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Abstract

We use the Malliavin integration by parts formula in order to provide a family
of representations of the joint density (which does not involve Dirac measures) of
(Xo, Xo+s5), where X is a d-dimensional Markov diffusion (d > 1), # > 0 and 6 >
0. Following [5], the different representations are determined by a pair of localizing
functions. We discuss the problem of variance reduction within the family of separable
localizing functions: We characterize a pair of exponential functions as the unique
integrated-variance minimizer among this class of separable localizing functions. We
test our method on the d-dimensional Brownian motion and provide an application to

the problem of American options valuation by the quantization tree method introduced
by [2].
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1 Introduction

Let X be a Markov process. Given M simulated paths of X, we are interested in the

Monte Carlo estimation of the joint density function of (Xg, Xg4s) :

fz,y) = E(ea(Xp)ey(Xoss))

where 6 > 0, § > 0, and ¢, is the Dirac measure at the point x. The purpose of this paper
is to introduce an estimator based on the Malliavin integration by parts formula which

allows to integrate the Dirac measure up to the Heaviside function.

This problem is motivated by the recent financial literature which has been interested
in the Monte Carlo approach for the numerical approximation of the value of American

options. The Monte Carlo technique is particularly adapted for high dimensional problems.

By passing to a discrete-time approximation, the American option valuation problem
is reduced to a backward algorithm which requires to compare at each step the reward
from exercising the option to the expected reward from continuing. The main difficulty
from the numerical viewpoint lies in the computation of the expected reward conditional
on the actual information. In order to approximate the required conditional expectations,
one can use the classical tools from non-parametric regression methods in statistics. The
Kernel regression method (see e.g. Bosq [3]) has been suggested in this context by Carriere
[8]. The basis projection method consists in approximating the conditional expectation
by the orthogonal projection on some finite truncation of an orthonormal basis of L2, and
has been used in the context of American options by Longstaff and Schwartz [14], and
Tsitsiklis and van Roy [16].

An alternative approach, based on the integration by parts formula from Malliavin
calculus, has been suggested by Fournié et al. [10], and implemented for American options
in the context of the multivariate Black and Scholes model. The rate of convergence of this
method has been analyzed for general smooth processes by [5] and [6]. We also mention
the approach of Braodie and Glassermann [7] which use a random grid at each time step
associated with some conveniently chosen weights defined by some statistical ideas based

on the importance sampling theorem.

In this paper, we focus on the quantization technique of Bally, Pages and Printemps [2].
Loosely speaking, this method consists in ”quantizing” the state variable of the problem at
each time step, i.e. projecting X;, on a grid containing Vj, discrete points X’,@, i=1,...,Ng.
The state space is then partitioned into a family of cells C' ()A(}c) with X}i eC ()?,’C) Given
m independent copies (Xt(ln),X (m)> of the pair of random variables (th,th +1), the
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transition probability from the cell C ()A(}g) to the cell C ()A(,i 1) is estimated by :

1 M
i —1 1 siy Ly (m) S
i M 2m=1 Xi™ec(x]) X €0(X )

1M 4 R
i 2=t Lx(mec(xy

Observe that as the size of these cells gets smaller (which is the case in practice), the
number of scenarios falling in each cell decreases dramatically, inducing a large variance

of the above estimator.

The method of estimation of transition probabilities exposed above, is in fact an exten-
sion of the classical approach used to estimate density function of a random variable using
M independent copies. In order to improve this method, one can think about Malliavin
integration by parts formula that has been used recently used in [11], [10], [13], [12] and

[5] in order to obtain an alternative representation of the conditional expectation :

E (g (Xg45) €2 (Xo)]
E [e2 (Xop)]

r(xz) = Elg(Xoss)|Xo=2] =

where ¢ is a mapping from R? into R. The representation in [5] does not involve the Dirac
measure €, (it uses instead H,: the Heaviside measure at the point z) and depends only

on the mapping ¢g. It also allows to recover the v M rate of convergence.

In this paper, we extend the results of [5] by providing a family of alternative represen-
tations of the joint density which does not involve Dirac measures. Fach representation is
determined by the choice of a pair of localization functions. We then study the problem of
minimizing the integrated mean square error within the class of all pairs of separable lo-
calization functions. Our main result provides an explicit characterization of such optimal

localization functions.

The paper is organized as follows. Section 2. introduces the main notations and some
preliminary results. Section 3 contains the proof of the family of alternative represen-
tations of the joint density. The variance reduction issues are discussed in Section 4.
Section 5 specializes the discussion to the multivariate Brownian motion, and provides
some numerical tests proving the performance of the Malliavin-based estimator. We also
proceed to a comparison with the Kernel density estimator. Finally section 6 provides and

application of this technique to the quantization tree method.

2 Notations

Throughout this paper we shall denote by 7 the subset of N* whose elements I = (i1, ..., iz
satisfy 1 < i; < ... < i < d. The cardinality of I will be denoted by |I|. Let I = (i1, ..., im)
and J = (J1,...,Jn) be two arbitrary elements in J. Then {i1,....,im} U {j1,....Jn} =



{k1,...,kp} for some maz{n,m} < p < min{d,m +n}, and 1 < k; < ... < k, < d. We
then denote IV J := (ki,...,k,) € J. For all positive integer ¢ < d, we denote by VAR
the subset of J whose elements I do not contain i, i.e. 7 :={I € J :i ¢ I}.

For a vector € R%, we shall denote z¢ its i—th component, and z(=? the vector of
R9~! obtained by omitting the i—th component, i.e. z(7) = (z!,... 2"~ 1 .. 2?).

For z,y € R%, we denote by = -y := Zgzl z'y? the Euclidean scalar product.

Let ¢ be a map from R? into R. Following [5], we say that ¢ is a smooth localizing

function if
©(0) =1 and Ory exists and lies in € Cf for all I € 7T .

Here, C} is the set of all bounded continuous functions from R? to R, and for I =
(i1, ,1|7)), the notation 0y stands for the I —th cross derivative, i.e. drp = 8‘I|<p/(9mil e axim.
For I = () we set 9y = ¢. We denote by L the set of all smooth localization functions.

For I = (1,...,d) and ¢ : R? — R, we denote by Vi := dr¢ the gradient of ¢, if it

does exist.

3 Alternative representation of joint density function

3.1 Malliavin derivatives and Skorohod integrals

Let (2, F, P) be a complete probability space equipped with a d-dimensional standard
Brownian motion W = (W1, ..., W%). We shall restrict the time interval to T := [0, 6 + ]
for some 6,0 > 0. We denote by F := {F;, t € T} the P—completion of the filtration
generated by W. Throughout this paper, we consider a Markov process X such that Xjy
and Xy, s belong to the Sobolev spaces D*P (p, k > 1) of k—times Malliavin differentiable

random variables satisfying :

k 1/17
Xl = |BOXP)+ B (DX )| <00
j=1
where
- 1/p
1DIX] sy = ( / _|Dt1.--ptjxwdtj...dtl> |
J

Given a matrix-valued process h, with columns denoted by h?, and a random variable F,

we denote

SMF) = /Tth-th fori=1,...,d, and S}(F) := Sl o...0S!(F)



for I = (i1,...,1;) € J, whenever these stochastic integrals exist in the Skorohod sense.
We extend this definition to the empty set by setting Sg(F ) := F. For the maximal

element I = (1,...,d), we shall simply write
S"F) = Sha(F).
Similarly, for I € J, we set :
Sh(F) = SM(F) where IVI=(l,...,d)and INT=0.

We next introduce the set H(X) as the collection of all pairs of matrix-valued L?(F)
processes (g, h) satisfying

/Dth gtdt = O, /DtX9+5 gtdt = Id, (31)
T T
/Dth hidt = 1y, /DthJr(; hidt = 0 (3.2)
T T
and such that
590 St (p(Xp)Y(Xp+s)) is well-defined in D2 (3.3)

forall I,J € J and p, ¢ € L.
Throughout this paper, we shall assume that

H(X) # 0.

Remark 3.1 For later use, we observe that for all (g,h) € H(X), we have

ST (p(Xo)¥(Xo15)) = ¥(Xo45)ST (2(Xe))

forall I € J and ¢, € L. To see this, observe that it is sufficient to prove these equalities
for |I| = 1. For a positive integer i < d, it follows from the connection between the 1t6
and the Skorohod integral (see [15] p40) that :

S (p(X)(Xoss) = $(Xpys)S" (0(X0)) — [_F Dytb(Xp.5)hidt

= P(Xpys)S) (SO(Xe))—Vw(XeJra)/TDtXthidt
= Y(Xp45)S! (p(Xo))

by (3.2).



3.2 The case of Markov diffusions

Before going any further, let us verify that the conditions listed in the above paragraph are
satisfied in the case of regular Markov Diffusions. Let X = {X;} be the continuous-time

process defined by the stochastic differential equation
dXt == b(Xt)dt + O'(Xt)th 5

together with an initial condition Xy. Here b : R — R? and o : R? — R4 are
respectively vector and matrix valued maps, the matrix o(z) is invertible for all 2 € R,
b, o0 and o~ ! are Cy°. Then, for all p,k > 1, the process X lies in the set L ,le. Xy €
DFP for all t € T and :

P

|\X||Mr,,, = /|Xt|Pdt +ZE</||DJX75||LP(TJ) > < 00.

We denote by LF := Np>1 Ng>1 Lr]}’p. We similarly define D*>°. Notice that f(X) € LY
whenever f € Cg°. In particular, 01(X) € LY (see [15] Proposition 1.5.1).

The first variation process of X is the matrix-valued process defined by :
d . .
Yo=1Iy and dY; = Vb(X,)Vidt+ Y Vo' (X,)VidW} (3.4)
i=1

where o is the i—th column vector of o. By [15] Lemma 2.2.2, the processes Y and Y !

also belong to L.

The Malliavin derivative is related to the first variation process by :
DX, = Vi¥y 'o(Xo)lyey;  s20, (3.5)
so that :
DXy = Y9Y9+5D Xors1gs<oy ; s>0. (3.6)
It follows that H(X) is not empty. Indeed, since X, Y, Y ! and 71(X) are in LS,

g = (DiXors) 0 Lycip o0 (3.7)
he = (DiXois) YorsYy " (9_11te[0,0) — 0 yejp040) (3.8)

defines a pair of processes in LY satisfying (3.1)-(3.2). Moreover, for each real-valued F
eDb>*, andi =1, ...,d, SZh(F) is well defined and belongs to D> (see [15] Property 2 p38
and Proposition 3.2.1 p158). By simple iteration of this argument, we also see that (g, il)
satisfies (3.3).



3.3 Alternative representation of the joint density distribution

In this paragraph, we provide an extension of Theorem 3.1. of [5]. This result induces an
expectation representation of the joint density of (Xy, Xg1s) which does not involve Dirac

measures.

Theorem 3.1 Let {A;,i < d}, {B;,i <d} be two families of Borel subsets of R, and set
A:= A1 x---x Ay, B:= By X---X Bg. Then for all pair of localizing functions p,9 € L,

we have:

E14(X0)15(Xo+s)]
_ / /A o [Ha (X0) H, (Xp13) 59 0 5" (0(Xg — 2)16(Xg15 — 1) dody

d
where, for & = (&1,...,&) and ¢ = (C1,...,Ca) € RY, He(¢) == [] 1¢,>¢,) 18 the so-called
i=1

Heaviside function.

Proof. We shall prove the required representation result by using repeatedly a lemma to
be derived in the first part of this proof. In comparison to the proof of Theorem 3.1 of [5],
the main new ingredient is located in Step 3 below. Let us first introduce the following

additional notations:
mi(x) = (0,...,0,i41,...,xq) fori=1,....d—1 and my(z) := 0
for x = (21,...,z4) € RY,
w; = pom; forall peLandi<d,
and
I = (i+1,..,d)e Jfori=1,...,d—1, and Iz := 0.

1. By a classical density argument, it is sufficient to prove the result for A; = [a;, b;] with

a; < b; and B; = [Ci,di] with ¢; < d;.

2. By the same argument as in [5], we have

B |14, (X5) 6 ((X577) £ (X0:5) S} (91X — ) )|

= [ B[ () o (05) s ) St (s -]t Y
A;

Here, i < d, f : R* — R, ¢ : R*! — R are two bounded maps, F is a real-valued
random variable in D2, (g,h) € H(X), ¢ € £, and 4; is a Borel subset of R.



3. We now prove that

o = B[ (Xo) 15, (Xbys) 6 (X57) 81 (0i(Xors — 0)F)]

— /Bi B [f (X9) Hyi (X5, 5) ¢( (g+5)) S9 (i1 (Xogs — )F)} &', (3.10)

where i, f, ¢, F, (g,h) are as above, and ¢ € L, B; € B(R). To see this, we first observe
that it is sufficient to consider the case where f and ¢ are smooth. The general case is
then deduced by a classical density argument. Next, since Si (Vi(Xops —y)F) € D2 it

follows from the smoothness of f and ¢ that the random variable
X i (—i i
Vo= / f(Xo) 15, (v') ¢ ((X9+5> (Vi1 (Xops —y)F) dy

is Malliavin differentiable. By the usual rules of differentiation, we directly compute that
/ DV -gidt = f (X)L, (Xiys) 6 (X575) ST, (X5 — 9)F) / Dy X5 gyt
T T

—i—/XéH 15, (v) / Dy {f (Xo) 9 <X0(+?> ST, (i1 (Xoys — y)F)} “gidt dy

—00

= [ (Xo) 1, (Xjis) & (X457 ) ST (Wi(Xors —y)F)

o[ 0700 (X63) [ PS5 hesavs =P}

—00

by (3.1). Recall the definition of the parameter « in (3.10), and set S := Si_ (Yi—1(Xogs —y)F).
By the Malliavin integration by parts formula, this provides :

a = E[V/gi-th}
T

Xois .
/ 15, (yz)f(Xe)qﬁ X§+5) /DtS gidt dy]

— 00

_ /BE [Hyi (X§+5)f(X9)¢(X9(+?> <S/ gi-th—/ DtS-g,fdtﬂ dy

- /B,E {Hy" (Xé+6)f(X0)¢ X(g+:5) /Sgt th] dy'

-F

by the connection between the Ité6 and the Skorohod integrals, see [15] p40. We then
deduce (3.10) by observing that [ Sgf - dW; = S]_ (¥i-1(Xg1s — y)F).

4. Now, we are able to prove Theorem 3.1. We start by taking F' = 1 and setting
d—1 ,

0] (z(_d)) =[] 14,(2"). Since ¢(0) = 1, we see that :
i=1

E14(Xy)1p (Xgis)]
= E {1/; (Xo) 15 (Xo15) ST, (wa(Xo — 1’))}

/Ad FE [de <X5l) o) <X9(—d)) 15 (Xo1s) S?d—l (a—1(Xp — z)) dad
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d—2 A
by (3.9). Next, we set ¢ (z_(d_l)) i= Hya (2%) [] 14,(2"), we observe that :

E14(Xe)1p (X0+5)]
/A /A Hya Xd 1)¢<X (@ )> 15 (Xo45) S}, (¢a—2(Xe — x)))dz®*dz?
a7 Aw@-1

Iterating this argument, we obtain that :
E14(Xp)1p (Xots)] / B(x (3.11)
where
Blx) = E[H,(Xo)1p(Xpes) S" (9(Xo — 2))] .
We next apply (3.10) with F = S" (p(Xy — z)), ¢(2(9) := C'l]:ll 1p,(2%). Since ¥y(x) =
P(0) =1, we get B
Bla) = B [Hy(Xo)1p (Xors) S}, (ba(Xoss — y)F)]
— [ B[00 e (X35) 0 (XD 81, (has(Xoss =~ 9)P)]
Bg

Iterating this argument, we obtain that :

Bla) = /B B[y (X0 Hy (Xs5) 6 (X5,5) S (0Xoss ~9)F) | dy. (312

Now, the statement of the theorem follows by combining (3.11), (3.12) and by using
Remark 3.1. O

Remark 3.2 For later use, we observe that the above proof shows that

B 140 (X577) Hys (X0) 15 (Xp)|
- /A( 9B E |:Ha: (Xg) Hy (Xo45) 590 S{‘_i) (o(Xg — 2)9(Xpps — y))] Az dy

and

B [t 060 o0 (467) £ (3]
N /AXB( ) E {Hx (Xo) Hy (Xo15) S?—j) o S" (o(Xg — @) (Xots — Z/))} dady )

where A(il) = A1 x.. . xA;q XAZ‘_HX. ..xAgand B(ij) =By x.. .XBj_l XBj_HX. .. X By.



4 Variance reduction using localizing separable functions

Given a pair of localizing functions (p, ) € Lx L and (g, h) € H(X), Theorem 3.1 provides

the following representation of the joint-density function:

fy) = E|Ho(Xo)H,(Xo15)S" o S" (p(Xo — 2)0(Xors — )] -

This suggests the following Monte Carlo estimator of the joint density function :
~ (k) (k) k k
fat@y) = Z Hy (X90) 1, (x05) 897 0 8 (o(x — oyu(x ;) |

where (Xé ) Xg(i 59 k) pk) ) are independent copies with the same distribution as
(Xg, Xg15,9,h). Following [5], we consider the problem of minimizing the integrated mean

square error (mse) :
19 (g, ) = /Rd y E [Hx(Xe)Hy(Xew)Sg o S" (0(Xg — )¢ (Xots — )| dody
X

within a suitable class of localizing functions. We first observe that, for any pair (¢, 1) of
localizing functions, only the restrictions of ¢ and 1 to Ri are involved in I9"(y, ). We

then consider the set £ of functions of the form @\Ri .

The problem of minimizing the integrated mse has been introduced in [12] and com-

pletely solved in [5] in the case of separable localizing functions, i.e.

d .
[T .
=1

where, for each i =1,...,d, the function ¢; maps R, into R. We denote by L% the set of

all separable localizing functions. We will then concentrate on the minimization problem

Il = inf I9M (p, 1) . 4.1
o s (¢, 1) (4.1)

In order to ensure that v9" is finite, we assume that:

3 E[Sﬂ;?(l)ﬂ < . (4.2)
1,Jeg

The main result of this section is the following.

Theorem 4.1 There exists a unique solution ({5, 121\) € L5 x L5 to the integrated mini-
mization problem (4.1) given by:

P(x) == e " and Q,Z(x) = e PT for zeR?,

10



where (7, p) is the unique solution in (0,00)%? of the system of polynomial equations:

. A 2
, E |:(Zlej(—m) Zjej SgJOSﬁ[(l)HiGIﬁl Hjejﬁj) }
ﬁm = 2 (43)
E [(Zzemm) Y seq 52508 W e 1 jes ﬁ]) ]

i [(ZIGJ > seg-m §9 ;0 Sﬁl(l) ier i’ HJEJ ﬁ])Z]
P (4.4)

, 2]
E |:(ZI€J Y seg-m S gumy © St (W) Tier #* ey P]) ]

forallm=1,...,d.

The proof of this result, is based on the classical calculus of variations technique, and
follows essentially the line of arguments of the corresponding result in [5]. The details of

this proof are reported in the Appendix section.

5 Application to the d—dimensional Brownian motion

In this section, we specialize the discussion to the d—dimensional Brownian motion. We
first exploit the particular structure of the Brownian motion in order to push further the
characterization of the optimal separable localization function. This leads to an explicit
solution of the optimal separable localization problem, see (5.8) below. Then, we examine
the numerical performance of our estimation method of the joint density of (Wpy, Wy.s),

and we provide a comparison with the corresponding kernel estimator.

5.1 Optimal separable localization for the Brownian motion

1. Preparation.

The Malliavin derivative of the d—dimensional Brownian motion is given by
DWy = Iq1lgs<yys

~

for any t,s > 0. It is then easily checked that the pair (g, h) defined by
g = (5_1Id 1[9794_5} (t) and iLt = 9_1Id 1[079] (t) — 5_1Id 1[979_,_5] (t)

is in H(W). Given two separable localizing functions ¢,¢ € L% and I,J € J, we easily

calculate that :

SheWo—a)) = | [TenWh 2 | [TS" (Wi — 2%)
keI il
S5 @Woss =) = | TTonWs =) | TIS7 (sWis =) -
kgJ jeJ

11



where

st (pil175 = 2) = soAWg—xi)sﬁ(l)—saé(W@i—xi), (5.1)
ST (W5 =) = 6y —1)SI0) = ViWE, 5 = 17), (5.2)
Sfb(l) _ ng_w’ 55?(1) - W‘

Observe that the random variables Sﬁ (i(W} — 2%)) and Sf] (%(Wg 5 Yy’ )) depend only

on the one-dimensional Brownian motion W*. We then directly calculate that

570 S} (p(Wo = 2)b:(Ways ) (5.3)
11 (%’(Wg;g - yj)) [157 0 St (0iWs — 2y s(Wiy5 —9')) ., (5.4)
Jjér iel

and
S50 5" (p(Wa — )0 (Wars — ) (5.5)
1Sk (wiWg —2%) T[] 570 5 ((p]’(Woj — )Yy (W], 5 — yj)) . (5.6)
igJ jeJ

We finally need the following direct computation :
A = sjost (s0k<wa’“—x’“>wk<we’“+5—y’“>)
= 5 (%(Waﬁa —y")S} < )) /06+6 UL (Wis — yF)hidt
= 5 (Wi — Sk (or (W - ah)))
SI};L (@k(Wek - )) Sg (@ij W9+5 )
046

= | oW~y DT (er (W — ") gl

which provides that
h ko k) od k k 1 ko k k k
A = St (oW = o)) ST (0eWihs =) + s0u(WE = 2P (Wis =) (5.7)

2. Optimal separable localization function.

Now, we rewrite the characterization (4.3)-(4.4) of Theorem 4.1 in the context of the
d—dimensional Brownian motion. In order to simplify the computations, we use the
equivalent system (7.2)-(7.4). By (5.3), it follows that

B [T [ Hy (Wi, ) 870 8F (Wi, 5 — ) dy']

(H)? = : - : . 4
BTy (V300 5 (W~ )0

12



where

L H/ H i We) H <W9+5) 7o) (%(We — ") (W5 — yk))2dxkdyk :
ket

Since the random variables Sf’ o Sf‘ (vi(Wi,s — ")) and Slg (vi(Wi,s —y")) are both in-

dependent of I';, the above expression reduces to
B ([ Hy (Wiys) 57 oSt (6W5— )" dy|
B[ Hy (Wi,5) ST (6s(W5 — 9)" do |

By (5.7) and (5.1)-(5.2), this provides :

(7)? =

By (W35) (SHQ)SE (Wi =) + 57 60Ws =) |
_ B[S H, (W3, 57 (5:Wiys — ) ]

E ([ Hy (Wiss) (SFOSI0: = SO0, +6710:) (W5 — o)y
B [[ Hy (Wh,5) (0:5901) ) (W3, 5 — v 2dy]

B[ 57 (SH)SI 066 - SHOU) + 6~ 0it) |

B I3 (wst)s20) — vit)) |

Observing that E [S?(I)Sf’(l)} =-6tand E [5’5‘(1)25?(1)} =F [Slh(l)] =0, we get :

(i) =

'y (2[sta <>2] by’ +E[sh<>}w4< i)?—a—%(yi)?)dy
B (S0P uuty? + vi() dy
Sy (=2 +E [Sh(lﬂs;"u) |+E [Sh( 2] (5)?) ity
Iy (B [87002] + (5)2) vty
12| + B [ h1)?] ()2
2]+ |

—52+E[sh()

#[sfo

By similar calculations, we also get

|

—57 4 B[S )AS] (0% + B [$70)?] ()2

e B [sh2] + ()2

Recalling the definition of Szﬁ(l) and Sf(l), we immediately calculate :

Blstarsioy] = g+ 55 wa £ [stor] -

1,1
0 5

13



Therefore, we obtain the following system of equations :

207240710t + (07 +671)(pY)?
(5—1 + (ﬁz)2
2072+ 07167 + 671 (7)?

Siv2
() -1 111 ()2

() =

which can be solved explicitly and we get :

_ 1N 174
i _ CN1/4 _1\1/4 N 2671 4071
p= (o) (207 4o )Y and p_51/2<5—1+9—1 . (58)

Remark 5.1 Let 0 be a fixed positive parameter. Then, the above expression shows that
7 =0 (5*1/2> and p' = O (6*1/2) for small § > 0.

This is the same asymptotic behavior of the localization function that is in [6].

3. Optimal (non-separable) localization.

In this paper, we only focus on the problem of minimizing the integrated mean square
error with the class of separable localization functions. The problem of minimizing the in-
tegrated mean square error, within the class of all localization functions, has been analyzed
in [5] in the context of approximating F [e;(Xg)g (Xo+s)]. An optimal (non-separable) lo-
calization function does exist in some convenient Sobolev space, but there was no explicit
characterization of this solution in general. However, in the case of the Brownian motion,
i.e. X =W, it was observed that the optimal separable localization function is also opti-
mal for the problem of minimizing the integrates mean square error with the class of all

localization functions. See Remark 4.3 in [5].

A similar comment is valid for the context of this paper. Following the same proof as
in [5], we see that the optimal separable localization functions for the Brownian motion,
determined in the previous paragraph, solve the problem of integrated mean square error

minimization within the class of all localization functions.

5.2 Numerical results

In this section, we apply our technique to estimate the joint density f(z,y) of (Wpy, Wy4s),

and compare to the exact value

d

flxy) = (2m)7(08) "2 exp <— .

205 (0 + 8)x? — 20z, + 0y12> . (5.9)
i=1

For a fixed number of scenarios M = 200 000, we analyze the impacts of the dimension,

the dispersion between z and y and the time step 0 on the quality of the estimator.
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5.2.1 Impact of the dimension

In order to study the impact of the dimension on our estimator, we fix § = 1, § = 1,
estimate the joint density at the origin (x,y) = (0,0) for d ranging from 1 to 4. We collect
the estimation results together with the comparison to the exact value given by (5.9) in
the following table. The mean and the standard deviation are estimated by their empirical

counterpart on an independent sample of 500 Malliavin based estimations of f(0,0) .

o Mean - Th. value | Std. deviation
d | Mean | Std. deviation | Th. value Th value Th value
Localization by exact 7 and p, see (5.8)
1]0.1592 | 0.7982 1073 0.1592 0.001% 0.48%
2 | 0.0253 | 0.3408 1073 0.0254 —0.03% 1.35%
31 0.040 | 0.1377 1073 0.0040 0.07% 3.42%
41 0.0006 | 0.0566 1073 0.0006 —0.13% 8.82%
Localization by ' = p' = §~1/2, see Remark 5.1
1]0.1592 | 0.6534 1073 0.1592 0.01% 0.41%
2 | 0.0253 | 0.2745 1073 0.0254 -0.06% 1.08%
3 10.0040 | 0.1081 1073 0.0040 -0.25% 2.68%
41 0.0006 | 0.0397 103 0.0006 -0.20% 6.19%

Notice that the mean of the Malliavin based estimator is very close to the exact value.
The above results also show that the quality of the estimator is worsened by increasing

the dimension.

5.2.2 Impact of the dispersion

We now analyze the impact of the distance between = and y. We fix § = § = 1, and
we estimate the joint density f(x,y) for different pairs (x;,y;). We perform numerical
experiments for d = 1 and d = 2. The following table reports our estmation results

together with the comparison to the exact valued obtained from (5.9).

Dimension 1
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x |y | Mean | Std deviation | Th value Mea;}; T\’Eiu\;alue St(;gi;;fut ;on
Localization by exact 7 and p, see (5.8)
0 | 0.1591 | 0.7342 1073 0.1592 —0.018% 0.46%
1]0.0965 | 0.5840 1073 0.0965 0.004% 0.60%
—1[11]0.0131 | 0.2792 1073 0.0131 —0.096% 2.14%
Localization by " = p = 6~ /2, see Remark 5.1
0| 0.1591 | 0.6628 1073 0.1592 -0.007% 0.42%
1| 0.0966 | 0.5424 1073 0.0965 0.04% 0.56%
—1]1| 0.131 | 0.5086 1073 0.0131 0.37% 3.89%
Dimension 2
x y Mean Std. dev. Th val. Mea;h— 'I;l;l val. S;i 3;"
Localization by exact 7 and p, see (5.8)
0,0) (0,0) 0.0253 | 0.3502 1073 | 0.0253 0.06% 1.38%
0,0) (1,1) /v/2 | 0.0154 | 0.2614 102 | 0.0154 0.002% 1.70%
—(1,1) /v2 | (1,1) /+/2 | 0.0021 | 0.0523 10~3 | 0.0021 0.016% 2.52%
Localization by 0’ = pi = §~1/2, see Remark 5.1
(0,0) (0,0) 0.0253 | 0.2913 10~3 | 0.0253 0.0091% 1.15%
(0,0) (1,1) /v/2 | 0.0154 | 0.2240 1073 | 0.0154 -0.0029% 1.46%
—(1,1) /v2 | (1,1) /+/2 | 0.0021 | 0.1052 1073 | 0.0021 -0.0609% 5.06%

The above result confirm the expected conclusion that the quality of the estimator is

worsened by increasing the distance between x and y. Notice that the mean of the joint

density estimator is very close to the exact values.

5.2.3 Impact of the time step

We now fix § = 1 and compute the Malliavin based estimator of the joint density at the

origin (x,y) = (0,0) for different values of the time step 6. We again perform numerical

experiments for the one-dimensional and the two-dimensional case, and we compare to the

exact values given by (5.9).

Dimension 1 : (z,y) = (0,0)
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17

. Mean - Th. value | Std deviation
6 | Mean | Std deviation | Th value Th value Th value
Localization by exact 7 and p, see (5.8)
0.2 | 0.3559 0.0023 0.3559 0.006% 0.63%
0.5 | 0.2251 0.0012 0.2251 0.032% 0.53%
1 |0.1592 0.0007 0.1592 0.022% 0.45%
Localization by ' = p' = 6~/2, see Remark 5.1
0.2 | 0.3558 0.0024 0.3559 -0.017% 0.66%
0.5 | 0.2251 0.0011 0.2251 0.012% 0.50%
1 |0.1591 0.0007 0.1592 -0.026% 0.43%
Dimension 1 : (z,y) = (—1/2,1/2)
. Mean - Th. value | Std deviation
0 | Mean | Std deviation | Th value Th value Th valio
Localization by exact 7 and p, see (5.8)

0.2 | 0.0257 0.87 1073 0.0258 -0.0016 3.37%
0.5 | 0.0731 0.52 1073 0.0731 0.0009 0.71%
1 | 0.0852 0.46 1073 0.0852 0.0004 0.54

Localization by ' = p' = §~1/2, see Remark 5.1
0.2 | 0.0257 0.0012 0.0258 -0.12% 4.83%
0.5 | 0.0731 0.0007 0.0731 0.03% 0.90%
1 | 0.0852 0.0005 0.0852 -0.03% 0.55%
Dimension 2 : (z,y) = (0,0)
L. Mean - Th. value | Std deviation
0 | Mean | Std deviation | Th value Th value Th value
Localization by exact 7 and p, see (5.8)
0.2 | 0.1266 0.0028 0.1267 -0.0081% 2.18%
05 | 0.0506 0.0007 0.0507 -0.0356% 1.47%
1 |0.0253 0.0004 0.0253 -0.0933% 1.39%
Localization by n' = p' = §~1/2, see Remark 5.1
0.2 | 0.1266 0.0029 0.1267 -0.069% 2.26%
0.5 | 0.0507 0.0007 0.0507 0.055% 1.47%
1 |0.0253 0.0003 0.0253 0.023% 1.13%
Dimension 2 : (2!,2%) = —(y',4?) = %(1, 1)




. Mean - Th. value | Std deviation
6 | Mean | Std deviation | Th value Th value Th value
Localization by exact 7 and p, see (5.8)

0.2 | 0.0092 | 0.44 1073 0.0092 -0.14% 4.82%
0.5 | 0.0165 0.33 1073 0.0164 0.15% 2.02%

1 10.0136 0.20 1073 0.0136 -0.01% 1.50%

Localization by ' = p* = 6~ /2, see Remark 5.

0.2 | 0.0092 0.66 1073 0.0092 -0.089% 7.20%

05 | 0.0165 0.31 1073 0.0164 0.037% 1.89%

1 ]0.0136 0.17 1073 0.0136 0.012% 1.29%

The above results show that the quality of the estimator is worsened by shrinking the
time step. This is in agreement with the variance explosion observation of the Malliavin
based estimator observed in [6]. We also observe, as in the previous experiments, that the

mean of the Malliavin based estimator is very close to the exact value.

Remark 5.2 From the examples above, we notice that the standard deviation of our
estimations using 1* = p = 6~/2 is very close to (and even sometimes better than) the
standard of our estimations using the optimal values of n and p. This is due to the fact
that these optimal values minimize the integrated-variance and not the variance of the
joint density for a particular choice of x and y. Notice however that, for a large dispersion
between x and y, or for a small time step d, the optimal values 7 and p produce better

estimators of the joint density.

5.3 Comparison with the kernel method

We next compare the malliavin based joint density estimator to the so-called kernel esti-
mation method. Before reporting the numerical experiments, We start by recalling briefly

the regression methods using convolution kernels.

5.3.1 Kernel convolution regression method

Let Z be a random variable valued in R¥, and let (Zi)i>1 be a sequence of independent
copies of Z. In order to estimate the density function £(z) := E[J,(Z)], we approximate
the Dirac measure ¢, by the function ¢ — b;k1|<_z|§bn, where (by,)n>1 is a sequence of

positive numbers converging to zero. This suggest to approximate ¢(z) by

1 n
bk > Lz—zi<bn -
noi=1
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More generally, given a bounded function K : R¥ — R, satisfying

K(r)dr = 1 and lim |[r]*K(r) = 0,

R4 |r|—o0

we define the approximation of the Dirac measure ¢, :

1 (¢
- sz<h>'

In the statistics literature, K is a called a kernel function, and induces the following kernel

Kn(¢)

estimator of ¢ :
@() = —1 EnK(Z-—)
n(2) = P (2 — 2) .

Under some regularity conditions on ¢ and by judicial choice of the rate of convergence of
(bn)n towards zero, it is well-known that £, (z) is a consistent estimator of £(z). The rate
of convergence decreases dramatically with the dimension, and is always slower than the
parametric rate of convergence y/n. We refer to Bosq [3] for an overview of the asymptotic

properties of 0,

5.3.2 Malliavin versus Kernel joint density estimation

We fix 8 = § = 1, and estimate the joint density by both methods, for d ranging from 1
to 3, at the point (x,y) = (0,u/|u|), where u is a vector of ones. The numerical results

are collected in the following table.

‘ Malliavin Calculus based approach kernel based approach
Std. dev. Std. dev.
d || Th value || Mean | Std. dev. Th valie Mean | Std. dev. Th valie
1 0.0965 0.0965 | 0.57 1073 0.59% 0.0958 | 0.0015 1.54%
2 0.0154 0.0154 | 0.28 1073 1.81% 0.0140 | 0.0005 2.95%
3 0.0024 0.0024 | 0.12 1073 4.96% 0.0018 | 0.0001 3.72%

Notice that, unlike the Malliavin-based estimator, the mean of the kernel based estimator

is far from the exact value. This is due to the fact that the Malliavin-based estimator is

unbiased.

6 Solving the American option valuation problem by quan-

tization

In this section, we focus on the problem of approximating the value of an optimal stopping

problem by the quantization tree method introduced by Bally, Pages and Printemps [1].
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The quantization tree methods consists in approximating a continuous-time process with
values in a continuous state space by a discrete-time process with finite state space. A key
step in this quantization method is to estimate the transition matrix of the approximating
discrete-time process. This is usually obtained by classical Monte Carlo technique. The
main objective of this section is to use instead our Malliavin-based Monte Carlo estimator

of the joint density, and to analyze the performance of this procedure.

6.1 The American option problem

Let T > 0 be a finite horizon, and (2, F,P) a complete probability endowed with a
filtration F = (F;)o<t<7 satisfying the usual conditions. The filtration F; represents the
information available up to time t. We also assume that Fy is trivial and that Fp = F. Let
Y be an F—adapted process valued in Ry. For each t € [0, 7] and w € Q, Y;(w) represents
the reward for stopping at time ¢ in the state w. Our main concern in this section is the

valuation of American options which reduces to the following optimal stopping problem

Up = sup E[Y;], (6.1)
T€To

where 7 is the collection of all F—stopping times valued in [0, 7.

6.2 Discrete-time approximation

Let 0 =1tg <t; <...t, =T be a partition of the interval [0, 7] with mesh maxj<;<p [t; —
ti—1] — 0 as n — oo. One may choose for instance a constant mesh t; = iT'/n. A
natural approximation of the optimal stopping problem (6.1) is obtained by restricting
the maximization to those stopping times with values in {to,...,¢,}. We shall call 7" the
collection of all such stopping times, and

Uy = sup E[Y;]. (6.2)

ey

The convergence of Uy towards Uy holds under mild conditions. Also, it is well-known that
the value of the discrete-time stopping problem (6.2) can be computed by the following
backward induction :

Uy =Y, and U] = max {ni,E[Uﬁrﬂfti]}

n

for i = 0,...,n — 1. Assume in addition that the process Y is Markov. Then we can

rewrite the above backward algorithm in :

Up ==Y, and U] = max{Y;, E[U}}|Y:]}.

20



6.3 Estimation of the discrete-time American option value by quantiza-
tion

We next approximate, at each time ¢;, the random variable Y}, by some random variable Ytl
which can only take a finite number N; of values y; := (yi j)1<j<n,;. This is the quantization

step. A Voroni tessellation of y; is a Borel partition (C} (yi))l<j<Ni of R satisfying

. T B o
Cj(yi) C {yeR : v — Yl 1%%1SnNi’yz,k yl}-

The quantizer of Y}, is defined by :
N;
Y, = Yiilo;wn (Ye) -

j=1

We now turn to the problem of choosing y; :

1. We say that y; is an LP optimal quantizer of Y, if y; solves the problem of minimizing
the LP mean of the approximation error
D; = min E|Y;, - Y|P .
y; ERNi
This approach is presented by [2], and the above minimization problem is solved by means

of a (time consuming) stochastic gradient descent method. The quantity D; is called the

LP-distorsion of the quantizer y;.

2. A random quantization of Y;, consists in choosing N; independent realizations of a
random variable whose support contains the support of Y;,. Given the density function of
Y;,, Cohort [9] provided the density function whose associated random quantization has
the smallest rate of convergence of the distorsion when N; — oo, and proved that this

procedure achieves the same rate of convergence than the optimal quantization method.

We next turn to the problem of approximation of the value of the discrete-time optimal

stopping problem. Set
W;gJ =P Ytkﬂ = yk+17j‘f/tk~ = ykﬂ} )

and define the approximation
n

0" =V, and U = max{zk,mﬁg+l},

where Ul € RM and m; is a matrix with entries 7,7, and the maximum is taken

component-wise.
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6.4 Monte Carlo approximation of the transition matrices

. . .- e ij
We now concentrate on the approximation of the transition probabilities 7. Let (Y(m)) L<m< M

be M copies of the process Y. The classical Monte Carlo estimator of the transition prob-
abilitie w}c’j is given by :
M
2m=1 Lymec, v ecsmsn)

~1,7 Tht1
7Tk =

SM 1
m=1 Yy, €Ci(yk)

As proved in [2], the bigger the N}, are, the smaller the error bounds are. So, in practice, in
order to have a satisfying estimation of the value of the stopping-problem one has to take
a big number of cells for each time step (usually Nj lies between 500 and 2000). When,
we take a big number of cells N, the size of these cells become small and the variance
of the estimators of the transition probabilities ﬁ,i’j becomes large, since the number of
scenarios falling in each cell is small. In order to overcome this problem, we suggest an
approach using Malliavin calculus estimation of the joint density function. recall that the

transition probability from the cell C;(y;) to the cell Cj(yg11) is given by:

/ / frEt (2, y) dedy
- Ci(yr) X Cj (Yr+1)

k
/ £ (2) da
Ci(yr)

where f'%!+1 is the joint density function of ¥;, and Y, ., and ft* is the density function

of Y;,. We will then approximate W]i’j by the following expression:

a0 Frotent (g i yksn )V (Cj(yrsn))

k " Nep1 ’

l; Fteters (yp iy k1) V (Cr(yes1))

where V (C(yr+1)) = fC]_ (W 1) dy is the hyper-volume! of the cell C}(yx1), and flitrn (r1,22)
is the Malliavin based estimator of the joint density E [e5, (X4, ) €2, (Xt ,)] as developed

in the previous sections of this paper.

!This hyper-volume is calculated using the function “convhulln” of MATLAB (www.mathworks.com).
This function uses essentially a free software named “Qhull” that was created by the National Science and
Technology Research Center for Computation and Visualization of Geometric Structures of university of

Minnesota (www.geom.umn.edu/software/qhull/).
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6.5 Numerical Implementation
6.5.1 The model

Let S be a process defined by the multi-dimensional Black-Scholes model :

ds; .
to_ AW i —
5 = rdt + Zadet i=1,...d
7=1
Where W = (W!,..., W%) is a d-dimensional standard Brownian motion and r is a strictly
positive constant and the matrix [Uij}(ij) c<14>2 18 invertible. The reward process Y is
defined by
Y, = e_rtf(St) ’

where f is a non-negative mapping from Ri into R;..

The most important feature of the Black-Scholes model is that for any time ¢ € [0, 7],

the asset price S; is a function of ¢ and the Brownian motion W5 :

d 2 d
S; = S;exp r—g —2” t—l—g oij Wi
j=1 j=1

Therefore, instead of quantizing S;, one can quantize W;. This remark, will be very helpful

in practice.

6.5.2 The numerical scheme

Applying the quantization algorithm to the optimal stoping problem with reward process

Y, we are reduced to the following backward scheme :

utl, = e "t f(s7), i=1,..,N,
) N1 .
i = max(e " f (sF) et —te) 37 T ), k=0,..,n—1,i=1,..., Ny
j=1

Where sf € R? is given by:

d 2 d
of.
k) _ (0 by k
(si>l—(sl)lexp T—Z 5 tk—i-ZUlj (:xl)l
J=1 J=1
and ¥ € R? the i-th scenario (i = 1...N}) of the multi-dimensional Brownian motion

Wtk, k= O, ey N
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For each k = 0,...,n—1,4 =1,...,Ng, and 5 = 1,..., Npy1, we approximate the
transition probability 7,7 by :

g P (g, weg ) V(C(@haa))
o= N
> [ttt (@, 2i1) V (Cl(@k41))
=1
where fi:te+1 (21, 25) is the Malliavin based estimator of the joint density E [exr (Wh,) €20 Wiy ]

as developed in the previous sections of this paper.

Remark 6.1 In the estimator given above, we omitted deliberately to deal with case
where we have unbounded cells (i.e. the periferal cells in the quantization tree methods),

because several solutions can be proposed.

One can for example (like in classical lattice methods) bound his workspace and say that
the probability to find a realization of the underlying process outside a certain domain is

null. Doing so, we transform all our cells into bounded cells.

An other possibility is to use the classical estimation of P (Cj(xy), Cj(2k+1)) when the
2 cells are unbounded. The case where only one of the two cells is unbounded can be
treated in the following way (Suppose for example that C;j(xy) is bounded and Cj(zg+1)

is unbounded): We make the following approximation

// ftk,thrl (x,y) dedy = (/ ftk,thrl (xkﬂ.’y) dy) v (C](a:k))
Ci(2k)xCj(T1) Cj(ek+1)

and we estimate f'%!+1 (x4, y) by making only one Mallivin-integration by part on “the
first variable” (by doing this, we retrieve the framework introduced by Bouchard, Ekeland
and Touzi in [5]).

We tested both methods. The results given by the second one seems to be slighty more

relevant. That’s why we decided to adopt it in the numerical tests below.

6.5.3 Numerical Results

Impact of the dimension In order to test the impact of the dimension, we consider a

FEuropean option and a Bermudan one, on the geometric mean of d assets :

+

d o\
fls) = |K-— <H si>

=1

In the multidimensional Black and Scholes framework, the geometric mean of d non-

dividend lognormal processes is equivalent to a particular lognormal process with a divi-
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dend yield. We give below the features of this process:

T
4 \d
Initial value X (H Sé)
i=1
d d 2
Equivalent volatility o, d% Yol > oy
=1 \j=1
d
Dividend yield ¢ 1B D a% — 02,
ij=1

This allows to obtain the exact value of the price of the European option using the usual
Black-Scholes explicit formula. We also use a 1-dimensional finite difference scheme and
we consider the obtained approximation as the “exact value” of the price of the Bermudan

option.

On the other hand, we price these two options with quantization tree method. We give

below the backward induction allowing for that:

ay, = e " f(s]), i € (1, Np)

n —

2

) ) Ngy1
i = max (I,g, e (ter1—tk) Zl ?r,gfach), ke (0,n—1),i¢€ (1,N;)
j:

where for any k € (0,n — 1) and i € (1,Ng), the quantity I is equal to —oo for the

European option and to f (sf) for the Bermudan one.

The following are the parameters used for the simulations :

instantaneous interest rate r 0.06
volatility o; = 0.3 and p;; = 0.7
maturity T 1

initial values S =36

strike K 40

time step 1/5

We give here, the prices obtained with 6000 scenarios and a stochastic tree of size 300.
Then, we compare them to the results obtained when, we estimate the transition proba-
bilities by the classical approach(We also consider the same 6000 scenarios and the same

300 Voronoi cells at each time step):
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European option

Malliavin Calculus based approach || Classical estimation based approach
d || Exact price || Mean | Std. dev. M Mean | Std. dev. w
Exact price Exact price
1 5.277 5.272 0.024 0.45% 5.283 0.007 0.13%
2 5.064 5.076 0.026 0.51% 5.090 0.009 0.18%
3 4.988 4.991 0.025 0.50% 5.057 0.009 0.18%
4 4.949 4.937 0.023 0.46% 5.082 0.012 0.24%

Bermudan option

Malliavin Calculus based approach || Classical estimation based approach
d || Exact price || Mean | Std. dev. w Mean | Std. dev. w
Exact price Exact price
1 5.657 5.665 0.042 0.74% 5.683 0.0061 0.11%
2 5.426 5.412 0.053 0.97% 5.464 0.0056 0.10%
3 5.347 5.337 0.052 0.97% 5.416 0.0068 0.13%
4 5.306 5.313 0.063 1.19% 5.467 0.0072 0.14%

The above two tables show that the numerical results obtained by the Malliavin based

approach are closer to the exact value. This suggests that the Malliavin based approach

produces a smaller bias than the Bally and Pages [1] one. However, the Malliavin based

estimators typically exhibit a larger estimation error.

More exotic examples

We consider three more examples of exotic American (or more

exactly Bermudan) options from finance. The first one is a put option on the arithmetic

mean of 4 assets

f1(817 827 337 84)

4

the second one is a put option on the minimum of same assets

234)

f2(5178 , 8,8

[K — min(s?,

2

s, 83, st

1
(K — —(s"+ 5%+ s° + 5N,

T,

and the third one is a put option on the maximum of the same assets

folsh 82,5, 5) o= st s s

[K — max(s", s*, s”,
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The parameters used for this simulation are the following :

instantaneous interest rate r

0.06

volatility o; = 0.3 and p;; = 0.8
maturity T 1

initial values Sy =36

strike K 40

time step 1/10

We next provide the values obtained with 6000 scenarios and a stochastic tree of size 300.
Then we compare the results obtained when we estimate the transition probabilities by the
classical approach (We consider two cases: (a) 6000 scenarios and the same 300 Voronoi

cells at each time step or (b) 600000 scenarios and the same 300 Voronoi cells at each time

step):

7 Appendix :

We shall split the proof in various Lemmas. We will use classical calculus of variations

technique. We start by defining ”admissible” perturbations of the assumed solution. Let

Put on

Mean

Std. dev.

Std. dev.

Mean

Malliavin Calculus based approach

Arith. mean | 5.40 0.031 0.57%
Min 8.44 0.058 0.69%
Max 4.07 0.028 0.76%

Classical es

timation based approach (a)

Arith. mean | 5.52 0.020 0.36%
Min 8.59 0.029 0.34%
Max 4.21 0.026 0.62%

Classical estimation based approach (b)

Arith. mean | 5.40 0.0030 0.06%
Min 8.49 0.0034 0.04%
Max 4.06 0.0024 0.06%

Proof of Theorem 4.1

© be an arbitrary function in £5, and « a map from R into R. Set

®ilp,of(x) = a(z’) [ o).

JFi

27




It follows that if o is C', bounded and satisfies a(0) = 1, we have that ®;[p,a] € £5. In
particular, for a(z) =1, z € Ri, we simplify the notation by setting :

Yy = Pilp,1].

Lemma 7.1 For p,% € L%, we define :
Fy = @i(X}), F| = ¢i(Xp), F_iy = ¢i(Xo),
Gi = i(Xp,5), Gi = Vi(Xg,s),G iy = i (Xors),
Notice that F' = F;F(_; and G = G;G(_;). Then, for all (g,h) € H(X), we have that :
§90SMFG) = F;8908" (F_yG) — F} 590 S (F_yG)

= Gi8708" (FG(y) = GI STy 0 Sy (FG () -

Proof. We use the same argument as the proof of Lemma 4.1 in [5]. From (3.2) we have
that :

SMFG) = FS"(F_y)G) - FS[_; (F_yG) .

Then, we deduce the first equality of the lemma from Remark 3.1. By the same Remark,

we also have that :
S90SMFG) = S (GSh(F))
= Gis? (GyS"(F)) — G187 ) (G S™(F))
= GiS70S" (FG(y) = GiS{_y 0 Sy (FG(y)

where the second equality follows from (3.1).

The next step consists in considering the problem of partial minimization.

Lemma 7.2 Let (p,1) be an arbitrary pair of localizing functions in L5 x L3, and fiz a

positive integer i < d. Then the minimization problem

min [9" (®;(p, a),1))) (7.1)

aEC’l}

has a unique solution:

a;(§) = e*"if, forall &€ Ry,
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. E fpoa-s Hy-o (Xeg_i)> Hy (Xg15) S9 0 S" (Fi_y)(2)G(y))* da~)dy 72
o= — — (7.
E [gea—s Hyci (Xo( )> Hy (Xo.45) 890 SP ) (Fioyy(2)G(y))® da(=dy

(=)

F_y(m) == pyp(Xg—2) and G(y) = (Xotrs —Y)
Similarly, the partial minimization problem

;2(;1 19" (0, ®;(¢, B)) (7.3)

has a unique solution:

~

Bi(€) = e PE, forall E€R,

where
i E fRQdﬂ H, (X@) Hy(ﬂ') (Xé:_?) S9 o Sh (F(JU)G(,Z-) (y))2 dxdy(—i) (7 4)
P = —1 AR
E fR2d71 H, (Xp) Hy(ﬂ-) (XéJré)) S(g_l.) o Sh (F(m)G(—i) (y))2 dady(—9

F(z) == o(Xg—2) and G y(y) = ¥ iy(Xors —y) -

Proof. We only report the proof for the partial minimization problem (7.1). The same

line of argument works perfectly for the problem (7.3).

1. We first derive the first order condition which must be satisfied by some potential
solution & of the minimization problem (7.1). Without loss of generality, we assume that

i = & so that ®;(¢, &) = ¢. By the optimality of &, we have

() < I7M(@ilp,d+ 2a), )

for all @ € Cl} and € > 0. By the linearity of the Skorohod integral together with Remark
3.1, this provides :

M) < I9M( @i, 0) + 2T (D5, ), )
2B [ HL(X0)H, (X015 0 8" (¢(Xo = 0)0(Xors — 1)

§9 0 " (@i, a)(Xg — x),9(Xo4s5 — y)) dady.

We next divide by ¢, send ¢ to zero, and observe that the same calculation can be performed

with the function —a. This leads to the first order condition :

0 = E - Ho(Xg)Hy(Xg15)9 0 8" (0(Xp — 2)(Xo15 — )

S9 0 Sh (Pi(p, @) (Xg — 2)(Xgys — y)) dady (7.5)
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for all o € Cg.

2. In this step, we consider an arbitrary a € C,} with compact support, and we work out
the integral with respect to the variable x' in (7.5). Using the notations introduced in the

statement of the lemma, we deduce from Lemma 7.1 that :
[ Ha ()7 0 8 (p(Xo — 20 (Xars — ) 570 5" (@i(. ) (Xo = 2),¥(Xos — 1) o
- / ): {&(Xé — )89 0 §" (F_y(2)G(y)) — &'(Xj — )9 0 S (Fs) (ac)G(y))}
{a(X)—a7)59 0 8" (F_iy(2)G(y)) — o/ (Xf — a)89 0 [ (Fl_y(2)G(y)) } da’
= [ {a@s7o 5" (R (@6w) - @(©)57 0 Sty (Fy@G) )
{a©)87 0 8" (FLi(@)G(y)) — /(€)7o Sty (Fyy(@)G(w)) | de.

where the last equality follows by the trivial change of variable £ = X é — 2'. By Fubini’s
theorem, (7.5) provides :

0 = /OOO {a;ia(€)a(€) + bid (€)d/ (€) + ¢ [a(€)a/ (&) + & (€)a(€)] } dE
= [7 {wala(e) + b’ (e)} e

where we used the fact that «(0) = 0, a has compact support, and the coefficients a;, b;, ¢;

are given by :

a; = E/R?d—l H, (X(S_i)) H, (Xp.5)S908" (F— (ac)G(y))2 dz=)dy
b = E /R L Hyo (Xg‘i)) H, (Xg15) 5% 0 S" (F_iy(2)G(y))? dady
¢ = E / Hoo (X570) Hy (Xou) 90 8" (Fo(2)G(w))

R2d—-1

590 Sy (F(iy(2)G(y)) d'™dydz " dy .

Integrating by parts, and using again the fact that a has compact support and «(0) = 1,

this provides :
/0 {a:4(§) = bid” ()} a(§)de = 0.

Since « is an arbitrary C' function with compact support, this implies that a;& — b;&”
= 0 on R;. Since &(0) =1 and & is bounded, this leads to a unique solution to the first

order conditions :

a(g) = e~ ¢ for all &> 0 with n; = % .
i
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3. Problem (7.1) consists in minimizing a convex function on a convex domain. Then the
above (unique) solution of the first order condition (7.5) is indeed the unique solution of
the problem (7.1).

g

By using repeatedly the decomposition of Lemma 7.1, we obtain the following result

which be useful for the next Lemma.

Corollary 7.1 Let (¢,1) be a pair of localizing functions in L5 x L5.. Then :

S90 5" (o(Xo)p(Xors)) = > > (=D)IH10,0(X9)01) (Xp16)S? ;5" (1) .
leg JeJg

In the following Lemma, we reduce the integrated mse minimization to the class of

exponential separable localizing functions
oy(x) = e for n € (0,00)7.

Let us define the integrated mse problem within the family of exponential localizing func-

tion :

T, p) = I (o, 0p) and w®" = inf J9"(y,p) . (7.6)
(m.0)€(0,00)%

Lemma 7.3 There is a unique solution (1),p) € (0,00)%% to the optimization problem
(7.6), i.e

whh = JOM#H, p) < JOM(n,p) for all (n,p) € RY with (n, p) # (i), ).

Proof. The map (1, p) — J9" (i, p) is strictly convex and lower semi-continuous. Then,

the statement of the lemma holds under the following claim :

cl ({(n,p) € (0,00)% . J9h(n, p) < C’}) is a compact subset of (0,00)%¢ (7.7)

for all constant C' > w%".

It remains to prove (7.7). We fix some positive integer i < d and we denote :

Us(z,y) = Hyo(Xy " VH,(Xg15)S% 0 S™ (o) (Xo — 2)tb(Xors — ) »
Vilz,y) = Hz<—z’>(XgH))Hy(X«9+5)Sg 0 S{ sy (i) (Xo — 2)¢(Xpss — v)) -
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Observe that U;(x,y) and V;(z,y) do not depend on the ¢ variable. Proceeding as in Step
2 of the proof of Lemma 7.2, we see that

X o o ,
1) = B[ [ - U - G — Vi) de'dy

=L /ooo {0i(&)Ui(e,y) = UOVila,y) ) de datdy

Now since ¢(z) = e, we have ¢}(z!) = —n'p;(2?), and therefore
g 1 2 g~
T p) = 5B {Ui(z,y) +niVi(z,y)}* da'™Vdy .
n R2d-1
Now, set B,, := [—n,n|, and use the trivial inequality

1=(2n)"" / dz' > (2n)7! / H,: (X}) dz".

This provides that :

1 .
P > o [ (UG @)l d Oy
moJBt
1 _ _
2 B%d{Ui(x,y)w(é)vi(x,y)}z dedy
where

Ui(,y) = Ho(Xo)Hy(Xo45)57 0 " (p(-5)(Xo — 2)t(Xo45 —y)) |
7z(xay) = Hm(XG)Hy(X9+5)Sg o Sél—z) (90(—1’) (XO — $)¢(X9+5 _ y)) .

By Jensen’s inequality, this provides :

2
I, p) > W{L%E[Ui(w,yHni%(w,y)} dwdy} - (78)
Now observe that
E[U(z,y)] = Elee(Xp)ey(Xoys) = f(z,y)

by Theorem 3.1, and
E[V(e,y)] = B[Ha(Xe,cn (X5 ))ey(Xoss)]

by Remark 3.2. In particular, E [(7 (z, y)] and E [V(ac, y)] are positive and independent of
the pair (7, p). We then deduce from (7.8) that for all constant C' > 0, there is a constant
¢ > 0 such that :

J9Mm,p) < C = ¢ <y <ec.
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By following the same line of argument, we obtain the same result for the parameter p,

completing the proof of (7.7). O
We are now ready for the proof of Theorem 4.1.

Proof of Theorem 4.1 We first show that v9" = w?" implying that the solution of the
problem w9 solves v9". Then, we will show that this solution is unique and derive its

characterization as in the statement of the theorem.

1. Let (¢n,v¥n),, C L3 x L3 be a minimizing sequence of the problem v9" . Using repeatedly
Lemma 7.2, we pass to an exponential minimizing sequence (¢y,,, ¥, ). This shows that

v < w9, The reverse inequality is trivial by definition of w9".

2. The partial minimization problems (7.1)-(7.3) consist in minimizing a strictly convex
functional on a convex domain. This proves that the only possible solution of the first order
conditions for the integrated mse problem is of the exponential type, as in the definition of
the problem w9%". We then deduce that the integrated mse problem has a unique solution
characterized by the first order condition (7.2)-(7.4). The characterization reported in the
statement of the theorem is easily obtained from Corollary 7.1, by observing that ¢'(z?)
= —7'¢(z") and o (z%) = —ﬁ%(:ci), and performing explicitly a partial integration with

respect to each variable z! and 7. O
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