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PROBLEM
The aim of this work is to study, from a computational point of view, the
behaviour of the steady (θ = 0) or unsteady (θ = 1) incompressible Stokes
(χ = 0) or Navier-Stokes (χ = 1) equations in the framework of the Discrete
Duality Finite Volume method (DDFV for short).
Let D ⊂ R2 be a connected and bounded polygonal domain (here D is the
unit square). For a given final time T > 0 the problem we are interested
in is the following: Find the velocity u : (0, T ) × D → R2 and the pressure
p : (0, T )×D → R satisfying

θut − ν∆u + χ(u · ∇)u +∇p = f , (t,x) ∈ (0, T )×D,
div(u) = 0, (t,x) ∈ (0, T )×D,∫

D
p(t,x)dx = 0, t ∈ (0, T ),

(if θ = 1) u(0,x) = u0(x), x ∈ D,
u = g, (t,x) ∈ (0, T )× ∂D,

where ν stands for the viscosity, f ∈ (L2((0, T )×D))2 and g ∈ (L2((0, T )×
∂D))2 and u0 ∈ L2(D).

DDFV FRAMEWORK
• The DDFV meshes: primal, dual and "diamond"

Primal mesh
M = M ∪ ∂M

Dual mesh
M∗ = M∗ ∪ ∂M∗

Diamond mesh
D

• Zoom on a diamond cell D:
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• Discrete unknowns:

uT = ((uK)K , (uK∗)K∗) ∈
(
R2
)T

= (R2)M × (R2)M∗ ,

pD = (pD)
D∈D ∈ RD.

• Discrete gradient: ∇D constant on each diamond cell,{
∇DuT (xL − xK) = uL − uK,

∇DuT (xL∗ − xK∗) = uL∗ − uK∗ ,

∇DuT =
1

2mD

[mσ(uL − uK)⊗ nσK +mσ∗(uL∗ − uK∗)⊗ nσ∗K∗ ] .

• Discrete velocity divergence on the diamond mesh:

divDuT = Tr (∇DuT ), ∀D ∈ D.

• Discrete divergence on the primal and dual meshes :

divT (ξD) =


divK(ξD) =

1

mK

∑
σ∈∂K

mσξD.nσK, ∀K ∈M,

divK
∗
(ξD) =

1

mK∗

∑
σ∗∈∂K∗

mσ∗ξD.nσ∗K∗ , ∀K∗ ∈M∗.

Pressure gradient  ∇T pD = divT (pDId).

APPROXIMATION OF THE TERM (u · ∇)u
For any v,w s.t. divv = 0,∫

K

(v · ∇)w =
∑
σ∈∂K

∫
σ

(v · nσK)w, ∀K ∈M,

∫
K∗

(v · ∇)w =
∑

σ∗∈∂K∗

∫
σ∗

(v · nσ∗K∗)w, ∀K∗ ∈M∗.

Definition: New operator bT (vT ,wT )

bK(vT ,wT ) =
1

mK

∑
σ∈∂K

Fσ,K(vT )wσ, with wσ =
wK + wL

2
;

bK∗(vT ,wT ) =
1

mK∗

∑
σ∗⊂∂K∗

Fσ∗,K∗(vT )wσ∗ , with wσ∗ =
wK∗ + wL∗

2
;

where Fσ,K(vT ) ∼
∫
σ

v · nσK and Fσ∗,K∗(vT ) ∼
∫
σ∗

v · nσ∗K∗ .

σ

σ∗
nsKK∗ ,D
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0 =

∫
Dk

divv =

∫
σ

v · nσK +

∫
sKK∗

v · nsKK∗ ,D︸ ︷︷ ︸
∼Fs

KK∗ ,D
(vT )

+

∫
sKL∗

v · nsKL∗ ,D︸ ︷︷ ︸
∼Fs

KL∗ ,D
(vT )

Fσ,K(vT ) = −
(
FsKK∗ ,D(vT ) + FsKL∗ ,D(vT )

)
with

FsKK∗ ,D(vT ) = msKK∗
vK + vK∗

2
· nsKK∗ ,D.

Properties:

• Conservativity: 0 = divDvT = 1
mD

∑
s∈∂D Fs,D(vT )

⇒ Fσ,K(vT ) = −Fσ,L(vT ) and Fσ∗,K∗(vT ) = −Fσ∗,L∗(vT ).

• Cancellation property:

JbT (vT ,wT ),wT KT = 0,

where JuT ,vT KT =
1

2

(∑
K∈M

mKuK · vK +
∑

K∗∈M∗

mK∗uK∗ · vK∗
)
.

THE DDFV SCHEME

For un−1
T ∈

(
R2
)T and un

T ∈
(
R2
)T given, we define (un+1

T , pn+1
D ) ∈

(
R2
)T×

RD to be a solution to the following problem

θ
3
2u

n+1
T − 2un

T + 1
2u

n−1
T

∆t
− νdivT (∇Dun+1

T )

+ χbT (2un
T − un−1

T , ũn+1
T ) + ∇T pn+1

D = fn+1
T ,

divD(un+1
T ) = 0,

∑
D∈D

mDp
n+1
D = 0,

un+1
∂M

= gn+1
∂M

, un+1
∂M∗ = gn+1

∂M∗ ,

where ũn+1
T =

{
(2un

T − un−1
T ), if ∆t‖un

T ‖2L∞ ≤ 2ν,

un+1
T , otherwise.

THE MESHES

Uniform cartesian� Triangular N Quadrangles � Locally refined •

ERROR ANALYSIS
• 2D Steady Stokes tests: Bercovier-Engelman test case

θ = 0, χ = 0, ν = 1.
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• Steady 2D Navier-Stokes tests

θ = 0, χ = 1, ν = 10−1, 10−2 (dash line), 10−3 (dot line).
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mesh errgu erru errp ordp
1 8.11406e-16 1.48627e-16 0.678997 nan
2 3.39314e-15 3.47145e-16 0.379343 0.908988
3 1.20171e-14 6.46699e-16 0.199709 0.965408
4 5.95251e-14 1.74916e-15 0.102346 0.985671
5 2.88888e-14 5.78869e-16 0.051792 0.993596
6 5.07121e-14 1.10146e-15 0.0260502 0.99699
7 1.38585e-13 4.21429e-15 0.0130635 0.998543

Rectangular mesh for ν = 10−3

• Unsteady 2D Navier-Stokes tests

θ = 1, χ = 1, ν = 10−1, 10−2 (dash line), T = 1
10ν , ∆t = 10−3.
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• Robustness with respect to the invariance property

 Test on the 2D steady Stokes system:

θ = 0, χ = 0, ν = 10−1, 10−2 (dash line).

10−3 10−2 10−1 100

10−6

10−4

10−2

Slope 2

Mesh size

Ve
lo

ci
ty

de
vi

at
io

n

10−3 10−2 10−1 100

10−5

10−3

10−1

Slope 2

Slope 1

Mesh size

∇
u

de
vi

at
io

ns

10−3 10−2 10−1 10010−4

10−3

10−2

10−1

100

Slope 1

Slope 2

Mesh size

Pr
es

su
re

de
vi

at
io

n

 Test on the 2D steady Navier-Stokes system:

θ = 0, χ = 1, ν = 1
400 .
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2D LID DRIVEN CAVITY TESTS

Re = 1000
Uniform cartesian Triangular Quadrangles Locally refined

Re = 5000
Uniform cartesian Triangular Quadrangles Locally refined

Re = 10000

t = 5 t = 10 t = 15 t = 20 t = 25 t = 30 t = 35 t = 40
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