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Abstract

We consider an exchange who wishes to set suitable make-take fees to attract liquidity on its
platform. Using a principal-agent approach, we are able to describe in quasi-explicit form
the optimal contract to propose to a market maker. This contract depends essentially on
the market maker inventory trajectory and on the volatility of the asset. We also provide
the optimal quotes that should be displayed by the market maker. The simplicity of our
formulas allows us to analyze in details the effects of optimal contracting with an exchange,
compared to a situation without contract. We show in particular that it leads to higher
quality liquidity and lower trading costs for investors.

Keywords: Make-take fees, market making, financial regulation, high-frequency trading, principal-
agent problem, stochastic control.

1 Introduction

With the fragmentation of financial markets, exchanges are nowadays in competition. Indeed
the traditional international exchanges are now challenged by alternative trading venues, see
[16]. Consequently, they have to find innovative ways to attract liquidity on their platforms.
One solution is to use a make-taker fees system, that is a rule enabling them to charge in an
asymmetric way liquidity provision and liquidity consumption. The most classical setting, used
by many exchanges (such as Nasdaq, Euronext, BATS Chi-X...), is of course to subsidize the
former while taxing the latter. In practice, this means associating a fee rebate to executed limit
orders and applying a transaction cost for market orders.

In the recent years, the topic of make-take fees has been quite controversial. Indeed make-take
fees policies are seen as a major facilitating factor to the emergence of a new type of market
makers aiming at collecting fee rebates: the high frequency traders. As stated by the Securities
and Exchanges commission in [26]: “Highly automated exchange systems and liquidity rebates
have helped establish a business model for a new type of professional liquidity provider that is
distinct from the more traditional exchange specialist and over-the-counter market maker.” The
concern with high frequency traders becoming the new liquidity providers is two-fold. First,
their presence implies that slower traders no longer have access to the limit order book, or only
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in unfavorable situations when high frequency traders do not wish to support liquidity. This
leads to the second classical criticism against high frequency market makers: they tend to leave
the market in time of stress, see [3, 20, 21, 24] for detailed investigations about high frequency
market making activity.

From an academic viewpoint, studies of make-take fees structures and their impact on the wel-
fare of the markets have been mostly empirical, or carried out in rather stylized models. An
interesting theory, suggested in [!] and developed in [5] is that make-take fees have actually no
impact on trading costs in the sense that the cum fee bid-ask spread should not depend on the

make-take fees policy. This result is consistent with the empirical findings in [17, 19]. Neverthe-
less, it is clearly shown in these works that many important trading parameters such as depths,
volumes or price impact do depend on the make-take fees structure, see also [12]. Furthermore,
the idea of the neutrality of the make-take fees schedule is also tempered in [10] where the au-

thors show theoretically that make-take fees may increase welfare of markets provided the tick
size is not equal to zero, see also [1].

In this work, our aim is to provide a quantitative and operational answer to the question of
relevant make-take fees. To do so, we take the position of an exchange (or of the regulator)
wishing to attract liquidity. The exchange is looking for the best make-take fees policy to offer
to market makers in order to maximize its utility. In other words, it aims at designing an optimal
contract with the market marker to create an incentive to increase liquidity. For simplicity, we
consider a single market maker in a non-fragmented market.

Incentive theory has emerged in the 1970s in economics to model how an financial agent can
delegate the management of an output process to another agent. Let us recall the formalism
of principal-agent problems from the seminal works of Mirrlees [22] and Holmstrém [13]. A
principal aims at contracting with an agent who provides efforts to manage an output process
impacting the wealth of the principal. The principal is not able to control directly the output
process since he cannot decide the efforts made by the agent. In our case, the principal is the
exchange, the agent is the market maker, the efforts correspond to the quality of the liquidity
provided by the market maker (essentially the size of the bid-ask spread proposed by the mar-
ket maker) and the output process is the transactions flow on the platform. Several economics
papers have investigated this kind of problems by identifying it with a Stackelberg equilibrium
between the two parties. More precisely, since the principal cannot control the work of the agent,
he anticipates his best-reaction effort for a given compensation. Knowing that, the principal
aims at finding the best contract.

In our work, we deal with a continuous-time principal-agent problem. Indeed, the exchange
monitors the spread set by the market maker around a Brownian-type efficient price and the
transactions flow in continuous-time. Our paper follows the stream of literature initiated in [14].
Then in [25], the author recasts such issue into a stochastic control problem which has been
further developed using backward stochastic differential equation theory in [7]. See also [3] for
related literature.

In this paper, although we work in a quite general and realistic setting, we are able to solve our
principal-agent problem. More precisely, we provide a quasi-explicit expression for the optimal
contract the exchange should propose to the market maker, and also for the quotes the market



maker should set. The optimal contract depends essentially on the market maker inventory tra-
jectory and on the volatility of the market. These simple formulas enable us to analyze in details
the effects for the welfare of the market of optimal contracting with an exchange, compared to
a situation without contract as in [2, 11]. We notably show that using such contracts leads to
reduced spreads and lower trading costs for investors.

The paper is organized as follows. Our modeling approach is presented in Section 2. In par-
ticular, we define the market maker’s as well as the exchange’s optimization frameworks. In
Section 3, we compute the optimal reaction of the market maker for a given contract. Optimal
contracts are designed in Section 4 where we solve the exchange’s problem. Then, in Section 5,
we assess the benefits for market quality of the presence of an exchange contracting optimally
with a market maker. Finally, useful technical results are gathered in an appendix.

2 The model

The framework considered throughout this paper is inspired by the seminal work [2] where
the authors consider the problem of optimal market making, but without the intervention of
an exchange. Let T' > 0 be a final horizon time and (2, ) be a measurable space such that
Q = Q. x (Qq)? with Q. the set of continuous functions from [0, T] into R, 4 the set of piecewise
constant cadlag functions from [0,7] into N and F the Borel algebra on 2. We consider the
following canonical process (Xt ):ejo,r) = (St, N, Ntb)te[o,T}

Yw = (5,n%n’) € Q Si(w)=s(t), Nfw)=nt), NP(w)=no).

We endow the space (Q2,F) with F = (F)cjor) = (Ff ® (ff)®2)te[07T] where (Ff)ejo,r) and
(./_"td)te[oﬂ“] are the right-continuous completed filtrations associated with the components of
(Xt)te[o,T]-

We consider a market where there is only one market maker. This market maker has a view on
the efficient price of the asset given by S;. We assume that

S; = Sy + oWs, (1)

with Sg > 0, W a Brownian motion and o > 0 the volatility of the price'. The market maker
fixes the bid and ask prices

P =5, -6, and Pf=S;+ 6%

We assume that the arrival of ask (resp. bid) market orders is modeled by a point process
(N)tepo,r) (resp. (Nf)te[o,T]) with intensity (Af)efo,r] (resp. ()\?)te[o,T])- We also suppose that
the volume of market orders is constant and equal to unity. Hence, the inventory process of the
market maker is given by

Q¢=N}—Nf, t>0. (2)

As in [11], we impose a critical absolute inventory ¢ € N above which the market maker stops
quoting on the ask or bid side, i.e.

¢ =M, g, and A = Nlg,<q-

In practice, the efficient price can be thought of as the mid-price of the asset.



Moreover, we recall that from classical financial economics results, see [9, 18, 28], the average
number of trades per unit of time is essentially a decreasing function of the ratio between the
spread and the volatility. Hence, we assume that

A = A0 Lgis—gp, and A = N6)Lg,«q, with A(z) = Ae "5, (3)

for fixed positive constants A and k.

2.1 Admissible controls and market maker’s problem

We work with the following set A of admissible controls (6¢)¢epo, 7] = (9¢, 5f)t6[07;p] such that 0 is
predictable and for any ¢ € [0, T]

|67V 167 < deo,

for some positive constant do, which will be fixed later to a sufficiently large value. For each
control process § = (6%,0%) of the market maker, we denote by P° the associated probability
measure under which S follows (1) and

t t
~5, ~5b
NP = Nf _/0 M) g, >—qpdr, Ny~ = Ntb — /0 A(dﬁ)l{QT,Q}dr, (4)
are martingales. In that case, the profit and loss process of the market maker is defined by

t t
PL! = X +Q;S;, where X = / PN — / PPANY, t€0,T]. (5)
0 0

Here, X9 is the cash flow process, and QS represents the inventory risk process?.

Next, we introduce the Doléans-Dade exponential
(8L

LA . ;
L? = exp (/ log < (A )> ]I{QT,>—q}dNr + log < ) )) ]I{Qr,<¢j}dN7l~)
0

~(A32) = A)1q,>—qdr — (A(6) — A)1g, <qdr ), (6)

which is a PY—local martingale as it can be verified by direct application of It&’s formula:

A(0%) — A e A — A _
dLy = Lj_ <( t1)4 Iig, > gdN; f20 -4 ti H{Qt<q}de’b>7

Since 6% and 6° are uniformly bounded, this local martingale satisfies the Novikov-type criterion
in [27] and thus is a martingale. From Theorem III.3.11 in [15], it follows that

dP° s

— = L. 7

d]P)O 5 t ( )
In particular, all the probability measures P? indexed by § € A are equivalent. We therefore

use the notation a.s for almost surely without ambiguity. We shall write Ef for the conditional
expectation with respect to F; with probability measure P?.

2As in [2], for sake of simplicity, we assume that the market maker estimates his inventory risk using the
efficient price S.



We consider that the exchange is compensated for each market order arrival and so aims at
keeping the market liquid. Thus, we assume that it proposes to the market maker a contract,
defined by an Fpr-measurable random variable £, and representing a compensation for the market
making activity as part of the market flow. In addition to the realized profit and loss (5) on
[0, T], the market maker receives a compensation £ from the exchange at the final time 7', thus
leading to the maximization problem:

Vani(€) = sup (8, €) where Jn(8,6) = E‘s[—e—W&PL?—PLS)} (8)
dcA

- R { e VEHly 6§dNta+5detb+QtdSt)]_

Here, v > 0 is the absolute risk aversion parameter of the CARA market maker. For each
compensation &, we show that there exists a unique best reaction control §(¢) = (6%(€),6%(€))
of the market marker.

Remark 2.1. The case £ = 0 corresponds to the problem without exchange intervention treated

in [2, 11].

2.2 The exchange optimal contracting problem

We assume that the exchange is compensated by a fixed amount ¢ > 0 for each market order that
occurs in the market. In practice, some exchanges add to this fixed fee a component which is
proportional to the traded amount in currency value. However, since we are anyway working on
a short time interval, we take ¢ independent of the price of the asset. Note that the fee schedule
considered here for the taker side is simple. Indeed, in practice, complex fee policies are rather
dedicated to market makers. Furthermore, we will in fact see that when acting optimally, the
exchange is somehow indifferent to the value of ¢, see Section 4.3.

The exchange aims at maximizing the total number of market orders N + N%, whose arrival
intensities are controlled exclusively by the market maker. The role of the contract £ proposed
by the exchange to the market maker is to encourage the latter to increase the liquidity of the
market. In this case, the profit and loss of the exchange is given by

c(N$ + Nb) — €.
Thus the exchange optimally chooses the contract to maximize its CARA utility function with
absolute risk aversion parameter n > 0:
VE = sup ES® [ _ e—n(C(N%JrN%)—é)]' 9)
gec
We now define the set of admissible contracts C. Concerning the problem of the exchange, we
need to ensure that E°©) [ — e_"(C(N%JFN%)_g)} is not degenerated. The natural condition that
we need is then to assume that

sup E? [e"lé} < 400, for some n >n. (10)
ocA

Since N® and N? are point processes with bounded intensities, this condition together with an
Holder inequality ensure that the problem of the exchange (9) is well defined. In the same way,
we will assume that

sup E? [6_7,5} < +oo, for some ~' >, (11)
dcA



to ensure that ES[—e7(6+€5 07 AN +02dN; +Q1dS1)] ig not, degenarate and hence the well-definition
of the market maker problem (8). We will also assume that the latter only accepts contracts &
such that the maximal utility Vasas(€) is above a threshold value R < 0.

Hence, we denote by C the space of admissible contracts defined by

C = {f Fr-measurable such that Vamni(§) > R and (10) and (11) are satisﬁed}.

We will take —R large enough so that C contains the zero contract & = 0 and thus is nonempty.

3 Solving the market maker’s problem

We start by solving the problem (8) of the market maker faced to an arbitrary contract £ € C
proposed by the exchange.

3.1 Market maker’s optimal response

For (8,2,q) € [~000,000)? X R3 x Z, with 6 = (62,6°) and z = (2, 2%, 2%), we define

1— eG4 1 — e (244"
h(d,z,q) = 4 A6 Mygs—gy + . )‘<5b)1{q<q}’
and
H(z,q) = sup  h(d,2,q),
[69]V[68]<doo

For arbitrary constant Yy € R, and predictable processes Z = (Z°, Z%, Z?), with fOT | Z5|2dt <
00, and (Z%, Z%) locally bounded, a.s., we introduce the process

t
1
VAC 7 / Z3AN® + ZPdN? + Z5dS, + (570%25 +Q,)? - H(Z,, Qr)>dr, (12)
0

and we denote by Z the collection of all such processes Z satisfying in addition Condition (10)
with & = YTQ’Z and

sup sup Eé[e_MYtO’Z] < 0. (13)

deAtel0,T]

Clearly, Z # ) as it contains all bounded predictable processes and
C > E={Vv": YyeR, Ze 2, and Vau(Y;*?) > R}. (14)

The next result shows that these sets are in fact equal, and identifies the market maker utility
value and the corresponding optimal response. To prove equality of these sets, we are reduced
to the problem of representing any contract £ € C as £ = Y%/O’Z for some (Y, Z) € R x Z, which
is known in the literature as a problem of backward stochastic differential equation. We refrain
from using this terminology, as our analysis does not require any result from this literature.

Theorem 3.1. (i) Any contract & € C has a unique representation as § = YgO’Z, for some
(Yo, Z) € R x Z. In particular, C = =.
(ii) Under this representation, the market maker utility value is

-1
Vi (§) = =7, sothat = = {¥}*”: Z€ 2, and o= —log(~R)},
y



with optimal bid-ask policy:

§3(6) = A(Z2), 8°(€) = A(ZY), where A(z) = (—bx) V { it ilog (1 + %)} Adoo. (15)
The proof of Part (i) of the previous result will be reported in Section A.2. This representation
is obtained by using the dynamic continuation utility process of the market maker, following
the approach of Sannikov [25]. In the present case, we shall prove that the continuation util-
ity process satisfies the dynamic programming principle, so that the required representation
follows from the Doob-Meyer decomposition of supermartingales together with the martingale
representation theorem.

Proof of Theorem 3.1 (ii) Let £ = Y}/O’Z with (Yp, Z) € R x Z. We first prove that for an
arbitrary bid-ask policy 6 € A, we have Jy (€, 6) < —e~ Y0, Denote Y; = YtYO’Z + fot OfdNP +
6YdNP 4+ Q¢dS;, t € [0,T)]. By direct application of Itd’s formula, we see that

N N 1 a a ~ ]. a ~
de™ "Vt = ne V[ = (Q1 + Z8)dS; — —(1 — e VTGN — Z(1 — e 1ZH00))gNP?
Y Y
+ (H(Zt, Qr) — h(b¢, Zy, Q) ) dt].

Hence e is a P°— local submartingale. Thanks to Condition (13), the uniform boundedness
of the intensities of N® and N® and the Holder inequality, (e*“fyt)te[oﬂ is uniformly integrable
and hence is a true submartingale. By Doob-Meyer decomposition theorem, we conclude that

. — 1 a a 7 1 & \
/0 1TV (@ 28— (1= e IHINAND — (1 - TN,

is a true martingale. It follows that

_ T
Jm(§,8) = E°[ — e T] = —e77%0 — Eé[/ ve "V (H(Z, Q) — h((st,Zth))dt} < —e M,
0

On the other hand, equality holds in the last inequality if and only if § is chosen as the maximizer
of the Hamiltonian H (dt x dP—a.e.), thus leading to the unique maximizer §(§), which then
induces Jyni(€,6(€)) = —e~7Y0. This completes the proof that Van(¢) = —e ¥0 with optimal
response 6(Z).

4 Designing the optimal contract

Denote Yy = —% log(—R). By Theorem 3.1, the exchange problem (9) reduces to the control
problem

VOE = sup sup RO { — efn(c(N%JrN%)fyTYO’Z)} , (16)
Yo=Yy 2€2

where the continuation utility process of the market maker Y07 is given by (12). In the present
context, the objective function in (16) is clearly decreasing in Yp, implying that the maximization
under the participation constraint is achieved at Y. Hence

Vi = e sup IO - (VD2 7)] (17)
zZeZ

We will denote by N and No@ the POOF ) —compensated Poissons processes of N% and N?.



4.1 The HJB equation for the reduced exchange problem

In this section, we study the HJB equation corresponding to the stochastic control problem

vy = sup ES ) [ - e_n(c(N%J“N%)_Yﬁ’Z)} : (18)
zZeZ

Our approach is to derive a solution v of the corresponding HJB equation, and to proceed by
the standard verification argument in stochastic control to prove that the proposed solution v
coincides with the value function v.

Applying the standard dynamic programming approach (formally) to the last control problem,

we are led to the HJB equation

&w(t, q) + HE(q,’l)(t, q)?”(t')q + 1)7U(t7q - 1)) = 07 q S {_67 e 6}7 te <O7T]7 (19)
U(T7 Q) = _17
where the Hamiltonian Hg : [~q,q] x (—o0,0]> — R is given by
Hp(g,y,y0,9-) = Hp(g) + Tgo g Hp (v, u-) + Ngeqp Ha (v, y), (20)

with
2

7]0'
Hi(q,y) = sup W (0,9, 2), and hip(a,y,2:) = -y (V(z + 0 +02)
Zs

1 — e—1(CHAEQ) ]

HY(y,y) = iuﬂgh%(y,y’&) and h%(y,y', <) ZA(A(C))[y’e"“‘C) —y(147 .
c

A direct calculation reported in Lemma A.1 below reveals that the maximizers 2 = (2%, 2%, 2°)
of Hg are

28@7‘]) = _ﬁ% ia(taq) = é(v(ta(I)”U(taq - 1))7 and éb(tv(]) = é(v(t,q),v(t,q + 1))7 (21)
where
N 1 (Y o1 o?yn
y) = G+ los(5), @ = et tog(1- o Zls). (@)

Here, we assume that o is large enough so that the Condition (34) of Lemma A.1l is always
met, namely

1 v(t,q)
0o > Coo +— sup sup |log ()' (23)
h = 0 welo1) el o(t,q+1)
with the hope that our candidate solution of the HJB equation will verify it. This will be checked
in our verification argument. Recall from Lemma A.1 that Coy = |c| + (% + %) log(1 + %) —

oo (1 — ——°m
it (o) (kton) )
Using again the calculation reported in Lemma A.1, we rewrite the HJB equation (19) as

2,2 v(t, % v(t, UL _
atv(ta Q) + 2,)(”7/""77) QQU(t7 q) - C”U(t, Q) []I{q>—£7} (’U(t(,qz)l)) '+ ]I{q<ti} (v(t(,q—(&]—)l)) 71} - Oa
U(Ta Q) = 717



where the constant C' is given by

k k
W — log(1 + 7
o oy k

C = Aﬂexp(

k o’y
2 )+(1+;n)log(1— )))

(k+ov)(k+on

We now make the key observation that this equation can be reduced to a linear equation by in-

k
troducing u = (—v)~ 7. Indeed, by direct substitution, we obtain the following linear differential
equation:

du(t, q) — Crg®u(t, q) + Co (ult,q + Dggeqy +ult,q — Vs _5) = 0, (25)
uw(T,q) =1,
with
k k
G = 1 and Cy=C—.
2(y +m) on
This equation can be written in terms of the R?7™! —valued function u(t) = (u(t, q))qe{—q )
of the variable ¢ only, as the linear ordinary differential equation:
-1 Cy
Oyu = —Bu, where B = Cy —Ci¢®> O <+ q — th line,
Cy —C1g?
is a tri-diagonal matrix with lines labelled —g, . . ., ¢. Denote by by the vector of R**! with zeros
everywhere except at the position g, i.e. by; = Ty—g for i€ {—¢,...,q}, and 1 = g:_q b,.
Then, this ODE has a unique solution
;k}
u(t) = e""9B1, so that u(t,q) = bq-e(T*t)Bl, and v(t,q) = —(bq-e(T*t)Bl) o, (26)

In the next section, we shall prove that this solution v of the HJB equation (19) coincides with
the value function of the reduced exchange problem (18), with optimal controls 2(¢, q) given in

(21), thus inducing the optimal contract Y%/(”Z with Z, = 2(t, Qy).
We conclude this section by an alternative representation of the function wu.

Proposition 4.1. The function u is C%' and can be represented as

u(t,q) = IE[esz(fcl(Qé’q)zﬂsﬂs)ds :
where QYT = q + [Fd(Ns—N,), and (N,N) is a two-dimensional point process with intensity
A, Ag) = Co(ILyg,_<q» ]I{Qs_>,q}). In particular, we have the following bounds for the function
u:

=2
e OPT < ) < 20T

Moreover, Condition (23) is verified when

Sso > Moo = COuo + %(202 +O1P)T. (27)



Proof. The regularity of u follows from the explicit expression in (26). Denote f(q) = —C1¢> +
Co(Tggs—qy + Tigeqy), and Mg = = eli F(Q")ds u(t, Q% m) t < s <T. We now show that M is a
martingale, so that u(t,q) = M; = E[My] = E[e” I ?I)ds], as u(T,.) = 1. To see that M is
a martingale, we compute by It6’s formula that

dMs = [u(s, Q") F(QF") + dpu(s, Q") ds
+Co[u(s, QLT +1) — u(s, QL") dN, + Co[u(s, Q47 — 1) — u(s, Q47)]dN,,.

S

Since w is solution of (25), we get

dM; = Chlu(s, Qi’f +1) — u(s, Qi’f)]dﬁs + Co [u(s, DT 1) — s, QZ’f)]dMs,

s

where (M, M) = (N — fo Asds, N — fo A ds) is a martingale. The martingale property of M now
follows from the boundedness of u as it can be verified from the expression (26).

Finally, the bound \QS | < @ induces directly the announced bounds on u, which in turn imply
Condition (23) when (27) is satisfied because v = —u~ % O

4.2 The main result

We are now ready to verify that the function v introduced in the previous section is the value
function of the exchange, with optimal feedback controls (2%, 2%, 2%) as given in (21), thus iden-
tifying a unique optimal contract to be proposed by the exchange to the market maker. Recall
that 6o, denotes the bound on the market maker bid and ask spreads. Our main explicit solution
requires do, to be larger that the constant A introduced in (27).

Theorem 4.1. Assume that 6o > As. Then the optimal contract for the problem of the
exchange (9) is given by

T
£ = Yo+ / Z8dN® + ZPdN? + Z5dS, + (5702 (25 + Q) - H(Z,, QT))dr, (28)
0

with Z5 = 25(r,Q,), Z% = 2%(r,Q,.), and Z° = 2(r,Q,) as defined in (21). The market maker’s
optimal eﬁort is given by

~ A~ o 1 o ~ Ap A ~ 1 o
0 =€) =20+ Jlog(1+ D), H=0€ =2+ lgl+ 7). (29)

Proof. In order to prove this result, we verify that the function v introduced in (26) coincides at
(0, Qo) with the value function of the reduced exchange problem (18), with maximum achieved
at the optimal control Z.
By Proposition 4.1, the function v is negative, C1'!, bounded, and has bounded gradient. More-
over, since d > A, it follows that v is a solution of the HJB equation (19) of the exchange
reduced problem. For Z € Z, denote

K7 = e n(c@esND-Y27) oo 7).

Y

By direct application of It6’s formula, and substitution of d;v from the HJB equation satisfied
by v, we see that

ot Q) KF | = KE ((hf =Hy)dt-+no(t, Q) 22 dSiHd [o(t, Qu-+AQue e 2D —u(t, Q)] aN?),

i=a,b

10



where, using the notations of (20) and the subsequent equations,

Ht = HE(QD’U(ta Qt)a U(ta Qt + 1)? U(tv Qt - 1))7

and
htZ = h’lE (Qt7 Zts> + ]I{Qt>*§}h% (U<t7 Qt)? v(t, Qt - 1)) + ]I{Qt<tf}h0E (U(t7 Qt)a U(tu Qt + 1))

Exploiting the fact that v is bounded and that KZ is uniformly integrable (see Lemma A.4), we
get that

f oz T
00.Q) = BOD (@t + [ KE - 1f)al

> BN [o(T,Qr)KZ] = BF) [ - KZ),

by the boundary confiition v(T,.) = —1. By arbitrariness of Z € Z, this provides the inequality
v(0,Q0) > supzez E°OT) [ - Kf] = off.

On the other hand, consider the maximizer Z of the reduced exchange problem, induced by the
feedback controls Z in (21). As 7 is bounded, it follows that Z € Z. Moreover, h? —H =0,

by definition, so that the last argument leads to the equality v(0, Qo) = EOOF) [ — K% ], instead
of the inequality. This shows that v(0,Qo) = v{, the reduced exchange problem of (18), with
optimal control Z. O

4.3 Discussion

The processes Z%, Zb and Z° allowing the exchange to build the optimal contract have actually
quite natural interpretations. Indeed, using Lemma 4.1, we obtain that the quantities

u(T —t,q-) u(T —t,q,-)
—1 d —1
8 <u(T—t,qt7 —1)) and — o8 (u(T—t,qf +1))

are roughly proportional respectively to Q,— and —Q,—. Thus, when the inventory is highly
positive, the exchange provides incentives to the market-maker so that it attracts buy market
orders and tries to dissuade him to accept more sell market orders, and conversely for a negative

inventory. The integral
T
/ Z2dS,
0

can be understood as a risk sharing term. Indeed, fot Q,-dS,; corresponds to the price driven
component of the inventory risk (J;5;. Hence in the optimal contract, the exchange supports
part of this risk so that the market maker maintains reasonable quotes despite some inventory.

The proportion of risk handled by the platform is ﬁ

Concerning the optimal bid and ask spreads, we recover the optimal bid/ask spread of [11] im-
2

pacted by the exchange through the term —c — %log (1 - %)

Until now, we have focused on the maker part of the make-take fees problem since we have
considered that the taker cost c is fixed. Nevertheless, our approach also enables us to suggest

11



the exchange a relevant value for c. Actually, we see that when acting optimally, the exchange
transfers the totality of the fixed taker fee ¢ to the market maker. It is therefore somehow
neutral to the value of ¢c. However, ¢ plays an important role in the optimal spread offered by
the market maker given by

o u(T —t,Q-)? 2 a1 2 oy
2o (G, —mar—na 1) 0 (e on) 5 )

Furthermore, from numerical computations, we remark that

u(t, q)*
u(t,g — Du(t,qg+ 1)

is close to unity for any ¢ and gq. Hence the exchange may fix in practice the transaction cost ¢
so that the spread is close to one tick by setting

1 1 02’yn 1 oy
c~ —=Tick — —lo (1— )—i——lo 1+ —).
2 n (k+ov)(k+on)/ ~ B+ )
For o /k small enough, this equation reduces to
1
e % — 5 Tick. (30)

Equation (30) is a particularly simple formula to fix the taker constant c. We see that the
higher the volatility, the larger the taker cost should be. It is also quite natural that this cost is
a decreasing function of k. Indeed, if k is large, the liquidity vanishes rapidly when the spread
becomes wide, meaning that market takers are sensitive to extra costs relative to the efficient
price. Therefore, the taker cost has to be small if the exchange wants to maintain a reasonable
market order flow. Finally, note that the parameters ¢ and k£ can be easily estimated from
market data. Therefore the formula (30) can be readily used in practice.

5 Impact of the presence of the exchange on market quality and
comparison with [2, 11]

In this section, we compare our setting with the situation without incentive policy from an ex-
change towards market making activities. The latter is considered in [2, | 1] where the authors
deal with the issue of optimal market making without intervention of the exchange. The results
in [2] are taken as benchmark for our investigation to emphasize the impact of the incentive
policy on market quality. We will refer to this case as the neutral exchange case.

Let us first recall the results in [2, 11]. The optimal controls of the market maker denoted by
5% and 6% are given as a function of the inventory ¢; by

~ O u(t, Q) 1 oy

57 = Tiog (1B Y | Loy 4 )

PR G- ) TR

~ u(t, Q) 1 oy

3 =T1o (if‘(’ )+ Zlog(1+ 22,

C= RS Qo) T e )

12



where u is the unique solution of the linear differential equation

8ta(t7 Q) + Clqzﬁ(tv Q) - CQ(ﬂ(ta q+ 1)]I{q<tj} + ﬁ(ta q— 1)H{q>f§}) = 07 (tv Q) € (07 T] x [_(j, 6]
a(Ta Q) =1,
(31)
with C; = ‘%k and Cy = Aexp (= (1+ %) log(1+%)). In our case, the optimal quotes §*
and 6®* are obtained from Theorem 4.1 and satisfy

t, Q) 1 oy 1 o?yn
sor = Thog (_MBQD N Ly g 9 (1 :
CT R (U(t,Qt—l))+v oL+ 7 e n Og< (k+07)(k+m7))

bx g ’U,(t, Qt)
o7 = 3 log (u(t,Qt—i—l)

where w is solution of the linear equation (25).

1 oy 1 o?yn
+=log(1+ 20y —c— Zlog (1 — :
)+ Sos(1+ 5 — e = dog (1= o2 )

Numerical experiments show that v and u can decrease quickly to zero when ¢ becomes large.

Hence, the computation of the following crucial quantities appearing in the optimal quotes:

u(t,g+1) u(t,g+1)
u(t, q) u(t, q)

can be intricate in practice. To circumvent this numerical difficulty, we remark that vy and v
are solution of the following differential equations: Attention: inversion du temps...

v+(t7q)=10g( ) '75+(t,Q)=10g( ) q€{~q- - ,q—1}.

{atv+(t’ q) + Cl(2q + 1) — C2(€U+(t7Q+1)]I{q<q_1} _|_ e_v+(t7Q) — e’U?L(tv‘I) — e_v+(t7q_1)][{q>_q}) = 0
’U+(T, Q) = ]-7

(32)
and

{3{17+(t, q)+Ci(2g+1) — 6’;(65+(t7’1+1)]l{q<q_1} e T Prba) _oPelba D ) =0
6+(T7 Q) =L

(33)
We thus rather apply classical finite difference schemes to (32) and (33).

In the following numerical illustrations, in the spirit of [I1, Section 6], we take T' = 600s
for an asset with volatility ¢ = 0.3 Tick.s~'/? (unless specified differently). Market orders
arrive according to the intensities (3) with A = 0.9s~! and k = 0.35~ /2. We assume that the
threshold inventory of the market maker is () = 50 unities and that his aversion of risk v = 0.01.
The exchange is taken more risk averse with n = 1. Finally, we assume that the taker cost
¢ = 0.5 Tick.

5.1 Impact of the exchange on the spread and market liquidity

We start by comparing the optimal spread 58’ —i—c§8 at time 0 obtained when contracting optimally
with the spread without incentives towards market making activities 58+58. The optimal spreads
are plotted in Figure 1 for different initial inventory values qo € {—¢q,--- ,q}.
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Figure 1: Comparison of optimal initial spreads with/without incentive policy from the exchange.

We observe in Figure 1 that the initial spread does not depend a lot on the initial inventory
(because the considered time interval [0,77] is not too small) and that it is reduced thanks to
the optimal contract between the market maker and the exchange. This is not surprising since
in our case the exchange aims at increasing the market order flow by proposing an incentive
contract to the market maker inducing a spread reduction. Actually this phenomenon occurs
over the whole trading period [0,7]. To see this, we generate 5000 paths of market scenarios

and the average spread over [0, T for an initial inventory gy = 0. The results are given in Figure
2.

2.01

1.8

1.6
— Neutral exchange model
Incentive exchange model

Spread

1.4 4

124

1.0+

T T T T T T T
o 100 200 300 400 500 600
Time

Figure 2: Average spread on [0, 7] with 95% confidence interval, with/without incentive policy
from the exchange toward the market maker.

Since the spread is tighter during the trading period under an incentive policy from the exchange,
the arrival intensity of market orders is more important and hence the market more liquid as
shown in Figure 3.
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Incentive exchange model

Order flow

Time
Figure 3: Average order flow on [0,7] with 95% confidence interval, with/without incentive
policy from the exchange.

We now consider in Figure 4 the bid and ask sides separately. We see that when the inventory
is positive and very large, 6 and 0% are negative. It means the market maker is ready to sell at
prices lower than the efficient price in order to attract market orders and reduce his inventory
risk. On the contrary, if the inventory is negative and very large, in both situations, its ask
quotes are well above the efficient price in order to repulse the arrival of buy market orders.
However, since in our case the exchange remunerates the market maker for each arrival of market
order, we get that the ask spread with contract 5% is smaller than 6%, A symmetric conclusion
holds for the bid part of the spread.

—— Incentive exchange model — Incentive exchange model

2.5 Meutral exchange model 2.5+ Meutral exchange model

2.0 2.0
g g
X 134 < L1354
= =
=] <
S 101 Z 1o
o o
L o
o a
: 0.5 1 g 0.5
2 @

0.0 0.0 q

-0.5 -0.5
T T T T T T T T T T
—40 =20 o 20 40 —40 =20 o 20 40
Initial inventory Initial inventory

Figure 4: Optimal ask and bid spreads, with/without incentive policy from the exchange toward
the market maker.

We now turn to the impact of the volatility on the spread. The optimal contract obtained in (28)
induces an inventory risk sharing phenomenon through the term Z5. Hence, when the volatility
increases, the spread difference between situations with/without incentive policy becomes less
important, see Figure 5 in which we consider the optimal initial spread difference when the
initial inventory is set to zero between both situations with/without incentive policy from the
exchange to the market maker for different values of the volatility.
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Figure 5: The initial optimal spread difference between both situation with/without incentive
policy from the exchange toward the market maker as a decreasing function of the volatility o.

5.2 Impact of the incentive policy on the profit and loss of the exchange and
market maker

We assume that gy = 0. Recall that PL? defined in (5) denotes the trading part of the profit
and loss (P&L) of the market maker for a given strategy §. In our case, the underlying total
P&L at time t of a market maker acting optimally, denoted by PL}, is given by

PL; =PL) + Y/,

where Y;?" corresponds to the quantity on the right hand side of (28) with T replaced by t.

We now investigate the behavior of this quantity, notably with respect to the benchmark PLf*
which corresponds to the optimal profit and loss without intervention of the exchange.

To make PL} and PL{" comparable, we choose Y * in (28) so that the market maker gets the same
utility in both situations, that is Yy = glog(ﬂ(T, qo)). Thus, the market maker is indifferent
between the situation with or without exchange intervention. We generate 5000 paths of market
scenarios and compare the average of both P&L in Figure 6 with and without incentive policy.

&
o
=]

w
o
=]

N
=}
=)

~

/_ Neutral exchange model

od & Incentive exchange model

H
15}
s}

Profit and loss of the market maker

T T T T T T T
o 100 200 300 400 500 600
Time

Figure 6: Average P&L of the market maker on [0, T'] with 95% confidence interval, with /without
incentive policy from the exchange.
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Since Yo is set to obtain the same utility in both cases, the two average P&L are very close at the
end of the trading period. The variance of the P&L also seems to be the same in both situations.
The only difference from the market maker viewpoint here is that in the case of a contract, the
P&L is already made at time 0 thanks to the remuneration of the exchange and then fluctuates
slightly. This is because he is earning the spread but paying a continuous “coupons” H:dt from
the contract. In the case without exchange intervention, the market maker increases his P&L
over the whole trading period thanks to the spread.

We now compare the profit and loss of the exchange in the two considered cases. When it
applies an incentive policy towards the market maker, the P&L of the exchange is given by
c(Nf + NP) — Y,Z". When the exchange is neutral, its P&L is simply ¢(Nf + N?). We compare
these two quantities in Figure 7.

—— Neutral exchange model
200 4 Incentive exchange model

107 /
o

—100

=200

Profit and loss of the exchange

—300 A

-400 1

(I) 160 260 360 460 560 660
Figure 7: Average P&L of the exchange on [0,7] with 95% confidence interval, with/without
incentive policy from the exchange.

We see that the initial P&L of the contracting exchange is negative because of the initial pay-
ment Y*. However it finally exceeds, with a smaller standard deviation, the P&L in the situation
without incentive policy from the exchange. Hence the incentive policy of the exchange proves
to be successful. Indeed, both configurations are equivalent for market makers but the exchange
obtains more revenues when contracting optimally. This is due to the fact that the contract
triggers more market orders.

Finally, we plot the aggregated average P&L of the market maker and the exchange (independent

of the choice of the initial payment). We observe that it is always greater in the optimal contract
case.
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Figure 8: Average total P&L of the exchange and the market maker on [0, T'| with 95% confidence
interval, with/without incentive policy from the exchange.

5.3 Impact of the incentive policy on the trading cost

We now study the impact of the incentive policy on the investors, viewed as the market takers.
We assume that there is only one market taker. In the case without exchange, with the specified
parameters and under optimal reaction of the market maker, this investor buys on average 200
shares over [0, 7). To make the comparison with the case with exchange intervention, we modify
the parameter A appearing in the intensity (3) when simulating a market with optimal contract.
This new value is chosen so that the investor buys on average the same number of assets (200)
over the time period. This amounts to take A = 0.55s7!. We confirm in Figure 9 that the
average ask order flows agree in both situations.
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Figure 9: Setting similar average ask order flows on [0,7] by taking different intensity basis A
in the case with and in the case without incentive policy; 95% confidence interval.

We finally compare in Figure 10 the average cost of trading for the market taker:

E[/OT 5ng5],

with and without incentive.
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Figure 10: Average trading cost on [0, 7] with 95% confidence interval, with/without incentive
policy from the exchange.

We see that, thanks to the incentive policy of the exchange, the reduced spreads lead to signifi-
cantly smaller trading costs for investors.

A Appendix

A.1 Exchange Hamiltonian maximization

Lemma A.1. Let c € R, v,n,k,0 > 0 and v1,v2 < 0. We define for z € R
o(2) = Ae FAR)/o (Ulen(z—C) —up(L(1 - erEHAE) 4 1))7
Y

with A(z) = (—0) V (—2+ 2 > log(1 + ) Adso and 6og > 0. The function ¢ is nondecreasing
on (—00, = + %log(l + %)] and non-increasing on [0oo + = log(l + %), 00). Provided

)l (34)

000 > Coo + f} log(2
n U1

2

with Coo = |c| + ( )log(l + ) — %log (1 - %) It admits a mazimum on

[—000 + % log( ka) 0o + 1 log( + %)) attained in z* given by

=

o?m )

1
= l + —1 1-—
=y lostuafo) + los (1 G

In that case, we have

o(z%) = —Cugexp (;;7 log(vg/vl)),

where
on ke k oy k a?yn
— 421 (7—71 1+ a1+ Byog(1 - )
¢ kPG oy og(1 + k)+( +0'77) g ( (k:+07)(k‘+077))
Proof. Easy but tedious computations lead to prove that ¢ is non-decreasing on (—00, —ds +
1 > log(1 + + %)) and non-increasing on [0 + %log(l + %), 00) if,

1 1 1
5mz#+5mgmmn—g+;ﬂ%u+iﬁy
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Moreover, we notice that ¢ admits a maximum on [—ds + %log(l + ), 000 + %bg(l + )]
attained in

1 1 a?yn
2* = c+ —log(vy vl)—l——log(l— ),
By (v + 1)k T o)
as soon as 0o > | — 2* + %log(l + Z1)|. By combining these two conditions, we get the result
under Condition (34) on 0. O

A.2 Dynamic programming principle and contract representation

For all F-stopping time 7 with values in [¢,7] and for any u € A;, we define
Jr(rp) = Bl | —e7 7 WSANE NG 0S8 and T = (T (7)) e,

where A; denotes the restriction of A to controls on [r,7]. The continuation utility of the
market maker is defined or all F-stopping time 7 by

Vi = esssupJp(r, p).
/JG.AT

Lemma A.2. Let 7 be an F-stopping time with values in [t,T]. Then, there ezists a non-
decreasing sequence (1" )pen in A, such that V. = lirfT Jp (T, u").
n——+0oo

Proof. For p and p in Ar, define 1 = pl 1, (70> 00 (rpr) + ' g (rp) < Jp(r)- Then fi € Ay and
by definition of i
JT(Ta la) > max (JT(T7 /-L)> JT(T7 :u/)) :

Hence J;r is directly upwards, and the required result folows from [23, Proposition VII.I
pl21]. O

Lemma A.3. Lett € [0,T], and 7 an F-stopping time with values in [t,T|. Then,

V; = esssupE? [ e f[(észng&szngqudsu)VT}. (35)
scA

Proof. Let 0 <t < T and set an F-stopping time 7 with values in [¢t,T]. The proof is similar to
[6, Proof of Proposition 6.2]. First, by the tower property,

T T /ca a
Vi = esssupE’ [e—vft (6LAN G+, AN +qudSu) g8 {76—707 <6udNu+63dN3+qudsu)+f)} }

deA

)
For all § € A, the quotient i—{ does not depend on the values of § before time 7. Then,

5
ES [_eﬂ( ff(&ﬁdN3+62dN3+qudSu)+§):| — [ {_ng e'y(fTT(55dN3+63dej+qudSu)+£):|
T T
LT
_ T/ a a b b
S ess SupEﬁf |:_6 ’Y(f-,— (MudNu+MudNu+QudSu)+£)i| — VT’
}LEAT

Then,

Vi < esssupE?[VTe_WLT(‘sﬁdN3+5sz3+q“dS“).
6cA
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We next prove the reverse inequality. Let 6 € A and € A.. We define (6§ ®; p1)y = 0ylo<u<r +
pulr<y<r. Then, 6 ®, p € A and

T T
v, > B [e—w(ft (65N +83, AN +qudSu)+ [ (uﬁdN“+uudNb+qudsu))e—wg]
— Ef@)fﬂ |:6_’YftT(53dN3+53dN3+QudSu)E£®TN|:_ 6—7ff(uZdN3+uZdN3+qudSu)6—75}} . (36)

SQT I

From Bayes’ Formula and by noticing that Z{gﬁ = i—ﬂ, we get
L(;@r/»l«
EO®r1 —y [T (g dNG+pb AN +qudSu) ;=€ — g0 | 2T —vf (3 dNg+pbdNE+qudSu) ,—v€
- —e e = 708 e
T

= JT (7—7 ,LL) .
Thus, Inequality (36) becomes

F) - _ T(§CdNC b Nb wdSu
v, > E [e v [ (62dNg+85dNE+qudS )JT(Taﬂ)} '

L5®Tll« L§

By using again Bayes’ Formula and by noticing that 5®T - = L5’ we have

[ T(sa a b b
E? [g@fue_wft (04 dN;+060,dN}+qudSu) J (7, M)]
Vi L

\Y]

Lf@Tlu

6®7‘M 5@7‘#
_ IE? EO[LT L; 6—7ftT(asz3+5ZdN3+q“dS”)JT(T,u)}]

-
Lf_@‘r# Lf@‘rﬂ

o [ o [L9ETHy LYo [T (82dN2 465 ANE +qudS.)
_ T T + +
= ET[LJ&JWE e e S I (7, )

L T t

[ 7 0@rp

L7 T b b
_ oo | LrTTT i (sadNe 48t AN 1q,dS
= 1081 77 CRANG O AN udS) (7, )
t

§ [ —v [T(689dNE+8° ANP +qudSy
= EJ|eJ/ (OUdNG+0udNy+ )JT(T’M)}'

Since the previous inequality holds for all 4 € A, we deduce from monotone convergence The-
orem together with Lemma A.2 that there exists a sequence (u"),en of control in A, such
that

V, > lmt{E { 1 ORANE LN +audSu) g o Mn)]

n—-+00
= R [ =7 J] (6¢dNZ+85dNS +qudS.) hmT Jr (T, )] = K [e—’Yft7(5ﬁdN3+§sz3+qudSu)VT} 7
n—+
thus concluding the proof. O

Proof of Theorem 3.1 (i) We proceed in several steps.
Step 1. For 6 € A, it follows from the dynamic programming principle of Lemma A.3 that the
process

Us - Vtef'yf(féﬁdNu“JrJZdN£+QudSu, telo,T, (37)
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defines a P?—supermartingale® for all § € A. By standard analysis, we may then consider it in
its cadlag version (by taking right limits along rationals). By the Doob-Meyer decomposition,
we can write

Ul = M- A Ay (38)

where M? is a P°—martingale and A% = A% 4 A% is an integrable non-decreasing predictable
process such that Ag’c = Ag’d = 0, with pathwise continuous component A%¢, and a piecewise
constant predictable process A%

By the martingale representation theorem under P?, see Lemma A.5, there exists a predictable
process Z0 = (755, 7% 70b) guch that

t t t
M = Vo+ / Z8.dx, — / ZXN(0M) 10, —qydr — / ZXN6)) g <qydr, (39
0 0 0

where we recall that y = (S, N, N?).
Step 2. We show that V is a negative process. In fact, thanks to the uniform boundedness of 4,

we show that
L6 kdoo a 7a b b LLESS
fg Z at,T —e o (NT—]\it +NT_Nt)_A(€ o +1)(T—t) > 0. (40)
t

Therefore,
a a b by ,—
V; < E° [ at’Te—v(Soc(NT—Nt +NP=ND)e | .

Step 3. Let Y be the process defined by V; = —e™ "t for all t € [0,T]. As A% ig a predictable
point process and the jumps of (N¢, N?) are totally inaccessible stopping times under P°, we
have [N?, A%9] = 0 and [N?, A%?] = 0 a.s, see Proposition 1.2.24 in [15]. Using It&’s formula, we
obtain from (38) and (39) that

Yr=¢, and dY; = Z8dNP + ZPAN) + Z7dS, — dI, — dAY (41)

where 2%, 2%, 75 I, A® are independent of §, as they may be expressed as ZidN} = d[Y, N,
i € {a,b}, Z7o?dt = d(Y;, S;)s, A? the predictable pure jumps of Y. Moreover, Itd’s Formula
yields

=é.a =6, =6,
1 A 1 A Z;

Z0 = ——log(1+=Lt-)—08, Zb=—"log(l+ =t-)—-¢6°, Zz°=—-"L— —Q

t 5 g( Ufs—) t ¢ 5 g( Ut(;—) t t ’YUté_ Q1

and

b 1 5 “d AAé’d
I :/ R(8r, Zp, Q) )dr — ——dAYe,  Ad =S log (1 - ,
' 0 ( ) VUR ! SES; ( U )

with h(6, z,q) = h(d,z,q) — %702(28)2. In particular, the last relation between A% and A% shows

A )

,d
that Aa; = % > 0 is independent of §; recall that U? < 0.

In order to complete the proof, we argue in the subsequents steps that

¢
ANt — Z U Aas =0, (sothat AY=0), and I; = /0 H(Z:,Q), t€]0,T], (42)

s<t

3Note that E°[U2] = Jr(0,8) > —oc using Holder inequality together with (11) and the uniform boundedness
of the intensities of N and N®. Hence the process U° is integrable.
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Where F(Z7 q) = H(Z, q) — %’70’2(2’5)2
Step 4. Since Vi = —1, notice that

0 = sup E°[U9] - Vp = sup E°[U} — M}
seA seA

s [T T day
= ~sup E° [LT/ U (dI, — h(6y, Zy, Qr)dr — )]. (43)
seA 0 v

Moreover, since the controls are uniformly bounded, we have
US < B, = Ve W NE+ND=Y [ardSr (44)

Then, since A%® > 0, U° < 0, and dI — h(5,Z,Q) < 0, it follows from (43) together with the
inequalities (40) and (44),

T T

0 > sup E° |:C¥07T / Br (_dIr+E(5T7 Zr, Qr)dr+dar):| =E’ |:0407T / Br (_dIr+ﬁ(ZT7 Qr)dr"i_dar)] )
scA 0 0

which implies (42), PY—a.s.

Step 5. We now prove that Z € Z by showing that

sup sup Eo[e 7 (PHDYi]

0eAtel0,T)

< oo for some p >0 (45)

Using Holder inequality together with Condition (11) and the boundedness of the intensities of
N and N°, we have that supge 4 E°[|USP+1] < oo for some p/ > 0. Hence

sup sup E‘SHU{S]?’,H] = supE‘SHU%]p/H] < 00,
SEA te[0,T] seA

because U? is a negative P°-supermartingale. This leads to (45) using Holder inequality the uni-
form boundedness of the intensities of N@ and N? and that =Y = U Jo SudNi+0udNG+QudSu
Step 6. We finally prove uniqueness of the representation. Let (Yy, Z), (Yy, Z') € R x Z be such
that & = Y;,/ 0z = Y;f 0Z" By following the line of the verification argument in the proof of The-

Yy, 2' I : .
tYO’Z =Y, 04 by considering the value of the continuation

orem 3.1 (ii), we obtain the equality Y,
utility of the market maker

YO’,Z’)

—exp(—Y, %) = —exp(—1Y, = ess sup E?[—e*V(PLaT* PL%&)], t€10,7T).

oA
This in turn implies that ZidN;} = Z/idNi = d[Y Y02 AN, i € {a,b}, and Z5o2dt = Z'3 o%dt =
d(Y,S):, t € [0,T]. Hence (Y, Z) = (Yy, Z').
A.3 On the verification argument for the exchange problem

The proof of the main result of Theorem 4.1 requires the following technical result. We observe
that this is the place where Condition (10) is needed.

Lemma A.4. Let Z € Z. There exists C > 0 and € > 0 such that

sup ]ES(YTZ)HKtZ]HE] <C.
te[0,7
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Proof. We recall the definition of K< for Z € Z
K7 = e cWeND-Y2) e .
Let p > 1. By using Hélder’s Inequality and the uniform boundedness of the intensities of N¢

and N?, we deduce that there exists C’ > 0 such that

ECOKEP) < CR )Y

I

with any p’ > p. Thus,
BRI 7P < ¢ (14 B )
=C' <1 + E° [(— sup Ef[—e‘V(YTngPLET_PLg)])_W}) .
deA
From Jensen’s Inequality then Holder’s inequality, we deduce that for any p” > p’ we have

BSOD|| KZP] < ¢ (1 + B [Sup B e n(VF +PL5T—PL?)]] )
ocA

<C' (1 +E° [Sup E? [ep”nYTZ]D .
deA

By using a dynamic programming principle, similarly to the proof of Lemma A.3 by noticing
that the family (J (p,0) = ES [ep"”YTZ ]) p is directly upwards, we get
He

ES(YTZ)HKtZ\p] <’ (1 + sup E? [ep””YTﬂ> .
deA
By setting ¢ = 77/3—_77, if we take p =1+ ¢, then p’ = p+ ¢ and p” = p’ + €, we obtain

B K7 ] < ¢ <1 +supE? |7 ]) .
scA

From the definition of Z (involving the condition (10)), we get for any ¢ € [0, 7]
Eg(YTZ)HKtZ‘lJFE} <C,

with C' =’ (1 + supge 4 B2 [e”'YTZD < +o0. O

A.4 Predictable representation

The following result is probably well-known, we report it here for completeness as we could not
find a precise reference.

Lemma A.5. Let (Q,F,P,F) be a filtered probability space where F = FW v FN s the right
continuous completed filtration of a Brownian motion W and a d-dimensional integrable point
process N = (N',--- | N with compensator A = (A',--- | A%). Then, for any F—martingale
X there exists a predictable process Z = (ZW,Z1,--- | Z%) such that

t d
X = Xo+ / ZW AW, + Z/ ZLdN! — dAY).
0 iz Jo
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Proof. For sake of simplicity, we take d = 1. Let P be a solution of the martingale problem
associated to My = N, — A; and Wy. By Theorem I11.4.29 in [15], to prove Lemma A.5 we need
to establish the uniqueness of P.

We denote by PV the law P conditional on W. We first show that M is still a martingale under
PW. To do so we consider B, € F, and want to prove that

EP [, (M; — M,)] =0,
for0<s<t<T.Let Ce F%V. We aim at showing that
E[1CEPW (M, (M, — Ms)]] = E[lo1p, (M, — M,)] = 0.

Thanks to the martingale representation theorem for Brownian martingales, we can write

T
Ic =as+ / OudWy,

where o = E[lo|FY] and (¢ )us>0 is Y predictable process. Using the martingale property
of M, we obtain
E[oy s, (M; — My)] = 0.

Then W and M being orthogonal martingales, we deduce

B[ buamts, (- 24y)] =

Consequently, using Theorem II1.1.21 in [15], PV is the unique probability measure such that
M is an F-martingale conditional on W. Finally, by integration, the uniqueness of P implies
that of P. O
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