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9898+��2,,�8;<, ���4+��2, 9 �2�"�4+-)/� tk

9-�.��;<�/�0���1".�
,2�0��,
XN

tk

��;<����� 93�0��,
minti≤tk

XN
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KML(K NPO4Q�RTS
HcJKh�Q�bZbeQCVWYN[EJ�sEM\JzdmJ0R�YNLCYNXZQ�R·QFh}Ê�LSM\beJ0d ��� ���@�]�vº����#�F�
{ È JyY

(Ω,F , (Ft)t,P)
i8J

LcdvYNQ�Ok[8LSdmY\XaO=iTL�dmXadAq�V�[EJAMNJ=YN[EJ�ÉTb�YNMNLFY\XeQSR d\LFY\XadvÉTJzd�YN[EJ�^Tdm^8LFb�OyQ�RTUfXZY\XeQSRTd}QFh�M\Xe�S[�Ymw
OyQ�R�Y\XeR�^TX�Yv~ËLSRTU OyQS_`sEbeJyYNJAREJzd\d0{ HcJ·dm^EsTs8Q�dmJ Y\[8LCY�Y\[TJ¡ÉTb�YNMNLFY\XeQSR/Xad��SJARTJAMkLCY\JzU
i�~ Y\[TJ�YvVoQ¡_�^fY\^TLSbZbe~5XeRTUfJ0s8J0RTUfJ0R�YKsEM\QfOAJ0dNdmJzd�	 L

R
q w��CLFbe^EJ0U Ê�M\QCV�RTXeLSR5_`QFYNXZQ�R

W
LSRTU L ��QSXadNdmQ�RËMkLFRTUfQ�_ _`J0L�dm^EMNJ

µ
QSR

R+ × E
q.V�[TJAMNJ

E = R
l\{0} Xad

J0p�^EXesEs�J0U!V�X�YN[¡X�Ykd.ÊoQ�M\J0b�ÉTJAbaU E q�V�XZY\[ OyQ�_}s�JAR8d\LFY\QSM
ν(dt, de) = dtλ(de)

qld\^TOk[
Y\[8LCY {µ̃([0, t] × A) = (µ − ν)([0, t] × A)}t≥0

Xed�L!_`LSMmYNXZRT��LFbeJKh�QSM�LFbeb
A ∈ EV�XZY\[

λ(A) < +∞ {
λ
Xed.L�d\d\^E_`J0U�Y\Q�i�J%L

σ
w�ÉTRTX�YNJ*_}JzLSd\^EMNJ�Q�R

(E, E)
dNLCYNXedmh�~�w

¾



XeRE� ∫
E

(1 ∧ |e|2)λ(de) < +∞ { HKJ�OAQSRTd\XeUEJAM�Y\[EJ
R

d w��CLFbe^EJzU�uv^E_`sfwxUfXZn�^8dmXeQSR

Xt = x+

∫ t

0

b(s,Xs)ds+

∫ t

0

σ(s,Xs)dWs +

∫ t

0

∫

E

β(s,Xs− , e)µ̃(ds, de),
�����

V�[EXaOk[�Xad�^ERTXep�^EJ0bZ~rUEJyÉTREJzU�^ERTUfJ0M�Y\[EJIh�Q�bZbeQCV�XeRE�}L�d\d\^E_`sfYNXZQ�R#{
±���³Eµ�$ [TJ�h�^ERTOyY\XeQSRTd

b(t, x)
LFRTU

σ(t, x)
LFMNJ�^ERTX�h�Q�M\_`be~ È XZsTdNOk[EXZY\�}OyQSR�YNXZR�^EQ�^Td|V�XZY\[

MNJ0d\s�J0O
Y�YNQ
(t, x) ∈ [0, T ]× R

d {
�TQSM�d\QS_`J=OAQSRTdmYNLSR�Y

c
q,YN[EJ.h�^ERTOyY\XeQSR

β
dNLCYNXedmÉTJ0d |β(t, x, e)| ≤ c(1 ∧ |e|) LSRTU

|β(t, x, e)−β(t′, x′, e)| ≤ c(|x−x′|+ |t− t′|)(1∧ |e|) h�Q�M�LSR�~ (t, x), (t, x′) ∈
[0, T ]× R

d LFR8U e ∈ E
{

HcJIOAQSRTd\XaUfJAM�L�Y\Xe_`JywxUfXedNOyMNJyYNXZ�zLCYNXZQ�RrQFh
X
q�V�[EXaOk[�V�J�UfJAREQSY\J

XN ��V�JI_.L�~.Y\[EXeREj=QSh
Í�^EbeJAM�dNOk[EJ0_}JzdAq�dmJ0J ��LSOAQ�U�»F¸�¸ ��LFRTUKM\JAh�JAMNJARTOAJ0d�Y\[TJAMNJAXeR8�
{ $ [EJ`baLCYmYNJAM�Xad�LSdNdm^T_}JzU
Y\Q.OAQSR��SJ0M\��J|Y\Q

X
XeR
L2
w�REQSMN_�qfV�[EXeOk[�Xad|dvYkLCYNJ0U�LSd

±�����µ ��d
N
�SQ�J0d�YNQ}XeRfÉTRTX�Yv~�qEQSREJ�[8LSd

sup0≤k≤N E|Xtk
−XN

tk
|2 → 0

{
$ [EJ�¼IÊ��fÌ�Í �vºz��XadlV�JAbeb�wxUfJyÉ8REJ0U�^ERTUfJ0M�Y\[TJ�LSdNdm^E_`sfYNXZQ�R
±�����µ�$ [TJ�UfM\Xe�SJ0M

f
dNLCY\XadmÉTJ0d�YN[EJIh�QSbebZQCV�XeRE�.OyQ�R�Y\XeR�^TX�Yv~.JzdvYNXZ_.LCYNJ�	

|f(t2, x2, y2, z2)−f(t1, x1, y1, z1)| ≤ C(|t2−t1|1/2+|x2−x1|+|y2−y1|+|z2−z1|)
h�Q�M|LFR�~

(t1, x1, y1, z1), (t2, x2, y2, z2) ∈ [0, T ]× R
d × R × R

q {
$ [TJIY\JAMN_`XZR8LFb#OyQ�RTUfXZY\XeQSR

φ
Xad È XesTdNOk[EXZY\��OyQ�R�YNXZR�^EQ�^Td0{

��O
YN^TLFbebe~Sq�QSREbe~KY\[EJ
L2
w�XZR�YNJA�SMkLFiTXZbeX�Yv~KQFh

φ(XT )
Xad�^Td\^TLFbebe~KMNJ0p�^EXeM\JzU:q)iE^fY�[TJAMNJ.Y\[EJ

d\_}Q�QSY\[EREJzd\d�QSh
φ
Xed�Xe_`s8Q�dmJzU=YNQ=UfJAMNXe�SJ�Jy�fsEbeXeOAX�Y|J0M\MNQSMlJ0dmY\Xe_.LCYNJ0d0{

�)XZR8LFbebZ~�q�Y\Q}JARTd\^EMNJ�YN[TLCYlY\[TJ�UfXedNOyMNJyYNJI¼IÊ��fÌ�Í d\LFY\Xadvh�~=L È XesTdNOk[EXZY\��OyQ�R�YNXZR�^EXZYv~.sEMNQSsfw
JAM\Yv~`V�X�YN[rMNJ0d\s8JzO
Y�Y\Q�Y\[EJIdmYNLCYNJ��CLSM\XaLFiEbeJ

XN qfQSRTJ�MNJ0p�^EXeM\Jzd (XN
tk

)k
YNQ�i�JIL��%LFMNjSQC�

Ok[TLSXZR�LFRTU
XN,k0,x

tk

YNQ=d\LFY\Xadvh�~��
±��	�:µ �TQSM|d\QS_`J�OyQ�RTdvYkLFR�Y

C > 0
qfQ�REJI[TLSd

L��
E|XN,k0,x

tN
−XN,k0,x′

tN
|2 +E|XN,k0,x

tk0+1
−XN,k0,x′

tk0+1
|2 ≤ C|x−x′|2 h�Q�MoLFR�~

x
LFR8U

x′
qT^EREXZh�QSMN_}be~=XeR

k0
LSRTU

N
{

i8�
E|XN,k0,x

tk0+1
− x|2 ≤ Ch(1 + |x|2) h�Q�M|LFR�~ x qE^EREXZh�QSMN_`bZ~=XeR k0

LSRTU
N
{

$ [EXad j�XZR8U`QFh#LSdNdm^T_}sEY\XeQSR`[TLSd�i8J0JAR.XeR�YNM\QfUf^8OyJ0U`XeRr¼�QSi�JyY �
�"���@����»F¸S¸�¾S�y{ $ [EJ|LSi8QC��J
sEMNQSs�JAM\Yv~�Xed�p�^EX�YNJ`RTLCYN^EMNLSb)d\XeRTOyJ}X�YIXad�h�^Tb�ÉTbebeJ0UKi�~

X
X�YkdmJ0b�h�^TRTUfJAM ±
��³fµ {>B|QCV�q�VoJ

dmYNLCYNJ�L}OAQSR��SJ0M\��JARTOAJ�MNJ0d\^EbZY|M\J0��LFMkUfXeRE��YN[EJIY\Xe_`J�UfXad\OAM\JAY\Xe�0LCYNXZQ�R#{
� ÙkÒ,ÚzÒ�ÚCÙ
���

X
N,k0,x
tk

Õ�ÑvÔ�ÏkÛ�ÑvÒ
X

N
tk

Ò©Û�ÙkÐ�Û�Ö×Ô�Ø|ÙNÛ
x
ÙNÛ#Û�Ö���Ñ

tk0
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e(N) = max
0≤k≤N

E|Y N
tk

− Ytk
|2 + E

N−1
∑

k=0

∫ tk+1

tk

|ZN
tk

− Zt|2dt,

 � ��1=� Y N ��,2�
ZN �21=� 7 +&�:��, � 
 ��»�� ��,�� ���������2� ��, �

e(N)
���2,.���
1 7 �
9
��� 0

��9
N → ∞ ��) ;<13�&�.�
13)0��1=�+�!+-, ��� � �8�:9����(� � 1��  ,.+ �2,�� � �41 ��� +���,�8

β ≡ 0
��,��

L ≡ 0
>

��,2�  �.�
, XN +�9 ��� �	��;<�@��1 9 ��� ��)/� �(�
X
� ��,0�9�.�:9

e(N) = O(N−1)
�

$ [EJ�sEM\Q�QSh|Xed`d\QS_`JAV�[TLFY}dmYNLSRTUELFMkU�LFR8UtXad�REQSY�YN[EJ�OyQSMNJrQSh|QS^EM}V�QSMNj�{�¹|J0RTOyJ�VoJ
s�Q�dmY\s�QSREJIXZY�Y\Q`Y\[TJ>�|sEs�JARTUEX��:{

KML�
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HcJ�REQCV5XeR�Y\MNQ�UE^TOyJ�OyQ�R��SJARTXZJ0R�YlREQSYNLCYNXZQ�RTd�Y\Q.UfJzd\OAM\Xei�J�YN[EJ�LFbe�SQ�M\XZY\[T_�{
��¢ DSBE®�¨��SBE?0¨ ¢�° G�HcJ�UfJAÉTREJ�beQ�O0LFbeXZ�0J0U��SJ0MNd\XZQ�RTd�QFh)Y\[EJ�Ê�MNQCV�REXaLFRrXeRTOAM\J0_}J0R�YNd�LFR8U�QSh
Y\[TJIh�^ERTO
YNXZQ�RTd

f
q
φ
	

[∆Wl,k]w =
(

−R0

√
h
)

∨ ∆Wl,k ∧
(

R0

√
h
)

,

fR(t, x, y, z) = f(t,−R1 ∨ x1 ∧ R1, · · · ,−Rd ∨ xd ∧Rd, y, z),

φR(x) = φ(−R1 ∨ x1 ∧ R1, · · · ,−Rd ∨ xd ∧Rd),

V�[EJ0M\J
R = (R0, R1, . . . , Rd) ∈ (R+)d+1 V�[EXaOk[cXZR��8^EJARTOAJ`XedILFR8LFbe~��0J0U�XZRKY\[EJ}h�Q�b�w

beQCV�XZRE��d\J0OyY\XeQSR#{ $ [EJzdmJ�bZQfOALSbZXe�0LFY\XeQSRTd�JARTLSiEbZJ�^Td YNQ�d\bZXe�S[�Y\be~}_}QfUfXZh�~*��»Cw ��� LFRTU.UEJyÉTREJ
(Y N,R, ZN,R)

i�~0	

Y N,R
tk

=Etk
(Y N,R

tk+1
) + hEtk

fR(tk, X
N
tk
, Y N,R

tk+1
, ZN,R

tk
),

��¾S�

hZN,R
tk

=Etk
(Y N,R

tk+1
[∆Wk ]∗w),

�©¶��

LFR8U
Y N,R

tN
= φR(XN

tN
)
{�H X�YN[�Y\[EJ=dNLF_`J=LSM\��^E_`JAR�YNd�L�d�h�QSM

(Y N , ZN)
q)V�J.J0LSd\XebZ~

d\JAJIY\[8LCY
Y N,R

tk
= yN,R

k (XN
tk

)
LSRTU

ZN,R
tk

= zN,R
k (XN

tk
)
h�Q�M�UfJyYNJAMN_`XZREXadmY\XaOIh�^ERTOyY\XeQSRTd

yN,R
k (·) LFRTU zN,R

k (·) {r�*QSMNJAQC��JAMzq�Y\[EJ`h�^TRTO
YNXZQ�RTd yN,R
k

LSRTU √
hzN,R

k

LFMNJ È XZs8d\Ok[EXZY\�
OyQ�R�Y\XeR�^TQS^Td0ql^EREXZh�QSMN_}be~ XZR

R
LFRTU

N
��dmJ0J���MNQSs�Q�d\X�YNXZQ�R²º%baLCY\J0Mk�y{²Êo^EYrY\[TJ%_.LFXeR

XeR�YNJAMNJ0dmY#QFhfYN[EXed,bZQfO0LFbeXZ�zLCY\XeQSRIXad:YNQ|sEMNQC��XaUfJ i�QS^ER8UfJ0U �©^EREj�REQCV�R8�:M\J0�SMNJ0dNdmXeQSR�h�^ERTOyY\XeQSRTd
yN,R

k

LSRTU
zN,R

k

	lQ�REJ�[TL�d ‖yN,R
k ‖∞ ≤ Cy(R)

LFR8U ‖zN,R
l,k ‖∞ ≤ Cz(R)

��h�QSM�UEJyYNLSXZbad
QSRKY\[TJ0d\J.^EsEs�JAM�i�QS^ER8UEdAq)dmJ0J.LF��LSXZR ��MNQSs�Q�d\X�YNXZQ�R!º��
{ $ [EXad�i�QS^ERTUEJ0UfREJzd\dIsTM\Q�s8J0MmYv~
sEbaL�~fd�L}Xe_`s8Q�MmYkLFR�Y|M\Q�bZJ�XeR�YN[EJ�UfJ0M\Xe�CLCY\XeQSR�QFh)JAMNM\Q�Mli8Q�^ERTUEd0{
� « ° DF?0¨ ¢8° <�BE>z¨©>�G ��Y�J0L�Ok[.UfXedNOyMNJyYNXZ�zLCYNXZQ�R�YNXZ_`J

tk
q
0 ≤ k ≤ N−1

qSVoJ|Ok[EQ�Q�dmJ
q+1UfJAY\JAMN_`XZRTXedmY\XaO=h�^TRTO
YNXZQ�R i8LSd\J0d (

pl,k(·)
)

0≤l≤q

LSRTU!VoJ�bZQ�Q�j�h�QSM.LFR LFsEsEMNQ��fXZ_.LFY\XeQSR
QFh
yN,R

k (·) �©M\Jzdms#{ zN,R
l,k (·) ��XeR�YN[EJ`�SJzO
Y\Q�M�d\sTL�OyJ�d\sTLSREREJ0UKi�~�Y\[EJ`iTL�dmXad p0,k

��MNJ0d\s#{
pl,k

�
{rÍoLSOk[�iTLSd\Xad
pl,k

Xad�OyQSR8dmXaUfJAMNJ0UcLSd�L���J0OyY\QSM�QShoh�^TRTO
YNXZQ�RTdAq�V�[EXaOk[�d\Xe�AJ.J0p�^TLSbed
Kl,k

{ $ [EJ��SJzO
YNQSM|d\sTLSOAJ�QSh�h�^TRTO
YNXZQ�RTd�d\sTLFRTREJ0U�i�~
pl,k

Xad|UfJ0REQFYNJ0U Pl,k
qEX�{ J�{ Pl,k =

{α · pl,k(·), α ∈ R
Kl,k} {

�
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YNXZQ�R�OyQ�Jyh w
É8OAXZJ0R�Ykd

α
V�XebZb|i�J*QSiEYNLFXeREJzU�^Td\XeRE�

M
XeRTUfJAs�JAR8UfJAR�Yr�*Q�R�YNJywm��LFMNbZQcdmXe_�^TbeLFY\XeQSRTd`QSh

(XN
tk

)0≤k≤N
LFR8U

(∆Wk)0≤k≤N−1
{/HKJ�UfJ0REQFYNJ�i�~

(XN,m
tk

)1≤m≤M,0≤k≤N
LFR8U

(∆Wm
k )1≤m≤M,0≤k≤N−1

YN[EJ0d\J��*Q�R�YNJywm��LFMNbZQ}dmXe_�^TbeLFY\XeQSRTd0{
$ Q�jSJ0JAstRTQFYNLFY\XeQSRTd}d\[EQSM\Y0q V�J�V�MNXZY\J

pl,k(XN,m
tk

) = pm
l,k

{�HcJ�UfJAÉTREJ�i�~
BM

l,k

Y\[EJ
_.LCYNM\XZ�rQFh d\XZ�0J

M ×Kl,k
V�[EXaOk[�M\QCV|dlLSM\J

(pm
l,k)∗

{�HKJ�UEJAREQSY\J�i�~
KM

l,k

YN[EJ�MkLFREj=QSh
BM

l,k

�
KM

l,k

XadlMNLSRTUfQS_ LFRTU�bZQCV�JAM�YN[TLFR
Kl,k

�y{
� @�« ° DSBf?z¨ ¢�° >�G�HcJ�[TL���J _}J0R�Y\XeQSREJzUIY\[TLFY

yN,R
k

LFRTU
zN,R

l,k

LFMNJ M\Jzdms�J0OyY\Xe�SJAbe~�i8Q�^ERTUfJzU
i�~

Cy(R)
LFRTU

Cz(R)
qSLSRTU�X�Y�Xad ^Td\Jyh�^Eb�YNQ�h�QSMkOyJlQS^EM�LSsEsEMNQ��fXZ_.LCYNXZQ�RTd,Y\QIi8J�i�QS^TRTUfJ0U

XeR�YN[EJ}dNLF_`J}V�L�~�{ $ [EXad�Xed�YN[EJ�MNQSbeJ}QFh�YN[EJ}h�QSbebZQCV�XeRE��Y\MN^ERTOALFY\XeQSRTd0{��TQSMILrh�^TRTO
YNXZQ�R
ψ
qTVoJ�UfJAÉTREJ�YvVoQ`REJ0V5h�^TRTO
YNXZQ�RTd

[ψ]y
LFR8U

[ψ]z
i�~

[ψ]y(x) = −Cy(R) ∨ ψ(x) ∧ Cy(R), [ψ]z(x) = −Cz(R) ∨ ψ(x) ∧ Cz(R),

V�[EXaOk[�LFMNJ.i�QS^ERTUEJ0UtMNJ0d\s�J0O
YNXZ��JAbe~Ki�~
Cy(R)

LSRTU
Cz(R)

{ ��^TM�LFsTsEM\Q��fXe_.LCY\XeQSR�QSh
yN,R

k

��MNJ0d\s#{
zN,R

l,k

��V�XZbeb�i8J0bZQ�RE�=YNQ=Y\[TJ}d\sTLSOAJ
[P0,k]y = {[α · p0,k]y(·), α ∈ R

K0,k}��MNJ0d\s#{
[Pl,k]z = {[α · pl,k]z(·), α ∈ R

Kl,k} �
{
­ ¢8° >0?0B ° ?z>SG>(xR�Y\[EJ�h�QSbebZQCV�XeRE�8q8V�J�UfJ0REQFYNJ�i�~

C
LFR�~�ÉTREXZY\J`OyQ�RTdmYNLFR�Y�V�[TXeOk[%�CLSbZ^EJ

_.L�~rOk[TLSRE�SJ�h�M\Q�_ beXZREJIYNQ`bZXeREJ�iE^fY|V�[TXeOk[�XadlXZRTUEJAs�JARTUfJ0R�Y�QSR
N
q
M
q�YN[EJIh�^ERTOyY\XeQSRTd

iTL�dmJzd�LSRTU�Y\[EJ���J0OyY\QSM
R
{"(�Y�UfJ0s8J0RTUEdlQSRTbZ~�QSR

b
q
σ
q
β
q
λ
q
f
q
φ
q
T
LFRTU

x
{
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$ [EJ`h�^ER8O
Y\XeQSR8d

(yN,R
k )0≤k≤N−1

LSRTU
(zN,R

l,k )1≤l≤q,0≤k≤N−1
LSM\J.LFsTsEM\Q��fXe_.LCY\JzU%i�~

(yN,R,M
k )0≤k≤N−1

LFR8U
(zN,R,M

l,k )1≤l≤q,0≤k≤N−1
q#V�[EXaOk[cLSM\J�iE^EXeb�Y�XeRcL�iTL�Okj�VlLFMkU

_.LFRERTJAMz{

→→→ (xRTX�YNXeLSbZXe�0LFY\XeQSR 	�h�QSM
k = N

YNLSjSJ
yN,R,M

N (·) = φR(·) {

→→→ (�YNJAMkLCYNXZQ�R 	�h�Q�M
k = N − 1, · · · , 0 qEd\QSbe�SJ�Y\[EJ q beJ0LSdmYmwxdNp�^8LFMNJ0dosEM\Q�iEbeJA_.d 	

αM
l,k = arg inf

α

1

M

M
∑

m=1

|yN,R,M
k+1 (XN,m

tk+1
)
[∆Wm

l,k ]w

h
− α · pm

l,k|2.
� �F�

$ [TJAR*OyQ�_}sT^fY\J
αM

0,k

LSd�YN[EJ�_`XZRTXZ_`Xe�AJAM�QSh

1

M

M
∑

m=1

|yN,R,M
k+1 (XN,m

tk+1
) + hfR(tk, X

N,m
tk

, yN,R,M
k+1 (XN,m

tk+1
), [αM

l,k · pm
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∑
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∑
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∑
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N−1
∑

k=0

|ZN,R
tk

− ZN
tk
|2

≤ C

h
max
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∑
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∑
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∑
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∑
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∑
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�
��������»F¸S¸�¾S��LFRTUcdmY\XebZb�UEJAREQSY\J0U � ­ [TJAMNJS{ $ Q%d\Xe_}sTbZXZh�~Sq

pl,k
UfQ�J0d�RTQFY�UfJAs�JAR8UKQ�R

lQSM
k
LFRTUcXZYNd�d\Xe�AJ=Xad�UfJ0REQFYNJ0U�i�~

K
{%�o[TQ�Q�dmJ=L*UEQS_.LFXeR

D ⊂ R
d OAJAR�Y\J0M\JzUKQ�R

x
q

Y\[8LCYoXad
D =

∏d
i=1 ]xi − a, xi + a]

qfLFR8U.sTLFM\Y\XZY\XeQSR.XZYlXZR�Y\Q}dm_.LSbZb8[�~�s�JAMkOy^Ei�J0doQFh#JzUf�SJ
δ
{ $ [�^TdAq

D = ∪i1 ,··· ,id
Di1,··· ,id

V�[EJAMNJ
Di1,··· ,id

=]x1 − a + i1δ, x1 − a + (i1 +

1)δ]×· · ·×]xd −a+ id′δ, xd −a+(id +1)δ]
{ $ [EJARrVoJ�UEJyÉTREJ

pl,k
L�d YN[EJ�XeRTUfXaOALFY\QSM

h�^ERTOyY\XeQSRTd`L�d\d\QfOyXaLCY\JzUcY\QKY\[EXad`dmJAY}QSh|[�~�s�JAMkOy^Ti8Jzd�	
pl,k(·) =

(

1Di1,··· ,id
(·)
)

i1,··· ,id

{
H XZY\[�Y\[EXadlsTLSMmYNXeOA^EbeLSM�Ok[EQSXaOyJ�QFh�h�^ERTO
YNXZQ�R�i8LSd\J0d0q�V�J�OALSR�_.LFj�J�YN[EJIsEMNQFuvJ0OyY\XeQSR�JAMNM\Q�M
QFh $ [EJAQ�M\J0_ »�Jy�fsEbeXeOAX�Y�LSRTU�M\JAh�JAMlY\Qr¼�Q�i8JAY �
� ���@����»F¸S¸�¾S��h�QSM|UfJAYNLSXZbad�	

inf
α

E
(

|yN,R
k (XN

tk
) − α · p0,k(XN

tk
)|2
)

≤ C{δ2 + Cy(R)2P(XN
tk

∈ Dc)}.
��d*h�QSM*YN[EJtXe_}s8LSO
YKQFh}Y\[EJtbeQfOALSbZXe�0LFY\XeQSR2sTLFMkLF_`JyYNJAM

R
q

P(XN
tk

∈ Dc)
i�J0OAQS_`J0d

REJ0�SbeXZ��XZiEbeJ=V�XZY\[!M\Jzdms�J0OyY�Y\Q�Y\[EJ�QFYN[EJAM�JAMNM\Q�MNd�X�h�V�J�Ok[TQ�Q�dmJ
D
iEXe��JARTQS^E��[·�©L�h�J0LCw

Y\^TM\J}V�[EXaOk[KXadIOyQSREÉTM\_`JzU�i�~�Y\[TJ}RTJy��Y�R�^T_}J0M\XaOALSb�Jy�fs8J0M\Xe_`JAR�YNdk�
{ $ [�^TdILFRTUcLSd�h©LFM
Y\[TJ*sEM\QSuvJ0OyY\XeQSR JAMNM\Q�MNd`LFMNJ*OyQ�RTOyJ0M\REJzU:qoY\Q��SJAY=L��SbeQSiTLSb��©dNp�^8LFMNJ0UT��JAMNMNQSM`QFhIQSMkUfJAM
hβ VoJ�[TL��SJ.YNQcOk[TQ�Q�dmJ

δ ≈ h
β+1
2
q�QSM�J0p�^EXe��LSbZJ0R�Y\be~�L�R�^E_�i�JAM`QFh|i8LSd\Xed�h�^ERTOyY\XeQSRTd

K ≈ h−
d(β+1)

2
�©OAQSRTd\XeUEJAMNXZRE��L�ÉE�fJ0UcUfQS_.LFXeR

D
�
{.��JA��LFMkUfXeRE�rREQCV Y\[EJ.R�^E_�i8J0M�QSh

d\XZ_�^EbeLFY\XeQSRTd
M
q,YNQ%L��SQSXaUcLFR�Jy�fsEbeQ�d\Xe�SJ`^EsEs�JAM�i8Q�^ERTU�XeR $ [EJAQ�M\J0_ »fq)QSRTJ=dm[EQ�^EbaU

YNLSjSJ
M ≈ Ch−d(β+1)−(β+2) log(h−

d(β+1)
4 − β+1

2 )
h�QSM.L�OyQSR8dvYkLFR�Y

C
beLSM\��JrJARTQS^E��[

��[TJAMNJSq�Y\[TJ�MNLSREjfd
KM

l,k

[8L��SJ�dmXe_`sEbe~=i8J0JAR�^EsEs�JAM�i8Q�^ERTUfJzU�i�~
K
�
{

$ [EJIUfQS_`XeRTLFR�Y�Y\J0M\_ QSh#Y\[EJILFbe�SQ�M\XZY\[T_�� d�OyQS_`sEbeJy�fXZYv~ C L�d\d\QfOyXaLCYNJ0U`YNQ�YN[EXedlOk[EQ�XeOAJ�QShh�^ERTOyY\XeQSR�iTL�dmXad�Xad C = NMd log(K)
q)V�[EXaOk[�OyQ�M\MNJ0d\s8Q�RTUEd�YNQ�UfJyYNJAMN_`XZREJrXZR�V�[EXaOk[

OyJ0bZbad:YN[EJod\Xe_�^EbaLCYNXZQ�RIh©LFbeb8� YN[EXad�Xad:YN[EJoOAQ�dmY,QFhTL|REJ0LSM\JzdvY#REJ0XZ��[�i8Q�^EM�LSbZ��QSMNX�YN[E_5XeR�LlYNJARfw
d\QSMNJ0U���M\XaU:qCX�{ J�{

O(d log(K))
h�Q�M QSREJ�sTLFY\[`LCY�L��SXe�SJAR�Y\Xe_`Jz�
{ ¹�JARTOAJSqF^Es}YNQ�beQS��LFMNX�YN[fw

_`XeO�h©LSOyY\Q�MNd0qSYN[EJ�OyQ�_}sTbZJA��XZYv~.J0p�^TLSbed C = O(h−1−d(β+1)−(β+2))
q�V�[TXZbeJ�Y\[EJId\p�^TLSM\JzU

JAMNMNQSM|Xad�QSh�QSMkUfJ0M
hβ = O(C−β/(2+(β+1)(d+1)))

{ $ [EJ�Q�sfY\Xe_.LFb)��LSbZ^TJ�QFh
β ∈]0, 1]

Xad
LSOk[TXZJ0�SJ0U=h�QSM

β = 1
q�h�QSM�V�[EXaOk[�Y\[EJ�dNp�^TLFMNJ0UrJAMNM\Q�MlXedlQSh)Q�MNUfJ0M

h = O(C−1/(2d+4))
{

(�Y�Xad�RTQCV!XeR�Y\JAMNJ0dmY\XeRE��YNQ�OyQ�_`sTLFMNJ�V�X�YN[.Y\[TJ�OyQ�_`sEbZJA�fX�Yv~}QFh�Y\[TJ�LFbe�SQ�M\XZY\[T_ËsEMNJ0d\JAR�Y\JzU
XeR%ÊoQ�^TOk[TLSMNU�LFR8U $ Q�^E�AXl��»S¸S¸ ���
{lHcJ�OyQ�_}sT^fY\J�Y\[EJ}OyQS_`sEbeJy�fXZYv~�QSh�Y\[EJ0XZM�LFbe�SQSMNXZY\[E_
XeR�YN[EJ|_`Q�dmY h©L��SQ�^EMkLFiEbeJ�O0LSd\JlV�[EJAMNJ

X
Xad�LI��JAQS_`JAY\MNXeOlÊ�M\QCV�RTXeLSR�_`QFYNXZQ�R ' QSY\[EJ0M\V�Xad\JY\[TJ=LFbe�SQSMNXZY\[E_WXadI_`QSMNJ`UEX��=Oy^Tb�Y�YNQ*XZ_`sEbeJA_`JAR�Y�LSRTU�XZYNd�OyQS_`sEbeJy�fXZYv~%_`QSMNJ}UEX��=Oy^Tb�Y

Y\Q`J0��LSbZ^8LCY\JIi�J0O0LF^Td\JIQFh)Y\[EJ�REJzOyJzd\dNLFMN~=OALSbeOA^EbeLFY\XeQSR�QFh���jSQ�M\Q�[EQfU�� doXeR�YNJA��MNLSbed0{
(xRKY\[EXad�LFbe�SQ�M\XZY\[T_�q:Q�REJ`REJAJzUEd

N
XZRTUEJAs�JARTUfJ0R�Y�dmJAYNd

(Mk)1≤k≤N
QFh
M

d\XZ_�^EbeLFY\JzU
sTLFY\[TdlQSh

XN �©QSREJ�d\JyY�h�Q�M�J0L�Ok[�UfXadNOyMNJyY\Xe�0LFY\XeQSR�Y\Xe_`Jz�
{ ��Y|J0LSOk[�UfXad\OAM\JAY\Xe�0LFY\XeQSR�Y\Xe_}J
tk
LFRTUrh�QSM�JzLSOk[rs8LCY\[�XeRrYN[EJ�d\JyY Mk

qEL`OALSbeOA^EbeLFY\XeQSR�XZR���QSbe��XeRE��Y\[EJ
M

sTLCYN[TdlQFh)Y\[EJ
d\JyY Mk+1

Xados8J0Mmh�Q�M\_`J0U#{ $ [TXedobZJzLSUEd�Y\Q}L�OyQ�_`sEbZJA�fX�Yv~ C = O(NM2)
{ $ [EJ�d\p�^TLSM\JzU

JAMNMNQSM�LSdNd\Q�OAXeLFY\JzU%YNQ*Y\[EXad�OAQS_`sEbeJy�fXZYv~�Xad��SXe�SJ0R�i�~ $ [EJAQ�M\J0_]¶T{ »�XeRtÊ�QS^TOk[TLSMNUcLFR8U
$ QS^E�0X���»S¸S¸�����LFR8U`XedoQFh:QSMkUfJ0M 1

N + N2+ d
4√

M

{�Í �fsEMNJ0dNd\XZRE�IYN[EJ�dNp�^TLFMNJ0U}J0M\MNQSM�L�d�LIh�^TRTO
w
Y\XeQSR�QFh)Y\[TJ�OyQS_`sEbeJy�fXZYv~SqfV�J�ÉTRTU C− 1

13+d
{

ºz»



$ [�^Td0q)XeR�YN[EJ�O0LSd\J=QFh�YN[EJr��JAQ�_}JAY\MNXeOrÊoMNQCV�REXaLFR�_`QFYNXZQ�R�_}QfUfJ0b�q Q�^EM`LFbe�SQSMNXZY\[E_]Xed
_`QSMNJ�JA�.OAXZJ0R�Y�h�QSM

d ≤ 9
LSRTU.beJ0dNd�JA�.OAXZJ0R�Y�QSY\[EJ0M\V�XadmJ�{)Ê�^fYlXeR=Y\[TJ�O0LSd\J�QFh,L��SJ0REJAMkLFb

_`QfUfJAb�qFYN[EJ|OyQ�_}sTbZJA��XZYv~�QSh8YN[EJ�LFbe�SQ�M\XZY\[T_²sEM\JzdmJ0R�Y\J0U}XeR.ÊoQ�^TOk[TLSMNU�LFRTU $ QS^E�0X#��»F¸�¸ ���
XadlM\JzLFbebZ~=UfXZ�=Oy^EbZY�Y\Q`J0��LSbZ^8LCY\JIV�[EJ0M\JzLSd�XeR�Q�^EM|OAL�dmJ�Y\[EJ�OAQS_`sEbeJy�fXZYv~.XedlXeRTUfJ0s8J0RTUfJAR�Y
QFh�Y\[EJ�_`QfUfJ0b�{
�)XZR8LFbebZ~�q�V�J.sEMNJ0d\JAR�Y�XZRt��JzO
YNXZQ�R �*L*dmbeXZ��[�Y�_}QfUfXZÉ8O0LCY\XeQSR�QShlQ�^EM�LFbe�SQ�M\XZY\[T_�q�V�[EXaOk[
�SXe�SJzd�L|h©LSM i8JAYmY\J0M Y\MkLSUEJyw�QFn=OyQ�_}sTbZJA��XZYv~��CL�OAOy^TMNL�Oy~�h�QSM LFbebf_`Q�UEJAbad LFRTU}LFbebEUfXe_}J0RTd\XZQ�R
d
{

� � Â�Ã.Ã����

$ [EJ�d\J0O
YNXZQ�R�Xad|UfJ0�SQSY\J0UrY\Q}YN[EJ�sEMNQ�QSh©dlQFh)Y\[EJIMNJ0d\^EbZYNd�LFRTREQS^ER8OyJ0U�XeR*�fJ0O
YNXZQ�R�ºS{
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HcJIÉTMNdmY|J0dmY\Xe_.LCYNJIY\[EJ�beQfOALSbZXe�0LFY\XeQSR�JAMNM\Q�M0{���^TifY\MkLSOyY\XeRE����»��oh�M\Q�_]��¾S��LSRTU�LFsEsEbe~�XZRT�
� QS^TRE� � d|XeREJ0p�^TLSbZXZYv~Sq�V�J��SJAY�h�QSM

0 ≤ k ≤ N − 1
LSRTU�h�QSMILFbeb,MNJ0LSb

γ > 0
��Y\[EJ���LSbZ^TJ

QFh
γ
V�XebZb:i�J�Ok[EQ�d\JAR�baLCY\J0Mk�

|Y N,R
tk

− Y N
tk
|2 ≤ (1 + γh)|Etk

(Y N,R
tk+1

− Y N
tk+1

)|2

+C(h2 +
h

γ
)Etk

|f(tk, X
N
tk
, Y N

tk+1
, ZN

tk
) − fR(tk , X

N
tk
, Y N

tk+1
, ZN

tk
)|2

+C(h2+
h

γ
)Etk

|Y N,R
tk+1

− Y N
tk+1

|2 + C(h2 +
h

γ
)|ZN,R

tk
− ZN

tk
|2. � ���

��^EiEY\MkLSO
YNXZRT�%�����oh�MNQS_]�©¶��yqEXZY�OyQS_`Jzd�h�QSM
1 ≤ l ≤ q

	

ZN,R
l,tk

− ZN
l,tk

=
1

h
Etk

(

{Y N,R
tk+1

− Y N
tk+1

}∆Wl,k

)

+
1

h
Etk

(

Y N,R
tk+1

{[∆Wl,k]w − ∆Wl,k}
)

.

�|sTsEbZ~�XeRE��Y\[EJ`XeREJ0p�^TLSbZXZYv~
(a + b)2 ≤ 2(a2 + b2)

q:YN[EJr��LF^TOk[�~�wv�fOk[�V�LSM\��XeREJzp�^8LFbeX�Yv~
Y\Q�Y\[TJ�ÉTMkdmYoYNJAMN_ QFh#YN[EJIM\Xe�S[�Yo[8LFRTU�dmXaUfJILFRTU |Y N,R

tk+1
| ≤ Cy(R)

�©d\JAJ ��MNQSs�Q�d\X�YNXZQ�R%ºz�
V�J���JyY�	

|ZN,R
l,tk

− ZN
l,tk

|2 ≤ 2

h
{Etk

(

|Y N,R
tk+1

− Y N
tk+1

|2
)

−
(

Etk
{Y N,R

tk+1
− Y N

tk+1
}
)2}

+ 2
Cy(R)2

h2
Etk

(|∆Wl,k |21|∆Wk|≥R0

√
h).

�mº0¸��

��be^E�S��XZRT��YN[EXad�XZR�YNQ��4���yqEVoJ�ÉTR8LFbebZ~=Q�ifYNLSXZR

E|Y N,R
tk

− Y N
tk
|2 ≤ (1 + γh)E|Etk

(Y N,R
tk+1

− Y N
tk+1

)|2 + C(h2 +
h

γ
)E|Y N,R

tk+1
− Y N

tk+1
|2

+ C(h2 +
h

γ
)E|f(tk, X

N
tk
, Y N

tk+1
, ZN

tk
) − fR(tk, X

N
tk
, Y N

tk+1
, ZN

tk
)|2

º �



+ C(h+
1

γ
){E
(

|Y N,R
tk+1

− Y N
tk+1

|2
)

− E
(

Etk
{Y N,R

tk+1
− Y N

tk+1
}
)2}

+
CCy(R)2

h
(h+

1

γ
)E(|∆Wk |21|∆Wk|≥R0

√
h).

B|QCV VoJ�YkLFjSJ
γ = C

LSRTUrV�J�QSiEYNLFXeR�Y\[EJIh�Q�bZbeQCV�XZRT�}d\XZ_`sEbeXZÉ8OALFY\XeQSR 	

E|Y N,R
tk

− Y N
tk
|2

≤ (1 + Ch)E|Y N,R
tk+1

− Y N
tk+1

|2 +
CCy(R)2

h
E(|∆Wk |21|∆Wk|≥R0

√
h)

+ ChE|f(tk, X
N
tk
, Y N

tk+1
, ZN

tk
) − fR(tk , X

N
tk
, Y N

tk+1
, ZN

tk
)|2.

�|R*LSsEsEbeXeO0LCY\XeQSR�QFh)Y\[TJ�UfXad\OAM\JAY\J�¼�M\Q�R�V�LSbZb�beJA_`_.L`bZJzLSUEdlYNQ}Y\[EJ�JA�fs8JzO
Y\JzU�M\Jzdm^EbZY�h�QSM
Y\[TJlUEX�n�JAMNJARTOAJ�i8JAYvVoJ0JAR

Y N,R LFRTU
Y N {��TQSM)Y\[TJ|UfX�n�JAMNJAR8OyJli8JAYvVoJ0JAR ZN,R LFRTU

ZN q
V�J�^8dmJ.�vºz¸��oYNQ}��JyY

hE

N−1
∑

k=0

|ZN,R
tk

− ZN
tk
|2

≤ C
N−1
∑

k=0

{E
(

|Y N,R
tk+1

− Y N
tk+1

|2
)

− E
(

Etk
{Y N,R

tk+1
− Y N

tk+1
}
)2}

+
CCy(R)2

h

N−1
∑

k=0

E(|∆Wk |21|∆Wk|≥R0

√
h)

≤ CE|φR(XN
tN

) − φ(XN
tN

)|2 +
CCy(R)2

h

N−1
∑

k=0

E(|∆Wk |21|∆Wk|≥R0

√
h)

+ C

N−1
∑

k=0

{E
(

|Y N,R
tk

− Y N
tk
|2
)

− E
(

Etk
{Y N,R

tk+1
− Y N

tk+1
}
)2}. �mºSºz�

$ LFj�XZRT��YN[EJ�Jy�fs�J0O
YkLCYNXZQ�R�XeR�� ����beJ0L�UEd�Y\Q%� ∀γ > 0
�

E|Y N,R
tk

− Y N
tk
|2 − E|Etk

(Y N,R
tk+1

− Y N
tk+1

)|2

≤
(

γh+ C(h2 +
h

γ
)
)

E|Y N,R
tk+1

− Y N
tk+1

|2 + C(h2 +
h

γ
)E|ZN,R

tk
− ZN

tk
|2

+ C(h2 +
h

γ
)E|f(tk, X

N
tk
, Y N

tk+1
, ZN

tk
) − fR(tk, X

N
tk
, Y N

tk+1
, ZN

tk
)|2.

��be^E�/Y\[TXed5XZREJzp�^TLFbeX�Yv~ XZR�YNQg�vºSº��¡LFRTU YkLFjSJ
γ = 3C2 Y\Q �SJAY Y\[EJËM\Jzdm^EbZY h�QSM

hE
∑N−1

k=0 |ZN,R
tk

− ZN
tk
|2 q�h�QSM h d\_.LFbeb:JAREQ�^E�S[,{ �

º �
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$ [EJ�LFXe_²Xad)Y\QIsEMNQC�SJ�YN[TLCY

(Y N,R, ZN,R)
Xad�i�QS^ERTUEJ0U:{ �|sEsTbZ~�XeRE� � QS^ERE� � d�XeREJzp�^8LFbeX�Yv~

Y\Q*��¾S�
qTVoJI�SJAY�^TdmXeRE�`YN[EJ È XesTdNOk[EX�YN�IsEM\Q�s8J0MmYv~.QSh
fR � ∀γ > 0

�

|Y N,R
tk

|2 ≤ (1 + γh)|Etk
(Y N,R

tk+1
)|2 + Ch2(1 +

1

γh
)Etk

|Y N,R
tk+1

|2

+ Ch2(1 +
1

γh
)|ZN,R

tk
|2 + Ch2(1 +

1

γh
)|fR(tk, X

N
tk
, 0, 0)|2.

��d\XeRE�

h|ZN,R
l,tk

|2 ≤ {Etk
|Y N,R

tk+1
|2 − |Etk

(Y N,R
tk+1

)|2} �mºz»S�

LFR8U L�U�uv^TdmY\XeRE�
γ
XeR¡Y\[EJKd\LS_}J*VlL�~�YN[TLFR h�QSM ��M\Q�s8Q�dmXZY\XeQSR·»Eq�V�J*�SJAY |Y N,R

tk
|2 ≤

(1 + Ch)Etk
|Y N,R

tk+1
|2 + Ch|fR(tk, X

N
tk
, 0, 0)|2. HcJK��JyY�Y\[EJcM\Jzdm^Tb�Y�h�QSM Y N,R i�~

LFsTsEbZ~�XeRE��Y\[EJ=UfXadNOyMNJyY\J=¼�MNQSR�VlLFbeb)beJA_`_.L�LFRTUcUfJzUf^TOyJ}YN[EJ.M\Jzdm^Tb�YIh�QSM
ZN,R YN[TLFREjfd

Y\Q*�mºz»S�y{
$ [EJ È XesTdNOk[EXZY\�IsEMNQSs�JAM\Yv~=OALFR�i�J�J0dmYNLFiTbZXadm[TJ0U�^TdmXeRE�.LFR8LFbeQS�SQ�^Td�Y\J0Ok[TREXep�^EJzd��©d\JAJ�LFbad\Q
Y\[TJ�sEMNQ�QFhfQFh<��MNQSs�Q�d\X�YNXZQ�R ��XeR�¼�QSi�JyY �
� �2�@��»S¸S¸�¾��3	�h�QSM,Y\[EXad0q�Y\[EJ�LSdNdm^E_`sfYNXZQ�R ±��	�:µ L��
Xad�OyMN^TOyXaLFb�{

�
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∆W
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XN QSh

X
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(XN
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(XN,m
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LFRTU�h�QSM}Y\[EJ
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XN,m
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= XN,m
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N,m
tk

)h+ σ(tk, X
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tk

)∆Wm
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tk
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tk
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ψ
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0 ≤ k ≤ N
�3	

‖ψ‖2
k,M =

1

M

M
∑

m=1

|ψ(XN,m
tk

)|2, ‖ψ‖2
k,M̃

=
1

M

M
∑

m=1

|ψ(X̃N,m
tk

)|2.
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(αM

l,k)0≤l≤q
LFMNJIUEJyÉTREJzU�i�~0	

αM
l,k = arg inf

α

1

M

M
∑

m=1

|yN,R,M
k+1 (XN,m

tk+1
)
[∆Wm

l,k ]w

h
− α · pm

l,k|2

LFR8U
αM

0,k

L�d�YN[EJ�_`XZRTXZ_`Xe�AJAM�QFh

1

M

M
∑

m=1

|yN,R,M
k+1 (XN,m

tk+1
) + hfR(tk, X

N,m
tk

, yN,R,M
k+1 (XN,m

tk+1
), [αM

l,k · pm
l,k]z) − α · pm

0,k|2.
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Y\XeQSR�OyQ�JA�.OAXZJ0R�YNd
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α̃M
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α

1

M

M
∑

m=1

|yN,R,M
k+1 (X̃N,m

tk+1
)
[∆W̃m

l,k ]w

h
− α · pm
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α̃M
0,k

LSd�YN[EJ�_`XZREXe_`XZ�0JAM|QSh

1

M

M
∑

m=1

|yN,R,M
k+1 (X̃N,m

tk+1
) + hfR(tk, X

N,m
tk

, yN,R,M
k+1 (X̃N,m

tk+1
), [α̃M

l,k · pm
l,k]z) − α · pm
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Y\[TJ�sEM\QSuvJ0OyY\XeQSR�OAQ�Jy�=OyXeJAR�YNd
(β̃M

l,k)1≤l≤q

β̃M
l,k = arg inf

α

1

M

M
∑

m=1

|yN,R
k+1 (X̃N,m

tk+1
)
[∆W̃m

l,k]w

h
− α · pm
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LFR8U
β̃M

0,k

LSd�YN[EJ�_`XZREXe_`XZ�0JAM|QSh

1

M

M
∑

m=1
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tk+1
) + hfR(tk, X

N,m
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tk+1
), zN,R
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)) − α · pm
0,k|2.
�mº0¶��

HcJ J0_}sT[TLSd\XZ�0J YN[EJ UEX�n�JAMNJARTOAJ0dPi8JAYvVoJ0JAR Y\[EJzdmJ sEM\QSuvJ0OyY\XeQSR OAQ�JA�=OyXeJAR�YNd�	 h�QSM
(αM

l,k)0≤l≤q
LSRTU

(α̃M
l,k)0≤l≤q

q YN[EJ h�^ERTOyY\XeQSR
yN,R,M
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0,k = α1,M

0,k + α2,M
0,k

V�[EJAMNJ

α1,M
0,k = arg inf

α

1

M
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∑

m=1

|yN,R,M
k+1 (XN,m

tk+1
) − α · pm

0,k|2,
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α

1

M

M
∑
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|hfR(tk, X
N,m
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, yN,R,M
k+1 (XN,m

tk+1
), [αM

l,k · pm
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0,k|2.
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σ
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AM
0,k ={ 1

M

M
∑

m=1

|pm
0,k.(α

1,M
0,k − α̃1,M

0,k )|2 < hβ+2},

AM
l,k ={ 1

M

M
∑

m=1

|pm
l,k.(α

M
l,k − α̃M

l,k)|2 < hβ},

AM
k ={∀ψ ∈ [P0,k]y − yN,R

k : ‖ψ‖k,M̃ − ‖ψ‖k,M < h
β+2
2 }.
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TM
1,k = E‖E

M (β̃M
0,k) · p0,k − yN,R

k ‖2
k,M ,

TM
2,k = E‖{α̃1,M

0,k − E
M (α̃1,M

0,k )} · p0,k‖2
k,M ,

TM
3,l,k = E‖E

M (β̃M
l,k) · pl,k − zN,R

l,k ‖2
k,M ,

TM
4,l,k = E‖{α̃M

l,k − E
M (α̃M

l,k)} · pl,k‖2
k,M .
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1 = (x1, . . . , xM )
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R
d q N2(ε,G, xM

1 )
�
ε > 0
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p ∈ N
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g1, · · · , gp
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g ∈ G V�J�OALFR
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( 1

M

M
∑
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)

1
2 < ε.
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N2(ε, k) = N2(ε, [P0,k]y, (X
N,m
tk

, X̃N,m
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0 ≤ k ≤ N − 1
��,0�

� ��9

E‖yN,R
k − yN,R,M

k ‖2
k,M

≤ (1 + Ch)E‖yN,R
k+1 − yN,R,M

k+1 ‖2
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q
∑
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q
∑
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k ‖2
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0,k) = αM
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0,k − β̃2,M
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E‖{α1,M
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M (β̃1,M
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k,M
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0,k − α̃1,M

0,k } · p0,k‖2
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C

h
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)
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k,M
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)
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C

h
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)
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1

M
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E‖{α2,M
0,k − β̃2,M

0,k } · p0,k‖2
k,M

�mº����
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M
E
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∑

m=1

|yN,R,M
k+1 (XN,m
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) − yN,R

k+1 (X̃N,m
tk+1

)|2 + Ch2
E‖zN,R,M

k − zN,R
k ‖2

k,M .

È JAY|^Td�UEJ0LFb,V�X�YN[�Y\[EJ�baLSdmY�Y\J0M\_ QFh�YN[EJ�M\Xe�S[�Y|[TLSRTU*d\XeUfJ�QSh��vº����
{l�EQ�M
1 ≤ l ≤ q

V�J
OALSRrÉ8MNdmY�V�M\XZY\JIYN[TLCY

E‖zN,R,M
l,k − zN,R

l,k ‖2
k,M ≤ E‖αM

l,k · pl,k − zN,R
l,k ‖2

k,M

LSd
[zN,R

l,k ]z = zN,R
l,k

{ B|Jy��Yzq)V�J.XeR�YNM\QfUf^8OyJ
β̃M

l,k

��dmJ0J��vº�¾S�v��LFRTU�LSd
E

M (β̃M
l,k)

Xed�Y\[EJ
_`XZRTXZ_`Xe�AJAM�QSh 1

M

∑M
m=1 |z

N,R
l,k (XN,m

tk
) − α · pm

l,k|2
qEV�JI�SJyY

E‖αM
l,k · pl,k−zN,R

l,k ‖2
k,M

= E‖E
M (β̃M

l,k).pl,k − zN,R
l,k ‖2

k,M + E‖{E
M (β̃M

l,k) − αM
l,k} · pl,k‖2

k,M

= TM
3,l,k + 3E‖{EM (β̃M

l,k) − E
M (α̃M

l,k)} · pl,k‖2
k,M + 3E‖{E

M (α̃M
l,k) − α̃M

l,k} · pl,k‖2
k,M

+ 3E‖{α̃M
l,k − αM

l,k} · pl,k‖2
k,M

≤ TM
3,l,k + 3E‖{EM (β̃M

l,k) − E
M (α̃M

l,k)} · pl,k‖2
k,M + 3TM

4,l,k + Chβ

+ C
Cy(R)2

h
P([AM

l,k]c).
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B|QCV�q�LFR�LFsEsEbeXaOALCYNXZQ�R.QFh:YN[EJ�OAQSR�Y\MkLSOyY\XeQSR`sEMNQSs�JAM\Yv~}L�d\d\QfOyXaLCYNJ0U}Y\Q�Y\[EJ�sEMNQFuvJ0OyY\XeQSR.Q�R
(

(pm
l,k)∗

) LFR8UrQSh�YN[EJ���LF^TOk[�~�wv�fOk[�V�LSM\�|XeREJzp�^8LFbeX�Yv~=~�XeJAbaUEd

3

M
E

M
∑

m=1

|{E
M (β̃M

l,k) − E
M (α̃M

l,k)} · pm
l,k|2

≤ 3

M
E

M
∑

m=1

|EM{(yN,R
k+1 (X̃N,m

tk+1
) − yN,R,M

k+1 (X̃N,m
tk+1

))
[∆W̃m

l,k ]w

h
}|2

≤ 3

Mh
E

M
∑

m=1

{|yN,R
k+1 (X̃N,m

tk+1
) − yN,R,M

k+1 (X̃N,m
tk+1

)|2

− |EM (yN,R
k+1 (X̃N,m

tk+1
) − yN,R,M

k+1 (X̃N,m
tk+1

))|2}. ��»fºz�
��^fY\Y\XeRE���mº0½��yq,�vº����kq���»F¸���LFRTU���»Eºz�oXeR��mº:�S��V�JI�SJAY�	

E‖yN,R
k − yN,R,M

k ‖2
k,M

≤ TM
1,k + (1 + γh)

(

Chβ+1 +
C

h
Cy(R)2P([AM

0,k]c) + (1 + h)TM
2,k

+ (1 + h)
1

M
E

M
∑

m=1

|EM (yN,R
k+1 (X̃N,m

tk+1
) − yN,R,M

k+1 (X̃N,m
tk+1

))|2
)

+ Ch2(1 +
1

γh
)

1

M
E

M
∑

m=1

|yN,R
k+1 (X̃N,m

tk+1
) − yN,R,M

k+1 (XN,m
tk+1

)|2

+ Ch2(1 +
1

γh
)E

q
∑

l=1

{TM
3,l,k + TM

4,l,k}

+ Ch2(1 +
1

γh
)hβ + Ch2(1 +

1

γh
)
C

h
Cy(R)2

q
∑

l=1

P([AM
l,k ]c)

+ C(h+
1

γ
)

1

M
E

M
∑

m=1

{|yN,R
k+1 (X̃N,m

tk+1
) − yN,R,M

k+1 (X̃N,m
tk+1

)|2

− |EM (yN,R
k+1 (X̃N,m

tk+1
) − yN,R,M

k+1 (X̃N,m
tk+1

))|2}.
$ LFj�XZRT��REQCV

γ = C
V�J���JyYlY\[TJIh�QSbebZQCV�XeRE�`dmXe_`sEbZXZÉ8O0LCY\XeQSR

E‖yN,R
k − yN,R,M

k ‖2
k,M

��»S»S�

≤ (1 + Ch)E‖yN,R
k+1 − yN,R,M

k+1 ‖2
k+1,M̃

+ C
Cy(R)2

h

(

P([AM
0,k]c) + h

q
∑

l=1

P([AM
l,k]c)

)

+TM
1,k + CTM

2,k + Ch

q
∑

l=1

{TM
3,l,k + TM

4,l,k} + Chβ+1

+ChE‖yN,R
k+1 − yN,R,M

k+1 ‖2
k+1,M + C

h

M
E

M
∑

m=1

|yN,R
k+1 (X̃N,m

tk+1
) − yN,R

k+1 (XN,m
tk+1

)|2.

»F¸



��XeRTOyJ
yN,R

k+1

Xed È XesTdNOk[EX�YN��OAQSR�Y\XeR�^EQS^Td0q�Y\[EJ�beL�dvYoY\JAMN_/QFh#YN[EJ�MNXe�S[�Yo[TLSRTU=d\XeUEJ�LFi�QC�SJ�Xed
i�QS^ERTUEJ0U=i�~

Ch2 �©[EJAMNJSqfV�J�^8dmJ ±��	�:µ i8�\�
{ $ Q���JyYoY\[EJIMNJ0d\^Eb�Y�QFh ��M\Q�s8Q�dmXZY\XeQSR �Eq�Y\[EJ
ÉTMkdvYoY\J0M\_ QSh#Y\[EJIMNXZ��[�Yo[TLSRTUrd\XeUEJ�d\[EQS^TbeU.i�J�Ok[TLFRT�SJ0U=XZR

E‖yN,R
k+1 − yN,R,M

k+1 ‖2
k+1,M

{
$ [�^Td0qfVoJI^Td\JIY\[EJ�UEJyÉTREXZY\XeQSR�QSh

AM
k+1

Y\Q`V�MNX�YNJ�	

E‖yN,R
k+1 − yN,R,M

k+1 ‖2
k+1,M̃

= E
(

‖yN,R
k+1 − yN,R,M

k+1 ‖k+1,M̃ − ‖yN,R
k+1 − yN,R,M

k+1 ‖k+1,M + ‖yN,R
k+1 − yN,R,M

k+1 ‖k+1,M

)2

≤ (1 + h−1)E
(

‖yN,R
k+1 − yN,R,M

k+1 ‖k+1,M̃ − ‖yN,R
k+1 − yN,R,M

k+1 ‖k+1,M

)2

+

+ (1 + h)E‖yN,R
k+1 − yN,R,M

k+1 ‖2
k+1,M

≤ Chβ+1 + C
Cy(R)2

h
P([AM

k+1]
c) + (1 + h)E‖yN,R

k+1 − yN,R,M
k+1 ‖2

k+1,M .
��» ���

��be^E�S��XZRT�%��» ���oXZR�Y\Q*��»S»S����XZ��J0doY\[TJ�M\Jzdm^EbZY0{
�

� G � G � �.?0¦ � @ � >0?0¨ § Bf? � >
� @ ¢ % ¢ >z¨�?z¨ ¢�° � � ,2����1 ��� �/��9 93;<)�" � +���,.9 ��� �2� ����1=��) :�� �+�21

0 ≤ k ≤ N − 1
��,0�

� ��9

P([AM
0,k]c) ≤ 2E

(

KM
0,k exp(− Mhβ+2

72Cy(R)2KM
0,k

)N2(
h

β+2
2

3
√

2KM
0,k

, k + 1)

)

,

P([AM
l,k]c) ≤ 2E

(

KM
l,k exp(− Mhβ+1

72Cy(R)2R2
0K

M
l,k

)N2(
h

β+1
2

3
√

2KM
l,kR0

, k + 1)

)

,

P([AM
k ]c) ≤ 2E

(

N2(
h

β+2
2

3
√

2
, k) exp(− Mhβ+2

72Cy(R)2
)

)

,

TM
1,k = E

(

inf
α

‖yN,R
k − α · p0,k‖2

k,M

)

≤ inf
α

E|yN,R
k (XN

tk
) − α · p0,k(XN

tk
)|2,

TM
2,k ≤ Cy(R)2

M
E(KM

0,k),

TM
3,l,k =

1

h
E
(

inf
α

‖
√
hzN,R

l,k − α · pl,k‖2
k,M

)

≤ 1

h
inf
α

E|
√
hzN,R

l,k (XN
tk

) − α · pl,k(XN
tk

)|2,

TM
4,l,k ≤ Cy(R)2

hM
E(KM

l,k),

N2(ε, k + 1) ≤ C exp(CK0,k+1 log
C Cy(R)

ε
).

� @ ¢#¢��#¢ � ?0¦ � < ¢ « ° £ ��¢ @
P([AM

0,k]c)
G ��d)LFbeMNJ0LSUE~�_`JAR�Y\XeQSRTJ0U:q�V�J�dm^TsEs8Q�dmJ�V�X�YN[EQS^fY

beQ�dNd,QShE�SJARTJAMkLFbeX�Yv~�Y\[TLFY (BM
0,k)∗BM

0,k

M = Id
LFRTUIYN[TLCY

BM
0,k

Xed�L|_.LFY\MNX���QFh�dmXe�AJ
M×KM

0,k

{
�|R8UfJAMlYN[EXed�LSdNdm^E_`sfYNXZQ�R#qfV�JIO0LFR�MNJAV�MNX�YNJ}��dmJ0J�QS^EM�REQSYNLFY\XeQSRTdoh�QSM

P
M
k

�

P([AM
0,k]c) = E

(

P
M
k

(

|α1,M
0,k − α̃1,M

0,k |22 ≥ hβ+2
)

)

.
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Ê�~=_.LFj�XeRE�}Y\[EJ�REQ�M\_ | · |2
XZR���» ���oJA��sTbZXaOyXZY0qEV�JI�SJAY�	

P
M
k

(

|α1,M
0,k − α̃1,M

0,k |22 ≥ hβ+2
)

= P
M
k

(

KM
0,k
∑

i=1

∣

∣

1

M

M
∑

m=1

pm
0,k,i{yN,R,M

k+1 (XN,m
tk+1

) − yN,R,M
k+1 (X̃N,m

tk+1
)}
∣

∣

2 ≥ hβ+2
)

≤
KM

0,k
∑

i=1

P
M
k

(∣

∣

1

M

M
∑

m=1

pm
0,k,i{yN,R,M

k+1 (XN,m
tk+1

) − yN,R,M
k+1 (X̃N,m

tk+1
)}
∣

∣

2 ≥ hβ+2

KM
0,k

)

≤
KM

0,k
∑

i=1

P
M
k

(

∃ψ ∈ [P0,k+1]y :
∣

∣

1

M

M
∑

m=1

pm
0,k,i{ψ(X̃N,m

tk+1
) − ψ(XN,m

tk+1
)}
∣

∣

2 ≥ hβ+2

KM
0,k

)

=

KM
0,k
∑

i=1

P
M
k

(

∃ψ ∈ [P0,k+1]y :
∣

∣

1

M

M
∑

m=1

pm
0,k,iUm{ψ(X̃N,m

tk+1
) − ψ(XN,m

tk+1
)}
∣

∣ ≥
√

hβ+2

KM
0,k

)

V�[EJ0M\J
(Um)

XedIL�dmJzp�^TJARTOAJ�QFhoX�{ X�{ U:{�Ê�JAMNREQ�^EbZbeX)MNLSRTUfQS_ �CLFMNXaLFiEbeJ0d0q�YNLFj�XeRE�r�CLSbZ^EJzd
1LFR8U −1

V�XZY\[*sEMNQSi8LFiEXebZXZYv~ 1
2

qTV�[TXeOk[*LFMNJ�XeRTUfJAs�JAR8UfJAR�Y�QSh)J0�SJAMN~�Y\[EXeRE�.J0bed\JS{ $ [EJ�beL�dvY
J0p�^TLSbZXZYv~%OyQ�_`J0d�h�MNQS_ Y\[TJ`h©LSO
YIYN[TLCY

X̃N,m
tk+1

LSRTU
XN,m

tk+1

[TL��SJ�Y\[EJ.dNLF_`J`beL�V�{�B|QCV�q
V�J�XeR�YNM\QfUf^8OyJ�L�OyQC�SJ0M\XeRE� G QSh

[P0,k+1]y
d\^TOk[�Y\[TLFY ∀ψ ∈ [P0,k+1]y

q ∃ g ∈ G dm^TOk[
Y\[8LCY

1

2M

M
∑

m=1

{|ψ(XN,m
tk+1

) − g(XN,m
tk+1

)|2 + |ψ(X̃N,m
tk+1

) − g(X̃N,m
tk+1

)|2} ≤ hβ+2

18KM
0,k

.

HcJrOALSR�L�d\d\^E_`J.V�XZY\[EQ�^fY�bZQ�d\d�QFh��SJ0REJAMkLFbeX�Yv~�YN[TLCY�JAbeJA_`JAR�YNd�QFh G LSM\J.i�QS^TRTUfJ0Uci�~
Cy(R)

{"B|QSY\JlYN[TLCY G UfJ0s8J0RTUEd Q�R
(XN,m

tk+1
, X̃N,m

tk+1
)1≤m≤M

iE^fYoREQFY�Q�R
(Um)1≤m≤M

q
LFR8U=YN[TLCYlY\[TJIO0LFMkUfXeRTLFb�QFh G XadlJ0p�^TLFb�YNQ N2(

√

hβ+2

18KM
0,k

, k + 1).
$ LSj�XeRE�`LSUf�CLSR�YkLF��J�QFh

Y\[TJ}��LF^TOk[�~�wv�fOk[�V�LSM\��XZREJzp�^TLFbeX�Yv~ | 1
M

∑M
m=1 p

m
0,k,iλm|2 ≤ 1

M

∑M
m=1 λ

2
m

��^TRTUfJAM�Y\[EJ
LSdNd\^E_`sfY\XeQSR (BM

0,k)∗BM
0,k

M = Id
�
qEV�JIJ0L�dmXebZ~.��JyY

P
M
k

(

∃ψ ∈ [P0,k+1]y :
∣

∣

1

M

M
∑

m=1

pm
0,k,iUm{ψ(X̃N,m

tk+1
) − ψ(XN,m

tk+1
)}
∣

∣ ≥
√

hβ+2

KM
0,k

)

≤ P
M
k

(

∃g ∈ G :
∣

∣

1

M

M
∑

m=1

pm
0,k,iUm{g(X̃N,m

tk+1
) − g(XN,m

tk+1
)}
∣

∣ ≥ 1

3

√

hβ+2

KM
0,k

)

≤N2(

√

hβ+2

18KM
0,k

, k + 1) max
g∈G

P
M
k

(
∣

∣

1

M

M
∑

m=1

pm
0,k,iUm{g(X̃N,m

tk+1
) − g(XN,m

tk+1
)}
∣

∣ ≥ 1

3

√

hβ+2

KM
0,k

)

.

$ Q i�QS^ER8U YN[EXed baLSdmY sEM\Q�iTLFiTXZbeX�Yv~�q VoJ LSUTUfX�YNXZQ�RTLFbebe~ OyQSR8UfX�YNXZQ�R i�~
(XN,m

tk+1
, X̃N,m

tk+1
)1≤m≤M

LSRTU¡UfJAREQSY\J*i�~
P̃

M
k,k+1

Y\[EJ*MNJ0d\^EbZY\XeRE�tOyQ�RTUfXZY\XeQSRTLSb|sEMNQSiTLFw
iEXebZXZYv~S{oHKJ�REQFYNJIY\[TLFY0qTXZh

Xm = pm
0,k,iUm{g(X̃N,m

tk+1
) − g(XN,m

tk+1
)} q Ẽ

M
k,k+1(Xm) = 0
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LFR8U |Xm| ≤ 2Cy(R)|pm
0,k,i|

{ �gOAQS_�iEXZR8LCY\XeQSR QSh�¹|Q�Jyn:UfXeRE� � drXeREJzp�^8LFbeX�Yv~¡LFRTU¡QSh
1
M

∑M
m=1 |pm

0,k,i|2 = 1
�SXe�SJ0d�	

P̃
M
k,k+1

(
∣

∣

1

M

M
∑

m=1

pm
0,k,iUm{g(X̃N,m

tk+1
) − g(XN,m

tk+1
)}
∣

∣ ≥ 1

3

√

hβ+2

KM
0,k

)

≤ 2 exp(− 2Mhβ+2

144Cy(R)2KM
0,k

1
M

∑M
m=1 |pm

0,k,i|2
) = 2 exp(− Mhβ+2

72Cy(R)2KM
0,k

).

$ [EJIJ0dmY\Xe_.LCYNJ�QSR
P([AM

0,k]c)
XadlREQCV sEM\QC��J0U:{

�

� @ ¢#¢���¢�� ?0¦ � < ¢ « ° £ ��¢ @
P([AM

l,k ]c)
G $ [TJ�OALSbeOA^EbeLFY\XeQSRTdrLFMNJ�Y\[EJ�dNLF_`J%L�d.h�QSM

P([AM
0,k]c)

Jy�EOyJ0sfY�Y\[8LCY�V�J.REJAJzUK[TJAMNJ=L�OAQC�SJ0M\XeRE� G QSh
[P0,k+1]y

d\^TOk[cY\[TLFY ∀ψ ∈
[P0,k+1]y

q ∃g ∈ G V�[EXeOk[*dNLCYNXedmÉTJ0d

1

2M

M
∑

m=1

{|ψ(X̃N,m
tk+1

) − g(X̃N,m
tk+1

)|2 + |ψ(XN,m
tk+1

) − g(XN,m
tk+1

)|2} ≤ hβ+1

18KM
l,kR

2
0

.

�

� @ ¢#¢��r¢�� ?0¦ � < ¢ « ° £ ��¢ @
P([AM

k ]c)
G2HcJ*sTLSMmYNXeLSbZbe~�h�QSbebZQCV Y\[EJ*sTM\Q�QFh�QFh $ [EJyw

QSMNJA_ º�ºS{×» XeR ¼�~S��MmÉ �
� �2�@� ��»S¸S¸�»��%LSRTUËUfJAÉTREJ!Y\[EJ¡��J0O
YNQSM
(Zm)1≤m≤2M

i�~
(Zm, ZM+m) = (X̃N,m

tk
, XN,m

tk
)
X�h
Um = 1

LSRTU
(Zm, ZM+m) = (XN,m

tk
, X̃N,m

tk
)XZh

Um = −1
V�[EJ0M\J

(Um)1≤m≤M
Xad|L`dmJzp�^TJARTOAJ�QFh�X�{ X�{ U:{�Ê�J0M\REQ�^EbebZX:�CLFMNXaLFiEbeJ0d0qfXZR8UfJyw

s�JARTUfJ0R�Y�QSh�JA��JAMN~�YN[EXeRE�=JAbad\JSq�YNLSj�XeRE����LSbZ^TJ0d
1
LSRTU −1

V�XZY\[KsEM\Q�iTLFiTXZbeX�Yv~ 1
2

{ ��d�h�QSM
P([AM

0,k]c)
q�V�J�XeR�Y\MNQ�UE^TOyJIL�OAQC�SJAMNXeRE� G �©V�[EQ�d\J�J0bZJ0_}J0R�YNdlLFMNJ�i�QS^ER8UfJ0U�i�~

2Cy(R)
�

QFh
[P0,k]y − yN,R

k

dm^8Ok[�YN[TLCY�h�Q�M|LFbeb
ψ ∈ [P0,k]y − yN,R

k

qfYN[EJAMNJIJy�fXadvYkd�L
g ∈ G dm^TOk[

Y\[8LCY

1

2M

M
∑

m=1

{|ψ(X̃N,m
tk

) − g(X̃N,m
tk

)|2 + |ψ(XN,m
tk

) − g(XN,m
tk

)|2} ≤ hβ+2

18
.

$ [�^Td0qfVoJ�OALSR�V�MNXZY\JIY\[8LCY
P([AM

k ]c)
Xed�Jzp�^TLFb�YNQ

P
(

∃ψ ∈ [P0,k]y − yN,R
k : { 1

M

M
∑

m=1

|ψ(Zm)|2} 1
2 − { 1

M

M
∑

m=1

|ψ(ZM+m)|2} 1
2 ≥ h

β+2
2

)

≤P
(

∃g ∈ G : { 1

M

M
∑

m=1

|g(Zm)|2} 1
2 − { 1

M

M
∑

m=1

|g(ZM+m)|2} 1
2 ≥ h

β+2
2

3

)

.
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JAMkd�Y\[EXad��CLFbe^EJ`V�[EJ0RKQ�REJ`_}QfUfXZÉTJzd�LFbeb�Y\[EJ.sTLSMNLS_`JyY\J0MNd

N
q
M

LFR8U
δ
��Y\[EJ.JzUf�SJ`QSh

Y\[TJ�[�~�s8J0MNOA^Ei8JzdN�y{|��JA��LFMkUfXeRE�
N
q�QSREJ�dmYNLSMmYkd�h�MNQS_

N0 = 2
LSRTU

N = N0(
√

2)(j−1)

V�[EJ0M\J
j = 1 · · · Xad�Y\[TJ.R�^T_�i�JAM�QFhlUfXZn�J0M\J0R�Y��CLSbZ^EJzd�QFh N YNQ�i�J`Y\JzdvYNJ0U:{/��dI_}J0Rfw

Y\XeQSRTJ0UKi8JAh�QSMNJSq#V�J�RTJA�SbeJ0OyYIY\[EJ`XeR��T^EJ0RTOyJzdIQFh�YN[EJ=Ê�M\QCV�RTXeLSR%XZR8OyMNJA_`JAR�YNd�YN[EMNJ0d\[EQSbaU
R0

LFRTUcQSh�YN[EJrUfQ�_.LFXeRcV�XaU�YN[
R1

Q�R�V�[EXeOk[�YN[EJ.iTL�dmXad � ­gXed�UEJyÉTREJzU:{ $ [EXed�UfQFw
_.LFXeR Xed=ÉE�fJ0U¡Q�RTOyJ*h�Q�MrLFbeb|YNQ

[40, 180]
{ ��d=h©LFM.YN[EJ�MNJA��M\Jzd\d\XZQ�R!J0M\MNQSMkd.LFMNJ%OyQ�Rfw

OyJ0M\RTJ0U:q)Y\[TJ�Ok[EQ�XeOAJ
δ = 50

(
√

2)
β+1
2

(j−1)
∼ C h

β+1
2

_.LFjSJzd�YN[EJ�LSbZ��QSMNX�YN[E_ OyQSR���JAMN�SJ
LCYIMkLCY\J

hβ � h�Q�MIY\[EJ.dNp�^TLFMNJ0U�JAMNM\Q�Mk�y{ B|QCV XZY�MNJA_.LFXeRTd�Y\Q*LSU�uv^8dvY
M

L�dILrh�^TRTO
YNXZQ�R

»��
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Ref Price

�)Xe�S^EMNJ�»<	 iTL�dmXad � ­=q
β = 1

q
α∗

M = 5
q
αM = 1, 2, 3, 4, 5

{

QFh
N

LFR8U
δ
q)Q�M�J0p�^EXe�CLFbeJAR�Y\be~

h
LFRTU

β
{ (xR $ [EJ0QSMNJA_ »fq�Y\[EJrOAQSR��SJ0M\��JARTOAJ}Y\Q�¸�QSh

Y\[TJ�YNJAMN_
C

Cy(R)2

M

∑N−1
k=0

∑q
l=0 E(KM

l,k)
bZJzLSUEd�Y\Q

Mh1+ β+1
2 → ∞ {��T^EMmYN[EJAMN_`QSMNJSq

Y\[TJ.XZRTd\s�J0O
YNXZQ�RKQShoYN[EJ.QFYN[EJAMIYNJAMN_.dIXZR��SQ�bZ��XeRE��Y\[EJ=OAQC�SJAMNXeRE��R�^E_�i8J0MNdIXe_`s8Q�dmJzd�Y\[EJ
dmY\MNQSRE��JAM�OAQSRTUEX�YNXZQ�R

Mhβ+2+(β+1) = Mh3+2β → ∞ { $ [EJ�h�QSbebZQCV�XeRE�rJA�fs8J0M\Xe_`JAR�YNd
LFMNJ�LSXZ_`JzU�LCYIYNJ0dmY\XeRE�rYN[EJ`JA_`sEXeM\XaOALSb���LSbZXaUfXZYv~*QFh�YN[EXad�Y\[EMNJ0d\[EQSbaU%MN^EbeJS{��TQSM�Y\[TXed0q:VoJ
d\JyY

M = 2(
√

2)αM (j−1) h�Q�M�UfXZn�J0M\J0R�Y|��LSbZ^TJ0dlQFh αM
LFRTU�Ok[EJzOkj.Y\[TJ�LFbe�SQSMNXZY\[E_ OAQSRfw

�SJ0M\��JARTOAJ*LSOAOAQSMkUfXeRE�cY\Q
αM < α∗

M

Q�M
αM > α∗

M

V�[EJAMNJ
α∗

M = 3 + 2β
Xad.YN[EJ

� YN[EJAQ�M\JAY\XaOALSba��OAM\XZY\XaOALSb�OAQSR��SJ0M\��JARTOAJ`Y\[EMNJ0d\[EQ�beU:{ (xRtsEMkLSOyY\XaOyJSq�V�Jrs�JAM\h�QSMN_ YNJ0dmYNd�h�QSM
β = 0.2

q
β = 1

LSRTU=MNJAs�QSM\YoYN[EJ�L��SJ0MNLS�SJ��CLFbe^EJI�SXe�SJ0R=i�~.Y\[EJILFbe�SQ�M\XZY\[T_ QSR
50

MN^ERTd0{
�EMNQS_ �)XZ��^EM\JrºSqEYN[EJ�LSbZ��QSMNX�YN[E_ � dlsTM\XaOyJ�d\JAJ0_.d�Y\Q�UfXZ��JAMN�SJIh�Q�M

αM = 1
V�[TJAMNJ0LSd�Y\[EJ

sEMNXeOAJ0d
αM > 1

dmJ0JA_ YNQ=OyQSR���JAMN�SJ|YNQCV�LSMNUTd�YN[EJ�MNJyh�J0M\J0RTOyJ�sEMNXeOAJ�iE^fY|�SJ0M\~�dmbeQCV�bZ~�qfXZR
LSO0OyQ�MNUKV�X�YN[�Y\[EJ�Ok[EQSXaOyJ.QSh

β = 0.2
{��EMNQS_ ��Xe�S^TM\Jr»��

β = 1
��VoJ.REQSY\J.YN[TLCY�Y\[EXad

Y\Xe_`J}Y\[EJ`LFbe�SQ�M\XZY\[E_ � d�sTM\XaOyJ�h�QSM
αM ≥ 3

OAbZJzLFMNbZ~*OAQSR��SJ0M\��J0d�YNQCV�LSMNUTd�Y\[TJ}MNJyh�J0M\J0RTOyJ
sEMNXeOAJ.iE^fY�V�J.QSiTd\JAMN�SJ`Q�R��)Xe�S^EMNJ ��Y\[TLFY�Y\Q�Q*iEXe�*�CLFbe^EJ0d�QSh

αM
LSM\J.^TRTUfJ0d\XeMNLSiEbZJ 	

Y\[TXed�UfQ�J0d�RTQFY�d\s8J0J0U�^EstY\[EJrOAQSR��SJ0M\��JARTOAJ`V�X�YN[�M\Jzdms�J0OyY�Y\Q
j
i�J0OALS^Td\JrdmQ�_`J.JAMNM\Q�M

Y\J0M\_.d`�©L�O
YN^TLFbebZ~�YN[EJ`iEXaLSdk�|Q�REbZ~%UEJAs�JARTUKQSR
N

LSRTU
δ
iE^fY�REQFYIQSR

M
V�[EJ0M\JzLSd�Y\[EJ

OALSbeOA^EbaLCY\XeQSRtY\Xe_}J�i�J0OyQ�_`J0d��SJAMN~�beLSM\��JS{��*QSMNJAQC��JAMzq�Q�REJ�O0LFRERTQFY}LSR�~�_`Q�M\J=^8dmJ�Y\[EJ
OyQ�RfÉ8UfJ0RTOyJ�XZR�YNJAMN��LSb,h�Q�M�YN[EJ}sEM\XaOyJ��SXe�SJ0R%i�~�YN[EJ}JA_`sEXeM\XaOALSb)dmYNLSRTUELFMkU%UfJ0��XeLFY\XeQSR%i�Jyw
OALS^Td\J�V�[EJ0R

M
Y\J0RTUEd�Y\Q�Q*p�^EXaOkj�be~�Y\Q�XeRfÉTREXZYv~Sq#Y\[EXadIJA_`sEXeM\XaOALSb�dvYkLFRTUTLFMkU�UfJ0��XaLCYNXZQ�R

Y\J0RTUEd��SJAMN~.h©L�dvY|YNQ
0
LFR8U�UEQ�Jzd|REQSY|M\J �TJ0OyY�LFR�~�_`QSMNJ�Y\[EJ�iTXeL�dlY\J0M\_.d|UfJ0s8J0RTUfXeRE�=Q�R

N
LSRTU

δ
{"��dl^Tdm^8LFb�q�XZY�Xed�Xe_`s8Q�MmYkLFR�YoYNQ�V�JAbeb�iTLFbaLFR8OyJ|YN[EJIiEXaLSd�LFRTUr��LSM\XaLFR8OyJ|YNJAMN_.dA{

�)XZR8LFbebZ~�qSV�J|QSiTd\JAMN�SJlQ�R`Y\[EXad�baLSdmY�Jy�ELS_}sTbZJlYN[TLCYoY\[EJ|J0_`sEXZMNXaOALFbTbZJ0�SJAbad�QSh#OyQSR���JAMN�SJAR8OyJ
QFh
αM

LSM\J�i8JAYmY\J0M`Y\[TLSRtYN[EJ�QSREJzd�JA��s�J0OyY\JzUth�MNQS_ YN[EJ*OyQSR8UfX�YNXZQ�R
Mh3+2β → ∞ 	

Y\[TXedlXeRTUfXaOALFY\J0d�YN[TLCYlYN[EJ�i8Q�^ERTUEdlQSh $ [EJ0QSMNJA_ »�_.L�~.i8JIREQSY�QSsfYNXZ_.LFb�{ ��REJ�s8Q�d\d\XeiEbZJ
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�)XZ��^EMNJ � 	riTLSd\Xed � ­rq
β = 1

q
α∗

M = 5
q
αM = 6

	�OA^EM\��J0d�V�X�YN[ OAM\Q�d\d�_`LSM\j�JAMkdAq
αM = 7

	�OA^EM\��J0d�V�XZY\[�OyXeMNOAbZJ}_.LFMNjSJAMkd0{ (xRKsEbaLFXeRcbZXeREJSq,sEM\XaOyJzdILFRTU�XZR�UfQFY\Y\JzU�beXZRTJ0d
^EsEs�JAM|LSRTU�bZQCV�JAM

0.95
OyQ�RfÉ8UfJ0RTOyJIXeR�Y\JAMN�CLFbadA{

MNJ0LSd\QSR�OyQS^TbeU�i8JlYN[EJ�dm^Tifw�Q�sfY\Xe_.LFbeX�Yv~�QFhTYN[EJ�^EsEs�JAM i�QS^TRTU���»S¾��8	,XeRTUfJ0J0U:q�LSd L�_.LCYmYNJAM
QFh h©L�O
Y�VoJ�UEQrREQSY�^Td\J�Y\[TJ}OAbZQ�dmJ0REJ0dNd�i�JyYvV�JAJAR

XN,m
tk

LSRTU
X̃N,m

tk

{��|RTQFY\[TJAM�M\JzLSd\QSR
_.L�~*i8J`YN[TLCY�Jzd\d\JAR�Y\XaLFbebe~*QSREbe~*Y\[TJ.JA_`sEXeM\XaOALSb)i8LSd\XedIUfXe_`JARTd\XZQ�R

KM
l,k

XadIXeR���QSbe�SJzU%XeR
$ [EJ0QSMNJA_ »�LFRTUcYN[EXad�UfXe_`JARTd\XeQSRtOALSR�i8J�_�^TOk[!dm_.LFbebeJAM�YN[TLFR�YN[EJ=YN[EJAQ�M\JAY\XaOALSb�QSREJ
Kl,k

�©d\JAJ���J0_.LFMNj ���y{
�PR�^T_}J0M\XaOALSb�OAQS_`sTLFMNXadmQ�R*i8JAYvVoJ0JAR*YN[EJ}LSbZ��QSMNX�YN[E_.d|QSh���J0OyY\XeQSRtº}LFRTU �=Q�R�dmJ0�SJ0MNLSb
Jy�ELS_}sTbZJzd�d\[EQCV|d.YN[TLCY�i�QFY\[2LFbe�SQ�M\XZY\[E_.dri8J0[TL��SJcdmXe_`XZbaLFMNbZ~²��Y\[EJ0~ [TL��SJ�Y\[EJ�d\LS_`J
OyQ�R��SJAMN�SJ0RTOyJ�bZJ0�SJAbadk�
q#J0�SJARKX�hoY\[EJ.i�QS^TRTU�QSh $ [EJ0QSMNJA_ ��XedIi�JyY\Y\J0MIY\[TLSR�YN[EJ`QSREJ`XeR
$ [EJ0QSMNJA_ »f{
��R5�)Xe�S^EMNJ �8q�V�J%YNJ0dmY�LS��LFXeR

β = 0.2
iE^fY*V�XZY\[·YN[EJciTLSd\Xed � ­ ±
³�����µ V�[EXaOk[5Xad

LFR8LFbeQS�SQ�^Td�Y\Q � ­ 	�X�Y�OAQSRTd\XadvYkd�XZR�^TdmXeRE��YN[EJrbeQfOALFb�s8Q�bZ~�REQ�_}XaLFb�iTLSd\Xed
1, x

Q�R�J0L�Ok[
[�~�s8J0MNOA^Ei8J�Y\Q}LFsEsEMNQ��fXZ_.LFY\J

yN,R XZR8dvYNJ0LSUrQFhfuv^TdmY
1
XeR=Y\[TJ�OAL�dmJ�QFh#iTL�dmXad � ­=q�V�[EXebZJ

h�QSM
zN,R Y\[EJ0M\J�Xed�REQ}_`Q�UEX�É8O0LCYNXZQ�R#{�HKJ�M\JAh�JAMoY\Q È J0_}Q�M���»F¸�¸�¾S��h�QSMl_`QSMNJ�UfJAYNLFXebad�Q�R

Y\[TJ0d\Jlh�^ERTO
YNXZQ�R.iTLSd\J0d0{ ��R}YN[EXed�Jy�ELF_`sEbeJSqSY\[EJ�i8LSd\Xed � ­ ±y³�����µ d\s8J0J0UEd ^Ts`Y\[EJ�QC��JAMkLFbeb
OyQ�R��SJAMN�SJ0RTOyJ�{ $ [EXad�sT[EJAREQ�_`JAREQ�R.Xed�h�^ERTUELS_`JAR�YNLSbEY\Q�QS^EMoQSsEXeREXeQSR#q�OyQ�_`sTLFMNJ0U�Y\Q�Y\[EJ
p�^TLFR�YNXZ�zLCY\XeQSR�_`JyY\[TQ�U�YN[TLCY�O0LFR�i8J���XeJAV�J0U�LSd�^Td\XZRE�`Q�REbZ~rXZRTUEXeO0LCY\Q�Mlh�^ERTOyY\XeQSR�iTLSd\J0d
��i8LSd\Xed � ­}�
{
�)XZR8LFbebZ~�qCVoJ�bZQ�Q�jILFY�L�baLSdmY)JA�fLS_`sEbZJ�YNLSjSJAR�h�M\Q�_ ¹|JzLCY\[ �
� ���@����»S¸S¸Eº��
{ (xR�Y\[EXad LFM\Y\XaOybeJSq
Y\[TJ}LS^fY\[EQ�MNdILSsEsEMNQ���Xe_.LCYNJ���XeL
��Ì�Í � dI_`JAY\[EQfUEd�YN[EJ`bZQfOALSb�MNXadmj�w�_}XeREXe_`XZ�zLCY\XeQSRKsEMNXeOAJ
�©d\JAJ��)�Sbebe_}J0M�LFRTU`�fOk[�V�JAXe�AJAMlº����Eº��#QSh�L�sE^fY�Q�sfY\XeQSR}XeR`LIdmY\QfOk[TL�dvYNXeO��SQ�beLFY\XebZXZYv~�_`QfUfJAb
�©¹�J0dmY\Q�R*Yv~�s8J}_`Q�UEJAb �
{ $ [EJ�Uf~�RTLS_`XeO0d�QSh Y\[EJ`LSdNdmJAY�sEMNXeOAJ

X
LSRTU*QFh�Y\[EJ}d\p�^TLSM\J�QSh

»2�
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Ref Price

�)XZ��^EMNJ �6	�iTLSd\Xed � ­ ±y³�����µ q
β = 0.2

q
α∗

M = 3.4
q
αM = 1, 2, 3, 4, 5

{

Y\[TJ��SQSbaLCYNXZbeXZYv~
F
LSM\J�	

dXt

Xt
=γFtdt+

√

FtdWt,

dFt =κ(θ − Ft)dt+ Σ
√

FtdW
′
t

V�XZY\[
W,W ′ YvV�Q�XeRTUfJ0s8J0RTUfJ0R�Y�Ê�MNQCV�REXaLFR=_`QFYNXZQ�RTd0{ (�Y�XadlJ0L�dm~}Y\Q.d\JAJ�Y\[TLFY�Y\[EJIbeQfOALFb

MNXed\j�w�_`XeREXZ_`Xe�0LFY\XeQSRrsTM\XaOyJ
Y
_�^8dvY|dNLCY\Xadmh�~.Y\[EJIh�Q�bZbeQCV�XeRE�=¼IÊl�EÌ�Í!	

{

−dYt = −(rtYt + Zt√
Ft

(γFt − rt))dt− ZtdWt − dLt,

YT = (K −XT )+.

$ LFj�XZRT�
r
Y\Q=i�J

0
YN[EXad�beJ0L�UEd�YNQ.Y\[EJ}UfMNXZ��JAM

f(t, x, F, y, z) = −γz
√
F
V�[EXaOk[%Xed�REQFY

È XesTdNOk[EXZY\�=� h�Q�M�M\J0beLFY\JzU�MNJ0d\^EbZYNd0qEdmJ0J�Í�bA��LSM\Q�^EX:LFRTU�¹�^TLFRE��º������S�
{ HcJ�REJA��JAM\Y\[EJ0bZJzd\d
LFsTsEbZ~�Q�^EM}LSbZ��QSMNX�YN[E_]h�QSM

αM = 3
LFRTU�sEMNJ0d\JAR�Y�YN[EJ�MNJ0d\^EbZYNd�QSR��)Xe�S^EMNJ�¾E{ ��d}XZR

¹|JzLCYN[ ��� ���@�I��»F¸S¸Tºz�yqfVoJIYkLFjSJ
κ = 5

q
θ = 0.04

q
Σ = 0.6

q
γ = 2.5

q
X0 = K = 100

q
F0 = 0.04

{ $ [EJ}h�^ER8O
Y\XeQSR8dIiTLSd\Xed�Xad � ­=q�XeRcUEXZ_`JAR8dmXeQSR
2
�©QSREJ`UfXe_}J0RTd\XZQ�R�h�Q�M�YN[EJ

LSdNd\JyY�sEMNXaOyJ�LSRTU.QSRTJ�h�QSMoY\[EJ�dvYNQfOk[TLSdmY\XaO��SQ�beLFY\XebZXZYv~E�
{ $ [EJ�MNJyh�J0M\J0RTOyJ�sEM\XaOyJ�� h�QSM
r = 0

�
Xad�YNLFj�JARKh�M\Q�_ ¹|JzLCYN[ ��� �2�@�K��»F¸�¸Eº���LSRTUcXed��#G�� ´ {`HcJ.QSiTd\JAMN�SJ�Y\[8LCY0q�XZRcYN[EXed�REQSRfw
È XesTdNOk[EXZY\��OAL�dmJ�q�Y\[EJ�sEMNXaOyJ�dvYNXZbeb,OAQSR��SJ0M\��J0d�Y\QCVlLFMkUEd�YN[EJ�MNJyh�JAMNJAR8OyJIsEMNXeOAJS{

� � Ã�À�Æ F Å �,ÇyÃ�À

HcJ�[8L��SJ�sEM\Q�s8Q�dmJzU�LId\XZ_`sEbeJ�LFbe�SQ�M\XZY\[E_ YNQ�dmQ�bZ��Jl¼IÊ��fÌ�Í�d0{ $ [TJlUE~�R8LF_`XeOlsTM\Q��SMkLF_}w
_`XZRT��Jzp�^8LCY\XeQSR�M\Jzdm^EbZY\XeRE��h�M\Q�_ Y\[EJoY\Xe_`J�UfXadNOyMNJyY\Xe�0LFY\XeQSR�QShEY\[TJoJzp�^8LCY\XeQSR��vºz�,Xad)d\QSbe�SJzU

�S¸
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Algorithm’s price
Reference price  

��Xe�S^TM\J�¾<	�iTL�dmXad � ­rq
β = 1

q
αM = 3

{

^Td\XZRT��L�d\J0p�^EJAR8OyJ}QFhoJ0_`sEXZMNXaOALFb�MNJA��M\Jzd\d\XZQ�R*sEMNQSiEbeJA_.d�iTLSd\J0U�QSR�dmXe_�^TbeLFY\XeQSRTd�QFhoY\[EJ
^ERTUEJAMNbZ~�XeRE����LFMNjSQC��sEM\QfOAJ0dNdA{ $ [TJ�JA��YNJARTd\XeQSR%YNQ�sTLCYN[fw�UEJAs�JARTUfJ0R�Y�YNJAMN_}XeRTLSb�OyQSR8UfX�w
Y\XeQSR8dlXed�dmY\MkLFXe�S[�Ymh�Q�M\VlLFMkU*�©d\JAJ��|JA_.LFMNj*ºz�y{ HKJI[TL���JIUEJAMNXZ��J0U=JA�fsEbZXaOyXZY|JAMNMNQSM�i8Q�^ERTUEd
V�[EXaOk[�LSbZbeQCV�Y\Q�QSsfYNXZ_.LSbZbe~�Ok[EQ�Q�d\J Y\[TJ�s8LFMkLF_`JyYNJAMkd#QFhTY\[EJl_`JyYN[EQfU�Y\QILSOk[TXZJ0�SJoL��SXe�SJ0R
LSO0Oy^EMkLSOA~S{ $ [EXad|Xad�L=_`LFuvQSM|Xe_`sEMNQC�SJA_`J0R�Y�OAQS_`sTLSM\JzUrYNQrsEMNJA��XeQS^Td|VoQ�M\jfd0{l¹�QCVoJ0�SJ0M
QS^TMoR�^E_`JAMNXaOALFb�Jy�fs�JAMNXZ_`J0R�Ykd�MNJA��J0LSbTYN[TLCY�Y\[EJIOyQ�R��SJAMN�SJ0RTOyJ�OALFRri8J�h©LSdmY\J0M�YN[TLFR�V�[TLCY
QS^TM�YN[EJAQ�M\JAY\XaOALSbfJ0dmY\Xe_`LFY\Jzd�sEM\JzUfXaO
Y0{ $ [EJlJy�fsEbaLFR8LCY\XeQSR�QFh�Y\[EXad�sE[EJ0REQS_`J0REQSR`OyQ�RTOyJ0M\RTd
h�^fYN^EM\JlMNJ0d\J0LSMNOk[EJzdA{A��UEUfXZY\XeQSRTLSb�V�QSMNjfd�LFMNJ�LSbed\Q�RTJ0OyJzd\dNLFMN~�Y\Q�OyQ�RTd\XeUfJ0M�XZR��vº���LSREQFYN[EJAM
_.LFM\Y\XeRE��LSbZJ�Y\[8LFR
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