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Abstract

We extend the martingale version of the one-dimensional Brenier’s theorem (Fréchet-
Hoeffding coupling, see [16, 30]) established in Henry-Labordére and Touzi [21] to the
infinitely-many marginals case. In short, their results give an explicit characterization
of the optimal martingale transference plans as well as the optimal dual components
of a two marginals discrete-time martingale transportation (MT) problem for a large
class of reward functions. We consider here the limiting continuous-time case, which
leads to an infinitely-many marginals MT problem. By approximation technique, we
show that for a class of reward functions, the optimal martingale transference plan
is provided by a pure downward jump local Lévy model. In particular, it provides a
new construction of the martingale peacock process (PCOC “Processus Croissant pour
I’Ordre Convexe,” see Hirsch, Profeta, Roynette and Yor [24]), and a new remarkable
example of discontinuous fake Brownian motions. Further, as in [21], we also provide a
duality result together with dual optimizer in explicit form. Finally, as an application
to financial mathematics, our results give the model-independent optimal lower and
upper bounds for variance swaps.

1 Introduction

The classical optimal transportation (OT) problem was initially formulated by Monge in
his treatise “Théorie des déblais et des remblais”. Let ug, p1 be two probability measures
on R% ¢ : R x R — R be a cost function, then the transportation problem consists
in minimizing the transportation cost [pqc(z, T(x))po(dx) among all transference plans,
i.e. all measurable functions 7' : RY — R? such that p; = pg o T~'. The problem was
later relaxed by Kantorovich to minimizing the value E¥[c(Xo, X1)] among all probability
measures P such that Xo ~F 119 and X; ~F p1. The last formulation is easily seen to admit
optimal solutions and has the same value as that of Monge’s original problem when the
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probability measure g has no atoms. As for Monge’s original problem, the existence of an
optimal solution and its characterization has been obtained later when the cost function
satisfies the so-called Spence-Mirrless condition, known as Brenier’s theorem. We refer to
Rachev and Ruschendorf [47] and Villani [50] for a detailed presentation.

The theory has been extended to the multiple marginals case by Gangbo and Swiech [18],
Carlier [8], Olkin and S.T. Rachev [41], Knott and Smith [36], Riischendorf and Uckelmann
[48], Heinich [20], and Pass [43, 44, 45], etc. We also refer to the full-marginals case
addressed by Pass [46].

Recently, a martingale transportation (MT) problem was introduced in Beiglbock, Henry-
Labordere and Penkner [3] and in Galichon, Henry-Labordére and Touzi [17]. Given two
probability measures 19 and p1, one considers all (discrete- or continuous-time) martingales
(or general stochastic dynamics) X such that Xy ~ po and X; ~ pp, which minimizes a
path-dependent cost function. With later developments (see e.g. [2, 5, 12, 13, 49] etc.),
some duality results are established, numerical resolutions of the dual problem are proposed
and the applications in probability theory and financial mathematics are developed.

This new transportation problem is in fact motivated by the computation of arbitrage-free
model-independent bounds of exotic options consistent with market prices of vanilla options.
As explained in Breeden and Litzenberger [6], marginal distributions of the underlying
stock can be recovered from the market values of vanilla options for all strikes. Then
by considering all martingales satisfying the marginal distribution constraints, one can
obtain the arbitrage-free model-independent bound for exotic options. Based on the fact
that any martingale can be represented as a time-changed Brownian motion, this problem
was initially studied through the Skorokhod Embedding Problem (SEP) approach, see e.g.
[10, 25, 26, 39] etc., which consists in finding a stopping time 7 of Brownian motion B such
that B, follows a given distribution.

In view of the extension to the multi-marginals case, the MT approach is more natural
than the SEP. Moreover, its dual formulation can be naturally interpreted as the minimum
superhedging (or maximum subhedging) price for exotic options, and is better suited for
possible numerical resolutions.

In the one-dimensional case d = 1, for a discrete-time MT problem, Beiglbock and Juil-
let [4] introduced a left/right monotone martingale transference plan induced by a bino-
mial model, and show that it is in fact unique and is the optimal transference plan for a
large class of cost/reward functions. Henry-Labordere and Touzi [21] provide an explicit
construction of this left /right monotone martingale transference plan, which extends the
Fréchet-Hoeffding coupling in standard one-dimensional optimal transport. Moreover, they
obtained an explicit expression of the solution of the dual problem, and hence by the duality
result, they showed the optimality of their constructed transference plan for a large class
of cost/reward functions. An immediate extension to the multiple marginals case follows
for a family of cost/reward functions.

In this paper, we are interested in the continuous-time case, as the limit of the multiple
marginals MT problem. Concretely, we are given a family of probability measures (p)o<t<1
on R which is non-decreasing in convex ordering, i.e. t — ¢ (¢) is non-decreasing for every
convex function ¢. Then for every time discretization of the interval [0, 1], we obtain a finite



number of marginal distributions along the discretization. Following the construction in
[21], there is a binomial model fitted to the corresponding multiple marginal distributions,
which is of course optimal for a class of cost/reward functions. Two natural questions can
then be addressed. The first is whether the discrete binomial process converges when the
time step converges to zero, and the second is whether the limit continuous-time process
is optimal for a corresponding MT problem with infinitely-many marginals, when the limit
exists.

Given a continuous family of marginal distributions which is non-decreasing in convex
ordering, a stochastic process fitting all the marginals is called a peacock process (or PCOC
“Processus Croissant pour I’Ordre Convexe” in French) in Hirsch, Profeta, Roynette and
Yor [24]. It follows by Kellerer’s theorem that a process is a peacock if and only if there
is a martingale with the same marginal distributions at each time, it is then interesting to
construct such martingales associated with a given peacock (or equivalently with a given
family of marginal distributions). In particular, when the marginal distributions are given
by those of a Brownian motion, such a martingale is called a fake Brownian motion. Some
examples of martingale peacock (or fake Brownian motion) have been provided by Albin
[1], Fan, Hamza and Klebaner [14], Hamza and Klebaner [19], Hirsch et al. [23], Hobson
[27], Oleszkiewicz [40], Pages [42] etc.

Our procedure gives a new construction of martingales associated with peacock processes,
and in particular a discontinuous fake Brownian motion. Moreover, our constructed mar-
tingale is optimal among all martingales with given marginal distributions for a large class
of cost/reward functions, i.e. it solves a martingale transportation problem.

The rest of the paper is organized as follows. In Section 2, we recall the martingale ver-
sion of Brenier’s theorem for a discrete-time MT problem in two marginals case as well as
its extension in multi-marginals case, established in Henry-Labordere and Touzi [21]. In
Section 3, we formulate a continuous-time MT problem under full marginals constraints.
The problem is next solved in Section 4. Namely, by taking the limit of the optimal martin-
gale measure for the multi-marginals MT problem, we obtain a continuous-time martingale
fitted to the given marginals, or equivalently, a martingale associated with peacock pro-
cesses. From a point of view of the forward Kolmogorov-Fokker-Planck (KFP) equation,
this martingale peacock is related to a local Lévy process. Under additional conditions,
we prove that this limit martingale is a local Lévy process and solves the infinitely-many
marginals MT problem for a class of cost/reward functions. In particular, we provide an
explicit characterization of this optimal solution as well as the dual optimizer. As an ap-
plication in finance, we provide an optimal robust hedging strategy for the variance swap
option. In Section 5, we discuss some examples of extremal peacock processes following our
construction, including a discontinuous fake Brownian motion and a self-similar martingale.
Finally, we complete the proofs of our main results in Section 6, where the main idea is to
approximate the infinitely-many marginals case by the multi marginals case.



2 Discrete-time martingale transportation

This section recalls from [21] the martingale version of the one-dimensional Brenier theorem.
The corresponding result in the standard optimal transport theory is known as the Fréchet-
Hoeffding coupling [16, 30], see also Rachev and Ruschendorf [47].

2.1 The two marginals case

Let pg, 1 be two probability measures on R with finite first moments, such that pg < g1 in
convex ordering, i.e. po(¢) < p1(¢) for every convex function, where p(¢) := [ ¢(x)u(dx)
for every probability measure p and one-sided integrable function ¢. Denote by Fy (resp.
F1) the cumulative distribution function of ug (resp. p1), and 6F := F; — Fy, we assume
in addition that up and p; have no atoms (i.e. Fy and F; are continuous on R) and the
function = — JF(z) has at most countable local maximizers, where the set of all local
maximum points admits no accumulation points in [—o0, 00).
Denote the set of all martingale measures with marginals pg and p; by

Mo(po, 1) == {P€Pge : Xo~" po, X1 ~" py and EF[X1|Xo] = Xo}.
The two-marginals MT problem is then given by

Po(po, 1) = sup  EF[e(Xo, X1)], (2.1)
PeEMo2(po,p1)

where ¢ : R? — R is a reward function such that c(z,y) < a(x) + b(y) for some a € L'(u0)
and b € L ().
The dual formulation of the MT problem (2.1) turns out to be

Do (po, p1) = o wi};)fm{uo(sO)er(tb)}, (2.2)

where the collection Dy of dual components is defined, with notations (¢ & ¥)(z,y) =
p(x) +(y) and h¥(2,y) := h(z)(y — x), by

Dy = {(p.h,h) 19T € L' (o), v+ € LMu1), h €L and p ¢ + h® > c}.

As a financial interpretation, Do (ug, ¢11) is the minimum superhedging cost for the path-
dependent derivative payoff defined by ¢(Xp, X1) by static and dynamic trading strategies
(¢,1,h). Moreover, under mild conditions, a strong duality (i.e. Pa(uo,x1) = Da(po, p1))
is proved in Beiglbock, Henry-Labordere and Penkner [3].

An explicit construction of the solution to the last MT problem (2.1) and the correspond-
ing dual problem (2.2) is provided in [21], under the condition ¢y, > 0. Let m; be the
smallest local maximizer of §F, xo := inf{x € R : §F strictly increasing at x}, we define
the two right-continuous functions T,,, Ty : R — R and a sequence (zx, mg4+1)k>0 by the
following procedure: Let

A = (o, m] \ (Uick {Tul[mi, z:)) U [mi, ) }) = (@0, ma] \ { Uicr (Ta(zi), zi] };



g(z,y) == F1_1 (Fo(x) +6F(y)), for every x > my, t4% (2, my,) is the unique point in Ay such
that
| IE ) - dare + [ (o(e.&) ~ )doF(E) = 0 (23)

o AN(=o00,tA(z,m)]
zj, = inf {z > my, : g(fL‘,tA’“(m,mk)) <}, myyq :=inf {m > x5, : mis a local maximizer of 6F }
and

Ty(x) ==t (x,mp), Tu(x):=g(z, Ty(x)) for my <z <z

Denote Dy := Ug>1(zk—1, mg], it turns out that, under the condition that F and F are
continuous, Ty (z) € D§ and Ty(x) € Dy for every x € D§. Moreover, both functions are
continuous except on points (zj)r>1 and (T l(xk—))k>1, where T; ! denotes the right-
continuous version of the inverse function of Ty.

Remark 2.1. In the case 0F has only one local mazimizer my, we have Dy = (—o0, m1]
and D§ = (my,00), Tg maps from D§ to Dy and T,, maps from D§ to Df.

Remark 2.2. In [21], the functions T,, and Ty are obtained by solving the ODE

d(0F o Ty) = —(1 — q)dFy, d(FyoT,)=qdFy, where q(x) := m,@.@

on the continuity domain of Ty.

With the two functions T, and T, one can then construct a discrete-time martingale
(X§, X7) satisfying the marginal constraints (p, p1) as follows: (i) X is a random variable
of distribution po; (ii) conditioned on X§ € Dy, we have X| := X{; (iii) conditioned on
Xy € D§, X7 takes the value T, (X)) with probability ¢(X{) and the value Ty(X() with
probability 1 — ¢(X{). In other words, the above construction gives a probability kernel T
from R to R,

Ty(x,dy) = 1py(x)ds(dy) + 1ps(x)[q(2)dr, ) (dy) + (1 — q(x))dr,) (dy)].  (2.5)

Further, they construct a dual component (a superhedging strategy) (px, ¥«, hi) € Do. The
dynamic strategy h, and static strategy 1, are defined, up to a constant, by

o) = TS sepg 20

hi(x) = hy (Tgl(x)) +cy(z, ) — ¢y (Tgl(:v),x), for z € Dy,

Vo = ¢y(T' ) —heo Tt on D, Wl = ¢(T; ") —heoTy" on Dy,

and
pu(r) = qz)(c(z,Tu(2)) = Yu(Tu(@))) + (1 = q()) (c(z, Ta(2)) — ¢«(Tu(x))), Vo € R,
where we set g(x) := 1 for € Dy. Moreover, h,, 1, are chosen such that

e, Tu(+)) = ¥ul(Tu()) = (- Ta() + b (Ta() = (Tul) = Ta() hu() (2.7)

is a continuous function.



Theorem 2.3. [21, Theorem 3.13] Suppose that the partial derivative cqy, exists and czyy >
0 on R x R. Then,

(i) the probability P, (dz, dy) := po(dx)Ti(x, dy) € Ma(po, p1) and (ps, Py, hy) € Da;

(ii) the martingale transference plan P, solves the primal problem (2.1) and (@x, Vs, hy)
solves the dual problem (2.2); moreover, we have the duality

E™ [e(X0, X1)] = Pa(uo, 1) = Dalo, 1) = polps) + pa(hs).

Remark 2.4. By symmetry, one can also consider the c.d.f. Fi(z) :=1— Fi(—z), z € R,
1 = 0,1,, and construct a right monotone martingale transference plan which solves the
minimization transportation problem (see more discussions in Remark 3.14 of [21]).

2.2 The multi-marginals case

The above result are easily extended, in Section 4 of [21], to the multi-marginals case when
the reward function is given by c(z) := Y | ¢!(wi—1,7;), Vo € R"L. More precisely, with
n + 1 given probability measures (po, - - , n) € (Pr)™™! such that ug < -+ < p, in the

convex ordering, the problem consists in maximizing

n

E[c(Xo, -, Xn)] = E[Zci(Xi_l,Xi) (2.8)

i=1
among all martingales (Xo, -+, X,,) satisfying the marginal distribution constraints (X; ~
fiyi =0,---,n). For every (u;—1, t;), we construct the corresponding functions (T35, T7) as
well as T and (L, 9%, hi) as in (2.5, 2.6). Assume c?}cyy > 0 for every 1 < ¢ < mn, it follows

that the optimal martingale measure is given by P%(dz) = po(dxo)I,T¢(2i-1, dx;), and
(@, %, hi)1<i<p is an optimal superhedging strategy, i.e. for all (zg,--- ,x,) € R*

n

c(xg, 1) < Z (tpi(xi_l) + 1/11(361)) + Zhi(ﬂ?z—l)(ﬂ% - a:z-_l).
i=1

i=1

3 Continuous-time martingale transport under full marginals
constraints

We now introduce a continuous-time martingale transportation (MT) problem under full
marginals constraints, as the limit of the multi-marginals MT recalled in Section 2.2 above.
Namely, given a family of probability measures u = (Mt)te[(],l]a we consider all continuous-
time martingales satisfying the marginal constraints, and optimize w.r.t. a class of reward
functions. To avoid the problem of integration, we define, for every random variable &, the
expectation E[¢] := E[¢T] — E[¢7] with the convention co — co = —c0.

Let © := D(]0,1],R) denote the canonical space of all cadlag paths on [0,1], X the
canonical process and F = (F;)o<t<1 the canonical filtration generated by X. We denote
by M the collection of all martingale measures on €2, i.e. the collection of all probability
measures on ) under which the canonical process X is a martingale. By Karandikar [34],



there is an non-decreasing process ([X]t);c(o,1] defined on © which coincides with the P-
quadratic variation of X, P-a.s. for every martingale measure P € M,. Denote also by
[X]¢ the continuous part of the non-decreasing process [X]..

Given a family of probability measures p = (ut)o<i<1, denote by Moo (p) C Moo the
collection of all martingale measures on Q such that X; ~F ji; for all ¢ € [0,1]. In particular,
following Kellerer [35] (see also Hirsch and Roynette [22]), M (1) is nonempty if and only if
the family (41)o<t<1 admits finite first order moment, is non-decreasing in convex ordering,
and t — py is right-continuous. Suppose that every pu; is supported on the smallest interval
[1(t),r(t)], where (I,7):[0,1] = (RU{—00}) x (RU {+400}) satisfy —oo < I(t) < r(t) < oo.
Denote also

Similar to Hobson and Klimmek [28], our continuous-time MT problem is obtained as
a continuous-time limit of the multi-marginals MT problem, by considering the limit of
the reward function > ., ¢(x¢, ,,X¢,) as in (2.8), where (t;)1<i<n is a partition of the
interval [0, 1] with mesh size vanishing to zero. For this purpose, we formulate the following
assumption on the reward function.

Assumption 3.1. The reward function c : R?> — R is in C3(R?) and satisfies

c(z,x) =cy(z, ) =0 and cpyy(z,y) >0, V(z,y) € (I1,71) % (l1,71). (3.1)

Further, to obtain the convergence, we also need to use the technique of pathwise Itd’s
analysis introduced in Follmer [15], which is also used in Hobson and Klimmek [28] and
Davis, Obléj and Raval [11] (see in particular their Appendix B).

Definition 3.2 (Follmer [15]). Let (my)n>1 be a sequence of partitions of [0,1], i.e. m, =
(0=tf <--- <tp=1), such that |m,| = maxj<p<y [t} —t} | = 0 asn — co. A cadlag
path x : [0,1] — R has a finite quadratic variation along (7,)n>1 if the sequence of measures
on [0,1],

Z (th —th 1) 5{tk_1}(dt)7

1<k<n

converges weakly to a measure [x]¥ on [0,1]. We then denote [x]I" := [x]¥'([0,t]) which is

Fc

clearly a non-decreasing process, and by [x]."° its continuous part.

The following convergence result follows the same line of proof as in Lemma 7.4 of Hobson
and Klimmek [28].

Lemma 3.3. Let Assumption 3.1 hold true. Then for every path x € Q with finite quadratic
variation [x]F along a sequence of partition (m,)n>1, we have

n—1 1

1 Fc
Zc k+1 - 9 Cyy (X xe)d[x], " + Z (X, Xt).
k=0 0 0<t<1



Notice that [x]¥" depends on the sequence of partitions (m,),>1 and it is not defined for
every path x € . Therefore, we also use the non-decreasing process [x] introduced in
Karandikar [34] which is defined for every x €  and coincides “almost surely” with the
“quadratic variation” in the martingale case.

Motivated by the last convergence result, we introduce a reward function

1 /1
C(x) := 2/ Cyy (X, x4 )d[x]§ + Z c(x4—,x¢), forall x e,
0 0<t<1
where the integral and the sum are defined as the difference of the positive and negative
parts, under the convention oo — co = —oo. We then formulate a continuous-time MT
problem under full marginals constraints by

Po(p) == sup EF[C(X)]. (3.2)
PEMoo (1)

Remark 3.4. (i) Under the condition ¢(z,z) = ¢y(x,2) = 0 in Assumption 3.1, we have
le(z,r + Ax)| < K(z)Az? for all Ax € [—1,1] with some positive function K (z) which is
locally bounded. Therefore, the sum ., ¢(X;-, X;) is in fact finite for almost every
path, under every martingale measure P 67./\7/100.
(ii) Let us fix a martingale probability P € M, under which the canonical process X is
a martingale and hence Ztkewn (th — th_l)Q converges in probability to its quadratic
variation. By considering a sub-sequence of (m,),>1, it follows that P-almost every path
admits finite quadratic variation, denoted by [X]¥, along this sub-sequence in sense of
Definition 3.2. Tt follows that [X] = [X ], P-a.s.

Now, let us introduce the dual formulation of the above MT problem (3.2). We first
introduce the class of admissible dynamic and static strategies. Denote by Hj the class of
all locally bounded processes H : [0, 1] x © — R which are predictable w.r.t. the canonical
filtration F. Then for every H € Hp and under every martingale measure P € M, one
can define the integral, denoted by H - X, of H w.r.t. the martingale X (see e.g. Jacod
and Shiryaev [32] Chapter 1.4). Define

H = {H € Hy : H- X is a P-supermartingale for every P € Moo}.

For the static strategy, we denote by M([0,1]) the space of all finite signed measures on
[0, 1] which is a Polish space under the weak convergence topology, and by A the class of all
measurable maps A : R — M (][0, 1]) which admits a representation A(x,dt) = Ao(t, z)v(dt)
for some locally bounded, measurable function Ag : [0,1] x R — R and finite non-negative
measure v on [0, 1]. We then denote

1
A(p) == {Xe A :pu(]A]) <oo}, where p(|A]) = /0 /R‘)\o(t,dx)‘ut(dm)’y(dt).

We also introduce a family of random measures §% = (6;%)o<;<1 on R, induced by the
canonical process X, by 6% (dx) := dx,(dz). In particular, we have

1 1
X\ = /0 AN Xy, dt) = /0 Xo(t, X¢)y(dt).

8



Then the collection of all superhedging strategies is given by
Doo(pt) = {(H, N EH AW XN+ (H-X)1 > C(X), P—as., VP e Moo},
and our dual problem is defined by

Do, = inf \). 3.3
() (H,A)lélpw(u)“() (3.3)

4 Main results

We will first provide, in Section 4.1, an approximation construction of P € M, (u) for a
given family of p = (u¢)o<t<1, which leads to a local Lévy process characterization. Under
further conditions, we show that the local Lévy process solves the continuous-time MT
problem (3.2) and we give also the optimal solution to the dual problem (3.3) together
with a strong duality in Section 4.2. The corresponding proofs are postponed to Section
6. Finally, as an application in finance, we compute the optimal arbitrage-free lower and
upper bounds of a variance swap in Section 4.3.

4.1 Construction of martingales with given marginals
4.1.1 On the left-monotone martingale transport

For every t € [0,1], let us denote by F(t,-) the cumulative distribution function of the
probability measure p; on R. We first make the following assumption on the marginals pu.

Assumption 4.1. (i) The marginal distributions p = (Mt)te[o,l] are non-decreasing in
convez ordering and have finite first order.

(ii) The distribution function F € CH(E) with E := {(t,z) :t € [0,1],z € (I(t),7(t))},
and its density function f(t,z) = 0, F(t,x) satisfies inf,c(_ g Knq)r@) f(t,7) >0 for all
K > 0 large enough.

Notice that under Assumption 4.1, the function [ (resp. 7): [0,1] — R defined before
Assumption 3.1 is clearly continuous and non-increasing (resp. non-decreasing) on [0, 1]
whenever it is finite. Moreover, the continuity of the density function f implies that ¢ —
is continuous, and hence M (p) is nonempty under the above Assumption 4.1.

Before introducing our continuous-time martingale transference plan, we consider the
discrete case. For t € [0,1) and ¢ € (0,1 — ¢), denote

0°F(t,z) = F(t+e,z)— F(t,z) and &6 f(t,x) = f(t+e,2)— f(t,x).

Our Assumption 4.2 below states that x — §°F(¢,x) has at most countably-many local
maximizers and the collection of all local maximizers admits no accumulation points in
[—00,00). Then by considering the two marginals p; and g4, one obtains a unique left-
monotone martingale measure following the construction recalled in Section 2. Suppose
that the construction gives a sequence of points (z(t),mg, ,(t)) k>0 8s well as the functions
Ty (t,-) and T (t, -) following the procedure below equation (2.3). Similarly, denote D*(t) :=



Uk>1(25_1 (), mg (t)] and AL (t) == (2§(t), mg () \{Uick (T5 (¢, 25 (t)), 25(t)] }. In particular,
t >

we notice that for every o € [m5 (t), 25(t)), T5(t,z) € AL(t) is uniquely determined by
/ [P (t+e, F(1,9) =€) f (1 §)de+ / |95 (2, )=¢]0°f (1, £)dE = 0, (4.1)
— (—00,T5 (t,2)|NAZ (1)

and T (t, ) := g5 (x,T5(t,x)), where F~! denotes the inverse function of z — F(t,z) and
g5 (z,y) = F 1 (t + &, F(t,x) + 6°F(t,y)). Similarly, (T5)~" denotes the right-continuous
version of the inverse function of « + T3(t,x). We also introduce the jump size function

Jita) = To(ta) — o, Ji(ta) = — T5(t,),
and

ye(t) = (T5) 7 (tag_y () =), 25(t) = T5 (a5 (t) — ).

Notice that we have mj (t) < 27,(t), and T5(¢,-) and T} (¢, -) are both right-continuous, and
continuous except at the points (:Ei(t))/,€>1 and (yz(t))]pl.

Our main result below shows a convergence result to a continuous-time limit which has
a similar structure. We suppose that = — 9;F(t,x) has at most countably-many local
maximizers with no accumulation points in [—00,00). Let zo(t) := I(t) and m;(¢) be the
first local maximizer, we then define a sequence of points (mk(t), xp(t), yk(t), zk(t))k>1 by
the following procedure:

my(t) = inf {m > z,_1(t

) :m is a local maximizer of z — &;F(t,z)}, (4.2)
oy (t) = inf {z > my(t) : OF (t,2) > OF (¢, Ty(t,z—))}, yk(t) :==T; ' (£, zp—1(t) — ), (4.3)

and 2 (t) := Ty(t, z(t)— ), where for every @ € [my(t), zx(t)), Tu(t, ) is the unique solution
(see Lemma 4.3 below) of

/z (z = )OS (t,€)ds = 0in Ap(t) == (wo(t), my(t)] \ { Uick (Tult, z(t)), 2:(1)] }. (4.4)

Td (t,:E)

Similarly, we denote

D(t) == Ugs1 (zp—1(),mi(t)], D := {(t,z):t €0, 1],z € D(t)},
and D%°(t) := int(D(t)) \ {yx(t), k > 1}.

We also define j4(t, z) and j, (¢, z), for every t € [0,1] and = € D*(t), by

OF (t, Ty(t,z)) — OF (t, )
[t x) '

In particular, j,(t,-) and j4(t,-) are both positive and both continuous on D“°(t).

Jat,x) = x—Ty(t,z) and j,(t,x) = (4.5)

In order to guarantee the convergence of T and T}, towards their natural limits (described
by jq and j,), we need an additional assumption on the marginal distributions.

10



(y3, T2)
(2{3-, Zz)

Mo To M3 (y2, 1)

€5

maq mo ms my

(312,2’1)
(%1, 21)

Figure 1: An illustration of (mg,xk, Yk, 2zx) for some fized t € [0,1]. The figure on the left
is the function x — OyF(t,x). The figure on the right is the functions x — Ty(t,z) and
x = x + ju(t,x), which are constructed to be right-continuous. We notice that there is a
local mazimizer of O.F (t,x) between my and mg, which is not involved in the construction

of ja and jy.

Assumption 4.2. (i) For every t € [0,1) and € € (0,1 —t), the maps x — °F(t,z) and
x +— O F(t,x) have at most countably-many local mazimizers, with no accumulation points
in [—00, 00).

(ii) The functions (mi,xi,yi,zi)kx and (mk,xk,yk,zk)k>1 are all uniformly continuous
in t with the same modulus pg and_(mi, 5, Ui z,i) — (mk,_xk, Yk zk) pointwise (and hence
uniformly) as e — 0 for all k > 1.

Lemma 4.3. Let Assumptions 4.1 and 4.2 (i) hold true. Then

(i) for all k > 1, t € [0,1], xk(t) > my(t) is well-defined by (4.3), and for all z €
(my(t), zk(t)), the equation (4.4) has a unique solution Ty(t,x) in Ag(t).

(ii) on every interval (my(t),zx(t)), the map x — Ty(t,x) is strictly decreasing.

4.1.2 Construction of martingales with given marginals

In this subsection, we provide a first part of the main results of the paper, which gives an
approximation construction of continuous-time martingales satisfying full marginals con-
straints, as well as a local Lévy process characterization.

We recall that © := D(]0,1],R) is the canonical space of cadlag paths, which is a Polish
space (separable, complete metric space) equipped with the Skorokhod topology; and X
is the canonical process. Let (m,),>1 be a sequence, where every m, = ({})o<rp<n is a
partition of the interval [0,1], i.e. 0 = ¢ < --- < ! = 1. Suppose in addition that
|Tp| := maxi<p<pn(t} —t}_;) — 0. Then for every partition 7,, by considering the marginal
distributions (usn Jo<k<n, one obtains a (n+1)-marginals M'T problem as recalled in Section

11



2.2, which consists in maximizing

E{ Z C(Xl?le?—&-l)}
0<k<n—1

among all discrete-time martingales satisfying the marginal distribution constraints. To
simplify the notation, we suppose without loss of generality that the partition is uniform
and |r,| = ¢ with e = L. It is clear that under Assumptions 3.1, 4.1 and 4.2, the optimal
martingale measure, denoted by P*", is provided by the left-monotone transference plan
recalled in Section 4.1.1. More precisely, let Q*™ := R"*! be the canonical space of discrete-
time process, X" = (X,:’")nggn be the canonical process, under P*™, X*™ is a discrete-
time martingale and at the same time a Markov chain, characterized by T} (t},-) and
T3(t},-) in (4.1). By abuse of notation, we extend the Markov chain X™*" to a continuous-
time cadlag process, denoted by X*™ = (X;"")o<s<1, by setting X,”" := X" whenever
t e[ty tp, ). Let P" :=P*" o (X*")~! denote the probability measure on €2, induced by
X" under P*™.

Our first result is the convergence of (P"),>1 as |m,| — 0.

Proposition 4.4. Let Assumptions 4.1 and 4.2 (i) hold true. Then the sequence (Pn)n>1
is tight (w.r.t. the Skorokhod topology on Q); moreover, every limit probability measure P°
satisfies PV € Moo(p1), i.e. the canonical process X is a martingale fitted to the marginal
distributions = (ut)o<t<1 under PO.

Remark 4.5. (i) The result in Proposition 4.4 provides an approximation construction of
martingales fitted to infinitely-many marginals, or equivalently the martingales associated
with some peacock process.

(ii) Jakubowski [33] introduced the so-called S-topology on the canonical space Y, which
is coarser than the classical Skorokhod topology, and under which the associated tightness
of probability measures on ) is easier to be verified. Using the technique of S-topology,
we can also obtain a martingale peacock by convergence without the technical condition in
Assumption 4.1 (ii). However, to characterize the limit martingale as in Theorem 4.11
below, we need to use the standard localization technique as in Jacod and Shiryaev [32],
which is our main reason to keep on using the Skorokhod topology on Q2. We shall investigate
the use of S-topology in martingale transport in our future works.

We next provide a point of view from the forward Kolmogorov-Fokker-Planck (KFP)
equation. Recall that D%°(t) is defined below (4.4), and denote D°(t) := Ty(t, D“°(t)).

Lemma 4.6. Under Assumptions 4.1 and 4.2, the density function f(t,z) satisfies

M(t’ql(t’ 2)) = Laene(n) (‘Zf - 8x(juf)> (t,z), (4.6)

for allt € [0,1) and x € D°(t) U D“°(t).

Ocf(t, ) = —lzep)

The first order PDE (4.6)can be viewed as a KFP forward equation of the following SDE:
dX; = —1x,_epeyda(t, Xe-) ANy — wdt), vy o= 22(6, X, )lx,_epeqryy,  (4.7)

12



where (N¢)o<t<1 is a jump process with unit jump size and with predictable compensated
process (v¢)o<t<1. Notice that this pure jump process is in the spirit of the local Lévy
models introduced in Carr, Geman, Madan and Yor [9]. However, the intensity process
(vt)o<t<1 in our context is state-dependent.

Proposition 4.7. Let Assumptions 4.1 and 4.2 hold true. Suppose that the SDE (4.7)
has a weak_solution X which is a martingale whose marginal distribution admits a density
function fX(t,x) € C*([0,1] x R). Suppose in addition that E[|X1‘p] < oo for somep > 1,
and for every t € [0,1), there is some g € (0,1 —t) such that

t+eo R
E|:/t ju(S,Xs)l)?seDc(s)dS} < 0Q. (4.8)

(i) Then, the density function fX of)? defined in (4.7) satisfies the KF'P equation (4.6)
(ii) Consequently, if uniqueness holds for the KFP equation (4.6), the pure jump process X

s a martingale with marginals )/(\'t ~ g for all t € [0,1].

4.2 Optimality of the local Lévy process

For the optimality of the local Lévy process (4.7), we formulate another more restrictive
assumption on the marginal distributions. The main technical reason for this condition
is that j, and j4 have generally discontinuous points under the multiple local maximizer
conditions in Assumption 4.2.

Assumption 4.8. (i) There is some constant €9 > 0 such that, for all t € [0,1] and
0<e<egAN(—t), z— 0°F(t,z) (resp. x — O.F(t,x)) has only one local mazimizer
(which is hence the global mazimizer) on (I(t +¢),r(t +¢)) (resp. (I(t),r(t))), denoted by
me(t) (resp. m(t)).

(ii) Denote m®(t) := m(t), then (t,€) — m=(t) is continuous (hence uniformly continuous
with continuity modulus py) on {(t,e) :0<e<eg, 0<t<1—¢}.

(iii) For every t € [0,1], we have O f(t, m(t)) < 0.

Remark 4.9. Part (i) of the above assumption is in fact very similar to the Dispersion
Assumption 2.1 in Hobson and Klimmek [29], i.e. it implies that {z : 6°f(t,x) > 0}
lies in an interval on R. An example which satisfies both Assumptions 4.1 and 4.8 is the

EQ
marginals (jit)ye[5,146) Of the Brownian motion for some § > 0, where f(t,z) = ﬁe‘f,

me(t) = —\/m log(1 +¢/t) and m(t) = —/t. See also Section 5 for more discussions.

£

4.2.1 On the optimal dual component

In preparation, let us introduce the candidates of the optimal dual components for the
dual problem (3.3), under Assumption 4.8. For ease of presentation, let us suppose that
[(t) = —oo and r(t) = oco. First, let us consider the discrete-time two marginals MT problem
associated with initial distribution p;, terminal distribution g4 and reward function c :
R x R — R. As recalled in Section 2, under Assumption 4.8, the optimal superhedging
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strategy (%, 1%, h¥) is explicitly given as follows:

co(z, Tp(t, ) — o, T(¢, 2))
T’S(t)x) _Tj(ta l‘) ’

W) = B (T (0 a) — (T (Ba)a), @< me().

Oh"(t,x) = x > ms(t),

Denote (T°) 71 (t, @) == (T5) (¢, 2) Lysmer) + (T5) 7 (@) Lycime(r), ¥° is defined by

o (t,x) = Cy((TE)il(tv x)vx) —h* (t) (Ts)il(t’x))a
and

x—T5(t,x . - -
o (t,x) = Tt 2) i(;j(i)f,x) <c(m,Tu(t,1:)) — (t,Tu(t,CL‘)))
T:(t,x) —x

Tﬁ(tv HJ) - Tj(ta H?)

(e(@ Ta(t,2)) = v (LT3 (1,2)) )

Clearly, h® and ¢ are unique up to a constant. More importantly, h® and ¢° can be chosen
continuous on [0, 1) x R so that (2.7) holds true, since T}; and T are both continuous under
Assumption 4.8.

We shall see later that Assumption 3.1 on the reward function ¢ implies that the continuous-
time limit of the optimal dual components is given as follows. The function A* : [0,1] x R
is defined, up to a constant, by

O h*(t,x) = (2, 7) — a2, Ta(t, x))7 when z > m(t), (4.9)
jd(t, :c)
W (t,z) = h*(t, Td_l(t,:n)) — ¢y (Td_l(t, z),x),  when z < mf(t). (4.10)

Finally, ¢¥* : [0,1] x R — R is defined, up to a constant, by
O *(t,x) = — h*(t,x), (t,x) € [0,1] x R.

Lemma 4.10. Let Assumptions 4.1 and 4.8 hold true. Then ja(t, ) 1y5m(t), Ju(t; ) Lasm(e)
and %(t,x)1x>m(t) are all locally Lipschitz in x. Consequently, suppose in addition that
Assumption 3.1 holds true, then v* € CL1([0,1] x R), i.e. dpp* and d,0p* are both contin-

uous.

To introduce a dual static strategy in A, we let v*(dt) := dyoy(dt) + d(1y(dt) + Leb(dt) be
a finite measure on [0, 1], where Leb(dt) denotes the Lebesgue measure on [0, 1]; we define
Ay and Ay by A5(0,2) == *(0,z), M(1,2) == o*(1,z), Ag(0,2) == [¢*(0,2)], Ap(1, ) :=
sup;epo,1] |¥* (¢, )[; and for all (¢,z) € (0,1) x R,

Ny = O 4 Lpe (000 + V[0 — 0% (o Ta) + o, T)),
X = 0"+ Lpe (00 u + vl — (T | + Lpevle(, To)l,

where we recall that D¢ = {(t, ) : « > m(t)}. Finally, we denote \*(x, dt) := (¢, z)~*(dt)
and X" (z, dt) == Ay (t, 2)v*(dt).
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4.2.2 Optimality of the local Lévy process

Under the one maximizer condition of Assumption 4.8, we now strengthen the result of
Propositions 4.4 and 4.7. We recall that the family (P"),,>; is induced by the discrete-time
left-monotone martingale transferences (see the beginning of Section 4.1.2).

Theorem 4.11. Suppose that Assumptions 4.1 and 4.8 hold true, then P"* — P°, where PV
is the unique weak solution of the SDE
Ju

jd (57 Xs*)lXS_ >m(s)7(411)

¢

X, = XO—/ 1{X§_>m(s)}jd(87Xs*)(st_Vsds)a Vs =
0

and (Ns)o<s<i 5 a jump process with unit jump size and with predictable compensated

process (Vs)o<s<i-

Our next result is the optimality of the above local Lévy process (4.11), as well as that of
the dual component introduced in and below (4.9). Similar to [21] and [29], we obtain in
addition a strong duality for the MT problem (3.2) and (3.3). Let H* be the F-predictable
process on €2 defined by H} := h*(t, X;-).

Theorem 4.12. Let Assumptions 3.1, 4.1 and 4.8 hold true, suppose in addition that
p(X) = fol fRX;(t,J:)ut(dx)'y*(dt) < 00. Then the martingale transport problem (3.2) is
solved by the local Lévy process (4.11). Moreover, (H*, \*) € Doo (1) and we have the duality

B [C(X)] = Paoli) = Duolp) = p(\),

where the optimal value is given by

o) = [ [T oo m) s0,8) de d
i = — c(x,x — jq(t,x t,r) dz dt.
0 Jm@y Jalt,x) ’ ’
Remark 4.13. The proofs of Theorems 4.11 and 4.12 are reported later in Section 6, the
main idea is to use the approximation technique, where we need in particular the continuity
property of the characteristic functions in Lemma 4.10. This is also the main reason for
which we restrict to the one maximizer case under Assumption 4.8. See also Remark 6.5
for more discussions.

Remark 4.14. By symmetry, we can consider the right monotone martingale transference
plan as discussed in Remark 3.14 of [21]. This leads to a upward pure jump process with
explicit characterizations, assuming that x — O, F(t,x) has only one local minimizer m(t).
More precisely, we define

OF(t,z) — O, F(t, Tu(t,z))
f(t, z) ’

where Ty, (t, x) : (1(t), m(t)] — [m(t),r(t)) is defined as the unique solution to

.5u(t7$) = Tu(tvx) -z and 5d<t7x) =

Tu(t,x)
/ (€~ 2)auf(t,E)de = O,
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The limit process solves SDE:

dX; = 1x_cmiu(t, X )(dNy — Dydt) By o= gd(tXt—)lXt<m(t)a (4.12)

where (Nt)ogtgl 1 a upward jump process with unit jump size and predictable compensated
process (Ut)o<i<1. Moreover, under Assumption 3.1 together with regularity conditions on
the density function f, this martingale solves a corresponding minimization MT problem

1 ()
I

4.3 Application: Robust hedging of variance swap

with optimal value

c(x,x +3u(t,m)) f(t,x) dx dt.

As an application, let us finally consider the reward function co(x,y) = (Inz — Iny)?,
corresponding to the payoff of a so-called “variance swap”. More precisely, the payoff of

Xt . . .
“variance swap” is given by S 7] In? —x,.— in the discrete-time case, and by

1
[ i 3wt
t 0<t<1
in the continuous-time case, following the convergence result in Lemma 3.3.

We can easily verify that ¢ satisfies Assumption 3.1. Therefore, given a continuous-time
family of marginals (u¢)o<t<1 which are all supported on (0,00) and satisfy Assumptions
4.1 and 4.8, we can then construct a left-monotone (resp. right-monotone) martingale with
characteristics m, j, and jq (resp. m, Ju and jd). In addition, suppose that the constructed
optimal static strategy A* satisfies the integrability conditions in Theorem 4.12, we then
get the following result:

Proposition 4.15. Under the above conditions and with the same notations, the optimal
upper bound of the variance swap is given by

Jult,z) | o x
dt/ dx In - t,x),
/ Ja(t, ) T — ja(t, ) 1t )

and the optimal lower bound is given by

m(t)
/ dt/ gy 44T o T Gulte) g

Ju(t, x) x

where the optimal martingale measures are given by the local Lévy processes (4.11) and
(4.12).

5 Examples of extremal peacock processes

With the introduction of peacock (or PCOC “Processus Croissant pour I’Ordre Convexe”
in French) by Hirsch, Profeta, Roynette and Yor [24], the construction of martingales with
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given marginal distributions becomes an interesting subject. When the marginals are given
by those of the Brownian motion, such a martingale is called a fake Brownian motion. The
above two jump processes provide two new constructions of martingale peacocks and in
particular two discontinuous fake Brownian motions if we take for f(¢,z) the density of a
Brownian motion. We also refer to Albin [1|, Fan, Hamza and Klebaner [14], Hamza and
Klebaner [19], Hirsch et al. [23], Hobson [27], Oleszkiewicz [40], Pages [42] etc. for other
solutions and related results. Moreover, our two fake Brownian motions are remarkable
since they are optimal for a large class of reward functions. Let us provide here some
explicit characterizations of the first discontinuous fake Brownian motion as well as that of
a self-similar martingale induced by Theorem 4.11.

5.1 A remarkable fake Brownian motion

Let uy := N(0,¢t) with ¢t € [§,1] for some § > 0, for which Assumptions 4.1 and 4.8 are
satisfied. In particular, by direct computation, we have m*(t) = —\/ t(t%g) log(1 +¢/t) and
m(t) = —/t for all t € [§,1]. In this case, it follows that Ty(t, z) is defined by the equation:

x

/ (x— &) —t)e € /2de =0 for all x> mi(t).
Ta(t,x)

By direct change of variables, this provides the scaled solution Ty(t, z) := t'/ 27, (til/ 2:L'),

where:

Ty(z) < —1 is defined for all z > —1 by /A (z—€)(&% - 1)6_52/2d§ =0.
Ty(x)

ie.
e~ Tu(@)?/2 (1 + Ty(x)? — xfd(x)> =e /2,
Similarly, we see that j, (¢, x) := t=1/25, (t*1/23:), where

Julz) = §[$—Td(l‘)e (Ta(=)? 2)/2]

()

T,
[:13— — a(®) — } for all = > —1.
2 14+ Ty(x)? — 2Ty(x)

We also plot the maps Ty(z) and T, (z) := & + j,(2) in Fig. 2.

5.2 A new construction of self-similar martingales

In Hirsch, Profeta, Roynette and Yor [23], the authors construct martingales M; which
enjoy the (inhomogeneous) Markov property and the Brownian scaling property:

Ve>0,(Mgay,t>0)~ (Mt > 0).

When the marginals of M admit a density, this property means that the density function
f(t,z) scales as f (*t,z) = 1f (£,t),ie f(t, )= f(1,2/Vt)/V. A first methodology for
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Figure 2: Fake Brownian motion: Maps Ty and T,

constructing such martingales, initiated in [38], uses the Azéma-Yor embedding algorithm
under a condition on p = Law(Mj), which is equivalent to

T b () sincreasingon Ry,
1

(z)
with b1 the Hardy-Littlewood barycenter function

1
bi(z) = /M/[xm)yﬂ(dy)-

Their second method uses randomization techniques, and allows to reach any centered law
with finite moment of order 1.

Following our approximation approach, one can construct a self-similar martingale that
can reach marginals without using randomization. Assume that 0,F(¢,z) has a unique
maximizer which is given by m(t) = v/tm, where m is the smallest solution of

FA,m) + mf(l,m) = 0.

The scaling property of jq and j,, observed in the previous subsection, still applies; and fd
as well as j, can be computed by

x B N -~ 2 L lx_Td(I)f(17Td(x)) " fﬁ
/m)(x OO +CRLONC = 0, Fule) = 5] L)) v
6 Proofs

In this section, we complete the proofs of the main results (Theorems 4.11 and 4.12) stated
in Section 4. We first provide some asymptotic estimates for the left-monotone transference
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plan of Section 6.1 as a preparation. Then we complete the proofs for the convergence results
in Section 6.2, and finally the proof of the optimality result in Section 6.3.

6.1 Asymptotic estimates of the left-monotone transference plan

We recall that the left-monotone transference plan is described by 7;; and T7, which are
defined in and below (4.1). Moreover, J:(t,x) := T:(t,x) — x denotes the upward jump
size, J5(t,x) := x — T5(t,z) the downward jump size and

Jo(t,x) TE(t,x) —x

“(t = =
¢ () Tt )+ Jo(ta) | Te(ta) — T5(t )

the probability of a downward jump.

Lemma 6.1. Let Assumptions 4.1 and 4.2 (i) hold true. Then for every K > 0, there are
some constant C' independent of (t,x,€) such that

Jo(t,x) + ¢¢(t,x) < Ce,  Vrxe[-K,K|n((t),r(t)).
Proof. Differentiating ¢g; (defined below (4.1)), we have
& f(ty)
f(t+e gi(@,y))
Notice that [6°F(t,x)| + [6°f(t,z)| < Cie for some constant Cy independent of (t,z,¢).
Then for £ > 0 small enough, the value of ¢f(x,y) is uniformly bounded for all ¢t € [0, 1]
and all x € [-K,K] N (l(t),r(t)) and y € R. Further, the density function satisfies

inf e - g &naw)r@) f(tx) > 0 for every K > 0 large enough, by Assumption 4.1, then
it follows by the definition of 7;; below (4.1) that

9y gi(z,y)

< Ce.

¢(tz) < =

Ty(tx) —x _ gi(a, T3t 2)) — gi(z,x)
x—T5(t,x) x—T5(t,x)

Finally, by the definition of T below (4.1), we have

Ji(t,x) = F l(t+e F(t,a)+0°F(t,T5(t z)) — F ' (t+e F(t,z) + °F(t,z))
|6°F (¢, T5(t,2))| + [6°F (¢, )|
T f(t+e Fl(t+e F(t,z)+€))’

for some & between 6°F (t,T5(t, z)) and 6°F(t, ). We can then conclude the proof by the
fact that |6°F| < Cie for some constant Cf. ]

Proof of Lemma 4.3. To simplify the notation, let us omit the argument ¢ and write
(mpy, T, Yk, 2,) in place of (my(t), zk(t), yr(t), zk(t)), etc. We shall prove the lemma by
induction.

(i) Let & > 1, suppose that x; and Ty(t,z) is well defined for all = € [m;, z;) and every
1 < k. Denote

Gilt x.y) == / (2 — )0, (1, €)d, (6.1)
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where we recall that A := (E(t), mk) \ { Uik (zi, xl]} and z; := Ty(t,z;—). Further, using
the equality O.F(t,z;) = O:F(t, zx), it is easy to show by induction that f[Td(t 25) zi)(azi -
£)ouf(t,€)d§ = 0 and hence

| @-oaseed - o (62)
Uik (2i52:]
It follows then the equation (4.4) is equivalent to

Gi(t,z, Ty(t,z)) = O. (6.3)

(ii) Using again (6.2), we have

Gi(t,r,—00) = f[mk,x)u{(—oo,mk)ﬁAk}(:U — 80y f(t,8)dE = ffoo(x — &) f(t,6)dE.

Therefore, G(t,z, —00) > 0 using Jensen’s inequality and the condition that ()01 is
non-decreasing in the convex ordering in Assumption 4.1. In fact, since 0.f(t,z) > 0 for
x € Ay C (—o0, mygl, the inequality is strict, i.e.

Gi(t,x,—0) > 0.

Next, since 0,f(t,£) > 0 for every £ € Ay by Assumption 4.2 (i), it follows that y
Gr(t,z,y) is strictly decreasing on Ay.

Further, denote ¢ := inf{y > my : 0, F(t,y) > O.F(t,my)}. Then it is clear that
G (t,mg, my) = 0 and = — Gg(t, z,my) is decreasing on interval (mg, c¢x) since

x

0ot x,my) = / Of(1E)dE = BF (1) — O,F(t.my) < O.
mg

In summary, for every x € (mg,cg), we have Gp(t,z,my) < 0, Gg(t,z,—o0) > 0 and

y +— Gi(t,z,y) is continuous, strictly decreasing on Ag. It follows that the equation (6.3)

has a unique solution Ty(t,z) and it takes values in Ay, which implies that the equation

(4.4) has a unique solution in Ay.

(iii) Since my is a local maximizer of = — O, F(t, ), then for z > my, close enough to my,
we have Ty(t,x) € (xx_1,myp), i.e.

T

[ w-oaseoi + [ @-gasweode - o

Ta(t,z) mg

It follows that

xT

[ @-maseods + [ @-moaseod < o

Td(tvx) mp
which implies that 0,F(t,z) < 0.F(t,Ty(t,x)) for © > my, close enough to my. Therefore,
xy, is well defined in (4.3) and satisfies that z; > my.

(iv) Differentiating both sides of equation (4.4) w.r.t. x for & ¢ D%°(t), it follows that

T

- (x_Td(tax))atf(taTd(tvx))ade(t>$) + / 8tf(t7§)d£ = 0.

Td(t7$)
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Therefore, for every x € (my(t), zx(t)),

_ OF(tx) — O F(t Ty(t,x))
O:Tult2) = (e —Tut.2) of (L Tulta) (6.4)

and hence z — Ty(t, x) is strictly decreasing in x on interval (my(t), xz(t)). O

Under Assumption 4.2, we provide an asymptotic estimate for J; and Jj. First, Assump-
tion 4.2 states that (mg (t), x3(t), y;.(t), 2.(t)) converges uniformly to (my(t), zx(t), yx(t), zx(t))
for t € [0,1]. Let us denote the uniform convergence rate of (mjg, z%, yz, z;) to (m, Tk, Yk, 2k)

by p(€).-
Lemma 6.2. Under Assumptions 4.1 and 4.2, we have for all to € [0,1) and o € D°(ty):
Ji(t,x) =ejs(t,x) + % (tx), and J(t,z) = ja(t,x) + (e V pi(e)) €5(t, z), (6.5)

where (e,t, ) — e (t,x),e5(t, x) are locally bounded near (to,zo,0), jq is defined in (4.5),
and
OF (t,x — J5(t,x)) — OF (t, )

f(t+e,x) ’

Jultx) =

Proof. For § > 0 small enough and 0 < e < 4, the function ¢ (z, ) is uniformly bounded
(let us say bounded by K > 0) for = € Bs(to, z0,0) and £ € R. Let ||o be the L —norm
in the corresponding space of variables. For the density function f, we denote mjy :=
infye(ro—5,t0+8),ye|— K, KIn((e).r(t)) f (£, y) which is strictly positive by Assumption 4.1.

Notice that Ty(t, x) is clearly continuous on Bs(tg, zg) for § > 0 small enough, since xg €
D%°(tg). We first claim that the family (|73 (¢, %)) (t,2,e)eB; (to,20,0) 13 uniformly bounded by
some constant K > 0, such that K > |Ty(t,z)| + 1 for every (¢,x) € Bs(to, zo)-

(i) By the definition of T7; below (4.1), we write:
Ti(t,x) = F ' (t+e, F(t+e,x)+ 6 F(tT5(t,z)) — 6°F(t, ).

By direct expansion, we see that the first equality in (6.5) holds true with

‘€€<t I)’ < sup 26ttF(5a€)amf(57€)'
u o t<s<t+e, T5(s,x)<E<x f3(5,§)

(ii) Let us now consider the second equality in (6.5). First,
F=1(t+e,F(t,x))

/ CFNE e F(6)) — € (1, €)de = / " e 5 f(t)de + / EF(t+ e, 6)de

—00 —

_ /_ € 5 f(t,€)dé — 8 F(t,2)(z + Ci(t, 2)e)
- [ -0 5w + ot

where |Cy (£, z)| < |[F~1(t + &, F(t,2)) — 22| f|os and |Ca(t, z)| < |Ca(t, )||0:F s
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We next note that g7 (z, &) = v +Cs(t, z,§)e, where |Cs(t, z,§)| < 2%. Then it follows
by direct computation that Further, for every k > 1,

/ (65 (2,€) — )87 (1, E)de = / (2 — &) 5 f(t,€)dé + Ca(t, x)e>,
(—00,T% (t,z)|NAS (—00,T5 (t,2)]NAS,

where |Cy(t, z)| < 2%]&5F|o®. Combining the above estimates with (4.1), it follows
that

1
/ COFse de = (Colt,x) v Calt))e.
(T5 (t,3) @] V{ Ui [25,25)} €

It follows then

/ (- OOS(E) dE = Cs(t,2)(e v prle)),

(T3 (t,2),x]U{Ui<[2i,i) }

where |Cs(t,z)| < (z + K)(|0:f|oo + |8,;2tf|oo) Recall that O, F(t,x;) = 0,F(t,z) and
J7 s — ) (1, £)d€ = 0, we get

/ (- OafE) d = Cs(tn)(EVan). (66
(m, 2] U{(T§ (t,2),me]NAR}
This implies the first estimation in (6.5) since 0 f(¢,z) > 0 on Ay.

(iii) To complete the proof, it is enough the prove the claim that (|75 (¢, %)|) (¢ 2.c)eB; (to,20,0) 13
uniformly bounded. We notice that for € > 0 small enough, there is some T (¢, z) bounded
by K > |Ty(t,z)| + 1, which solves equation (6.6). Then this Tj(¢,x) also solves (4.1)
since (6.6) is equivalent to (4.1) by the definition of Cs(¢,x). Finally, by the uniqueness
of solution of 7¢ in (4.1), it follows that the family (|7;7(t,2)|)tz,c)eB;(to,20,0) 1S indeed
uniformly bounded by some constant K, and we hence conclude the proof. ]

Our next result will be proved in the one local maximizer context of Assumption 4.8.
Then, D :={z <m(t)}, and Ty : D¢ — D is defined by

/JC (x — &0 f(t,£)d¢ =0, forall (t,z)e DC. (6.7)

Td(t,.l')

We also introduce the following subsets of D¢ := {z > m(t)}:
Es :={(t,z) € D°:m(t) <z <m(t) +6}, Esr:={(t,x)e D :m(t)+0 <z < (m(t)+K)Ar()}.

Remark 6.3. Under the additional Assumption 4.8 and by the same arguments, the func-
tions e, and €5 in Lemma 6.2 are uniformly bounded on every Esk, for every 0 < < K.
Consequently, there is constant Cs ¢ such that ¢° admits the asymptotic expansion:

Ju(t, x)
Ejd(tv l‘)

¢ (t,x) + Csx e(eVpo(e)), for(t,z)e E;K. (6.8)
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Proof of Lemma 4.10. (i) To see that jz1pcis locally Lipschitz in x on [m(t), c0), we
shall verify that 0,T;1pe is locally bounded. From (6.4), we have

8tF(t, ZL‘) — 8tF(ta Td(ta l‘))
(w — Tu(t,2)) 0uf (t, Tu(t, )’

0. Ty(t,z) = (t,z) € D°.

It is clear that 0,T,(t,x) is continuous on D¢ and hence bounded on Ejk for every 0 <
§ < K. We then focus on the case (t,z) € Es. Since 9;f(t,m(t)) = 0 and O, f(t, m(t)) <0
by Assumption 4.8, we have

Of(t,€) = Buuf(tm(t)) (€ —m(t)) + Ci(t,€) (€ —m(t)),

where C(t,€) is uniformly bounded for | —m(t)| < J. Inserting the above expression into
(6.7), it follows that

* 4
| @-e-mo) = Calteo)o - Tutt.0)’,
Td(t,l’)
where C5 is also uniformly bounded on Ej since ming<¢<i 0, f(t, m(t)) < 0 by Assumption
4.8. By direct computation, it follows that
(z — Tu(t,2))* (& — m(t) + 2(m(t) — Ta(t, 2))) = Caolt, ) (x — Tu(t,z))",
which implies that

Tyt ) = m(t) — %(m “m(t)) + Calt, 2) (2 — Tu(t, 2)), (6.9)

Using again the expression (6.4), we have

0. Ty(t,x) = —% + Cs(t,z)(z — Ty(t, z)),

where ('3 is also uniformly bounded on FEs. Finally, by the uniqueness of solution T, of
(6.7), we get

0, Tu(t,z) = —% + Cult,a) (e —m(t)), (6.10)

for some C4 uniformly bounded on Ej, implying that T;1pe is locally Lipschitz in x.
(ii) By the expression of j, in (4.5), i.e.

OF (L, Ty(t,z)) — O F (t, )
[t x)

By (6.10), it is easy to check hat j,1pe and (j,/jq)1pe are also locally Lipschitz in z.

Ju(t, z)

(iii) We now consider 9;T(t,z). By direct computation,

Sty (@ = R F (2, €)dE

HTaltx) = T GO Ta(t )
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which is clearly continuous in (¢,z) on D¢ and hence uniformly bounded on FEj g, for
K > 0 > 0. Using again (6.9), it is easy to verify that 0,7, is also uniformly bounded on
Ey s, and hence 0;T(t, ) is also locally bounded on D¢. In particular, we have

3 0 f(t, m(t))

OiTa(t,m(t) +0) — - 202, f(t,m(t))

uniformly for ¢ € [0,1], as ¢ \,0.

(iv) To prove ¥* € C%1([0,1] x R), we need to check that 0,1* = h* and 9;1)* are both
continuous on [0, 1] x R. First, By its definition below (4.9), h* is clearly continuous in (¢, x)
for = # m(t), since the function Ty(t, 2)1,>p, () is continuous. We can also easily check the
continuity of A* at the point (t,m(t)) by (4.9), since T; ' (t,z) — m(t) as  — m(t) and
¢y(x,xz) = 0. Finally, by (4.9) with direct computation, we get

a:,Td(t,x))jd(t,a:) - (cx(x,x) —cx(x,Td(t,ac)))
(jd(t7x))2

which is also locally bounded on D¢ by (6.9). It follows then that dpp* (t,2) = [ 9;h*(t,€)dE
is continuous in (¢, x). O

Y

Cy
at,mh*(ta .’E) = 8tjd(t7x) y(

Lemma 6.4. Under Assumptions 3.1, 4.1 and 4.8, we have
Td€1D§ — Td]_DC, ht — h*, 8,51/15 — 8tw*, and 1/}6 — w*,
locally uniformly on {(t,z) :t € [0,1),z € (I(t),r(t))}.

Proof. (i) In the one local maximizer case under Assumption 4.8, the definition of 75 (¢, z)
in (4.1) is reduced to be

T3 (t,z)

/x [Ffl(t+a,F(t,§))—§]f(t,§)d§ + /

—0o0 —00

|97 (@,6) — €| o°r (. )de = 0,

or equivalently

x TE(t,z)
| esrwow v [T cre a0 = o (6.11)
T5(t,x) z
with T¢ (¢, ) := g5 (x,T5(t,z)). Differentiating (6.11), it follows that
€
0T (t,x) = — A, 2) (t,x), (6.12)

(T - T3) o< f (£, T5())
with
At ) = /m §0,6° f(1,§)dE + /TU(t’m) EOuf(t +¢,8)dS
TS () z
+TE(t ) (@F(t, 2) — OhF (t + &, TE(t @) + 0,0° F (, T (¢, x))),
= (TE(tx) — 2) (B F(t,z) — 0,6 F(t, T5 (t, )

xT

TE(t,z)
- / (T=(t, ) — €)Auf (t + &, €)dg — / (2 — €)1, €)de

T5(t,z)
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and

. o TE(t,x) —x -
0. T5(t,x) = T (0) — T 6,0) &/ T (60) f(t, ), (6.13)

where the last term is exactly the same as that induced by ODE (2.4).

(ii) Taking the limit € — 0, it follows by direct computation and the convergence T3 (¢, z) —
Ty(t,z) in Lemma 6.2 that 0,75 (t,x) — 0,Tq(t,x) and 0,T5(t,x) — 0;Tqy(t,x) for every
(t,z) € D¢. Moreover, by the local uniform convergence result in Lemma 6.2, we deduce
that 0,75 and 0;T; also converge locally uniformly. Denote TC? := Ty, it follows that the
mapping (t,z,e) — (8tT§(t,a:), 0,15 (t, x)) is continuous on

E = {(to,e) :te0,1], e€[0,1—1t], m*(t) <z <r(t)},

where m°(t) :== m(t) and 7°(t) := r(t).

(iii) By exactly the same computation as in Proposition 3.12 of [21], we have

(0 - me(t) - $(o— 1) + O(( — T2))
(z—me() — (x = T5) + O((x ~ T5)°)

% Tit,w) = (1+0()+0(x—13)) (t,2),

and it follows by similar arguments as in [21] that
Ti(t,x) —m(t) = — é(m —mf(t)) + O((z —mf)?),
and hence
uTE (t, me(£) + 6) — —% uniformly for ¢ € [0,1) and € [0,e0 A1 — ], as 6 0. (6.14)

Next, using the estimation (6.14) and the definition of 7%, we have

TS (t,x) —
T:(t,z) —2z = Ci(e t,z)(x —Tj(t,x))2 and “(’:)x = Cy(e,t,z)(z — Tg(t, z)).
Therefore, by direct computation,
1 1 2.1 3
gAa(t,.%) = —i(w—Tj(t,m)) atgéaf(t,ma(t)) + Cs(e, t,z)(z —me(t))".

It follows by the uniform convergence in (6.14) that

€ £

0T;(t,x) = —g W + Cu(e, t,z)(z — m°(t)), (6.15)
where we notice that Cy is uniformly bounded for € > 0 and x — T;(m*(t)) small enough.
Finally, the two uniform convergence results in (6.14) and (6.15) together with the continu-
ity of (t,z,e) = (0.T5(¢, ), 0,T5(t,)) implies that 9,T5 (¢, z) and 8,75 (¢, z) are uniformly
bounded on EN{(t,x,&) :|z| < m(t) + K} for every K > 0.
(iv) Therefore, it follows by Arzela-Ascoli’s theorem that T); converges to Ty locally uni-
formly. Finally, by the local uniform convergence of T — Tj, together with the estima-
tions in (6.10) and (6.14), it is easy to deduce the local uniform convergence of h® — h,
Oyp® — O™ and ¢ — Yp* as e — 0. O
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6.2 Weak convergence to the Peacock process

Proof of Proposition 4.4. We recall that P" is a martingale measure on the canonical
space (2, induced by the discrete-time martingale X*" under the probability P*", whose
upward jump size is J;(t,2) and downward jump size is Jj(t,x) with € := 1/n (see the
beginning of Section 4.1.2).
(i) To prove the tightness of (P"),>1, we shall use Theorem VI.4.5 of Jacod and Shiryaev
[32, P. 356].
First, Doob’s martingale inequality implies that
pn

P" Ossltllg)l |Xi| > K| < E.[FLXM = ;/Rlaz\m(dx) =: %, VK > 0. (6.16)
It follows that, to prove the tightness of (P™),,>1, we can suppose, without loss of generality,
that the canonical process X under every P" is a bounded martingale. Let § > 0, it follows
by Lemma 6.1 that the upward jump size Jg(¢,z) is uniformly bounded by Ce for some
constant C on Dg := {(t,x) : m(t) <z <r(t)—0/2}. We then consider § > 0 small enough
such that § < % and |[(t+0)—1(t)|+|r(t+0)—r(t)| < 6/2 for allt € [0,1—6]. Let S, T be two
stopping times w.r.t to the filtration generated by X™™ such that 0 < S <T < S5+460 < 1.
When X*™ only increases between S and S + 6, then clearly | X" — X§"| < 6. Therefore

P | X3 — X" | = 0] P*"[There is a down jump of X™" on [S, S + ]]

<
S 1 _ (1 _ 05)6/€+1,
where the last inequality follows by the estimate of ¢° in Lemma 6.1. It is clear that

lim limsup (1—(1-— CE)G/EH) = 0.

6—0 nooo
We then deduce from Theorem VI.4.5 of Jacod and Shiryaev [32] that the sequence (X™™),>1
is tight, and hence (]P’")n>1 is tight.
(i) Let P° be a limit of (IP’_”)nzl, let us now check that PYo X, ! = y; for every t € [0,1]. By
extracting the sub-sequence, we suppose that P* — PV, then P*" o (X,”")"! =P"o Xt_1 —
P0o Xt_l. By the construction of the Markov chain X*", there is a sequence (sp)p>1 in
[0,1] such that s, — t and X;"" = X" ~ pus, under P*". It follows by the continuity of
the distribution function F(t,x) that us, — g, and hence PO o X 1 = yu.
(iii) Finally, let us show that X is still a martingale under P°. For every K > 0, denote
XK = (-K)VX;ANK. Let s < t and (s, X.) be a bounded continuous, F,-measurable
function, by weak convergence, we have

E™" [p(s, X.)(XE — XE)] — EP [p(s, X.)(XE — XK)].

Moreover, since the marginals (11t);c(0,1] form a peacock, and hence are uniformly integrable,
it follows that

}IEEM [go(s,X.)(XtK—Xf)” < 2|g0]oos1<111)/|x|1{|xZK},ur(dx) — 0, as K — oo,
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uniformly in n. Then, by the fact that X is a P"—martingale, we have EF’ [o(s, X)(X¢ —
Xs)] = 0. By the arbitrariness of ¢, this proves that X is a P®—martingale. O

To show that a limit of (P"),>; provides a weak solution of (4.7), we shall consider the
associated martingale problem. Let

t
Milox) = o) = [ duloxe ) Dl e, omods

" .

[ letore =t x) = o6 )] 2500 o oo (617)
for all x € Q := D([0,1],R) and ¢ € C'(R). Then the process M (p, X) is clearly progres-
sively measurable w.r.t. the canonical filtration F. For the martingale problem, we also
need to use the standard localization technique in Jacod and Shiryaev [32]. In prepara-
tion, let us introduce, for every constant p > 0, an F-stopping time and the corresponding
stopped canonical process

Tp := inf {t >0 :|X¢|>p or |X;-| Zp}, XP .= Xinr,-
Following [32], denote also J(x) := {t >0 : Ax(t) # 0},
Vi(x):={a>0 :7,(x) < 7o+ (x)} and V'(x) := {a > 0 : 7,(x) € J(x) and |x(74(x))| = a}.

Proof of Theorem 4.11. By extracting subsequences, we can suppose without loss of
generality that P* — P? weakly. To prove that P? is a weak solution of SDE (4.11), it is
sufficient to show that (M (¢, X))te[o,l]
Since the functions j, and jg are only locally Lipschitz (not uniformly bounded) by Lemma

is a local martingale under PPy for every ¢ € C}(R).

4.10, we need to adapt the localization technique in Jacod and Shiryaev [32], by using the
stopping time 7,. Our proof will be very similar to that of Theorem IX.3.39 in [32].
First, for every n > 1, P" is induced by the Markov chain (X*™ P*™") then

" n J
E, (oK) —o(Xn)] = By, [{‘P(th + Ja(t, X)) —o(Xe,) } (1 - ﬁ)l){tkzms(tk)}
" J
+ Efk [{@(th N Jé(tk’ th)) B SO(th)}ﬁlthst(tk)]
= a+ B

By (6.8) in Remark 6.3 and the uniform continuity of m®(t), we see that

n tr4+1
a = EItP]k [/ D@(Xs)ju(saXS)IXSZm(s)dS] + O(e(EVpO(aE))),

tr

where pg is the continuity modulus of (t,e) — m(¢) in Assumption 4.8. We also estimate
similarly that

BB [ [ (0 = a5, X)) = 9lX0)) 25, X)L ] + O (el V ).
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Therefore, let 0 < s <t <1, p €N, ¢5(X.) be a Fs-measurable bounded random variable
on €2 such that ¢ : & — R is continuous under the Skorokhod topology, we have

E™" [64(X) (Ming, (9. X) = Mape, (9, X)) | < Gpe (6.15)

To proceed, we follow the same localization arguments as in the proof of Theorem 1X.3.39
of Jacod and Shiryaev [32]. Since P" — PY as n — oo, then for every p € N, the distribution
of the stopped process X” under P" also converges, i.e. there is PP such that £F" (X?) —
PY? as n — 0o. Due to the proof of Proposition IX.1.17 of [32], there are at most countably-
many a > 0 such that

PP(w ra€V(w)UV'(w)) >0.
So we can choose ap € [p — 1, p] such that
PPlw :a, € V(w)UV'(w)] =0.

It follows by Theorem 2.11 of [32] that w +— 74, (w) is P*P-a.s. continuous and the law
£ (XP, X™) converges to LB (X, X)),

Denote by PP the law of X on (Q, F,P%?), we then have w Ta, (W) is POP-a.s.
continuous and £F" (X ap) — POP. In particular, since there is a countable set T* C [0, 1]
such that

X = Mins, (9:%) = Mnr,, (%) (6.19)

is PY?P-almost surely continuous for all s < ¢ such that s,t ¢ T*. Therefore, by taking the
limit of (6.18), we obtain

E7 s (X.) (M, X) — My(0, X))] = 0,

whenever s < ¢ and ¢t ¢ T*. Combining with the right-continuity of M;(y,x), we know P0?
is a solution of the martingale problem (6.17) between 0 and 7,,,, i.e. (Mt/\fap (¢, X))0<t<1 is
a martingale under PO?. Moreover, since P%? = PV in restriction to (£, Fr,,) and Tap_:) 00
as p — oo, it follows by taking the limit p — oo that (Mt(go, X))0<t<1
under P, i.e. PY is a solution to the martingale problem (6.17) and hence a weak solution
to SDE (4.11).

Finally, for uniqueness of solutions to SDE (4.11), it is enough to use Theorem III-4 of
Lepeltier and Marchal [37] (see also Theorem 14.18 of Jacod [31, P. 453]) together with

localization technique to conclude the proof. O

is a local martingale

Remark 6.5. In the multiple local maximizers case under Assumption 4.2, the functions
Ju and jq are no more continuous, then the mapping (6.19) may not be a.s. continuous and
the limiting argument thereafter does not hold true. This is the main reason for which we
restrict to the one maximizer case under Assumption 4.8 in Theorem 4.11.

Proof of Lemma 4.6. We recall that by Theorem 3.8 in [21] (ii), the corresponding maps
T;(t,.) and T5(t,.) solve the following ODEs:

d

. FF(t+eTitx) = (1—q)tz)f(t ), (6.20)
%F(t +e,Tg(t,x)) = qt,z)f(t,z) foral ze (D°)(2), (6.21)
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where 0°F(t +¢,.) := F(t +¢,.) — F(t,.). With the asymptotic estimates
T5(t,x) —x = —ja(t,x) + o(e) and T, (t,x) —x = eju(t,z) + O(e),

which is locally uniform by Lemma 6.2. By direct substitution of this expression in the
system of ODEs (6.20-6.21), we see that the limiting maps (jq, ju) of (T;,T3), as € \, 0,
satisfy the following system of first order partial differential equations (PDEs):

Ju(t, ) f(t,z)

. . . ) = — ) — Ju(t, ) T
Orja(t,x) =1+ ) BT — jatm))’ Ou{guf}(t,x) = =0, f(t,x) jd(t,a:)f(t’ ).

Since x € D(t) and = — jq(t,x) € D(t), it follows directly that (4.6) holds true. O

Proof of Proposition 4.7. By Lemma 4.6, item (ii) of Proposition 4.7 is a direct conse-
quence of item (i), then we only need to prove (i).

Let € R, the function y — (y — z)™ is continuous and smooth on both (—oo,z] and
[x,00), then it follows by It6’s lemma that

d(Xy—2)" = dM; + L (6.22)
%+ ((Ri—a)t = (R —0) - 15, . ,A%),

1{5€t7>$}

where (M;)o<i<1 is a local martingale. Notice that 1{)?t_>x} is bounded and )?1 € LP for

some p > 1. Using BDG inequality and then Doob’s inequality, it is a standard result
that (M¢)o<t<1 is a real martingale. Further, the local Lévy process X is clearly quasi left
continuous. Moreover, since

~

Ls = (1’ B Td(S’XS_))l{Td(S,)?Sf) <z < )A(S,, )?S,GDC(S)} S jd(S’XS_)l{)A(S,GDc(S)}

by direct computation, it follows by (4.8) together with dominated convergence theorem
that

e[ 3 wf-5[f

~ N\ju, =
(T X)) E R g s et oo} B

for every € < g, where g € (0,1 —¢). Then, integrating (6.22) between ¢ and ¢t + ¢, and
taking expectations, it follows that

~ + .~ +
E|:<Xt+6 - 3:) ] - EKXt — x) }
t+e ]u .
= /t /R (ﬂC — Td(s’y))jid(s’y)l{Td(s,y)gx<y, yeDC(s)}f (s,y) dy ds. (6.23)
Let us now differentiate both sides of (6.23). For the left hand side, since the density

function f)?(t, ) of X, is continuous, the function z — E[()?t —z)t] = fzoo(y—a:)f)?(t, y)dy
is differentiable and

OE|(Xi—2)"] = /:o—fi(t,y)dy, RE[(X —2)T] = FX(t2). (6.24)
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We now consider the rhs of (6.23) and denote

o Ju X
o) = [ o= Tl 2 ) gy ey (500

Let us fix s € [0,1) and = € D%°(s), then it is clear that

0o Ju “~
Z(S,IE) = /x (aj7Td(s’y))jid(s’y)l{Td(s,y)Sx, yeDc(s)}fX(Say)dyv

where the integrand is smooth in z for every y € R. Hence for every x € D%°(s),
by < by
— Ju
0ds.0) = g S+ [ R e,

and
Pl(s,2) = u(juf¥)(s,0) — ‘?f)?(s,x). (6.25)
d

We now consider the case z € D°. Notice that Ty(s,-) : D(s) — D(s) is a bijection and
X admits a density function. It follows that the random variable Ty(s, Xs) also admits a
density function on D(s), given by

f)?

T(s0) = 5o (sw), Yy € Dis).

Then by the expression that
(8,%) - (.’IJ z) .d (57 d (S,Z)) {IST(;l(Z)}f (37Z) 2,

we get
. B ~ . B e .
02 1(z) = %(s,Td Ys,2)) f(s,2) = %(S,Td 1(s,x))aﬁ—n(s,x), Vx € D°(s).(6.26)

Finally, differentiating both sides of (6.23) (with (6.24), (6.25) and (6.26)), then dividing
them by ¢ and sending € \ 0, it follows that

Juf™ Juf™

X _ X\ _ -1
o f (t> ZL‘) - l{xeDc(t)} (833 (f ]u) Ja ) (t> :C) l{xED(t)}jd(l —_ az]d) (t’ Td (tv .7})),
for every t € [0,1) and = € D°(t) U D%°(¢). O

6.3 Convergence of the robust superhedging strategy

To prove Theorem 4.12, we recall that under every P", we have P"-a.s. that

i
L

n—1

(gps(tka th) + ¢6(tk7 thJrl)) + Z hs(tka th) (thJrl - th) 2 C(th7th+1)(6‘27)
0 k=0 0

i
L

B
Il
B
Il

By taking the limit of every term, we obtain a superhedging strategy for the continuous-
time reward function, and we can then check that this superhedging strategy induces a
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duality of the transportation problem as well as the optimality of the local Lévy process
(4.11).
Let us first introduce ¥* : Q2 — R by

1
U*(x) = ¥*(1,x1) —¥*(0,%0) —/0 <8tw*(t,xt) +ju(t,xt)lxt>m(t)8xw*(t,xt)>dt (6.28)

1 .
+ /0 ?:EZ }}:; 1xt>m(t) (W(t, Xt) - W(t Xt — jd(ta Xt)) + C(Xta Xt — jd(ta Xt))>dt'

Lemma 6.6. Let Assumptions 4.1 and 4.8 hold true. Then for every cadlag path x €
D([0,1]) taking value in (¢1,71), we have
n—1
lim (% (ths xt,) + UV (L, X4, ,,)) — TH(x) as e — 0.

n—00
k=0

Proof. By direct computation, we have for every n > 1,

-1

I
—
3

n

(@E(tk,th) + 1/)€(tk,th+l)) - (¢€(tk_1,xtk) - ¢€(tk,th)) + ws(tn—luxl)
k=0 k=1
n—1
+ (gOa(tk,th) +’(/Ja(tk,th)) _¢£(07X0)'
k=0

First, we have ¢°(t,—1,%x1) = ¥*(1,x1) and by Lemma 6.4,

n—1 1n—1

1
Z tk‘ 17th d) tk,th /0 Z at¢6(57th)ISE[tk,tk+1)ds — _/0 at¢*(s7xs)ds‘
k=1

k=1
Further, when = > m(t),

S
Ji+J;

= _gjuam¢€ + 5‘2—“ <¢6 - ¢E('7 Td) + C('a Td)) + 0(6)'
Jd

Pyt = Wt =t TE) +

(45 T) + e T3) = ¥7( T5) ) + o)

It follows that ZZ;& (¢° (tk, x4, ) + ¥ (tg, x¢,)) converges to

1
/0 —axw*(t,xt)ju(t,xt)dt

1 .
+ /0 ZEZ ;{3 Ly, >m(t) (T/J*(t, x¢) — Y (t,xe — Ja(t, xi)) + c(xe, x¢ — Ja(t, Xt))>dtv

which concludes the proof. O

Lemma 6.7. Let Assumptions 4.1 and 4.8 hold true, and M(X*) < o0o. Then for the limit
probability measure PO given in Theorem 4.11, we have

» e B o r®) G, (t, @
EV[C(X)] = BV [U(X)] = p(X\) = /0 /m(t) Jalt,z

c(z,z — ja(t, z)) f(t, z)dxdt.
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Proof. We notice that under the limit probability measure PV, X is a pure jump mar-
tingale with 1nten51ty (s X,-). Then by Itd’s formula, the following process is a local
martingale

P (t, Xi) — (0, Xo) — /t Opp™ (¢, Xs)dt
s X000 (5.0 4 2 X[ 5 K i X) = 0 5 K] s

Moreover, since ,LL(X*) < 00, it follows by dominated convergence theorem that
PO el [
P [0*(X)] = E {/
r(t) ]
/ / - (z,2 — jalt,x)) f(t, x)dxdt,

(t) Ja(t

J"(s,X )L >m(s)c(Xs, Xs — jd(SaXs))dS}

since the marginals of X under P? are (pe)o<t<1-
To computer EF’[C(X.)], we notice that [X]¢ = 0, PY — a.s., and the process

t
X,
SN Xl = [ e X = s X pluleXe)y s,
s<t 0 .]d(sts*) s

is a local martingale. Since u(X") < oo, we have

1
. Ju(s, Xs-)
/0 ’c(X877X87_jd<37X87)>‘W1X >m(t)ds

1 r(t) ;
/0 /m(t) Zgzg }C(x’x_jd(t’ 95))|f(t,£€)d:vdt < oo,

which implies that Y is a martingale and hence E[Y;] = 0. Finally, using similar arguments

together with dominated convergence theorem, we get that

B[S ex x)] - 1 /[ :j BT o salt, )10 )

s<t

which concludes the proof. O

Next, let us consider the limit of the second term on the left hand side of (6.27).
Lemma 6.8. Let Assumptions 4.1 and 4.8 hold true. Then we have the following conver-
gence in probability under every martingale measure P € M

n—1

1
> btk X)) (Xuyyy — X)) — / h*(t, X,- )d X
k=1 0

Proof. The functions h® are all locally Lipschitz uniformly in ¢ and h®* — h* locally
uniformly, as € — 0, by Lemma 6.4. By the right continuity of martingale X, the above
lemma is then a direct application of Theorem 1.4.31 of Jacod and Shiryaev [32]. O
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Proof of Theorem 4.12. Using (6.27), together with Lemmas 3.3, 6.6 and 6.8, it follows
that under every P € M, (i.e. the canonical process X is a martingale under P), we have
the superhedging property

1 1
1
(X)) + / B X, )dX, > / Sen(Xo XX+ 3 e(Xp- X)), Pas
0 0 0<t<1

Further, by weak duality, we have
0 *
E[0(X)] € Puln) < Duln) < p(\).

Since EP’[C(X.)] = u(A\*) by Lemma 6.7, this implies the strong duality as well as the opti-
mality of the local Lévy process (4.11) and the semi-static superhedging strategy described

by (h*, ). m
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