approach: performance of the portfolio relative to the
achievement of a given benchmark or index

— Beating a benchmark: maximize the probability for the portfolio value to
exceed a given index
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We |look at such outperformance criterion when time horizon goes to infinity:

— Of practical interest for institutional managers with long term horizon, e.q.
mutual funds

e Infinite horizon problems are usually more tractable than finite horizon prob-
lems

— provide good insight for management problems with long but finite horizons
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Framework

X[

portfolio value with a proportion 7 invested in stock

B;: index or benchmark

e [ he portfolio’s performance is measured by the ratio: 7@

e [ he ratio % typically grows in time at an exponential rate

— The relevant quantity over a long term horizon T is the logarithm of the
wealth/index ratio:

161



A large deviations portfolio selection criterion

e Given a threshold z, the outperformance probability is:
P[XT > x].
— T his outperformance probability decays exponentially fast:
P[XF > x] ~ e_I(w’W)T, as T — oo.

— The lower is the decay rate function I(x,w), the more chance there is of
realizing an index outperformance:
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A large deviations portfolio selection criterion

e Given a threshold z, the outperformance probability is:
P[XT > x].
— T his outperformance probability decays exponentially fast:
P[XF > x] ~ e_I(x’W)T, as T — oo.
— The lower is the decay rate function I(x,w), the more chance there is of

realizing an index outperformance:

» T he asymptotic criterion for outperforming the index is:
1 _
= sup Iim =InP[XF >
U(:Ij) 7rp T—oo T [ T = ZC]

(= —infI(z,m))

— Non standard large deviations control problem!
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A dual problem
Formal derivation:

Given a portfolio policy w, the rate function I(.,7) associated to the large
deviations of the wealth/index log-ratio X7, i.e.

PIXE > a] ~ e [@mT
should be given by the Donsker-Varadhan formula:
I(x,7) = sup[Az—T(\ )]
A

where I'(.,7) is the Log-Laplace function:

1 T
(A7) = limsup—InE[eM*T]
T—oo 1
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Formal derivation of the dual problem (Ctd)

The large deviations criterion can then be written as:

1 _
v(z) = suplimsup=InP[XT >z] = —infl(z,x)
T T—oo 1 7T

—infsup[@x — T'(\, )],
(LD
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Formal derivation of the dual problem (Ctd)

The large deviations criterion can then be written as:

1 _
= suplimsup = InP[X7T > = —inflI(x,
v(z) uplimsup - In P[X 7 > 2] nf I(x, )

—infsup[@x — T'(\, )],
(LD

» By interverting infinum and supremum (!), we get the duality relation

v(z) = —sup[ixz—T(N)],
A
with the dual control problem on the moment generating function:
1 T
r(\) = suplF(\,7) = suplimsup = InE[eM*T].
™ T T—oo 1

— This dual problem is rewritten after a change of probability measure as a
risk-sensitive control problem, and can be solved by dynamic programming
Bellman PDE methods.
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Optimal portfolio

This duality relation also suggests the following strategy for obtaining the
optimal portfolio:

e Solve the dual risk-sensitive control problem: M'(A) and find the associated
optimal control 7(\).

e The solution to the large deviations portfolio selection v(x) is then given by

v(z) = —sup[rz—T(N)], (5)
A
with an optimal control determined =*(x) by
™ (z) = 7(A\(2)), where A(z) attains the supremum in (4),i.e.
(\(z)) = =

» T his formal derivation can be proved rigorously.
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Connection with classical portfolio selection and risk aversion
T he dual problem may be written also as:

T—o0

r(A) = lim %In]E[U)\ (Xf;(/\))],

where U,(z) = z? is a power utility function with Constant Relative degree
of Risk Aversion (CRRA): 1 — \.
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Connection with classical portfolio selection and risk aversion

T he dual problem may be written also as:

r(A) = lim %In]E[U)\ (Xf;(/\))],

T—o0

where U,(z) = z? is a power utility function with Constant Relative degree
of Risk Aversion (CRRA): 1 — \.

» The duality relation with the Lagrange multiplier A(x) can then written
formally as:

PRI 2 0]~ B|Uy (X)) ed@eT,

— 1 — X(xz) can be interpreted as a CRRA for an investor who has an over-
performance target level x, and it is decreasing with x.

— Relate the target level of growth rate to the degree of relative risk aversion
in expected utility theory.
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Example

A one-factor stock market model:

dS9o dsS
S—g = r(Y})dt, ?t = p(Yp)dt + o(Y3)dWr,
£ t

with a factor Y as an Ornstein-Uhlenbeck ergodic process:
dY; = w(0—Y)dt+9dWE, d< WL W >= pdt
k>0, v > 0.

For simplicity, constant benchmark: B = 1.
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Dual problem: control problem on the limiting logarithm moment generating
function

e Wealth process X = X7 controlled by « proportion invested in stock S:

AXe = Xi|(r) + (u = D) D m)dt + mo (Y)W

» Moment generating function of the wealth logarithm X%E = %In X7
_ r T
Jr(\, 7)) = E[exp(,\:rx%)} = RU [exp( /O E(A,Yt,wt)dtﬂ

with £\, y,m) = Ar(y) + Ar(u—r)(y) — 252 (o (y)m)?, and

Ay = (k(0—Y:) 4+ Apo(Ys)me)dt + $dW",
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Dual problem: control problem on the limiting logarithm moment generating
function

e \Wealth process X = X7 controlled by = proportion invested in stock S:

AXp = X (r() + (u = D) (VDm)dt + mo (Y)W

» Moment generating function of the wealth logarithm X%E = %In X7
_ T T
Jr(\, 7)) = E[exp(/\TX%)} = RU [exp( /O E(A,Yt,wt)dtﬂ

with ¢\ y,7) = Ar(y) + Ar(u—r)(y) — 2372 (0(y)m)2, and
Y = (k(0—=Y;) + Mo (Yy)m)dt + 9dW],

» Dual control problem: F(\) := sup, limsupr_,o 7 In Jp(\, 7) —
1 - T
r(\) = suplimsup—InEY [exp(/ E(A,Yt,wt)dt)}.
T T—ooo 1 o)

— Risk-sensitive control problem: Fleming, Mc Eneaney, Nagai, Sheu, ...
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Formal derivation of the Bellman equation « risk-sensitive control (on
infinite horizon)

e Value function for the standard finite-time horizon problem:

o (T,y) = s%pE(y@w[exp(/OTE(A,Yt,wt)dtﬂ

— Hamilton-Jacobi-Bellman equation (HJB) for vy from dynamic programming

1
e Inverting sup, and limsup, we expect that M'(A) = limsup—=Inv,(T,y), and
o T—>oo_ _ . T'— 00 T
we make the heuristic logarithmic transformation:

Invy(T,y) = T)T + pr(y).

» Substitute into the HJB of v,
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Bellman equation for the dual risk-sensitive control problem

— search for a pair (IF'(\), ¢y) solution to:

r(A) = —19290 (y) + —If/‘m(y)\2 + k(0 — y)p\(y) + Ar(y)
max | do(w)n(pogh (v) + L Dy AL =N gy
meR o(y)
with suitable growth condition on ¢,.
— Optimal control given by:
200 ) (1 —7)(y) n p)\ (y)

c()?(1=A)  o(y(l-Xr)
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Bellman equation for the dual risk-sensitive control problem

— search for a pair (I'(\), ¢y) solution to:

r(\) = —19290 (y) + —Iff‘m(y)\2 + k(0 — v) P\ (y) + Ar(y)
+max or(pigh ) + L W) AL N 621 (6)
TR o(y)
with suitable growth condition on ).
— Optimal control given by:
(0 ) (1 —7)(y) n p\ (y)

c(y)?(1=A)  o(y(l-Xr)

Remark.

No unique pair solution to HJB equation (5), even up to a constant for ¢!
A verification theorem is required to select the good one, and to ensure that
it provides indeed the candidate solution to the control problem.
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Bellman equation for the dual risk-sensitive control problem

— search for a pair (IF'(\), ¢y) solution to:

r(A) = —19290 (y) + —|?990,\(y)|2 + k(0 — y) e\ (y) + Ar(y)
+max Mo (m(pogh (o) + = D) - 20D (o(mp2).
with suitable growth condition on ).
— Optimal control given by:
(n—1)(y) p)\ (y)

T(\,y) +

c()?(1-=A)  o(y(l-Xr)

» For u(y) and r(y) linear in y, o constant — explicit solutions:
we |look for a quadratic solution ¢y:

or(y) = %A(A)y2+B(>\)y-
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Explicit calculations
Black-Scholes model: dS; = Si(udt + odWy).

T he solution to the dual problem is

ro) = %1iA(“;T)2, e [0,1).

The solution to the (primal) large deviations problem is

v(x) — {—(\/7—\/5)2, if:BZ:T:Z:%(’u;T)Q

0, if ¢ < =,

and the optimal portfolio proportion is constant given by:

. . oV2zx, ifx>x
mi(2) = LT if o < T

o Y

— CPP (Constant Proportion Portfolio) strategy
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Platen-Rebolledo model: S = e¢¥: dY; = (0 — Y3)dt + odW;

The solution to the dual

r(\) = 2[1 _

problem is

mﬁi

/{9—7‘4—%02

(7

The solution to the (primal) large deviations problem is

p

v(z) = |

\

B (z—7)2

r—r+7’

0, if <,

and the optimal portfolio proportion is:

T (x) = A

( _[B@=D)+n]y, | K-

Y, +

if $2i12%<

o

HQ—T—I—%O'Q

g2

r—l—%aQ
2

Y

Y

o

/4;9—7“—1—%02) 2 +

if x> x

itz < x.

2
) , A€ [0,1).

B=
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Lecture notes forthcoming ....
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