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Abstract

This paper provides a new formulation of second order stochastic target problems
introduced in [22] by modifying the reference probability so as to allow for different
scales. This new ingredient enables us to prove a dual formulation of the target problem
as the supremum of the solutions of standard backward stochastic differential equations.
In particular, in the Markov case, the dual problem is known to be connected to a fully
nonlinear, parabolic partial differential equation and this connection can be viewed as
a stochastic representation for all nonlinear, scalar, second order, parabolic equations

with a convex Hessian dependence.
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1 Introduction

The connection between the backward stochastic differential equations (BSDE hereafter)
and the nonlinear, parabolic partial differential equations (PDE hereafter) is well docu-
mented. Indeed the standard BSDEs, as introduced by Pardoux and Peng [16], are known
to provide a stochastic representation for the solutions of semi-linear PDEs in the Markov
case. In this representation, the diffusion coefficient of the underlying process is the linear
coefficient of the Hessian variable in the PDE. Therefore the connection to fully nonlin-
ear equations require an extension that should allow for stochastic processes with different
diffusion coefficients. Indeed, [7] develops such a generalization to the second order and
also proves a Markovian uniqueness result in an appropriate class. However, no existence
theory is available for this generalization with the one exception in the Markov context. In
this case any smooth solution of the related PDE, if exists, is easily seen to be a solution
of the second order BSDE. A closely related class of control problems, called second order
stochastic target problem was introduced in [22] as well.

In this paper, we provide a new formulation for the second order stochastic target
problems. A better understanding of the target problem is essential for a coherent theory
of second order BSDEs. Indeed, we develop this theory in our accompanying work [25]
including existence and uniqueness results with minimal assumptions.

We continue with the description of the target problem. Let B be a Brownian motion
under the probability measure Py and {F;,t > 0} be the corresponding filtration. For a
continuous semimartingale Z, we denote by I' the density of its covariation with B. We

then define the controlled process Y by,
¢ t
Y=y — / Hy(Ys, Zs,T's)ds +/ Zs o dBg, d(Z,B); = I'ydt, (1.1)
0 0

where o denotes the Fisk-Stratonovich stochastic integration. We assume that the given
random nonlinear function H satisfies the standard Lipschitz and measurability conditions.
Then, for any reasonable process Z and an initial condition y, a unique solution, which is
denoted by Y¥7Z exists. We now fix a time horizon, say 7' = 1, and a class of admissible
controls Z°. Then, given an F; measurable random variable &, [22] defines the second order

stochastic target problem by,
V= inf {y : Yly’Z > £ Py-a.s. for some Z € ZO} . (1.2)

In this formulation, the structure of the set of admissible controls is crucial. In fact, if
20 is not properly defined, then the dependence of the problem on the variable I' can be
trivialized. We refer to [3] for a detailed discussion of this issue in a particular example of
mathematical finance. One of the achievements of the approach given below is to avoid this

strong dependence on the control set and simply to work with standard spaces.



As in many optimization problems, convex duality results provide a deeper understand-
ing and powerful technical tools. Indeed, they are an essential step for the well-posedness of
the second order backward stochastic differential equations, as proved in our accompanying
paper [25]. Motivated by these, we adopt a new point of view for the target problems which
also allows for the construction of the dual. This new formulation differs from that of [22]
in two instances. First, we re-inforce the constraint Yly’Z > ¢ in (1.2) by requiring that
it should hold under various mutually singular measures and not only on the support of
Py. Secondly, the set of admissible controls utilized here is more natural and, as discussed
above, it avoids the technical aspects of [22].

Our reformulation is motivated by the work of Denis and Martini [8] on the deep theory
of quasi-sure stochastic analysis. An important related probabilistic notion, introduced by
Peng [19], is the G-Brownian motion. Here instead of using these two powerful tools, we
employ a direct approach by assuming sufficient regularity. One drawback of all these ap-
proaches is the implicit regularity assumption. Indeed, in all these approaches, integrability
in any power is possible only if the random variable is quasi-surely continuous. This is
a Lusin type of result and is not restrictive when there is only countably many measures.
However, in general, this is an additional constraint. In one of our accompanying paper [23],
we provide an alternative approach through aggregation of random variables. The general
aggregation result of [23] allows us to consider a larger class of random variables but then
the class of probability measures must be slightly restricted.

We believe our approach has several advantages.

- It avoids to redevelop an appropriate theory of stochastic integration from scratch, as
it is done in [8] and [19].

- More importantly, a representation theorem is available in our framework as proved
in [24].

- Finally, by deriving appropriate estimates, it is shown in [25] that one can extend
these concepts to a larger space with regularity conditions. Indeed a similar extension of
G-martingales is given in [9] showing that they cover the same space as in the quasi-sure
analysis of [8].

We next provide an intuitive description of our formulation. For this heuristic explana-
tion we assume a Markov structure. Namely we assume that H in (1.1) and £ in (1.2) are

given by

Ht(y7 z77> = h(taXt7y7 va}l)v § = g(XT)7 (13)

where dX; = dB; and h, g are deterministic scalar functions. Let V°(¢,2) be defined as in
(1.2) with time origin at ¢t and X; = x. As it is usual, we assume that v — h(t,z,y, z,7)

is non-decreasing. Then, by an appropriate choice of admissible controls Z, it is shown in



[22] that this problem is a viscosity solution of the corresponding dynamic programming

equation,

ou

i h (t, z,u(t,x), Du(t, ), D2u(t,x)) =0, u(l,z) = g(x). (1.4)

We further assume that v — h (t,z,7,p, ) is convex. Then,

h(t,z,r,p,y) = sup{
a>0

%a’y — f(t,x,rp, a)} , (1.5)

where f is the (partial) convex conjugate of h with respect to 7. Let Dy be the domain of
f as a function of a. By the classical maximum principle of parabolic differential equations,
we expect that, for every a € Dy, the solution u > u®, where u solves (1.4) and u® is defined

as the solution of the following semi-linear PDE,

ou 1
5 iaD2u(t, x)+ f(t,z,u(t,x), Du(t,z),a) =0, u(l,z)=g(x). (1.6)

In turn, by standard results, u®(t,z) = Y,*, where, for s € [¢,T],

s T T
Xg::H/ al/?dB,., yg“:g(x;)—/ f(r, X8V Z% a) dr—/ Z%a'?dB,. (1.7)
t s t
We have formally argued that VO(t,z) > Y, for any a € Dy. Let A’ is the collection of
all processes with values in Dy. By extending (1.7) to processes a, it is then natural to

consider the problem

Vi = sup Y, (1.8)
acAf

as the dual of the primal stochastic target problem. Indeed, the optimization problem (1.8)
corresponds to the dual formulation of the second order target problem in the Markov case.
Such a duality relation was suggested in the specific example of [21] and can be proved
rigorously by showing that v(¢,z) := V; is a viscosity solution of the fully nonlinear PDE
(1.4). This, by uniqueness, implies that v = V°. Of course, such an argument requires some
technical conditions at least to guarantee that comparison of viscosity supersolutions and
subsolutions holds true for the PDE (1.4).

The main object of this paper is to provide a purely probabilistic proof of this duality
result. Moreover, our duality result does not require to restrict the problem to the Markov
framework.

We should mention that we use weak formulation in our approach, that is, instead of
controlling the state process X in (1.7), our control is the distribution of X* on its canonical
space. See (2.3) below for the precise definition. Such weak formulation is important for

modeling model uncertainty, as in [8] and [19]. In the contexts of stochastic control, which



naturally uses strong formulation, some ideas have already appeared in the literature, see
e.g. El Karoui and Quenez [11] and Peng [18]. In particular, [18] uses the notion of r.c.p.d.
which turns out to be crucial in our approach.

This paper is organized as follows. After introducing the probabilistic structures in
the next section, we provide the definition of the stochastic target problem in Section 3.
Two relaxations, which are also shown to be equivalent to the original problem, are also
introduced in that section. The main duality result is stated and proved in the following
section. Section 5 is devoted to a weaker formulation. An extension is outlined in the next

section and in the Appendix we provide the proofs of two technical results.

2 The set up

Let Q := {w € C([0,1],R?%) : wy = 0} be the canonical space equipped with the uniform norm
|wlloo := supg<t<y |wi|, B the canonical process, Py the Wiener measure, F := {F;}o<i<1
the filtration generated by B, and FT := {F,7,0 <t < 1} the right limit of F.

We say a probability measure P is a local martingale measure if the canonical process B
is a local martingale under P. By Follmer [12] (see also Karandikar [13] for a more general
result), there exists an F—progressively measurable process, denoted as fg BydB;, which
coincides with the It0’s integral, P—a.s. for all local martingale measures IP. In particular,
this provides a pathwise definition of

t
1
(B); := B,BY —2/ BydBT and a; = lim—<<B>t— (B>H>,
0 aiD e

where T denotes the transposition, and the lim is taken componentwise and pointwise in w.
Clearly, (B) coincides with the P—quadratic variation of B, P—a.s. for all local martingale
measures P.

Let Py denote the set of all local martingale measures P such that
(B)y is absolutely continuous in ¢ and éa takes values in S;°, P — a.s. (2.1)

where Sio denotes the space of all d x d real valued positive definite matrices. We note that,
for different Py,IPy € Py, in general P; and Py are mutually singular. For any P € Py, it

follows from the Lévy characterization that the Ito’s stochastic integral under P
t
Wk .= / a;1%dB,, te€0,1], P—as. (2.2)
0

defines a P—Brownian motion. As in [23], we abuse the terminology of Denis and Martini

[8] as follows

Definition 2.1 For any subset P C Py, we say a property holds P-quasi-surely (P-q.s.
for short) if it holds P-a.s. for all P € P.



In this paper we concentrate on the subclass Pg C Py consisting of all probability
measures

t
P :=Pyo (X! where X{:= / al/2dB,,t € [0,1], Py — a.s. (2.3)
0

for some F—progressively measurable process « taking values in Sjo with fol | |dt < o0,
Pp—a.s. We recall from [23] that

Ps—{PEPW:WP—FP}, (2.4)

_ ——P
where T (resp. FW" ) is the P-augmentation of the filtration generated by B (resp. by
WP). Moreover,

every P € Pg satisfies the Blumenthal zero-one law
. . (2.5)
and the martingale representation property.

Notice that a is an F-progressively measurable mapping, that is, for every ¢ the random
variable oy is F; measurable and thus depends only on (ws)o<s<¢. Then we may view the

mapping « as follows:
a:Q—S;% where Q:= {(t,x) t>0,x € C([O,t],Rd)}. (2.6)
Since B is the canonical process, we have a(w) = a(B.(w)).

Lemma 2.2 Let a be an F-progressively measurable process taking values in S;O with
fol lag|dt < oo, Po—a.s. Then there exists an F-progressively measurable mapping Bq :
Q — R? such that

B = B3,(X%), Py — a.s. and W' = ,(B), a(B)=aoB.(B), dtxP*— a.s..

Proof. First, by (2.4) there exists an F-progressively measurable mapping [, : Q — R?
such that B = (,(X¢), Pp-a.s.. It follows from the definition of P* that

(B,W“)HM - (X"‘,B) where W := Ba(B), (2.7)

Po
i.e. the Po- distribution of (B, W) is equal to the Po-distribution of (X, B). Note that

d(B); = ay(B)dt, P*-a.s. and d(X%); = a(B)dt = a0 [, (X)dt, Py-a.s. Then
o A _ e o

(Bea®), = (X B.ao (X)) .

This implies that a(B) = a0 B4(B), dt x P*—a.s.. Moreover, since dB; = a;1/2(B)dXta =

o P(B(X*))dX¢, Foras.. it follows from (2.7) that

t t
W = / oy /2(B(B))dBs = / i, *(B)dB, = Wi, t€[0,1], P*—as.
0 0



Remark 2.3 In the standard stochastic analysis literature, the theory is developed under
the augmented filtration. Because we are working under mutually singular measures, unless
otherwise stated, we shall use the filtration F. We recall from [23] that, for every probability
measure P, every Fp—progressively measurable process X has an F-progressively measurable
version X, i.e. X = X, P—a.s. . Therefore, given P, all processes involved in this paper
will be considered in their F-version. However, notice that such a version may depend on
P. See also Remark 3.6 below. O

Finally we clarify that by the statement “X = X, P-a.s.” we mean that these processes are
equal dt x dP-a.s.. When both of them are cadlag, clearly X; = X;, 0 < ¢ < 1, P-a.s..

3 Second Order Target Problem and Relaxations

In this section, we start with the definitions and assumptions related to the nonlinearity H
and its convex dual. Several spaces used in the paper are also introduced in subsection 3.1.
We then give the definition of the original problem, two relaxed problems and the dual. We

provide an easy first string of inequalities in the final subsection.

3.1 Definitions and Assumptions

Let Hy(w,y,2,7) : [0,1] x Q@ x R x R x Dy — R be F—progressively measurable, where
Dy C R¥? ig a given subset containing 0. We assume throughout that

Assumption 3.1 For allw € Q, H is Lipschitz continuous in (y, z), uniformly in (t,w,)
and it is uniformly continuous in w under the L°°—norm. Moreover, we assume that it is

lower-semicontinuous in y and the conjugate F defined at (3.1) below is measurable.

In the sequel, we denote by A: B := Tr[ATB] for A,B € R¥". We introduce the
conjugate of H with respect to ~ by:

1
Fi(w,y,z,a) := sup {a ty — Hy(w, y, 2,7)} , a€ S;O. (3.1)
Y€EDH 2

We notice that F' is measurable if H is upper-semicontinuous (and hence continuous) in =y
or if Dy is compact, see e.g. [2]. Moreover, since H is uniformly continuous in (w,y, z), the
domain of F' as a function of a is independent of (w,y, z). Thus we denote it by Dp,. By
the uniform Lipschitz continuity of H in (y, z), we know that

F(-,a) is uniformly Lipschitz continuous in (y, z) and uniformly continuous in w,

. (3.2)
uniformly on (¢, a), for every a € Dp,.

Moreover, for our duality result of Section 4, we need to further assume that



Assumption 3.2 There is a constant C such that, for all (t,w,y, z1,22) and all a € Dp,:
Fi(w,y,z1,a) — Fi(w,y, 227a)‘ < C"al/2(zl — 29)]|.
We also define
Fy(y,z) == Fy(y, 2 d;), and F?:= F;(0,0). (3.3)

In order to focus on our main idea, in this section we shall restrict the probability measures
in a subset Py C Pg defined below. We will extend our results to more general cases, as

well as allowing H to take value oo, in Section 6 below.
Definition 3.3 Let Py denote the collection of all those P € Pg such that

dt x dP — a.s. for some ap,ap € Sjo, (3.4)

ap < a < ap,
Eﬂ”[fol (\F,PP + |H9|2) dt} < 0. (3.5)

a
and

Remark 3.4 In our accompanying paper [25] we consider a slightly more general class Pj;
with a parameter x € (1,2]. The Py in this paper coincides with the case k = 2 there. All
the results in this paper can be easily extended to the general case k € (1,2]. In particular,
Theorem 4.5 and Proposition 4.10 in this paper still hold true for general s, which are used
in [25] Theorem 4.6. O

It is clear that a; € Dp,, dt x dP-a.s. for all P € Py, and by (3.2) together with
Assumption 3.2,

’Ft(yl,zl) - Ft(yg,ZQ)} < CO(lyr — yol + |d§/2(zl — 2z3)|), dt x dP-a.s. for all P € Py. (3.6)

Remark 3.5 The Lipschitz continuity in z in (3.6) is implied by the following condition
on H:

’Ht(?J?Zl,’Y) - Ht(yazaaf}/)‘ < C &%/2(2:1 - 22)

, dt X dP — a.s.

for some constant C' which does not depend on (¢, w,y,~). O

We conclude this subsection by introducing the spaces which will be needed for the
formulation of the second order target problems. For any domain D in an Euclidian space
with appropriate dimension, let .°(D) denote the space of all Fj-measurable random vari-
ables taking values in D, and H°(D) the space of all F*-progressively measurable processes
taking values in D. Notice that here we use the right limit filtration F*. For any P € Py,
let DY(P, D) the subspace of H°(D) whose elements have cadlag paths, P-a.s.; I°(P, D) the
subspace of D°(IP, D) whose elements K have nondecreasing paths with Ko = 0, P-a.s.; and
S°(P, D) the subspace of D°(P, D) whose elements have continuous paths, P-a.s.



Moreover, let

= {€eL%D) : E7[le?] < oo},
H2(P, D) := {H € HO(D [fol |Ht|2dt} < oo},
(3.7)
D2(P, D) := {Y e DO(P, D) EP[SupOStgl mﬂ < oo},

H2(IP’, D) := ID)Q(IP’, D)n I[O(IF’, D), SZ(IP’, D) := ]D)Q(IP’, D)n SO(P, D).
and denote
L3(D) == () L*P,D), 0} (D) = () HA(P,D),
PePy PePy

and the corresponding subsets of cadlag, continuous processes, nondecreasing processes:

D%{(D) = nIPe'PH DQ(Pa D)> S%{(D) = m]P’EPH S2GP>7 D)v JAI%I(Z)) = ﬂIP’EPH H2(Pa D)
Finally, let

G%(Du):= () G*(P,Dy), and SM (RY) = () SM%E(P,RY),
PePy PePy

where
1
G2(P,Dy) = {reHO(DH): 5a:r—H(o,o,F)e]HF(I@,R)},

and SM%, (P, R%) c D?(P,R?) is the space of all square integrable (P, F*)-semimartingales
Z with T € G*(P, Dy ), where T is defined by d{(Z, B); = I'; : d(B), P-a.s..

Remark 3.6 We emphasize that in the above spaces we require the processes to be F*-
progressively measurable. This is important because the process V1 in (4.19) is in general
FT-progressively measurable. See also Proposition 4.11 and the paragraph before it.
However, for fixed P € Pg, it follows from the Blumenthal zero-one law that EF[¢| ;] =
EF[¢|F;T], P—a.s. for any t € [0,1] and P—integrable . In particular, this shows that any
F, —measurable random variable has an J;—measurable P—modification. Consequently,

for any fixed P, we may view the processes in IL?(IP, D) as F-progressively measurable. O

3.2 The second order target problem

2
For Z € SMy(RY), it follows from Karandikar [13] that the It&’s stochastic integrals

t t
/ ZsdBs and / BydZ, are defined Py — q.s..
0 0

9



In particular, the quadratic covariation between Z and B is well defined Pgy—q.s. and has

a density process I':
d(Z,BY, = T d(B) = Tiaydt, Py —qs. (3.8)
_—— 9 ~
For any y € R and Z € SM(RY), let Y := Y¥Z € S%(R) denote the controlled process
defined by the following ODE (with random coefficients):

t t
Y, = y/ HS(Y83287FS)dS+/ Zsost
0 0

t 1 t
_ y+/ <2a3;r8—HS(§gjzs,rs)> ds+/ Z4dBs, t € [0,1], Py — q.5., (3.9)
0 0

where o denotes the Stratonovich stochastic integral. We note that the wellposedness of
(3.9) follows directly from the assumptions that T' € G%(Dy), Z is square integrable under

each P € Py, and H is uniformly Lipschitz continuous in (y, 2).

Let ¢ € L°(R). Following Soner and Touzi [22] we introduce the second order stochastic
target problem:

V(€)= inf {y: V{7 > & Py — qs. for some Z € WZ(Rd)} . (3.10)

3.3 Relaxations

We relax the target problem (3.10) by removing the constraint that Z is a semimartingale.
For any y € R, Z € ]I:]I%I(Rd), I e G%{(DH), and P € Py, let Y := YPuZ4U ¢ S2(P,R)

denote the unique solution of:

_ t /1 _ o t_
Y, = y-|-/ (2dszfs — HS(YS,ZS,FS)> ds —l—/ ZsdBs, t €10,1], P—as.. (3.11)
0 0

Here, we observe that the stochastic integral fot ZsdBs may not have a Py—q.s. version, in
general, and thus we can only define (3.11) under each P € Py.

Our relaxed target problem is
V(€) = intf {y . 3(Z,T) € B2, (RY) x G2 (Dy) such that (3.12)
Y’IP’Z”Z’T >¢ P—as. forall P e PH}.

The main duality result of this paper relies on the following further relaxation of the
above target problems. For y € R, Z € H%(R%) and P € Py, let Y := YF¥Z € S2(P,R) be

the unique solution of:

t o t_
Y, = y—l—/ FS(YS,ZS)dsJF/ ZsdBs, te[0,1], P—aus., (3.13)
0 0

10



where existence and uniqueness of Y follows from (3.5) and (3.6). Here, again, the stochastic
integral fot Z,dB, may not have a Py —q.s. version. Our further relaxed second order target

problem does not involve the processes I and I', and is defined by:

V(€)= inf {y 37 € HE;(RY) s.t. YPVZ > ¢ P—as. forall Pe Pu}. (3.14)

3.4 Dual formulation

By (2.5), each P € Py C Pg satisfies the martingale representation property. Let 7 be
an F—stopping time and 1 an F,—measurable and P—square integrable random variable.
By (3.5), (3.6), and the standard BSDE theory, the following BSDE has a unique solution
(V% (r,m), Z%(r,m)) € S(P,R) x H2(P, RY);

VE(rom) =11 - / "B (r,m), ZF(rym))ds — / " ZP(r.m)dB,, P—as.  (3.15)
t t

Now for any £ € IEJ%{(R), our dual formulation is:

v(€) = sup V5(1,€). (3.16)

PePy

By the Blumenthal zero-one law (2.5), we know Y (1,£) is a constant, and thus v(€) is
deterministic.

Our main focus of this paper is to provide conditions which guarantee that the problems
V(€), V(€), and v(€) agree. In order to connect these problems to V(£), we will need an

appropriate reformulation, see Section 5.

3.5 Some preliminary results

In this subsection, we prove a straightforward string of inequalities.

Proposition 3.7 Let Assumptions 3.1 and 3.2 hold true. Then, for any £ € ]IA,%{(R),

Al

V() = V() = V() = v(§). (3.17)

Proof. (i) The first inequality holds true by definition of V and V.
(ii) To prove that V(§) > V(£), let y € R, Z € H2(R?) and T € G%(Dpg) be such that

Yl]PJ’y’Z’F > &, P-a.s. for all P € Py. By the definition of the conjugate function F:

1 _ o . _
5&3 s — Hg(y, Zs, 1) < Fs(y, Zs) forall yeR.

By the comparison theorem for ODEs, we conclude that fﬂp’y’z’r < §:/1P’y’z, P-a.s.. Thus

YIIP’,y,Z > &, P-a.s. and therefore y > 1:7(0

11



(iii) Similarly, to see that V(&) > V(€), we consider some y > V(€) so that there exists
Z e H:]I%{ (R9) such that

M
vV

Yi¥2 > ¢ P—as. forall PePy.
Then, for any € > 0, it follows from the lower-semicontinuity of H in 7 that there exists a

progressively measurable process I' € H°(Dy) such that:

N /= = 1 _ - - _ N /= =
F(Y,Z) —e< 5a:r—H(Y,Z,r) gF(Y,Z).
Then, T € (C%(DH) and it follows from classical estimates on ODEs that there exists a

constant C' such that, with § := y + C'c, we have:
YF,@,Z,I" > ?IIP’,yZ > &, as. forall Pe Py.

Hence § > V(€). Since € > 0 and y > V() are arbitrary, we conclude that V(&) > V(€).
(iv) The final inequality V(£) > v(€) can be proved similarly to (ii) above by using the

comparison theorem for BSDEs. O

Remark 3.8 Consider the Markovian case Hy(y, z,v) = h(t, By, y,z,7) and & = g(By), for
some deterministic functions h,g. Assume in addition that the PDE (1.4) has a solution
u € CH? with appropriate growth. Then, by the classical verification argument of stochastic
control, one can prove that «(0,0) = v(£). Moreover, if H is convex, then it follows from
a direct application of Ito’s formula that u(0,0) = V() = V(€) = v(¢). If in addition
{Du(t, B;),t € [0,1]} € gj\\/lif(Rd), then we also have u(0,0) = V() = V(&) = V() = v(&).
Finally, any optimal P* (if exists) for the problem v(§) satisfies:

1
S D*u(t, By) — H. (-,u, Du, D*u) (t, B;) = F. (-,u, Du,a.) (t, B;), P*—as..
Od

In the non-Markovian case, we shall prove in the next section our main duality result
V(€) = V(€) = v(€) and that the optimal (Z,T), Z, for the problems V(¢) and V(€),
respectively, exist. However, we are not able to prove V(£) = V(€) in general. In order to
obtain a result of this type, we shall introduce a slight modification of these problems by

restricting P to smaller sets, see Section 5 below.

4 The main results

This section is devoted to the proof of reverse inequalities.

12



4.1 Conditional expectation

We first establish a dynamic programming principle to prove our duality result 127(5 ) =v(§).
The understanding of the regular conditional probability distributions (r.c.p.d.) is crucial for
this result. Indeed, let P be an arbitrary probability measure on €2 and 7 be an F—stopping
time. By Stroock and Varadhan [26], there exist an r.c.p.d. P¥ for all w € Q satisfying:

- For each w € 1, P¥ is a probability measure on Fi;

- For each F € F1, the mapping w — P¥(E) is F,—measurable;

- For P—a.e. w € Q, P¥ is the conditional probability measure of P on F, i.e., for every

bounded Fj-measurable random variable £ we have
B (€[Fr)(w) =E7 (), P-as;
- For each w € (),
PL(Q2) =1 where QY= {w’ €N:W(s) =w(s),0<s< T(w)}. (4.1)

The goal of this subsection is to understand P¥ for P € Py. Roughly, we shall prove
that P¥ satisfies the properties of Definition 3.3 on a shifted space, see Lemma 4.3 below.
To do that, we introduce some notations.

- For 0 < t < 1, denote by Q := {w € CO([t,1],R?%) : w(t) = 0} the shifted canonical
space; B* the shifted canonical process on Q'; P} the shifted Wiener measure; F? the shifted
filtration generated by B!.

-For 0 <s<t<1andwe€ O define the shifted path w! € Q:

whi=w, —w; forall relt1];
-For0<s<t<1landw€ Q° @ € Qf, define the concatenation path w ®; @ € Q° by:

(W@ @) (1) := wrlygy)(r) + (Wi + @)L qy(r) for all r € [s,1].

- For 0 < s <t <1 and an Fj—measurable random variable £ on QF, for each w € Q°,

define the shifted F{—measurable random variable £ on Q' by:
Q) == €E(w®p @) forall &€

Similarly, for an F*—progressively measurable process X on [s,1] and (t,w) € [s, 1] x Q%
the shifted process { X}, r € [t,1]} is F!—progressively measurable.

- For F—stopping time 7, we shall simplify the notations as follows:

WRrw = w ®‘r(w) C:), 57’,0.2 = 57("-’)7‘”7 XTwW . — XT(w),w.

13



The r.c.p.d. P¥ induces naturally a probability measure P™ on JF; ©) such that the
P™ —distribution of B™(“) is equal to the P¥—distribution of {B; — Byt € [T(w),1]}. By

(4.1), it is clear that for every bounded and Fj-measurable random variable &,
B[] =77,

We shall also call P the r.c.p.d. of P.

For 0 <t <1, following the same arguments as in Section 2 but restricting to the canon-
ical space €', we may define martingale measures P%* for each F!—progressively measurable
Sjo—valued process « such that ftl | |dr < oo, Ph—a.s.. Let ffg denote the set of all such
measures Pb%, Similarly we may define the density process a' of the quadratic variation
process (B?).

We first have the following result.

Lemma 4.1 Let P € Pg and 7 be an F—stopping time. Then, for P—a.e. w € Q, P™ €

ﬁg(”) and

are (@) = al (@) for ds x dP™ — a.e. (s,@) € [r(w), 1] x Q™) (4.2)

where the left side above is the shifted process of original density process a on € = Qy and

the right side is the density process on the shifted space Q7).

Proof. The proof of P™ ¢ fg(w) is relegated to the Appendix. We now prove (4.2).
Since d(B. — Br); = aidt, P—a.s. then d(B. — B;); = adt, PY—a.s. for P—a.e. w € Q.
Note that, for each w € Q and t > 7(w),

iy (W) = g (w @y W™@) = a7 (W™ W),

This implies that d(B7“)), = a;“dt, P7¥—a.s. for P—a.e. w € Q. Now (4.2) follows from
the definition of 7). |
We next study the r.c.p.d. for P € Pg. For each (t,w) € [0,1] x Q, let

Hﬁ""(dj,y, z,7) = Hg(w @ 0,9, 2,7), Fst’w(d), y,2) = Fs(w @ @,v, 2, &2(&))), (4.3)

for all (s,&) € [t,1] x Q" and (y, z,7) € R x R? x Dyy. We emphasize that in the definition
of F we use the density process a' in the shifted space. This is important in (4.4) below.

However, by Lemma 4.1 we actually have, for P—a.e. w € Q,
Fﬁ’w(d),y,z) = F(w®@,y, 2,04 (0)) = Fs(w R @,y,2),ds x dP"-a.e. (5,0) € [t,1] x Q.

Since H and F' are uniformly continuous in w under the L°°-norm, by Assumption 3.1 and

(3.2), we also have

HY(@,y, z,7) and 4 (5, y, z) are uniformly continuous in w under the L norm. (4.4)
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We remark that Fi(w ®; @,y, z,a5”(@)) is in general not continuous in w because & is not
continuous in w, in general, see Lemma 2.2. Similarly, As a consequence of (4.4), we see
that for any P! € fts

1
E [/ (IHﬁ’w(O)I2 + \Fﬁ’”(O)P) ds} < oo for some w € Q iff it holds for all w € . (4.5)
t
We now extend Definition 3.3 to the shifted space.

Definition 4.2 Let Pl denote the collection of all those P € fts such that

ap < @' <ap, dsxdP— a.e. onl[t,1]xQ for some ap,ap € S;°,

P ! t,w 2 [t w 2 . (46)
E |Ho®(0)]° + |F5“(0)|7) ds| < oo for all or, equivalently, some w € Q.
t

Then we have

Lemma 4.3 Let Assumption 3.1 hold true. Then, for any F—stopping time T and P € Py,
the r.c.p.d. P™ € PIT{(W), for P—a.e. w € Q.

Proof. Let P =P® € Py C Pg. By Lemma 4.1 we have P™ € fg(“), P—a.s. By (3.4) and
(3.5), it holds for P—a.e. w € Q that

ap < aT¥(@) < ap, ds x dP™ —a.e. (s,@) € [r(w),1] x Q™)

1
EP“‘“[/ <|Fs(w ®r ,0,0,a7°(@))]? + [Hy(w ®r @,0,0,0)\2)ds] < .
()

This, together with (4.2) and (4.3), implies (4.6), and thus completes the proof. O
We remark that in this paper we actually use the r.c.p.d. only on deterministic times.

However, the r.c.p.d. on stopping times will be important in our accompanying paper [25].

4.2 The duality result

To establish our main duality result, we need the following assumption on the terminal
data.

Assumption 4.4 £ is uniformly continuous in w under the L°°—norm.

Under Assumptions 3.1 and 4.4, there exists a modulus of continuity function p for £ and
H in w. Then, forany 0 <t <s <1, (y,2) €[0,1] x R x R% and w,w’ € Q, & € O,

[€9(@) = €' @)] < plllw = 'lle) and  [FP2(@,y,2) = 0 (@,9.2)] < p(lw = 1),

where [|wl|s := supg<g<; [ws], 0 <t < 1. We next define for all w € Q:

A(w) := sup A¢(w) where A¢(w):= sup <EP[\§t’w|2+/tl\Fst’w(O)\2d5]>2. (4.7)

0<t<1 PePl,
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By (4.4) and following the same arguments as for (4.5), we have
A(w) < oo for some w € Q iff it holds for all w € Q. (4.8)

Moreover, when A is finite, it is uniformly continuous in w under the L°°—norm and is
therefore F; —measurable.

Our main duality result is:
Theorem 4.5 Let Assumptions 3.1, 3.2, 4.4 hold, and assume further that

EF[|A]Y] < 0o for all P € Py. (4.9)

Then V(€) = V(€) = v(€), and existence holds for the problem V(). Moreover, if F has a

progressively measurable optimizer, existence also holds for the problem V(€).

We first provide several examples that satisfy the hypothesis of the theorem and then

prove it in the subsection 4.4.

4.3 Examples

Example 1 Linear generator. Assume that H is linear in ~:

1
Hi(y,z,7) = ft(y,z)+§at0tT:%

where fi(y,z) and o, satisfy appropriate conditions for our assumptions to hold. Notice

that the domain of F' is reduced to a one-point set:

Ft(?J,Z,a) = ft(y:z)l{a:gta;f}+001{a7$at0;f}'

Then, the present formulation of the second order target problem is clearly equivalent to
the classical formulation under the reference measure P?°" which ignores any uncertainty

on the diffusion coeflicient. O

Example 2 Uncertain volatility models. Set Hy(y, z,v) := G(v) := 3[6%yT — a?~y7], where

1
2
g > o > 0. This is the context studied by Denis and Martini [8]. By straightforward
calculation, we find dom(F;) = [0?,5?], and for any a € [02,6?], F(a) = 0. It is easily
seen that all our assumptions are satisfied. Moreover, we have V(¢) = V(£) = E(¢) for
appropriate random variable £, where E® is the G—expectation defined in Peng [19]. More
connections between this paper and G—martingales are established in our accompanying

paper [24]. O
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Example 3 Hedging under gamma constraints. Let I, T > 0 be two given constants. The
problem of superhedging under Gamma constraint as introduced in [20], [6], and [21], corre-
sponds to the specification Hy(y, 2,v) = H(y) = 302y for v € [-L,T], and +oc otherwise.
By straightforward calculation, we see that F(a) = 3 (T'(a — 02)" + (e — 0?)7). If both
bounds are finite, the domain of the dual function F' is the non-negative real line. The dual

formulation of this paper coincides with that of [21]. O

4.4 Proof of the duality result

The rest of this section is devoted to the proof of Theorem 4.5. From now on, we shall
always assume Assumptions 3.1, 3.2, 4.4 and that (4.9) hold. In particular, we notice that
(4.9) and (4.8) imply that

At(w) < o0 for all (t,w) € [0,1] x Q. (4.10)
To prove the theorem, we define the following value process V; pathwise:

Vi(w) = P VEP(1,€), forall (t,w) e [0,1] x (4.11)
€Ph

where, for any (t1,w) € [0,1] x Q, P € P}, 15 € [t1,1], and any n € L? (P, F,), we denote
yﬁ’“’“’(tQ, n) = yE’tl’w, where (y©!1w, 2F11@) is the solution to the following BSDE on the
shifted space Q' under P:
to to
yBliw — e _/ Fiiw <y£1f’,t1,w7 Zf,h,w) dr — / LU dBh s e [ty ty], P —as.. (4.12)
S

s

In view of the Blumenthal zero-one law (2.5), )}F b9(1,€) is constant for any given (t,w)
and P € P%,. Moreover, since wy = 0 for all w € €, it is clear that, for the VP defined in
(3.15),

YEO(t,m) = Yo(t,n) and Vo(w) =v(§), forallwe Q.

Lemma 4.6 Assume all the conditions in Theorem 4.5 hold. Then for all (t,w) € [0,1] x €,
we have |Vy(w)| < CAy(w). Moreover, for all (t,w,w’) € [0,1] x Q% [Vi(w) — Vi(o)| <
Cp(|lw — w'||t). Consequently, Vi is Fy—measurable for every t € [0, 1].

Proof. (i) For each (t,w) € [0,1] x Q and P € P, note that

1 1
it =g [ B0 g (@ [ Eds s € k), P
S

S

where 7,7 are bounded, thanks to (3.6). Define {W;"',r € [t,1]} from B' exaclty as WF is
defined from B in (2.2). Then

1 1
Yo = € — / |E1(0) + sy ar - / 2 a2 (AW + pdr), P - as.
S S
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Now by standard arguments, it follows from the definition of @ and (2.1) that
1
P < OB e + [ |F0)Pds] < Claw)P
t

Since P € P is arbitrary, we get |Vi(w)| < CA(w).
(ii) Similarly, for (¢, w,w’) € [0,1] x Q2 and P € PL;, denote

! Pt / ’ ~ A ’
- yp’t’w , 0z =z, — 2Pt , 08 =g W §F = Pt — e

Then 6| + |0F5s| < Cp(||lw — w'||¢) and

1 1
Oys = 0€ — / [0F, + 7oy, + nT(&i)%ézr]dr - / §2,dBL, s € [t,1], P—as.

where v,n are bounded, thanks to (3.6) again. Then following standard arguments we

obtain [dy:| < Cp(|lw — &'||¢). Since P is arbitrary, we prove the lemma. O

The following dynamic programming principle plays a central role in our analysis.

Proposition 4.7 Assume all the conditions in Theorem 4.5 hold. Then

Vi (w) = su[z J}E’tl’w (tQ,Vtgl’w> , for all0 <t; <te <1 andw € Q.
PeP;

Proof. To simplify the presentation, we assume without loss of generality that ¢t; = 0 and

to = t. That is, we shall prove

v(€) = sup V5 (¢, V). (4.13)
PePy

Denote (y°,2") == (V*(1,€), 27 (1,¢€)).
(i) For any P € Py, note that

t t
o =of = [ BE - [ b, se o, Poas

S S

By Lemma 4.3, for P—a.e. w € Q, the r.c.p.d. P € PY,. Since solutions of BSDEs can be

constructed via Picard iteration, one can easily check that
YBw) = Y5 (1,€), for P—ae. w e Q. (4.14)
Then by the definition of V; we get
¥ (w) < Vi(w), for P—ae we . (4.15)

It follows from the comparison principle for BSDEs that y§ < V5 (¢, V;). Since P € Py is
arbitrary, this shows that v(¢) < suppep,, Vi (t, Vi)
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(ii) It remains to prove the other inequality. Fix P € Py and arbitrary ¢ > 0. Since § is
separable, there exists a partition Ef € F;,i = 1,2,--- such that ||w — '||; < ¢ for any i

and any w,w’ € Ef. For each i, fix an &; € Ef, and let P} € P}; be an e-optimizer of V;(@;),
P;atﬁbi

fe. V(@) <), +e.
For each n > 1, define P := P™* by:

n
P"(E) := EP { STER (1)1 Etl} Y P(ENED) where B 2 Uy, EL. (4.16)
i=1
That is, P* = P on F;, and its r.c.p.d. (P?)%% = P! forw € E}, 1 <i < n, and (P")tv = P
for w € EP. We claim that

P" € Py (4.17)

The proof is similar to Lemmas 4.1 and 4.3, and thus is also postponed to Appendix.

Now for 1 <i <n and w € E}, by Lemma 4.6 and its proof we see that

Viw) < Vi(@)+ Cple) < YE9(1,€) 4 e+ Cple)

< VP18 + e+ Cpe) = VIV (1 €) e+ Ople).

Here as usual the constant C' varies from line to line. Then it follows from (4.14) that
Vi <wi +e+Cple), P"—as. on U, EL. (4.18)

Let (y™, z") := (y™*, 2™¢) denote the solution to the following BSDE on [0, ¢]:

; t t
Yo = [yf +e+ C’p(e)} Lo g T Vilgn — / F.(y}, z")dr — / 2'dBy,, P—as..
S

S

By the comparison principle of BSDEs we know yg” (t,V4) < y§. Since P" = P on F;, we

have

t t
B [ R [ B s e 0, Poas
S

s

By the standard arguments in BSDE theory we get
158 — 9512 < CEF [e + Cp(e) 2 + Vi — o' P15 .

By Lemma 4.6 and its proof we have |V;| < CA; and |y} | < CAy, P—a.s. Then

N

VeV < < o+ Cle+p(e)) + C(EFIAP 1))

[N

< (O +Cle+pe) +C(E¥lIAPLE])
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Recall (4.9) and notice that Et” | 0. By sending n — oo and applying the dominated

convergence theorem we get
VE(t, Vi) < () +Cle+ple)), forall Pe Py.
Since € > 0 is arbitrary, we complete the proof. O

We next introduce the right limit of the V' which is defined for each (¢,w) and is clearly
F+ —progressively measurable:

Viii= lim V,
reQn(t,1],r |t

Lemma 4.8 Assume all the conditions in Theorem 4.5 hold. Then

V= lim V., Py —q.s. and thus V' is cadlag Py — q.s. (4.19)
reQn(t,1],r |t

Proof. For each P € Py, denote
vE o= V=R,

Then f/tP >0, P—a.s. For any 0 < t; < to <1, let (yPf2,2502) .= (VP (t2, V4,), ZF (L2, V3,)).
Note that Y}, (t2, V3, )(w) = E’tl’w(tg, Vtt;’w) for P—a.s. w. Then by Proposition 4.7 we get
Vi, > yE’tQ, P—a.s. Notice that y™! = y*. Denote

~Pity . Pito P Pt
t = 2t

L—1/2, Pt
Y Ye & — Y a /(Zt : P)-

t — %

Then f/ﬁ > gjf’”, P—a.s. and (g2, 22) satisfies the following BSDE on [0, t5]:

1

to to

Pty _ P P, ~Pts Pt Pt p

gt =V, —/ fs (gg*2, Zg 2)d8—/ Zo2dWg, P —as.
t t

where

f{wy.2) = Fwy+of @), @)+ ) = Flw.sf (@), 4, @)= ().
Notice that fF(0,0) = 0, and fF is uniformly Lipschitz continuous in (y, z). Following
the definition in [17] and [5], V' is a weak f¥—supermartingale under P. Now apply the
downcrossing inequality Theorem 6 of [5], one can easily see that, for P—a.e. w, the limit
limy, cqne,1),r1¢ VP(w) exists for all t € [0, 1]. Note that ¥ is continuous, P—a.s. We get that
the lim in the definition of V¥ is in fact the lim, P—a.s. Then,

V= lim V., t€[0,1], and therefore V7 is cadlag, Py — q.s.
reQn(t,1],rlt
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We are now ready to prove our main duality result.

Proof of Theorem 4.5. We proceed in several steps.
Step 1. We first show that V' is a strong F'—supermartingale under each P € PH For any
P € Py, denote VP := V+ —yF. Given 0 < t; <ty <1, Let 7} € QN (t1,t], 75 | ¢ and

r2 € QN (tz,1],72 | to. WehaveVIP >QP1T’” P—a.s. for any m,n > 1. Send n — oo we

get V;“P > ﬂf i , P—a.s. for any m > 1. Send m — oo, by the stability of BSDEs we get

Vt ﬁPtQ P—a.s. where
Pt P &
gt =V / fo (@ he, zH0)ds — / gHBRaws, P - as.
t

That is, VP is also a weak f¥—supermartingale under P. Apply Theorem 7 of [5], VHE s
a strong f¥ —supermartingale under P. That is, recalling (2.5), for any Fp—stopping times
1,72 with 71 < 72, we have V' > §15™ P—a.s. where

~ T2
gt =vEE - / fo @t zHhmyds — / zHPmAW!, te[0,7), P—as.
t

_ 1/2) -
This implies that VI > g BT P—a.s. where yP P = gt P o PET— at/ (5P +

2} satisfy
P T2 t2
g =V~ / Fy(gPm, 200 ds — / PP dB,, P —as
t t

That is, VT is a strong F —supermartingale under P.

Step 2. For each P € Pp, apply the nonlinear Doob-Meyer decomposition in [17], there
exist unique (P—a.s.) processes Z° € H2(P,R%) and K* € 1?(P,R) such that

t _ t _

Vi =V +/ F,(VH, Z8)ds +/ ZPdB, — Kf, 0<t<1, P—as.  (4.20)
0 0

Remark 4.9 below provides a simpler argument for this result. By Karandikar [13], since V'

is a cadlag semimartingale under each P € Py, we can define uniquely a universal process

Z by d(VT,B); = Z;d(B)4, so that Z = ZF, dt x dP—a.s. for all P € Py. Thus we have

t_
=V /F L Zs) ds+/ ZydBs — K[, 0<t <1, P—as. forall P Py (4.21)
0

Step 3. We remark that VO+ is .7-"0+ —measurable and is not a constant in general. For each
P € Py C Pg, and each r € QN (0, 1], we have Vy > yg)’T, where yg)’T is a constant, thanks
to the Blumenthal zero-one law (2.5) under P. It is clear that lim, o ygp’r = VOJF, P—a.s.
Then Vy > V0+, P—a.s. for all P € Py. Now by the comparison of ODE and recalling
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- _ e+
(3.13) and (4.21), we see that Y1V°’Z > Ylv0 >Vt = ¢ P-as. for all P € Py. Now
by the definition of V(£), we get V(€) < Vo = v(£). This, together with (3.17), proves
V() = V(€) = v(€). Moreover, the process Z in (4.21) is clearly the optimal control for the

problem 1:)(5) Finally, when F' has a progressively measurable optimizer, the existence of

T

the optimal control for the problem V(€) is obvious. O

Remark 4.9 Following a suggestion of Nicole El Karoui, we derive the decomposition

(4.20) by the following alternative argument. Consider the following reflected BSDE:

- 0<t<1l, P—a.s.

v =¢— [ F(VE, Z8)ds — [} Z2dB, + KT - KT,
VP>V P - VKT =o.

By Lepeltier and Xu [14], the above RBSDE has a unique solution and VP is cadlag. Then
it suffices to show that YF = VT, P—as.. In fact, if they are not equal, without loss of
generality we assume l:/OP > V;". For each ¢ > 0, denote 7. := inf{t : vE < V,;" +¢}. Then
T, is an FP—Stopping time and }:/t]}i >V +e>Vt forallt <7.. Then Ky =0, t < 7.,
and thus

_ _ Te . _ _ Te _
vi=vF - / E(YE, Z8Yds — / Z%dB,.
t t

Note that }:/TIE < VT‘! + &, by comparison theorem for BSDEs and following standard argu-
ments we have Y < yaL BTe 4 Ce < Vit + Ce. Since ¢ is arbitrary, this contradicts with
Yy >V, O

We conclude this section by establishing a representation formula for V', which will be

important for our accompanying paper [25]. For each P € Py and ¢ € [0, 1], denote
Pu(t,P) :={P € Py : P =P on F} and Py (t+,P) := {P' € Py : P' =P on F,"}.(4.22)
Then we have

Proposition 4.10 Assume all the conditions in Theorem 4.5 hold. Then, for each P € Py,

Vi = esssup’ yF’(Lg) and V,;© = esssup P yfl(l,f), P — a.s.
P'ePy (t,P) PPy (t+,P)

Proof. Fix P € Pg. Denote

VFP = esssup® VP (1,€) and VED’+ = esssup I (1,€)
P'ePy (t,P) P'ePy (t+,P)

(i) We first prove the equality for V. For each P’ € Py (t,P) C Py, by (4.15) we have
Y < V;, P'—as. Since P’ = P on Fy, then 3 < Vi, P—a.s. and thus VF < V;, P—a.s.
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On the other hand, proceeding as in step (ii) of the proof of Proposition 4.7, we define
P™ for each n,e by (4.16). By (4.17), it is clear that P" € Py (¢t,P). Then it follows from
(4.18) that

P[V; <V +e+Cp(e)] 2 PV <y +e+Cple)] = PlUi<i<nB{] — 1, as n — oo.

That is, V; < V;¥ 4+ & + Cp(e), P—a.s. for all £ > 0. This implies that V; < V¥, P—a.s.

(ii)) We now prove the equality for V. First, for each P’ € Py(t+,P) C Py and
r e QN (t,1], we have y¥ < V,, P/—a.s. Send r | t, we obtain yf < V", P'—a.s. Since
both ¢} and V,© are F;' —measurable and P’ = P on F;", then yf < V;*, P—a.s. and thus
Vit <V, P-as.

On the other hand, for each » € QN (¢,1], since V, = V¥, P—a.s. Following the same
arguments in [25] Theorem 4.3 Step (iii) (we emphasize that there is no danger of cycle

proof here!), we have
there exist P, € P(r,P) such that Y'(1,6) 1V,, P—as. (4.23)
Then, it follows from the stability of BSDEs that
VE(r,Ve) = YF (r, Tim PP (1,€)) = lim VF (r,277(1,)).
n—od n—oo
Since P,, € P(r,P) C P(t+,P), we have
YE(r,V;) = lim yt”<r, y}?’n(1,5)) = lim YP"(1,6) < VP, P—as.

Send 7 | t, by the stability of BSDEs again we obtain V," < VtP’Jr, P—a.s. O

After the completion of this paper, Marcel Nutz provides us the following result which
shows that, under our conditions that F' and & are uniformly continuous in w, actually
V+ = V. However, we decide to keep our original arguments because they are applicable to
more general cases, for example, the case in Section 5 where we do not require the uniform

continuity of F' and &.

Proposition 4.11 (M. Nutz) Assume all the conditions in Theorem 4.5 hold. Then V,© =
Vi, Pu—q.s.

Proof. First, by Lemma 4.6 V™ is uniformly continuous in w with the same modulus of
continuity function p. Since VT is F™—progressively measurable, for any § > 0, we have
Vi (@)= Vi (@) < Cplll—ss). Send 8 — 0 we get [V;F (w) = Vi ()] < Cp(llw— 1)
and thus VT is F—progressively measurable.
By Proposition 4.10, it is clear that VtJr < V4, Pr—q.s. On the other hand, for any
P € Py and P’ € Py (t,P), by the second equality of Proposition 4.10 we have yf’”(l, ) <
V", P'—as. Since both sides of above are F;—measurable and P’ = P on F;, we have
F/(l,g) < V?', P—a.s. Then the first equality of Proposition 4.10 implies that V; < Vt+,
P—a.s. Therefore, V" =V, Pg—q.s. O
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5 A weaker version of the second order target problem

The purpose of this section is to suggest a slight modification of the second order stochastic
target problem so that its value is not affected by the relaxations of Section 3.3. The key
tool for this is the aggregation approach developed in our accompanying paper [23]. The
idea is to restrict our attention to an (uncountable) subset of Py, constructed out of a
countable subset, so that a dominating measure is available.

As a consequence of this modified setup, we shall remove the continuity assumption on
&. However, we still assume the nonlinearity H satisfies Assumption 3.1, in particular, H is
uniformly continuous in w and the domain Dp, of its convex conjugate F' is deterministic,

see Section 6 for the general case.

5.1 The dominating probability measure P

Throughout this section we fix a countable subset Tp C [0, 1] containing the end-points
{0,1}, together with a countable sequence Ay := {a’,i > 1} of deterministic integrable

mappings o' : [0,1] — S;O satisfying the concatenation property:
oLy +allyy € Ay forall i,j > 1,t € Ty, (5.1)

Note that o’ is deterministic, then by Lemma 2.2, @ = o, Pai—a.s., and thus Ag is a gener-
ating class of diffusion coefficients in the sense of Definition 4.7 in [23]. Following Definition
4.8 in [23], let A be the separable class of diffusion coefficients generated by (Ao, Tp). Fol-
lowing Proposition 8.3 in [23], let P(A) C Pg denote the corresponding measures. Then,
by Definition 4.8 in [23],

PeP(A) ifandonlyif a=>» Y algily, .., P-—as. (5.2)

n=0 i=1

for some

e sequence of F—stopping times {7,,n > 0} with values in Ty, with 70 = 0, 7, < Tp41
on {7, < 1}, and inf{n : 7, = 1} < o0,

e and some partition {E",7 > 1} C F,, of Q.

Finally, we assume P := P® € Py and denote Py :=P(A) N Py.

The dominating measure is now defined by
© . .
P o= P = ) 2P (5.3)
i=1

Clearly P is a dominating measure of {P*,i > 1}. By Proposition 4.11 in [23], P is in fact a
dominating measure of P(A), and thus of Pﬁ. Therefore, Pﬁ—q.s. reduces to P—a.s..
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5.2 The second order target problem under P
Recall the spaces defined in (3.7). Let L3(D) := N;>1 L%(P", D), and define the spaces
~ ~ A ~ ~ —92 -
HZ(D), D3(D), S3(D), 12(D), GZ(Dy), and SM(R?) similarly.
Now for an F;—measurable r.v. &, the modified second order target problem under P is:

Vo(€) := inf {y eR: Yly’Z > ¢, P—as. for some Z € g./\\/li(]Rd)} , (5.4)

where Y%7 € SZ(R) is defined by (3.9), except that Py—q.s. is replaced with P—a.s. (or
equivalently, Pﬁ—q.s.)

Next, notice that the families of processes {Y¥' i > 1} and {Y*',i > 1}, defined by
(3.11) and (3.13) respectively, can be aggregated into processes Y and 1:/, thanks to Theorem
5.1 in [23]. We then define the following relaxations of (5.4):

Vo(§) := inf {y : }_/y’Z’f > ¢, P —as. for some (Z,T) € H3(R?) x G%(DH)} , (5.5)
Vo(§) = inf{ Yy’ > ¢, P —a.s. for some Z € H%(Rd)} . (5.6)
Finally, our modified dual formulation under P is:

v () == sup Vy(1,), (5.7)

PePH

where )* is defined by means of the BSDE (3.15). Similar to (3.17), it is obvious that

Vo(€) > Vo(€) = Vo(€) > wo(6). (5.8)

5.3 The main results

In the present modified setting, we have the equality between the second order target

problem and its first relaxation. For this, the following technical condition is needed.

Assumption 5.1 For anye > 0, there is an F-progressively measurable e—mazimizer v° :=
i (y, z) of (3.1) such that, for every 6 >0,

1 (y, 2)| < Ces (1 + |yl + |2]), P— as on {a; > 614}, for some Cc5 > 0.

Similar to (4.7), for each ¢ > 1, define

A% = ess suﬁiAi, Al:= esssup’ <EP [[§|2 / |E5(0 |2]> , (5.9)

0<t<1 PPy (t,P)
where, as in Proposition 4.10,

P#(t,P)) ;= {P e Pj; : P=P on F}. (5.10)
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Theorem 5.2 Let Assumptions 3.1, 3.2 and 5.1 hold true. Assume further that
Epi[\AiP] < oo, foralli>1. (5.11)

Then for any ¢ € L2(R), we have Vo(€) = Vo(€) = Vo(€) = wo(€), and existence holds for
the problem 170(5). Moreover, if F' has a progressively measurable optimizer, existence also
holds for the problem V().

This main result Vo(§) = V(&) will be proved in next subsection. The equality Vo(§) =
Vo(€) was already stated in (5.8). The remaining statements are analogous to the proof of

Theorem 4.5. We thus omit the proof and only comment on it:
e we first define for every ¢ > 1 the dynamic problem:

V= esssup® V7(1,9), (5.12)
PEPHA(L,P?)

where J¥ is defined by means of the BSDE (3.15) and P#(t, P?) is given in (5.10). In
light of Proposition 4.10, this is the analogue of the process V' in (3.10), except that
this is defined P!—a.s. for every i > 1. However, using the aggregation Theorem 5.1 in
[23], we can aggregate the family {V* i > 1} into a universal process V, i.e. V = V¥,
Pi—a.s. for all i > 1.

e Combining the arguments of Lemma 7.2 in [23] and Proposition 4.7, we have the

dynamic programming principle:

Vi, = esssup P y}f (t2,Vi,), P'—a.s. forall i > 1.
PePA(L,P?)

e Exploiting the connection with reflected BSDEs, we then obtain the decomposition
(4.21) under each P!, and we conclude by the definition of the problem Vy(€).

Our final result shows that, except for the initial second order target problem, under

certain conditions all other problems are not altered by the modification of this section:

Theorem 5.3 Let Assumptions 3.1, 3.2, 4.4 hold, and assume further that
- F is uniformly continuous in a for a € Dp,, and for all (t,w,y,z) and all a € Dp,:

@) < C(1+|lwlh) and |Fyw,y,20)] < C(1+ [l + ly| + |2] +[a'/?]), (5.13)
- 73}_‘} is dense in Py in the sense that for any P =P € Py and any € > 0:
1
EFo [/ (a5)1/2 — ag/ledt] <e for some P° =P ¢ P#. (5.14)
0

Then vo(§) = v(§) and thus vy(&) is independent from the choice of the sets Ay and Tp.
Assume further that Assumption 5.1 and (4.9) hold. Then

Vo(€) = Vo(€) = Vo(€) = wo(€) = v(€) = V(€) = V(&).
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Proof. By (3.17), Theorems 4.5 and 5.2, clearly it suffices to prove the first statement.
Since Pf; C Pu, we have v9(¢) < v(£). Now for any P = P* € Py and any £ > 0, let
P = P € Py satisfy (5.14). Recall the WT defined in (2.2). Notice that

1 1
YP:g(B)Jr/ FS(B.,Y;P,Zf,aS)ds—/ ZFal2awF 0 <t <1, P—as.
t t
Let (Y?, ZF) denote the solution to the following BSDE under Py:
YE =¢(X*) + / F (X YE ZF a,)ds — / ZFal?dB,, 0 <t <1, Py —aus.,
t t
By Lemma 2.2, the P—distribution of Y is equal to the Py—distribution of YP. This,

together with the Blumenthal zero-one law, implies that Y3 = 1701[». Similarly, Yy = YOPE,
where (Y7, Z57) is the solution of:

1 1
VE = e(x™) +/ Fy(X* Y, 75 af)ds —/ ZE (a5)Y2dB,, 0 <t <1, By —as.,
t t
By Proposition 2.1 from El Karoui, Peng and Quenez [10], we deduce that

Yo =Yg P =Yy -5

1
< CEPO |:‘§(Xa) _g(ng) 2+/ ‘Ft(Xf)l?}/;fP?Zgn?at)_Ft(ngayvtpvZF7Q§>
0

2
dt} |
By (5.13) we have

[£(X)] < CIX < CIX | + O X = X
Fu(X2VF, 25 af)l < (1K N+ 1971+ 128 | + g /?)

< O+ [ 4127 + ol 2) 4+ O (1X = X2+ fof — au]2).

It follows from (5.14) that EF[supgc,<; |Xf — X9 2] < e. Then [£(X*7)[? is uniformly
integrable under Py and |Fy(X®", Y, ZF a%)|? is uniformly integrable under dt x dPy. Now
by the uniform continuity of ¢ and F we get lim._o|Yy — Yy | = 0. This implies that
Yy < vp(€) for all P € Py, and therefore, v(€) < vp(€). O

A sufficient condition for the uniform continuity of F' in terms of a is that Dy is bounded.

We next provide a sufficient condition for the density condition (5.14).

Proposition 5.4 Let Assumption 8.1 hold and suppose that the domain Dp of F is inde-
pendent of t. Assume further that Ty is dense in [0,1], and there exists a countable dense
subset A C Dp such that, for all a € A, the constant mapping a is in Ag. Then Pﬁ 18
dense in Py in the sense of (5.14).
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Proof. (i) We first prove that P € Pﬁ for any « taking the following form:

There exist 0 =tg < --- < t, = 1 in Ty and a finite subset A,, C A s.t. (5.15)
o= Z:-L;Ol a1, 100 T o, 1ig,y and o takes values in Ap,.
In fact, since A, C S7 0 is finite, then o has both lower (away from 0) and upper bounds,
and thus P® is well defined. Using the notations in Lemma 2.2, we set a := « o (,.
Clearly a = Z?:_ol at; i, 1,00) + at, 14,y and a also takes values in A,. By Lemma 2.2
we know a = a, dt x dP*—a.s. and P® satisfies (3.4). Then it follows from (5.2) that
P € P(A). Moreover, by numerating A, = {a’,i = 1,--- ,n}, we have a = > 1 | a'lp,,
where E; := {w : a;(w) = a’,0 <t <1}, i =1,--- ,n, form a partition of ;. By Lemma
5.2 in [23], we know P* = P9 on Ej, ie. P*(ENE;) = PY(ENE;) for all E € F,. Since
each P%' € Py satisfies (3.5), then so does P*. This implies that P* € Py, and therefore,
P € Py
(ii) Now fix P* € Py. Since a € Dp, dt x dP*—a.s. by Lemma 2.2 we know o € Dp,
dt x dPp—a.s. For any ¢ > 0, since EFo [fol loy|?dt] < oo, by standard arguments there
exists [F—progressive measurable cadlag process af such that of takes values in Dp and
EFo [fol ()2 — (at)1/2|2dt] < e. Now by the dense property of Tp and A, there exists
&° in the form (5.15) such that EFo [fol (65)Y/2 — (a5)Y/?|?dt] < e. Then EFo [fol [(a5)1/2 —
(ay)/2|2dt] < Ce. Since P¥° € P# by the above (i), the proof is complete. O

5.4 Proof of Theorem 5.2 (Vy(&) = Vy(€))

The proof requires the following extension of Bank and Baum [1] to the nonlinear case.

Lemma 5.5 Let hy(w,x,2) : [0,1] x Q@ x R x R? — R be F—progressively measurable,
uniformly Lipschitz continuous in (x,z), and h(0,0) € H2(R). For a process Z € HZ(R?),
let X7 ¢ S%(R) denote the aggregating process of the solutions to the following ODE (with

random coefficients) under each P*:
t t
XtZ = x+/ hs(XSZ,Zs)ds—i—/ ZsdBs, 0<t<1, P—a.s.
0 0

Then for any € > 0, there exists Z° & H%(Rd) with finite variation, P—a.s. such that

. R
sup |X/ — X7 <e, P—as.
0<t<1

Proof. Recall (3.4). For i > 1, let C; = C;(api,api) > 1 be some constants which will be
specified later. Note that (3.4) implies a'/?Z € H2(P!,R?). Define P := 3°°, 14P*, where
v1:=1-3%2,1;>0, and

1 : , !
- ::QZCi{lJrEZ{ sup \th\2+/ [|Zt12+\a§/22t|2+|ht<o,0)\2]dt}}, for i >2. (5.16)
) 0

Vi 0<t<1
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Then P is probability measure equivalent to P, Pi < v P, and
X% e S*(P,R), and Z, a'?Z e H*(P,RY). (5.17)
Obviously it suffices to find Z¢ € H?(P,R) such that

Z¢ has finite variation and sup | X7 — X7?| <e, P—as.
0<t<1
1. Denote X := XZ. As in Bank and Baum [1], we first prove that, for any F—stopping
time 7 and any X,,Z, € ]LQ(IP’, F;), there exists a process Z°7 € H2(P,Rd) such that

Z7" = Z., Z5T is absolutely continuous in ¢ with finite variation on [r,1], and

INP’[ sup e LED|X5T — Xy > e+ | X, — XT|] < ¢ (5.18)
T<t<1

where L is the uniform Lipschitz constant of h with respect to x, and
X, =X, —|—/ hs( X7, Z27)ds + / Z77dBs, t>T1, P—as. (5.19)
T T

For simplicity we assume 7 = 0 and X, = &, Z, = 3. Set Z; := % for t < 0, and define
Zp = nftt_l Zgds for everyn > 1. Then Z' = 2, Z" is ¢
and, by (5.17),

is continuous in ¢ with finite variation,

n—oo

lim E@{ /Olnztn —Z + a2 - Zt)|2]dt} ~0.
Let X" and X be defined by Xy = Xy = # and:
dXP = hy(X[, ZM)dt + ZPdBy,  dXy = hy(Xy, Zy)dt + ZdB.
By the Lipschitz property of h, it follows from standard estimates on SDEs that

lim Eﬁ’{ sup | X7 — thzdt} =0 and e X, - X, < |-zl

Then, for any € > 0,

I@’[ sup e VXD — Xy > e+ |7 — xq < I@[ sup e X — Xy| > 6]
0<t<1 0<t<1

< IF’[ sup \Xt”—f(t|25} — 0, as n — oo.
0<t<1

By setting Z57 := Z™ for n large enough so that the above probability is less than e, we

complete the proof of (5.18). By our construction, notice that
75T € L*(P, F,s) for every F—stopping time 7’ > 7. (5.20)
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2. In this step, we construct a sequence of F—stopping times (7;);>¢ which yields the
required approximation (X¢, Z¢). We initialize our construction by 7y := 0, Xy = X, and
Zy arbitrary. Let € > 0 be fixed, and set &, := 2 "¢ Le.

Assume 7; is defined and (X¢, Z%) have been defined over [0, 7] with Z: € L2(P, Fy,).
By (5.18) there exists Zit! € H2?(P,RY) which is absolutely continuous in ¢ and has finite

variation on [7;, 1] such that Zﬁjl = 7% and

P{ sup e HTTIXTT - Xy > epp0 + | X5, — Xn’} < €it1,
7, <t<1
where {X;*!,¢ € [r;, 1]} is the solution of the ODE (5.19) with initial condition X&' = X¢ .

Denote
Tix1 = 1 Ainf {t > T 67L(tin)|Xti+1 - Xt| =¢&i+1 t |X7E.Z — X’Fz‘} R
and define

X=X 78 =7 Ve (m, i)

)

In particular, it follows from (5.20) that Z7., € L2(Pvfn+1)~

We remark that, although the filtration F is not right continuous, since th‘+1 — X, is
continuous, the 711 defined here is an F—stopping time. Since ) .=, fP(Ti <1) <Y Xie<
1, it follows from the Borel-Cantelli Lemma that P(r; < 1,Vi) = 0. That is, (X<, Z¢) is
well-defined on [0, 1] and Z°¢ is absolutely continuous in ¢ and has finite variation on [0, 1].
Moreover, for t € [1;, Ti11],

CL(t—7s
sup e PUTTIXE - Xl < e + IXE - Xq .
T <t<Tiy1

Then

sup e_Lt]Xf - Xy < e LTigi 1 + e_LTi]X% - X5l < €1+ e_L”\Xii - X5
T <t<Tit1

o
By induction one can easily see that sup e X7 — X;| < Z g; = ¢ e, and then:
0<t<1 ,
== =1

sup |Xf— Xy < &, P-—as.
0<t<1

3. It remains to check that Z¢ € HQ(]IND, R%). For any i,j > 1, note that

7j 7j ,
X; = X¢, _/t he(XE, Z%)ds —/t ZdB,, t<rtj, P'—as.
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By the Lipschitz continuity of h and (3.4), and following standard arguments one can easily

see that, for some constant C; > 1:

i i i i
B[ 1zipa) < GET[xG R [T 0.0

IN

) 1
Ci]EPZ[ sup |Xt|2+52+/ |ht(0,0)|2dt}, for all j > 1.
0<t<1 0

Set C; in (5.16) to be the above constant C;. Then by sending j — oo, we get

1
; 1
EP[/ \Zdet} < 5o, foralliz2.
0 Vi

Then
_ ol oo . 1 ) 1 o
EP/ [|Z§|2dt] => uEF [/ |Zf\2dt] < yE" [/ |Zf|2dt} +) 27 < o0,
0 i=1 0 0 i=2
This completes the proof. O

Proof of Theorem 5.2 (Vo(€) = Vo(€)). In view of (5.8), we only need to show that Vy(¢) <
Vo(€) when Vy(€) < oco. For any e > 0, there exist § < Vo(€) + € and Z € HZ(R?) such that
the corresponding Vi = f,ly,Z > ¢, Pas. Set j:=§+¢cand Z := Z. By Assumption 5.1,
we may find T' € G2(Dpy) NH2(Dy) such that the corresponding ¥y := ?1Q’Z’f > ¢, Pas.
Denote for ¢ € [0, 1]:

t t
Ay :_/ T.dBs, (:=2i—2, Y ;_/ Z%dB,, X;:=Y;-Y2,
0 0

and

hi(w,z,z) = %dt(w) Ty(w) — Hi(w, z 4+ Y2 (w), 2 4+ Z0 (w), Ty (w)).

One easily checks that h satisfies the conditions of Lemma 5.5, and X = X¢. Then, there
exists ¢° € S3(R%) with finite variation over [0, 1] so that:

sup |X§E — Xy <e, P— as.

0<t<1
Set Z¢:=(c+ 29, Ve := X< + YO and observe that d(Z¢, B), = d(Z°, B), = Tydt, P—a.s.

2

Therefore, Z¢ € SM,(R%). Setting y := ¢, one can easily check that Y satisfies (3.11) for
given (y, Z%,T'). Notice that (3.11) coincides with (3.9) for given T', we have Y& = Y¥Z",
Then

Y¥Z YV = X< — X and thus sup |Y;5y’Z8 — Y| <e, P—as.
0<t<1
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Let L denote the Lipschitz constant of H with respect to vy, and set y° := y 4+ eFc. Then
15 € € t 1> € €
Yty "z _Y;y,Z _ eL5+/ As (ysy Z _ysy,Z )ds,
0

e 7€ € 1
where |As| < L. This leads to V¥ — Y#% = eleelo Mdt > ¢ and thus:

YlyE’ZE > Yly’ZE +e>V>¢ P—as.
Therefore Vo(€) < y+ ele < §+ (14 eF)e < Vo(€) + (2 4 eb)e. Since ¢ is arbitrary, this
provides the required result. O

6 Extension

In this section we extend our setting in Section 3 by considering Pg instead of Py and by
removing the constraints on the domains of H and F'. In view of the length of this paper,
we shall only formulate the extended problems heuristically and will not report the details.
However, all the results in this paper can be extended to this new setting.

Let Hy(w,y,2,7) :[0,1] x @ x R x R x R¥*¢ — RU {00} be a measurable mapping, and

Fi(w,y,z,a) = sup {;a:’yHt(w,y,z,v)}, CLGS;O,
~ERdxd

be the corresponding conjugate with respect to v which takes values in RU{oo}. We assume
Dy, , the domain of H in , is independent of (y, z) and contains 0, H is uniformly Lipschitz
continuous in (y, z) and lower-semicontinuous in v for all v € Dp,, and F' is mesaurable.
Then the domain Dp, of F' in a is also independent of (y, z), and F' is uniformly Lipschitz
continuous in (y, z), for all a € Dp,.

Recall the notation Fto = Ft(O, 0), and define the increasing sequence of F—stopping
times

t
Tn :zl/\inf{tZO: /FsodsZn}, n>1; and 7:= lim 7,. (6.1)

0 n—oo

Notice that

1 1
/ FVds < oo on U {7 =1} and / F%s = 0o on ﬂ {7 < 1}. (6.2)
0 0

n>1 n>1

We shall assume further that

EF [/ |F£|2ds} < oo for all P € Pg and n > 1.
0
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For the present extended setting, we introduce the space L2 (R) := mPesz‘?(Pv R), together
with

BRY = () HLER) = () ) {Z; AT GHQ(P,Rd)},

PePg PePg n=1

N 1

Gh(Dw) = () Gh® D) == () N {r: (gdZF—H(QOyF))l[Oﬁn]GHQ(PaR)},
PcPs PePgn=>1

and the corresponding spaces for continuous processes (resp. semimartingales): X €
$(R) := Npep, SLo(P,R) (resp. SM (RY) i= Mpep, SMP.(P,RY)) iff for every n > 1
and P € Pg, X rz, € S*’(P,R) (resp. SM?(P,RY)).

Now given £ € ]I:Q(R), the second order stochastic target problem is defined by

V(&) := inf {y : Yly’Z > ¢, Ps —q.s. for some Z € g./\\/l2(Rd)} ,

where Y := Y¥Z € §%(R) is defined by the following ODE (with random coefficients):

t t
Y, = y/ HS(YS,ZS,FS)ds+/ Zs0dB,, t<7, Pg—q.s.
0 0
Y; = lim Y; on U{i’n =1}, Yi:=ocforte[7,1] on m{?n <1}
n—oo
n>1 n>1

Similarly, the extended relaxed problems are:

V() = inf {y :3(Z,T) e H2(R?) x G4 (Dy) s.t. Ylp,y,Zj >¢ P—as foralPe 55} ,

1:)(5) ;= inf {y 37 € H2(R?) s.t. }:/1]?’1"2 >¢ P—as. forall Pe fs} )

where YP := YP¥Z1 and P .= YP¥Z are defined by

VP o= g4 /Ot @Fs;as _ HS(YSP,ZS,FS)> ds + /Ot Z.dB,, t <7, P—as.
vE = n11_>H010 VY on U{f'n =1}, YF:=occforte[?, 1] on m {Tn <1}
t n=t t net (6.3)
YE = y+/ FS(YSP,ZS)ds+/ Z. B, t<#, P—as.
2 nlirgo %5 on U {Tn = 1}? VP = oo for t € [#,1] on m {Tn < 1}
n>1 n>1

Finally, we remark that P[U,{7, = 1}] = 1 for all P € Py. The dual formulation in
this extended setting is the same as the original v(§) defined in (3.16). That is, for dual
formulation we still use Py, instead of Pg. Under certain technical conditions, again we
can show that V(&) = V(€) = v(€). Moreover, if we extend the weaker version in Section 5

analogously, similar results will still hold.
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7 Appendix
In this Appendix we prove Lemmas 4.1 and Claim (4.17). We shall use the notations of
Lemma 2.2.

Proof of Lemma 4.1 (P™* € fg(“)). Let P = P® € Pg be given. We emphasize that we shall
consider both the strong formulation (B, X®) under Py and the weak formulation (W, B)
under P. We prove the lemma in four steps.

Step 1. We first proceed in the strong formulation. Let 7 be an arbitrary F—stopping

time. Since B has independent increments under Py, it is clear that

(Pg)™ = Pg(w) for Py — a.e. w € QL. (7.1)

Since fol |as(w)|ds < oo, Po—a.s. clearly [2

() lal*(@)|ds < oo for Pg—ae. w € Q and
P, —ae. © € Q7. Then
P € fg(“) for Pp—a.e. wel (7.2)
Step 2. We construct the r.c.p.d. for P in weak formulation. Define
Fi=70X® and a™¥ :=a P (7.3)

One can easily see that 7 is also an F—stopping time. By the definition of P* and the
definition of the mapping (3, in Lemma 2.2, we have 7 = 7 o (4, P*—a.s. Then it follows
from (7.2) that

T

P € fg(“’) for P*—ae wed (7.4)

Step 3. We show that P = P for P—a.e. w € 2, by assuming the following claim
which will be proved in Step 4 below:

EIPC' [SO(Btl/\Ta o ,Btn/\r)1/}(Bt1, T aBtn)] = ]EIPa |:90(Bt1/\7'5 o 7Btn/\7')¢7'i| (75)
for any 0 < t; < --- < t, <1 and bounded and continuous functions ¢, ¥, where,
Ur(w) == EF* [w(w(tl), s w(ty),w(t) + Bfkﬂ, e w(t) + Bfn)} for t := 7(w) € [tg, thr1).

Indeed, if (7.5) is true, then by the arbitrariness of ¢ and (t1,--- ,t,), it follows from
the definition of r.c.p.d. that, for P¥—a.e. w € Q and for ¢t := 7(w) € [tk, tkt1),

Gr(w) = BT [ (w(tr), - wltn),w(t) + Bl w(t) + BL,) . (7.6)

We remark that the exceptional P*—null set is supposed to depend on ¢ and t; < --- < t5,.

However, by standard approximating arguments, one can easily choose a common null
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set. That is, there exists a P*—null set Ey such that, for any w ¢ Ep, (7.6) holds for all
(t1,--- ,t,) and all bounded continuous function . This clearly implies that, for w ¢ Ey,

EF“[n) = EP [n] for all bounded and F; ) _ measurable random variable n.

Then P™ = P¥™ | for P—a.e. w € Q. This, together with (7.4), proves that P™ ¢ P;(w),
for P—a.e. w € Q.

Step 4. We now prove (7.5). For t := 7(w) € [tg, t)s1), by definition of P we have
(w b1
vrw) = B [pult) o wtw®+ [ @@PO)haBTe,
t
t"L
+/ Tﬁa w) 2dBT(u.J))]
t
Then, for each w € Q, when ¢ := 7(w) = 7(X*(w)) € [tk, tr+1)s
a PT(W) a a a s 7wy i 7(w)
w(X@) = B (XA, X @) Ko@)+ [ ()R,
tn i
X+ [ @l)aB )
¢

note that (IPp)™—distribution of (B™@) ol (B7®)) is equal to the (Py)¥—distribution of
(B. — Bz (), ™ (B. — Bj(,))). Recall (7.1), and note that, for each w € €,

(W) = aw @) W) = al (W),
Then
®o)2 .
P (X%w)) = EV7 [w(XtO; (w), -+ ’Xi(w)aXta(w) +/t (avs)
tn 1
X (w) + /t (03 (B)dB,)]
— RE® WX;:,... XX ,X&)}

— EPOW(X%,... XPLXP L LX)

NI

(B.)dBs,- -,

7:;-] (w), Pg—ae we.

Then

dl

)
)
_ gP [@(Xfim'” L XE ) ER [lb(th, XX X
B (X X (XE o X XE e X0

)

= EPO‘ |:<10(Bt1/\77"‘ 7Btn/\7 ¢(Bt17"' ’Bt")}.



This proves (7.5) and hence the lemma. O

Proof of Claim (4.17). Let P = P® and P} = P’ for appropriate a and o', i = 1,--- ,n.
Define

Qg = asl[gvt)(s) + [ZO&;]_E%(X&) + OLSIEZL(XQ) 1[t,1}(5)-
=1

Following similar arguments as in the proof of (7.5), one can easily show that, for any

0<ti < - <tp=1t<tgy <--- <ty and any bounded continuous functions ¢ and ¢,

n .
EIP& [SO(Btla"' aBtk) EEPat [@Z}(Btla"' aBtkaBt—i_Bg]H_l"” 7Bt+Bfn):|1E;~i|
=1

- EP* |:(,0(Bt1"” ,Btk)dJ(Btl»'“ 7Btn):|~
Then P = P% and one sees immediately that P" € Pg.

Moreover, since each P! satisfies (4.6), one can easily check that P satisfies all the

requirements in Definition 3.3, and thus P" € Py. O
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