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Abstract

We study the sensitivity, with respect to a time dependent domain Ds, of expec-
tations of functionals of a diffusion process stopped at the exit from Dy or normally
reflected at the boundary of Ds;. We establish a differentiability result and give an
explicit expression for the gradient that allows the gradient to be computed by Monte
Carlo methods. Applications to optimal stopping problems and pricing of American
options, to singular stochastic control and others are discussed.
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1 Introduction

1.1 Presentation of the problem and main results

In this work, we address the problem of the sensitivity of the law of a diffusion process
X, constrained in a time dependent domain D, C R?, with respect to perturbations of the
domain. Both situations where the process is stopped at the exit from D, and where the
process is normally reflected at the boundary are covered. The law of the process is studied
by means of the following expectations of functionals:
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1. Elg(1,X:)Z: — [ Zsf(s, Xs)ds|X: = x|, where 7 is the first exit time of X from Dj
and Z, = e . crXn)dr when X, is stopped at the exit from Dy;

2. E [g(XT)ZT — (];/T Zsf (s, Xs)ds — jtT Zsh(s, Xs)dAs| Xy = x], where A, is the associated

increasing process on the boundary and Z, = e~ Ji etr. X )dr+8(r.Xr)dAr

mally reflected at the boundary of D;.

, when X is nor-

The main result of the paper is the differentiability of the above expectations with respect
to perturbations of D;, with explicit expressions for their gradients (Theorems 2.2 and 3.8).
It is worth noticing that these expressions are expectations of other functionals of the form
above, and hence allow the gradients to be computed by Monte Carlo methods.

The issue of sensitivity with respect to the domain is classic in the numerical analysis
literature, if one thinks of the above expectations as solutions of a Partial Differential Equa-
tion (PDE in short) with Cauchy-Dirichlet and Cauchy-Neumann boundary conditions in the
time-space domain D = {(s,x) : « € Dy, s €]0,T[}: in particular, applications to shape opti-
mization of elastic structures are important (see [All02| and references therein). The first re-
sults on this topic date back to Hadamard and have been generalized in [MS76, Sim80, Pir84]
among others. These references definitely solve the case of elliptic PDEs. The parabolic case,
the one of interest in the present framework, is less studied: in [SZ92|, the sensitivity anal-
ysis is developed for the Laplacian (corresponding to X, being Brownian motion) in a fixed
domain. Here the analysis is extended to general diffusion processes and time dependent
domains: this extension was partly motivated by a new approach to the numerical solu-
tion of optimal stopping problems, in particular the valuation of American options, which
is presented in Section 4.2 (for optimal stopping and stochastic control problems see, e.g.,
[Kar81]).

The two cases of a stopped diffusion and a reflected diffusion are exposed in Section 2 and
Section 3, respectively. The results of Section 2 have been announced in a slightly stronger
form in the note [CEGO03]. The leading idea of our proofs is to transfer the pertubation from
the domain to the process, which is easier to analyze by stochastic calculus and weak con-
vergence techniques. For related ideas in Malliavin calculus, see [Cat91]. Our techniques are
probabilistic and hence different from those employed by the authors mentioned above. The
connection with PDEs via Feyman-Kac formulas plays an important role, and is discussed
in each case.

Some applications are presented in Section 4. In Subsection 4.1 it is shown how our results
can be used to improve the rate of convergence in the simulation of killed diffusion processes.
In Subsection 4.2 we discuss the above mentioned application to optimal stopping problems
and pricing of American options. The approach we propose is to maximize the expected
payoff when the option is exercised at the exit from a continuation region, over all possible
regions: the results of this paper provide the main tool to construct a numerical procedure
for this optimization problem. In Subsection 4.3 our results are used to establish existence
of the density for the joint law of the maximum and the terminal value of a diffusion process.



Finally, applications to singular stochastic control problems are presented in Subsection 4.4.
Some technical results are proved in the Appendix.

In the rest of this section, we define the notations used throughout the paper and recall
some definitions and results on time-space domains.

1.2 General notation

e Differentiation. We adopt the following usual convention on the derivatives: if ¢ : R% —
R4 is a differentiable function, its jacobian Ji(x) = (8p,1(x), - - -, Oy, (x)) takes values in
R @ R,

For smooth functions g(t,z), we denote by 9%g(t,x) the derivative of g w.r.t. = according
to the multi-index (3, whereas time derivatives of g are denoted by 0;g(t, x),9%g(t,x) and so
on. The notation Vg(t, ) stands for the usual gradient w.r.t. z (as a row vector) and the
Hessian matrix of g (w.r.t. the space variable z) is denoted by Hg(t, z).

The second order linear operator L below stands for the infinitesimal generator of the diffu-
sion process with drift and diffusion coefficients (b, 0):

Lu(t, ) = Vu(t, 2)b(t, ) + ;Tr(Hu(t,x)[aa*](t,a:)). (1.1)

e Linear algebra. The r-th column of a matrix A will be denoted by A, (or A, if A is a time
dependent matrix) and the r-th element of a vector a will be denoted by a, (or a,; if a is a
time dependent vector). A* stands for the transpose of A. The identity matrix is denoted
by I and the identity function by Id.

e Metric. The parabolic distance between two points (t,7) and (s,y) in R x R? is defined
by pd((t,z), (s,y)) = max(|s — t|*/2, |z — y|), where |z — y| is the usual Euclidean distance.
We set, By(x,¢€) for the usual Euclidean d’-dimensional open ball with center x and radius
¢ and d(z,C) for the Euclidean distance of a point x from a closed set C' (and analogously
pd((t,x), C) for the parabolic distance).

e Functions. For an open set D' C R x R¢ and k € N, CL2J#(D') (resp. Clel*(D7)) is
the space of continuous functions f defined on D’ with continuous derivatives 99/ f for
18] +2j < k (resp. defined in a neighborhood of D’). The index b in CbLgJ’k(D’) indicates
that in addition the functions are bounded as well their derivatives. We may simply write
clalk and Cbtgj’lC when D' = R x R<

| - |oo stands for the sup norm.

Denote by C([t, T], R?) the set of continuous functions from [¢, T] into R¢ and by Z([t, T], R )
the set of continuous and non-decreasing functions from [t, 7] into R,. With a slight abuse
of notation, dZ denotes the measure associated to Z and dZ, = dZ(dr).

e Floating constants. As usual, we keep the same notation K for all finite, non-negative
constants which appear in our computations.

e Miscellaneous. To be more concise (whenever needed), g(s, ) may be denoted g,(x).



1.3 Time-space domains

In the sequel D stands for a bounded time-space domain in 0, 7[xR? (T is a fixed terminal
time). The boundary of D is denoted, as usual, by 0D. Regularity assumptions on the
domain D will be formulated in terms of Holder spaces with time-space variables (see |Lie96]
p.46). Let D’ be an arbitrary time-space domain. If the index of regularity is a = k+ « for k
a nonnegative integer and « €]0, 1], then H,(D’) is the Banach spaces of functions f of class
Clal#(D') with Hélder continuous k-th derivatives, namely with a finite norm | fla,pr Where

| fla.pr = Z sup |afagf| + [flap+ < f >ap
18l+2j<k T’

8 57 t _ aBAai
with [flap= Y s sup (=00 00 (5 y)
B2k e e\ (s} [PA((E,2), (s,9))]°

0507 f(t.2)—050] f(s,2)]
and < f Sup= { 2_1814+2j=k—1 SUD (s 2)eD SUP(1,2)eD N\ {(s,0)} |t,s|<a+1>/t2 for k> 1,

0 for k=0.

Whenever convenient, we may denote (Hq(R x R?), | - |onxne) by (Ha,| - ]a)-
The following smoothness definition for the time-space domain D will be used (cf. [Fri64],
page 64).

Definition 1.1 The domain D is of class H, (a > 1) (D € H, in short) if, for every
(to, o) € 0D N (0, T[xRN4), there exists a neighborhood |tg — €2, to + €2[ X Ba(wo, €0), an index
i and a function ¢y € H, (Jto — €3,to + €2[X Ba—1((T1,0, s Ti_1,0, Tit1.05 "+ Tdo), €0)) Such
that

oD N (10, T[xR4) N (Jto — €5, to + €5[x Ba(wo, €0)) =
{(t,z) € (Jto — €5, to + €5]N[0, T)) x Ba(wo,€0) : ¥ = do(t, T1,+, Ti 1, Tit1,+,Ta)}-

Let

Dy = {z: (0,2) € 9D — 9D N (J0, T[xR9) },
Dy ={z: (T,2) € 9D - 0D N ([0, T[xR))} .

Dy and Dr are open sets and we assume that they are nonempty domains that coincide with
the interior of their closure (cf. [Fri64|, Section 3.2). We assume also (cf. again [Fri64],
Section 3.2) that the time section of D, D; = {x : (t,x) € D}, is a domain that coincides
with the interior of its closure, for every t €]0,T[. If D is of class H, (a > 1) the sets
PD = 9D —{0} x Dy, BD = {T} x Dy and SD = PD — BD are the parabolic boundary, the
bottom and the side of D in the sense of [Lie96], pages 7 and 13.

If D is of class ‘H;, D satisfies an exterior tusk condition, which is analogous to the
exterior (Wiener’s) cone condition for elliptic problems (see [Dur84|). We use this result in
our sensitivity analysis and we state it now. The result seems to be standard in the PDE
litterature (see [Lie89]), but for the sake of completeness we prove it in Appendix A.
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Proposition 1.2 [Tusk condition]. Assume D € Hy. For some R > 0,5 > 0, at any
point (to, o) € PD, there is a tusk

2
T —Tog— ToVi— to’ < R2<t — to)},

for some Ty € R¢, such that T intersects D only at (tg, zo).
If D is of class Ha, all domains Dy, for t € [0, T, satisfy the uniform interior and exterior

T ={(t,x): tog <t <to+9,

sphere condition with the same radius ry. Moreover (see [Lie96], Section X.3), the signed
spatial distance F', given by

F(t,z) = —d(z,0Dy), forxz e Df d(z,0D;) <rg, 0 <t <T,
" d(x,0D,), for x € Dy, d(x,0D,) <1, 0 <t < T,

is of class Hy and VF (¢, x) is the unit inward normal vector at the nearest point to = in 9D;.
Then there is a function in Hy that coincides with F on {(¢,z) : 0 <t < T, d(x,0D;) < 1y},
for some rf; < ro. If D is of class Ha1q, the arguments in [Lie96], Section X.3, show that this
function can be taken in My, (hence in C2).

2 Diffusion processes stopped at the boundary
Here, for (t,2) € D, we consider the R¢-valued diffusion process (X*?) solution of
X, = ;,;+/ b(r, Xr)dr+/ o(r, X,)dW,, (2.1)
t t

where (W,);> is a ¢-dimensional Brownian motion defined on a filtered probability space
(Q, F, (Fi)t>0, P) satisfying the usual conditions. The assumption (A,-1) below ensures the
existence of a unique strong solution to (2.1).

(A,) (with a €]0,1])
1. Smoothness. b and o satisfy |b(t,z) — b(s,y)| + |o(t,2) — o (s,y)| < K(|t — s|*/? +
|z — y|) uniformly in (¢, ), (s,y) € [0,T] x R<.
2. Uniform ellipticity. For some ag > 0, it holds £.[oc*](t, )¢ > ag|é|* for any
(t,2,€) € [0,T] x R x R4

We mention that the additional smoothness of b and o w.r.t. the time variable is required for
the connection with PDEs. The infinitesimal generator of X is given by (1.1). Now define

™ = inf{s >t : (s, X"") ¢ D} (2.2)

for the first exit time from the domain D for the time-space process (s, X[*)sep 1. Note that
7% is bounded by T. We focus on the expectation of functionals of the process X stopped
at the exit from D, of the form

t,x t,x

ul(t,z) = E(g(rt, X5 ) Jo e Xrar _ / e Ji e Xe ) gty o). (2.3)
t
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and on its sensitivity w.r.t. D. The data f, g, c are bounded continuous functions. For (2.3)
to be meaningful, it is sufficient that these functions are defined only on D; however in the
sequel the domain changes, therefore we define them directly on R4*! (as for the coefficients
b and o). We are now in a position to state a preliminary result which relates u to the
solution of a Cauchy-Dirichlet type PDE in the time-space domain D. This connection is
standard but, to our knowledge, it appears in the literature only in the case of cylindrical
domains D =|0, T[x D with D C R? (see Theorem 2.3 p.133 in [Fre85] for instance). The
proof is postponed to Appendix B.1.

Proposition 2.1 [Feynman-Kac’s formula and a priori estimates on u]
Assume (A,), D € Hy, ¢ € Ha, f € Ho and g € C®° with « €]0,1[. Then, u is the unique
solution of class C12(D) N C*°(D) to

{atu+Lu—cu:f in D, (2.4)

u=g on PD.

In addition, if D is of class Hita and g € Hiia, the function u belongs to Hi.o(D) and it
holds |ul1+ap < K(|flap + |9l14ap) (in particular, Vu is well defined and continuous up to
the boundary).
We now turn to one of the main contributions of this paper, namely the sensitivity of
t.x t,x thym c(r, X5")dr -t fs c(r, X5")dr t,x : :
E(g(m", X 7% )ele — [ el f(s, XE")ds) w.r.t. spatial perturbations of
D. We define a spatial perturbation of the time-space domain D in the following way:

D ={(t,z): (t,x+€eO(t,x)) € D}, eecR, (2.5)

for some map © : [0, 7] x R? — R<. In the sequel

O is a function of class C,%([0, 7] x RY).
For fixed w, the exit time from D¢ of a path X**(w) is certainly not smooth w.r.t. . However,
the law of related functionals of the form (2.3) is smooth in the sense stated in the theorem
below.

Theorem 2.2 Assume (A,), D € Hita, ¢ € Ha, [ € Ha and g € Hiro with « €]0,1].
Let (t,z) be in DU Dy and set

Th" = inf{s >t : (s, X"") ¢ D} (2.6)

€

t,x

t,x s -
Then, u(t,x) = E[g(Tg"”,Xiffz)efﬁe e(r X ) _ I e Ji etrXs Y £ (s, X0%)ds] is differen-
tiable w.r.t. € at € =0 and

Do (t,0)|,—y = Ble™ ) X [(Tu — vg)o)(re, X4,

Note that Vu in the above expression is well defined on the boundary since u is of class
Hi1a(D). In view of the formula above and because u = g on PD, only normal pertubations

6



of © have contributions in the derivative of u®(¢,z). It is intuitively correct.

Proof. Without loss of generality we can suppose € > 0. Since the initial condition (¢, ) is
fixed in the proof, we omit the superscripts ¢, . .

First we prove the result for ¢, f € H;. For convenience, set Z, = e Jo XA Op6 has to
find the limit of % as € — 0, where

Ac = EBlg(re Xo) 2, — [ f(5,X,) Zds] — ult, ).

The idea of the proof is to transform the perturbation of the domain into a perturbation of
the process. Namely, we define

Xi=Xs+€0(s,X;), 7 :=inf{s>1t:(s,X;) ¢ D}. (2.7)
Then, (2.5) and (2.6) yield the key relation
Te =T (2.8)

Since O is bounded, the perturbed process X¢ converges uniformly on [t,T] to X as € goes
to 0. Furthermore, © being of class C,}’Q and z — x + €O(s, z) being bijective (for any fixed
s) for € small enough, the perturbed process is still a non-homogeneous diffusion process.
We denote its infinitesimal generator by L. We state now two technical lemmas, which are
justified later.

Lemma 2.3 Assume (A,) with a €]0,1] and D € Hy. Then, 7. = 7° converges almost
surely to T as € goes to 0.

Lemma 2.4 Assume that (A,), D € Hita, ¢ € Ha, f € Ha and g € Hi1q with « €]0,1].
For any p € [1, ﬁ[, one has

T
[ Bllo(s, X0 (0,0l + [Vul? + [Hul")(s, X))ds < o0 (2.9)
t

uniformly for € in a neighborhood of 0.
Using (2.8) and (2.7), one obtains

T€

9(re, X,V Zs, —/tTEf(s,XS)ZSds:g(Tg 1d + €O(, )] X)) Zoc —/ (s, X3) Zods.

t

Thus, A, can be decomposed as A, = Ay o + Ay + Az + Ay With

A Elg(7¢, [Id + €O(7¢, )] 7' X5o) Zre — g(7°, X50) Z1e],

Doe = Elg(r, Xe) Zre = ulr AT, Xecp ) Zyenr — [ Fl5, X.) Zuds),
Ase = Blulr AT, Xeu) Dren — (e AT, Xrens) Zuens),

A =BG AT Xoer) Zpene — | T (s, X ) Zuds] — u(t, ).
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The convergence of A, . is straightforward to analyse and we get

Ape
lim L — _E[(Vg ©)(1, X;)Z]. (2.10)
€— €
We now prove that A, /e converges to 0. Observe that g(7¢, X&) = u(7¢, X< ). Thus, Ag,
can be decomposed using It6’s formula, which application is justified thanks to Proposition
2.1 and the estimates (2.9) for p = 1. We have

€

Do =B( [ [0auls, X + Luls, X2) = s, XJu(s, X0 = f(5,X,)]Z, ds)

€

_ E(/: (L€ = Llu(s, X¢) — [e(s, X) — c(s, XE)]u(s, X)

NTE

—[f (s, Xs) = f (s, XO)| Zs ds)

where in the last equality we used the PDE solved by u (see (2.4), noting that for s < 7€,
(s,X¢) € D). Clearly, the difference [L¢ — Lju is bounded by Ke(|Vu| + |Hu|) and since
¢, f € Hi, one also has |c(s, X;) — c(s, X$)| + | (s, Xs) — f(s,X)| < Ke for some constant
K. Since Z and u(s, X¢) are bounded, we obtain

A2,e

€

T
| < KE(/t Lipnrere((8)[| V| + [Hu| + 1)(s, X)ds)
T
< KIBE =7 AT B [ 1n(s.X0) [[Vul + [Hul +17(s. X)ds]”
t

applying the Holder inequality to the measure dP ® dt (with p €]1, ﬁ[) The convergence
of Lemma 2.3 clearly holds also in L;, proving that the first factor converges to 0, while the
second one is uniformly bounded using estimates (2.9). This proves that lim. o As /e = 0.
For the term Aj,, recalling that v € Hy1,(D) (Proposition 2.1), we readily obtain

lim A:*f = E[(Vu ©)(1,X,)Z.]. (2.11)
Finally, as far as A, is concerned, it is enough to observe that (u(s A 7, Xsar)Zsar —
I f(s, Xs) Z4ds)i<s<r is a (bounded) martingale, and the result follows. Combining differ-
ent limits for Ay /€, -, Ay /€ completes the theorem, when ¢, f € H;.

Now consider the case where ¢, f € H,, only. There is a sequence of (¢, fin)m € Hi which
is bounded in H, and convergent to (¢, f) in Hy-norm (for any o €]0, ). Denote uf, the
associated PDE in the domain D¢. Clearly u$,(¢, x) converges uniformly in € to u®(¢,x) (¢ and
x are fixed). Moreover, D¢ is of class Hi.o (for € small enough, say € < €y) and the previous
analysis leads to d.us,(t,x) = E[e‘ff emnX0)dr[(7yue — Vg)O)(7e, X».)]. What remains to
be proved to complete our theorem in the general case is the convergence of O.us,(t,z) to
Ele” ) crXndr[(Gue — Vg)O](re, X,.)] uniformly in € (e < ). This easily reduces to the
uniform convergence of |uf, —u|11ape to 0 as m — co. Observe that u = uf, —u® is solution
of (2.4) in D¢ with data & = ¢, f = fm—f+(cm—c)u and g = 0. By the |-|; o pe-estimates



from Proposition 2.1 (with a constant K locally uniform in e and depending on ¢ only by
|€|las De), we obtain |uf, — u|14ape < K(|¢m — ¢|or + | fin — flar) uniformly in e. The proof is
finished. O

Proof of Lemma 2.3. To prove 7. — 7 a.s., we sandwich D¢ between two domains,
D ={(t,x) € D: pd((t,x),SD) > ce} and D" = {(¢t,z) : pd((¢,x),SD) < ce}, where
the constant ¢ is large enough to ensure D¢ C D¢ C D¢ and e small enough to have
(t,z) € D°. We denote 7_. and 7, the relative exit times for X. Since 7_, < 7. < 74, We
are reduced to prove that 7_. and 7, converge a.s. to 7 as € | 0. Firstly, 7_. is an increasing
sequence bounded by 7: we write 7_ for its limit. Since pd((7_., X; ), D) < ce, taking the
limit gives 7_ > 7, and thus 7_ = 7. Secondly and analogously, 7 < 7 = lim, |y 74.. In view
of the estimate (2.12) below, the event {7 < 7, } has zero probability. Hence, we get 7, = 7.
It remains to prove

V(s,y) € PD,YA > 0 small enough : p; o =P(3 t €]s, s+ Al : (£, XY) ¢ D) =1. (2.12)

By the Blumenthal Zero-One law, it suffices to show p;, A > 0. For this, we combine the
tusk condition of Proposition 1.2 and the Aronson’s lower bound [Aro67| for the density
Psy)(s +A,-) (wr.t. the Lebesgue measure) of the law of XY5, i.e. pu(s +Ay) >
m exp (—K%) . Let 7 be the tusk of Proposition 1.2 at point (s,y) and take A < §.
We have

s 1 |y — y/’2
Ps,y,A 2 P((S + A?Xsz) € T) 2 /7[( Ad/Q eXp( - KiA )1|[y/—y]—27\/z|2§R2A dy/
1
= /? exp ( — K|z|*)1,_yp<pe dz > 0.

The proof of (2.12) is complete. O
Proof of Lemma 2.4. Take p € [1,:=-[. It is enough to consider the integrability of
Hu alone. Indeed, we already know by Proposition 2.1 that Vu is uniformly bounded,
and the control of Jyu follows from the other estimates by (2.4). Under our standing
assumptions, the second spatial derivatives of u may blow up at the boundary PD at
some rate. Namely, in view of the estimate (4.64) p.79 in [Lie96|, we have |Hu(s,y)| <
K inf(, yepp.rss [PA[(s,9), (r, 2)]]*"". Thus, the assertion of the lemma follows if

T
E1, x inf d[(s, X¢ Pe=D1gs < 2.13
| Ellixoen,inf  (pd(s, X0, (r.2))" Vds < toc, (2.13)
with p(a — 1) €] — 1,—1 + «. This quantity is partly evaluated using an Aronson’s upper
bound [Aro67] for the density pf x(s,-) of the law of X{ conditionnally on Xf. We note
that for € small enough, the coefficients of the dynamics of the non-homogenuous SDE X*¢
also satisfy (A,), with uniform (w.r.t. €) Lipschitz and ellipticity constants. Thus, one has

Pixe(s,y) < ﬁ exp (— ‘;ft(s_j’g) with a constant K uniform w.r.t. e. We analyse the
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quantity (2.13) according to the event A = {pd((s, X¢),Dr) < pd((s, X5),SD N {r > s})}
and its complementary.

On A, inf(,.\epprss PA[(s, XE), (r, 2)] = VT — s which gives a integrable contribution (since
(T = s)PeD2ds < +00).

On A°, infq.yepp,>s PA[(s, XY), (r,2)] = pd((s,X),SD N {r > s}). To prove that
S E[L s xoen(pd[(s, XE),SD N {r > s})P* Vds is finite, we can restrict to points (s, X¢)
in a neighborhood of SD. This set can be covered by a finite number of open balls
(B; =]t(5) — €3, t(j) + €3[x Ba(x(j), €0))1<j<s (with (£(j),z(j)) € SD), on which the local
parameterization of D is available, i.e. DN (Jt(j) — €2, t(7) + €2[x Ba(x(j),€0)) = {(s,2) :
s €J(t(4) — )y, (t(G) + ) ANT[,z € Ba(x(j),€0), 2 > (8,21, 21,241, 24)} (see
Definition 1.1). Furthermore when D € Hy, it is an easy exercice to check that |z; —
O(8, 21, Zic1, Ziet, 5 2a)| < Kpd[(s,2),SD N {r > s}]. Combining these arguments
with the Aronson estimate, we obtain

T
/t E[1( xoepns, (Pd[(s, X5),SD N {r > S}])p(a—l)]ds

3 /<t<j>+e%>ATd / K ( | X5 — z|2)
< S ———exp(— —————=
(tG)—e) vt JBa(a(i)e0) (5 — )42 K (s—1t)

KPO=9T s,

SZi—1,%i41, % d) dz - dz
|Zi _¢(S7ZIJ"'7Zi—17zi+17'”7Zd)|p(1_a) ! d
(t(G)+e)NT ds
o e
(t()—e2) vt (s — t)1/2
where the space integral is easily evaluated by integrating w.r.t. z; first. a

3 Domain sensitivity for reflecting diffusions

In this section we deal with domain sensitivity of functionals of a normally reflected diffusion
process X** in a time varying domain D. We consider a general functional of the form

T T
u(t, ) = Blg(Xy") Zr — [ 20 f(s, X0)ds = [ Z0%h(s, XEDN), (3.1)

where A%® is the associated increasing process on the boundary and

s t,x t,x t,x
Zz,x — e_ft c(r, X" )dr+6(r, X" )dAy , (32)

and space perturbations of the domain D of the form (2.5).

The definition and construction of a diffusion process with normal reflection in a time
varying domain requires few modifications with respect to the analogous definition and con-
struction for a fixed domain, but, to our knowledge, does not appear anywhere in the liter-
ature, therefore we formulate it in Subsection 3.1 and add a few more details in Appendix
C. The same holds for the Feynman-Kac representation that relates the functional (3.1) to
a Cauchy-Neumann parabolic problem in D (Subsection 3.2 and Appendix B.2).
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The sensitivity result we are interested in is contained in Subsection 3.3: we prove that
the expectation of the functional (3.1) is differentiable with respect to the perturbation and
compute its derivative, which turns out to be an expectation along the paths of (X%* Ab").
As in Section 2, the idea of the proof is to transfer the perturbation from the domain to the
process, by introducing the perturbed process

X0 = (Id+€0,)(X™),  a° = (Id+€0))(x), (3:3)

where X%*€ is the normally reflecting diffusion in the perturbed domain (2.5). The process
Xt%¢ takes values in D but reflects on the boundary along an oblique direction. Therefore we
need to prove some compactness and moment estimates for diffusions with oblique reflection
in a time varying domain (Subsection 3.1 and Appendix C.1).

3.1 Reflecting diffusions

In the sequel, we consider a time varying domain D of class at least Hy (see Subsection
1.3). Recall that, with this degree of regularity, the time sections Dy, s € [0, T}, verify the
uniform exterior and interior sphere condition, uniformly for s € [0, T; let n,(x) denote the
unit inward normal with respect to Dy at x € 9D,. Let v denote a measurable, unit vector
field on SD such that

vs(z) - ng(z) > 0, Vo € 90D, se€10,T),

and let b be a bounded measurable function on D and ¢ be a continuous function on D. In
the sequel (¢, z) will be a fixed point in D.

Definition 3.1 A (weak) solution of the stochastic differential equation (RSDE) of coeffi-
cients b and o in D with reflection along vy, starting at (t,x), is a stochastic process (X* AH)
with paths in C([t, T), R x T([t, T],Ry), Av® = 0, that satisfies, almost surely, for s € [t,T],

Xt = 4 / “b(r, XY dr + / "o (r, XE)AW, + / T (XETYAAL®, (3.4)
t t t
Xi"eD,, selt,T], dA({s€[tT): X!"eD,})=0, (3.5)

where W is a Brownian motion on a filtered probability space (0, F,{Fs},P) and (X", AH*)
is {Fs}-adapted. X" will be called a reflecting diffusion in D with coefficients b and o and
direction of reflection v, and A" will be called the associated increasing process on the
boundary.

The following two theorems can be proved by arguments similar to those used in [Sai87]
and |[Cost92] (a few more details are given in Appendix C.1).

Theorem 3.2 Assume b and o satisfy (A,-1) (see Section 2). There exists one and only
one (weak) solution to the RSDE of coefficients b and o in D with reflection along n (normal
reflection), starting at (t,z) € D.

11



Remark 3.3 Indeed, under the assumptions of Theorem 3.2, there exists one and only one
strong solution to the RSDE of coefficients b and o in D with normal reflection.

Let

I(r) = sup sup d(z,D,).
5,t€[0,T], [s—t|<r 2eD;

Since D is of class Ho,
lim I(r) = 0.

r—0+t

Theorem 3.4 Assume v is continuous and

V3

vs(x) - ng(x) > ko > DR Vo € 9D, s €]t, T]. (3.6)

Let (X% A%®) be a solution of the stochastic differential equation of coefficients b and o in

D with reflection along v, starting at (t,x) € D. Denote
Vi — oy / b(r, X% dr + / o(r, X49)dW,, s € [t,T). (3.7)
t t

Then there exists a function r : C([t, T], R?) — R, depending only on D, ko and the modulus
of continuity of v, such that, almost surely,

sup |XEE X 4 AL~ AL < R(VH) ( sup VA~ VA 4 U(ss 81)> ,
s51<r1<rz<sz s1<r1<ra<s

t<s1 <s3<T,
K is bounded over compact subsets of C([t, T], R%).

We will also need control on the moments of the associated increasing process on the
boundary: this is provided by the following proposition, which is proved in Appendix C.2.

Proposition 3.5 Let D, v and (X“*, A*) be as in Theorem 3.4. Then, for any p > 0,
E ] < K (3.8)
where K is a constant depending only on p, D, |bls, |0|e and k.

The above results yield the following proposition, which will be one of the main tools in
the proof of the sensitivity result.

Proposition 3.6 Assume b and o satisfy (Aa-1). Let (X5 A*) be a solution of the
stochastic differential equation of coefficients b and &° in D with reflection along 7°, starting
at (t,z¢). Suppose ¢, b, 6° and 2° converge uniformly to n, b, o and x, respectively, as
€ goes to zero, and ¥ is conlinuous. Then ()N(t’we’e,]\t’me’e) converges weakly to the solution

12



of the stochastic differential equation of coefficients b and o in D with normal reflection,
starting at (t,x), and, for some €,

sup E {ep/itfwe’f} < 00, (3.9)

e<eg

for any p > 0.

Proof. We omit the superscripts ¢, 2. For e smaller than some ¢, b° and 6¢ are bounded

uniformly in e and the directions of reflection ¢ satisfy (3.6) with the same ky > 2.

2
Therefore (3.9) follows from (3.8).
Now let us turn to convergence. (X¢, A¢) satisfies (3.4) for some Brownian motion W¢.

Let Y¢ be as in (3.7). Let {e,} be any sequence converging to zero. The directions of reflec-
V3
2 ~
r that appears in Theorem 3.4 does not depend upon n. In addition, since b* and * are

tion 4 are equicontinuous and satisfy (3.6) with the same ky > %52, therefore the function
bounded uniformly in n, the family of stochastic processes {}76"} is relatively compact. Then
the family {(X, A«)} is relatively compact and hence so is the family {(X, We, A},
Now let {€,} be a sequence converging to zero such that {(X W, A“)} converges in
law to a limit point (X,W,A), and let {(X™, W™, A™)} and (X,W,A) be versions of
{(Xe, W A)} and (X, W,A), respectively, such that {(X™, W™ A™)} converges al-
most surely, on a suitable probability space, to (X, W,A), uniformly on [0,7]. Clearly
{(b (-, X™), 65, X™), 3% (, X™), W™ A"} converges almost surely to {(b(-, X), o (-, X),
n(-, X), W, A}, uniformly on [¢t,T]. Theorem 2.2 in [KP91] ensures that the right hand side
of (3.4) converges in probability, uniformly on [t,T], to = + [, b(r, X,.)dr + [, o(r, X, )dW, +
J; n.(X,)dA, as soon as

supE {(WE")T} < oo, supE [K;fl} < 00. (3.10)

The first inequality in (3.10) holds trivially and the second one holds by (3.9). In fact the
convergence holds almost surely, because X " converges to X almost surely.

In order to show that (X, A) satisfies (3.4-3.5) it only remains to show that dA({s € [t, T :
X, € D,}) = 0 almost surely. To this end, observe that the sequence of measures {dxe"} on
[t, T] converges, almost surely, *weakly to the measure dA. For every n > 0,

{selt.1): d(X,0D,) >n} < {se[t,T]: dX,0D,) >n/2},

for all n large enough, almost surely. The set on the right hand side has zero measure under
dA™ and hence so does the set on the left hand side. In addition the set on the left hand
side is open, so that it has zero measure under dA as well, for every n > 0, which implies
that dA ({s € [t, 7] : X. € D.}) =0.

The assertion of the proposition then follows from uniqueness of the solution to the RSDE
of coefficients b and ¢ with normal reflection in D (Theorem 3.2). O
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3.2 Feynman-Kac’s representation

As in Section 2, in order to study the sensitivity of the function w defined by (3.1) with
respect to perturbations of D we need to represent u as the solution of a suitable partial
differential equation, i.e. to extend the Feynman-Kac formula.

Proposition 3.7 Assume (A,), D € Hotra, B € Hita, ¢ € Ho, f € Ho and h € Hiyq
with o €]0,1[. Let g be a bounded, continuous function on R?. Then there exists a unique
solution of class C12(D) N CYY(D) to the parabolic problem

ou+ Lu—cu=f in D,
Vun— pu=nh on 8D, (3.11)
uw(T,)=g on Dr.

The solution is given by (5.1). If, in addition, g is twice continuously differentiable with
bounded derivatives, the second order derivatives of g are uniformly Holder continuous of
order a and Vgn(T,-) — B(T,-)g = MT,-) on 0Dr, then u belongs to Hoya(D).

The proof is given in Appendix B.2.

3.3 Boundary sensitivity

Let X% be the reflecting diffusion with coefficients b and ¢ and normal reflection in the
time space domain D, starting at (,z), and let A® be the associated increasing process
on the boundary. Our goal is to study the sensitivity of the functional (3.1) with respect
to space perturbations of D of the form (2.5), with © € C,*([0,T] x R%). We will suppose
that |e| < e, where ¢ is chosen suitably (in particular ey < m A 1, so that the map
Id + €O(t,-) is invertible for |¢| < ¢). A straightforward computation shows that the unit

inward normal vector on 0D is given by

(I+€JO¥) (x)ng o (Id + €Oy) (z)

" = T+ I6:) (0 (14 + 0. ()]

Va € O, (3.12)

Let X% be the reflecting diffusion with coefficients b and o and normal reflection in D¢,
starting at (¢, x), and let A“"* be the associated increasing process on the boundary. Denote
by u€ the corresponding functional (3.1). The following theorem contains the sensitivity
result we are interested in.

Theorem 3.8 Assume, for some a €]0,1[, (A.), D € Hora, 5 € Hita, ¢ € Ha, [ € Ha
and h € Hiyo. Suppose g is a twice continuously differentiable function on R? with bounded
derivatives, the second order derivatives of g are uniformly Holder continuous of order «
and Vgn(T,-)— (T, )g = h(T,-) on ODy. Then, for every fized (t,x) € DUDy, u(t,x) is
differentiable with respect to € at e =0 and

duc(t, )

T
ha), = E[— [ 2t s, X0 (s, X0 J(s, X1 (s, XL )AL
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T
_ / Z520% (s, X5 Hu(s, X2 )n(s, X57)dAL®
t
T
[ 2 Vs, X1) 76" (5, X7 n(s, X L)AL
t
T
+ / Z5° (Bu + h)(s, X5)O (s, X1¥)dAL (3.13)
t
where Z'" is given by (3.2).
Proof. In the rest of this section we omit the superscripts ¢, z and denote
Z€ — o N o(r, X5 )dr+5(r, X5)dA;.
Without loss of generality we can suppose € > 0. Since D is of class Hoy, and u € Haoyo(D),
we can extend u to a function in Ho,o(]0, T[xR4), which we will still denote by u. Then,
for € small enough that (¢, z¢) € DU D,
T T
w(t,w) —ultw) = E[Z5g(X5) — [ Z2f(s,X0)ds — [ Z2h(s, X2)aA]) — ult, @)
t t
= E[Zp(9(X7) — u(T, X7))]
T T
FE[Z5u(T, X5) — ult.x) = [ 2 f(s, X0)ds — [ Z2h(s, X2)A]
t t
= E[Zp(9(X7) — u(T, X7))]
T
+E[/ Z5(0su+ Lu — cu — f)(s, X$)ds]
t
T
+E[/ Z¢ (Vun — fu — h)(s, X)dAS]
t
= Al,e + AQ’E + A37€. (314)

As in the proof of Theorem 2.2, the idea is to transfer the perturbation from the domain to
the process, by introducing the perturbed process X¢ = X5*€ given by (3.3). The following
lemma is proved after this theorem.

Lemma 3.9 X¢ is a reflecting diffusion in the domain D with coefficients

b(s,z) =  (bs+€(ds+ L)O,) o (Id + €0,) " (), (3.15)
(s, z) = (0,4 €JO,0,) 0 (Id +€0,) " (),

and direction of reflection

o (T+ €0, ((d+€0,)" (2))) (1+ €70 ((Id + €0.) " (x)) ) na(x) -
’ (T+ €70, ((1d+€0,) 7" (@) (T+eJ0; ((1d+€0,) " () ) ny(z)]

The associated increasing process is
i / I+ eJO.(X)) (I+eJO:HXE)) n,(X5)
Ch (T + J0;(X1) n, (X)
15

dAS. (3.17)




By Proposition 3.6, (X¢, A¢) converges weakly to (X,A), as € goes to 0, and (3.9) holds.
Since | X — X¢| < €|O] for every t < s < T, X€ too converges weakly to X. As far as A°
is concerned, we have

o[ I+ eJO7 (X)) m, (X7)
TN (T4 eO,(XD)) (T + eJO;(XE)) ny (X)

dAS, (3.18)

so that A converges weakly to A by (3.9) and Theorem 2.2 in [KP91|. In addition, since the
integrand in (3.18) is bounded from above by a positive constant, uniformly for € < €, (3.9)
holds for A€ as well. Therefore Z¢ converges weakly to Z and

supE | sup |Z{]P
e<eg t<s<T

< 00. (3.19)

We are now ready to analyze the right hand side of (3.14). Since g and u(7,-) coincide on
Dy and their second order derivatives derivatives are Holder continuous of order «, one has

A= O(e#T).

Next consider Ay, and let

A(s,x) = (Osu+ Lu — cu — f)(s, ).
Notice that A is of class H,. By (3.19) we have, for 117 + é =1,

A< B[ 1z pas PR [ AG, X0)pds] V0 < KBL [ JAGs, Xolrds]
Now observe that, as u satisfies (3.11), A(s, X¢) # 0 implies
d(X¢,0D;) < [O]e.
Therefore we have
B0l < K B[ LacxsomsiornclAls, X0 — AGs, Kloas™, (320

and, by the smoothness of A,

T 1/q
|A27€| < K ¢“E [/t 1d(X§,8’D5)<e|oo€dS‘| .
The following lemma is proved after this theorem.

Lemma 3.10 There is a constant K depending only on D and the coefficients of L, such
that, for some €y, ng > 0,

T
sup E M la(xeop,)<nds| < K,

e<eg
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for every 0 < n < ny.
1
By Lemma 3.10, |Ay | < Ke*"a, and, by choosing % > 1 — «, we obtain

Now consider As .. Since the unit inward normal to Ds, nS, is given by (3.12), we have

T
Ay, = E Vt Z¢ (Vun® — Bu — h) (s, X)dA

= m|[ 7 (e |<I+eJ@I;gg ) e s X0 |

n,(X9)
(T €J67)(X5) 0, (X)|

T
+ ¢E [/ Z¢Vu(s, X) (JO*)(s, X9 dA;}.
t

Taking into account the boundary condition (3.11) satisfied by u, and the fact that dAS
increases if and only if X¢ € 0D¢, that is if and only if X € 0D;, we obtain

Suc= w1 z vt om0 (Gt )
1E VtT Ze (vu<s,X§) - vu(s,f(;)) nS(Xj)dAZ]
+ | [ 25 (G 06X — (G (s XD ]
t¢E [ /t " 2eVuls, X9) (JO") (s, X9) e d@“;)gé)) ns(j(;)’d/\g]

and, by exploiting the identity ﬁ —1= i, v e R

ol (ol+1)
. i
Az = b l/ Zg Vu(s, Xny(X5)
t
—2n?(X¢) JO,(XE)n,(XS) dAE]
(T4 JO2)(X9) ny(XO)|(|T+ eJO7) (X ny(Xg)| + 1) °

T ~
+¢E [ / ¢ (—O1(X5) Huls, XOmno(XS) + V(Bu + h)(s, X)O4(X)) dAg]
t
T ~
+cE V 75 Vu(s, X5) (JO*) (s, X?) nS(Xj)dAZ]
t
T ~
+ R V Z R;(X;,X;)d/\;] , (3.21)
t
where |RS(z,Z)| is uniformly bounded by (3|JO|% + [O]:0%)(Julara + |Bu + hl11a). The

last summand in the right hand side of (3.21) is o(¢) because {A°} satisfies (3.9) and {Z}
satisfies (3.19). Moreover all other integrals on the right hand side of (3.21) converge in law
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to the integrals on the right hand side of (3.13) because (X¢, X¢, Z¢, A°) converges weakly to
(X, X, Z,A) and {A} satisfies (3.9) (by Theorem 2.2 in [KP91]). Then the assertion follows
from the fact that the sum of the integrals on the right hand side of (3.21) is bounded in
absolute value by

K(sup | Z5[)(IVttloo| JOloc + | Htt]oc|Oloo + [V(51 + h)|oo|Oloo) A

and {Z¢}, {A°} satisfy (3.19) and (3.9), respectively. O

Proof of Lemma 3.9. By Ito’s formula for semimartingales, taking into account (3.12),
X¢ satisfies (3.4), almost surely, with b¢, ¢, 7 and A€ given by (3.15), (3.16) and (3.17),
respectively. dA€ is equivalent to dA¢ because the integrand in (3.17) is uniformly bounded
from below and from above by two positive constants, for ¢ < €;. On the other hand
X¢ € 9D, if and only if X¢ € OD5, so that dA ({s € [t,T]: X¢ € D,}) = 0. Therefore all
conditions in Definition 3.1 are satisfied. a

Proof of Lemma 3.10. Since D is of class Ha ., there is a function F € C, that coincides
with the signed spatial distance of x from 0D; on {(¢t,z) : 0 < t < T, d(x,0D;) < r(}, for
some 1| (see Subsection 1.3). Then F¢ = F(s, X¢), t < s < T, is a semimartingale and, by
(A,-2), fort < s < s <T,

52 52
<FE>S2 - <FE>51 = / |VF U|2 (T, X:) dr > CLO/ 1d(X$:aDr)<T(/)dT' (3'22)

S

Therefore, for n < ny = r{,

T T
E[/t 1d(X§ﬁDs)§nd5] = EM 1F(87X§-)Sﬂld(Xf-a@DsKnodS]

< B [ | 1F§|§nd<FE>s] — B[ ]

Qo —

2n .
< — sup E[L7(y)],
where L£¢(y) denotes the local time of F' at y. On the other hand, by the Tanaka formula,

T
BICH0)] = B|IFE vl - I sl [ sin(F: - y)ars]
< [Flat Il 100+ L) Flo (T 1) + VLB,

and the assertion follows by the fact that (3.9) holds for {A}. O
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4 Applications

The sensitivity results proved in the previous sections can be used for a variety of problems.
In this section we give a few relevant examples of applications. Some of them are the object
of current or future work by the authors or other researchers and are only sketched here.

4.1 Correcting the bias in the simulation of killed Brownian motion

Let us consider the problem of evaluating E[g(X>")1,,~7], where X = z + u(s — t) +
oW, —W,) € R4, O is a domain in R¢ and 7o is the first exit time of X%% from O. For
instance, in finance this is the problem of pricing barrier options written on d risky assets
that follow the Black and Scholes model. We can compute E[g(X5")1,, 7] numerically by
Monte Carlo methods, i.e. by simulating independent copies of g(X%m)lTO>T and averaging
them out. Even though X%x can be simulated exactly, the exit time 7o cannot; therefore it
is usually approximated by 78 = inf{t; = ih > 0 : Xtoi’x ¢ O} where h is a time discretization
step.

Let us consider the simplest possible situation, i.e. X'* = z+(W,—W,;) € R, O =|—o0, 1],
and suppose that g vanishes in some neighborhood of b (we could alternatively assume that
g is smooth and vanishes in b). Then a special case of a theorem in [GM04] shows that the
discretization error can be expanded to the first order w.r.t. VA, i.e.

E[g(X7)Lor] — Blg(X7") Lro1] = —cotta(70, b)) VR + 0(Vh),

where ¢ = 0.5823. .. is a universal constant and u is the solution of (2.4) in D =]0,T[xO.
When u,(70,b) < 0 (which actually holds as soon as g is non-negative and non-identically
zero), this approximation overestimates the exact value. Actually, this is clear since o < 75
systematically. In order to correct this bias, we can restrict the domain O to O" =] — 0o, b—
CVh] (C to be fixed) and approximate 7o by 78, = inf{t; = ih > 0: X;, ¢ O"}. Then the
error can be split into

(o3 1, o)~ Elg(X3) 11 ) + (Elg(X5) 11y 1) — Elg(X3) Lrgor])
By the result of [GMO04] and by the space homogeneity of X, we have

E[Q(X%x)lrng] - E[g(X%m)lTOh>T] = —coua(74,0 = CVR)Vh + o(vVh)
= —cou(70,b)VIh + (VD).

As far as the second summand is concerned, recalling that g vanishes in some neighbor-
hood of b we have E[g(X2")L,,>1] = E[g(X2%,)] = Elg(X%)] and E[g(X$")1, 1] =
E[Q(ngiAT)] = E[g(XBﬁ)], with D =)0, T[xO and D" =)0, T[xO". Then we can apply
Theorem 2.2, which yields (see [GMO04])

E[g(X%x)]-Toh>T] - E[g(X%m>1To>T} = ux(TOa b)C\/E + O(\/ﬁ)
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By choosing C' = ¢y, the leading terms in the two expansions above cancel and we get
Elg(X7")1n or] = Elg(Xp")Lrgs1] = o(Vh).

The case of Brownian motion killed at the exit from O =] — oo, b] (as well as its extension to
multidimensional Brownian motion with drift killed at the exit from a half space) is actually a
toy example because in this case one can simulate 7o exactly by Brownian bridge techniques
[Gob01]. Much more interesting situations (such as 2-dimensional wedges) are dealt with in
[Men05.

4.2 Pricing of American options

The valuation of American options is still a major issue in asset pricing. The buyer of such
a contract is given the right to exercise the option at any time 7 between now (¢ say) and
the maturity 7. Assume that the vector of the prices of the underlying assets X evolves
according to an SDE of type (2.1), that the market is complete and that the instantaneous
interest rate is of the form (c(s, X;))s<i<r. If the payoff at time 7 is g(7, X;) (g a continuous
function satisfying suitable integrability conditions), the fair price of the option is given by
(see |[Kar88])
P(t,z) = sup E e_ftTc(s’X?I)dsg(T, Xt
T€[t,T]

the supremum being taken over all stopping times with values in [¢t,T]. There is no simple
numerical method available to evaluate the price of American options. We refer the reader to
[FLM™01] for a review of numerical methods to handle this issue. A possible new approach
is based on the observation that, since the smallest optimal stopping time is given by the
first exit time of X** from the (unknown) continuation region C = {(s,y) : P(s,y) > g(s,vy)}
(see [Kar81]), one has

P(t,z)= sup E e lP C(S’X?x)dsg(T,Xﬁx) , (4.1)
DCJ0,T[ xR

where 753" is the first exit time of X** from D, and D is an open set. The optimization
of the r.h.s. of (4.1) can be carried out by a ’gradient’ algorithm that uses the sensitivity
with respect to the domain D. Theorem 2.2 provides a tractable formula for this sensitivity.
In practice, only smooth domains with a suitable parameterization are considered. The
algorithm will be fully described in further work. An approximation to the A-hedging can
also be obtained.

It is worth mentioning that the expression for the sensitivity given in Theorem 2.2 is
consistent with the smooth-fit condition ([Fri76], [BO91|): formally, at the boundary of the
continuation region C, we have VP = Vg. By Theorem 2.2 this gives that at D = C the
sensitivity of uw = P is null.
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4.3 Joint density of the maximum and the terminal value of a dif-
fusion process

Let X%* be the solution of a d-dimensional SDE of the form (2.1), under (A,) (« €]0,1]).
The aim of this subsection is to prove that the joint law of (tr<n?g% Xy Xff%, e ,Xfl’}),

t < T, has a density w.r.t. the Lebesgue measure on R4, and to give a representation of
this density. What follows extends the one-dimensional result of |CFS87|, which is proved
by different techniques.

Let 707 = inf{s > t : X{"0 > a}. For fixed (yi,- - -,a),

P <max X1t <a, XPh <o, Xgh < yd>

t<s<T

= ua<t’ :L“) =E [1{T}(T£’I A T)1}—0071!1[X“‘]—Ooayd[(X:;I/\T)} )

is the expectation of a functional of the form (3.1) with D =]0,T[x]| — oo, a[xR*"! and
9(t,x) = Ly (1)) —oo i [x-]-cowal(%). Without loss of generality we can take a > z; and
a > 1y;. We want to apply Theorem 2.2 to compute 0,u,. In this example D is non bounded
and ¢ is not of class Hi,,. However, denoting by q,(t,z,T,-) the density of the diffusion
process killed at the exit from | — 0o, a[xR?™1, u,(t, ) can be represented as

ua(t7 [L“) =E {1{T£‘I>T} 1]—007111[X“‘]—Oﬁyd[(X%z)} = / qa(t’ z, T, Z)dZ
21 <Y1,,2d<Yd

Since q,(t,x,T, z) is a smooth function of (¢,z) and its derivatives satisfy exponential inte-
grability conditions in z (see [GMO04] for details), u, is also a smooth function in D and Vu,
can be extended continuously and boundedly up to SD = {(t,z) : 0 <t < T, z; =a}. A
closer inspection of the proof of Theorem 2.2 shows that in addition, only smoothness of g on
the side SD is needed, and this holds here. Then, by taking © = (—1,0,---,0)* in Theorem
2.2, we get the differentiability of u, w.r.t. a, and

Ouig(t, ) = —E[lTé,x<T8x1ua(Té’x, Xi,:ﬁ)]

= - E[1 to_p0p, qu(70%, X505, T, 2))d2.
21<Y1,,2d<Yd ¢ Ta

This, together with the observation that u,(t,r) = [ Oyua (t, z)da’, proves that the density

of the law of (trgag% X718, X717, , XgT) exists and is given by

r(a,y) = ~Lose, Lasyy B e 00, 6a(70", X0, T y)l.

T

Note that r is non-negative since ¢.(s,z,T,y) > 0, q.(s,2,T,y) = 0 if 2y = a and thus
0.4Ga(8,2, T, Y) | 2y=a < 0. Actually, 9.,¢4(5,2,T,y)|z,=a < 0 for s < T and a > y; (see
Lemma 13 in [GMO04]), so that r(a,y) is strictly positive on the set {a > z,a > y;}. A little
extra work would show the continuity of r. Furthermore, we could iterate our arguments to
study the differentiability of r: it leads to tedious computations we do not reproduce.
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4.4 Singular stochastic control problems

In singular stochastic control problems (see, e.g., [Sh88] or [FS93] for an introduction to
these problems) admissible controls (and, in general, optimal controls, when they exist) are
not absolutely continuous in time. One considers a family of SDE’s in R? of the form

X0t =t "ot Xpydr [Tl XP)AW, + 6, (1.2
t t

where the control ¢, t < s <T, ¢, = 0, is a process with bounded variation, left continuous
paths with right hand limits, such that the direction ~, defined by

6= [ wdlols (43)

satisfies
v e, dl¢|—a.e., (4.4)

for a given closed cone I'. The goal is to minimize, over all ¢’s, Jy.(¢), where

T
a(0) =B ax3) = [ s, x5 [ s nalel ]

When the value function V(¢,2) = inf, J;,(¢) is sufficiently smooth (typically under
some convexity assumptions), it can be shown that, letting

D={(t,x): 0<t<T, H{t,VV(tx)) <0}, (4.5)

where H(t,v) = supj,_y ,er {—v*y — h(t,7)}, if the SDE with coefficients b and o and
reflection along I in D, starting at (0,z), has a solution (X%, ¢%7), then ¢%7 is an optimal
control. The definition of solution of a RSDE with reflection along a cone I' in the closure
of a domain D is analogous to Definition 3.1, except that (3.4) has to be replaced by (4.2),
(4.3) and (4.4) and accordingly A** has to be replaced by |®**|. In addition, in the present
context (t,r) does not necessarily belong to D, therefore, for (¢,2) ¢ D, one has to allow
an initial jump ¢;7 € I such that X" = x + ¢} € 9D (as a consequence (X, ¢"%) is
required to be continuous on |¢, T'], with right hand limits in ¢ and (3.5) holds for s €]t, T1).
Then the problem can be viewed as that of minimizing, over all domains D such that the
RSDE with coefficients b and o and reflection along I' in D has a solution, a functional of
the form (3.1) (at least if 397 = ~(s, X°7) for some known function v, or if  is a function of
time alone). If a sensitivity result like Theorem 3.8 can be proved, it can be used to derive
necessary conditions for the optimal domain D and to construct a ‘gradient’ type stochastic
algorithm to approximate D numerically.
As an example, consider the stochastic control problem analyzed in [SoSh91|:

b=0, 0=+v2, T={Xe, A>0}, e=(0,---,0,—1)% (4.6)
h(s,7y) = h(s).
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It is shown in [SoSh91|, that, under suitable assumptions on f, g and h (in particular f and

g convex in the x4 variable, f, g and h smooth and satisfying growth conditions), the domain
D defined by (4.5) is of the form

~

D={(t,x): 0<t<T, xg <q(t,x1, -+, x4-1)}, (4.7)

for some (unknown) function ¢, which is locally Lipschitz on [0, T[xR?!. The RSDE with
coefficients (4.6) and reflection along e in D, starting at (¢,z), has a (unique) solution
(X%* @8 for any domain D of the form (4.7). Therefore

igf Jo2(¢) = uz(0,2) = irplf up(0,x),

where up is defined by (3.1) and the infimum is taken over all domains of the form (4.7) for
some function q.

The results of Section 3 can be easily extended to this situation. For a domain D of the
form (4.7), if ¢ € Hora, [ € Ha, h € Hitq for some a, g is twice continuously differentiable
with bounded derivatives, the second order derivatives of g are Holder continuous of order
a and —%(m) = h(T), for all z € N4, considering perturbations of D of the form

D ={(s,2): 0<s<T, 24<(q—e0)(s,21,---,2q.1)}, O €CP*(0,T] x R,
and a point x such that x4 < (0,1, -+, 24_1), we have, as in (3.14),

upe(0,2) —up(0,2) = El(9(X7) = up(T, X7))]
T
+E| /0 (Byup + Lup — £)(s, XE)ds]
T
+E[ [ (Vup(s, X0 e = h(s))d|*]]
= Al,e + A2,6 + A3,E7
where (X€ ®°) is the solution of the RSDE with coefficients (4.6) and reflection along e in

De, starting at (0,z). Since up satisfies (3.11) (with n replaced by e and ¢ = 3 = 0) it can
be easily shown that A; . = O(e'™®), Ay = o(e) and

T
A3,e =E / VUD(S>XSE) - VUD(SaXsE - EGI(SaXsE) 6) € d|CDE’S
0

Therefore
dupe (0, x)

de

(5, X27) d|®%7|,] . (4.8)

2
0 Ox;

Notice that (4.8) is consistent with the smooth fit condition, which is proved to hold in
[SoSh91].

T 2
" U o/ (s, x00) 21
e=0
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A Tusk condition: proof of Proposition 1.2

If (tg, o) € Dr, the result is clear. Now, consider (ty,7¢) € SD and a new (local) coordinate
system centered at (to,zo) (see Definition 1.1), such that x4 > ¢(t, 21, -+, x4-1) provides a
local description of D. In this coordinate system, if we put § = €2, o = (0,---,—=\)*, 0 <
R < X (X and R are chosen later), the tusk writes 7 = {(¢t,2) : 0 <t < &, |(xy, -+, 241)]> +
(x4 + M/1)? < R*}. Now take a point (£, ) in this neighborhood of (0,0) and in 7 ND: we
aim at proving (¢,z) = (0,0). On the one hand, using the tusk and A > R we obtain z; < 0.
Moreover, for € > 0, a Young inequality gives

(21, mg1)|? < Rt — (zg + AW < R — 2 — Nt + ad/e + Nte.

On the other hand, the Holder continuity property of ¢ when D € H; writes
Tq 2> _K|<x17 U defl)‘ - }—(\/E ThUS,

13 <2K*(|(z1, -y wa )| + 1) < 2K (R* — Nt — a3 + 275 /e + Nte + t).

The choice e = 2K?/(1 4 2K?) < 1 and R = (/35X (< A) leads to a cancellation of terms
with z3 and it reduces to 0 < ¢(1 — A215¢). For A large enough, the last inequality can be
satisfied only if ¢ = 0. Then x = 0 easily follows using (¢, z) € 7.

B Feynman-Kac representation

B.1 Stopped diffusion: proof of Proposition 2.1

Existence and uniqueness of a solution to the PDE (2.4). These are direct conse-
quences of more or less classical results about PDEs in time-space domains. For this, one has
to reverse the time when defining functions and domains: namely, set a(t,z) = w(T — ¢, x)
(and analogously for b, o, ¢, f and g), denote Lv = Vv b+ 1Tr(Hvo6*) and define the
time-reversed time-space domain D = {(t,z) : (T —t,z) € D}. Then, the PDE problem
(2.4) is equivalent to —0ii + Lii — ¢t = fin D with @ = § on PD. An application of
Theorems 5.9 and 5.10 p.92 in [Lie96] ensures, under (A,), D € Hy, ¢ € Ha, [ € H, and
g € C°°, the existence and uniqueness of a strong solution @ of class (D) N C*°(D) to
this PDE. Actually, what remains to be justified for an application of these theorems is the
existence of local barriers at any point of the parabolic boundary. This property is implied
by the tusk condition (see p.43 in [Lie96]), which holds when D € H; (see Proposition 1.2).
A priori estimates on u. As a strong solution, @ is also a weak solution, to which we can
apply Theorem 6.45 p.140 in [Lie96] which states that u € Hio(D).

Feynman-Kac’s formula. The proof is analogous to the case of cylindrical domains
(see |Fre85|): for sake of completeness, we briefly give it. Take (t,x) € DU PD. If
(t,x) € PD, the verification is clear in view of (2.12). Otherwise, we may apply Ito’s formula
to u(s, Xﬁ’x)e_fts e(r X ") dr but, we have to be careful since derivatives dyu(t, ), Vu(t,z) and
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Hu(t,z) a priori explode for (t,z) close to the boundary (see Theorem 5.9 p.92). However,
owing to the same cited estimates, these derivatives are uniformly bounded while the distance
from (¢, x) to 0D remains bounded from below by a positive constant, say 7; hence, if we de-
fine the bounded stopping time 75%(n) := inf{s >t : d((s, X-*),0D) < n} (strictly positive
for n small enough), the random variables d,u(s, X-*), Vu(s, X5*), Hu(s, X5*) are uniformly
bounded for s < 75%(n). Tt authorizes an application of It&’s formula, which immediately

TtA,z

t,x
gives E(u(rt(n), Xiﬂ(n))e, Jrm c(nxﬁ’z)dr) — u(t,z) + E(f; m = J; c(r,Xﬁ‘I)drf(&X;,x)ds)
taking account the PDE for u. Take the limit as n goes to 0: it is clear that 70%(n)
converges to 5% almost surely. Then, by continuity of u, u(TW(n),Xi’fx(n)) converges to
u(rth, X52) = g(74*, X47,) since u = g on PD. The dominated convergence theorem com-
pletes the proof. O

B.2 Reflecting diffusion: proof of Proposition 3.7

The arguments are similar to the one for stopped diffusions. For the PDE results, we
apply Theorem 5.18 p.96 in [Lie96]. The Feynman-Kac formula follows from a verification
procedure based on Itd’s formula. We omit further details. O

C Reflecting diffusions in time dependent domains

C.1 Proofs of Theorems 3.2 and 3.4

Our approach relies on the Skorohod problem.

Definition C.1 Let w € C([t,T],R?), w, € D;. A solution to the Skorohod problem for
(D,v,w) is a pair (x,\) € C([t,T],R%) x ([t,T],R) such that x, € Dy for all s € [t,T] and

Ty = w, + /s Ye(x)dA,, Vs € [t,T], dA\{s € [t,T]: zs € Ds} = 0.
t

Theorem 3.2 is an immediate consequence of the following.

Theorem C.2 For every w € C([t,T],R%), w; € Dy, there exists one and only one solution
to the Skorohod problem for (D,n,w).

Proof. Let rg be the radius of the uniform exterior sphere to Ds, for all s € [t, T]. For n large
enough that sup,<,<, <7, ,—s<o-n(r—y) [W0r — ws| < 3 and [ (27(T —t)) < %, approximate w
by the step functions w™ defined by

Wy = Wyppo-n(r—y), forse€t+k27"(T —t),t+(k+1)27"(T—t), t<s<T.

For t < s < T, define, for s € [t,t +27"(T —t)[, 2% = wy, and, for s € [t + k27™(T —t),t +
(k+127(T =), k = 1,

Ty = Ttk (T—t) (xﬁ(kq)zw(pt) + W kg n(r—p) wﬁ(kq)rn(ﬁt)) ,
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where 7,(z) denotes the normal projection of x on D,, and

Ay = A?Jr(kﬂ)rn(pt) + @y — (ﬁﬂkq)zw(pt) + wﬁkrn(:ﬁt) - wﬁ(kq)zw(pt))‘ .

Notice that 2" not necessarily belongs to D, for all s € [t,T], but

supd(z?, D) <1 (2’"(T - t)) , Vsel[t,T)].
[t,T]

This and the fact that |y — m,.(y)| < I(|r — s|), for any y € Dy, s,r € [t,T], yield that

/(.81752] ($f - l‘?l) ‘ng(x)) dA)

< (27 = m(@l)) - mp(a) dA? + (L2 (T = 1) + U(s2 — s1)| (AL, = AZ).

(51,82]

Then the same arguments used in [Sai87| and [Cost92] allow one to prove the assertion. O

Theorem 3.4 is an immediate consequence of the following.

Theorem C.3 Assume 7y is continuous and satisfies (3.6). If (z,\) is a solution of the
Skorohod problem for (D,~,w), w € C([t,T],R?), w; € Dy, then

sSup |x7‘2 - xrl’ + >‘82 - >‘81 < H(w) [ sup ‘sz - wﬁ‘ + Z(SQ - 81) )
51<r1<r2<s2 s$1<r1<ra<s2

where Kk 18 a function of w that depends only on D, ko and the modulus of continuity of
and is bounded on compact sets of C([t, T], R?).
Proof. Since |y — 7, (y)| < I(|r — s|), for any y € Dy, r,s € [t,T],

/( (=) o) DA< [ (= () ) DA+ U = 51) (= M),
51,52

(51752]

Then the proof can be carried out by the same arguments used in [Cost92]. O

C.2 Proof of Proposition 3.5

Since D is of class Hs (see Subsection 1.3) there is a function in Hs that coincides with F' on
{(s,2) : 0 < s < T, d(z,0Ds) < r(}, for some r{; in particular its gradient equals n,(x) for
z € 9D,. We approximate this function by a sequence {F},} of functions of class C, > (R41),
uniformly bounded in H, and convergent in H3z/-norm. Then, in particular, sup,, (| F|s +
10¢Frnloo+ 1V Finloo+ | HE | o) < 00, and for m large enough, one has VF,, (s, x) vs(x) > ko/2,
uniformly for x € 0D, s €]t,T|. Combining these facts with Ito’s formula, we get

9 T
Atfx < P(2|Fm’m + |(at + L)leoo(T - t) - / VFm<SvX§7x)US(X§7x)dWS)a
0 t
and the assertion follows from the properties of the exponential martingale. O
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