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STOCHASTIC TARGET PROBLEMS, DYNAMIC PROGRAMMING,
AND VISCOSITY SOLUTIONS*

H. METE SONER' AND NIZAR TOUZI*

Abstract. In this paper, we define and study a new class of optimal stochastic control problems
which is closely related to the theory of backward SDEs and forward-backward SDEs. The controlled
process (X¥,Y") takes values in R? x R and a given initial data for X*(0). Then the control problem
is to find the minimal initial data for Y” so that it reaches a stochastic target at a specified terminal
time T'. The main application is from financial mathematics, in which the process X" is related to
stock price, YV is the wealth process, and v is the portfolio.

We introduce a new dynamic programming principle and prove that the value function of the
stochastic target problem is a discontinuous viscosity solution of the associated dynamic programming
equation. The boundary conditions are also shown to solve a first order variational inequality in the
discontinuous viscosity sense. This provides a unique characterization of the value function which is
the minimal initial data for Y.
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1. Introduction. Let (92, F, P) be a probability space, T > 0, and let {W (),
0 <t < T} be a d-dimensional Brownian motion whose P-completed natural filtration
is denoted by F. Given a control process v = {v(t), 0 < t < T} with values in the
control set U, we consider the controlled process Z; = (X;’ , Yy”) € R? x R satisfying

(11)  dZ(t) = o (t, Z(t),v(t) dt+ B (t, Z(t),v(t)) dW (), 0<t<T,

together with the initial data Z*(0) = (X (0),y).

For a given real-valued function g, the stochastic target control problem is to
minimize the initial data y while satisfying the random constraint Y,/ (T') > g(X;/ (7))
with probability one, i.e.,

v(0,X(0)) :==inf{yeR : FvelU, Y, (T) > g(X;/(T)) P—as.},

which we call the stochastic target problem.

The chief goal of this paper is to obtain a characterization of the value function
v as a discontinuous viscosity solution of an associated Hamilton—Jacobi—Bellman
(HJIB) second order PDE with suitable boundary conditions. We do not address the
important uniqueness issue associated to the HJB equation in this paper. We simply
refer to Crandall, Ishii, and Lions [5] for some general uniqueness results.

The main step in the derivation of the above-mentioned PDE characterization is
a nonclassical dynamic programming principle. To the best of our knowledge, this
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dynamic programming is new; it was only partially used by the authors in a previous
paper [23].

This dynamic programming principle is closely related to the theory of viscosity
solutions. In the derivation of the supersolution property of the HJB equation, the
notion of viscosity solutions is only used to handle the lack of a priori regularity of the
value function. However, the use of the notion of viscosity solutions seems necessary
in order to derive the subsolution property from our dynamic programming principle,
even if the value function were known to be smooth.

This study is mainly motivated by applications to financial mathematics. Indeed,
a special specification of the coefficients o and 3 (see section 6) leads to the so-called
superreplication problem; see, e.g., El Karoui and Quenez [11], Cvitani¢ and Karatzas
[6], Broadie, Cvitani¢, and Soner [4], Cvitani¢, Pham, and Touzi [9], and Cvitani¢ and
Ma [8].

In the financial mathematics literature, the superreplication problem is usually
solved via convex duality. In this approach, a classical optimal control problem is
derived by first applying the duality; see Jouini and Kallal [15], El Karoui and Quenez
[11], Cvitani¢ and Karatzas [6], and Follmer and Kramkov [13]. Then, one may
use classical dynamic programming to obtain the PDE characterization of the value
function v. However, this method cannot be applied to the general stochastic target
problem because of the presence of the control v in the diffusion part of the state
process X”. The methodology developed in this paper precisely allows us to avoid
this step and to obtain the PDE characterization directly from the initial (nonclassical)
formulation of the problem without using the duality.

The stochastic target problem is also closely related to the theory of backward
SDEs and forward-backward SDEs; see Antonelli [1], Cvitanié, Karatzas, and Soner
[7], Hu and Peng [16], Ma, Protter, and Yong [18], Ma and Yong [19], Pardoux [20],
and Pardoux and Tang [21]. Indeed, an alternative formulation of the problem is this:
find a triple of F-adapted processes (X,Y, ) satisfying

(1.2) (X,Y) solves (1.1) with v € U, X(0) fixed, Y (T)+ A(T) = g(X(T))

for some nondecreasing F-adapted process A with A(0) = 0 as well as the minimality
condition

(X,Y,0,A) satisfies (1.2) = Y() < Y() P —as.

Notice that the nondecreasing process A is involved in the above definition to account
for possible constraints on the control v; see [7]. In financial applications, this con-
nection has been observed by Cvitani¢ and Ma [8] and El Karoui, Peng, and Quenez
[12].

The paper is organized as follows: the definition of the stochastic target problem
is formulated in section 2. In section 3, we state the dynamic programming prin-
ciple. Section 4 studies the HJB equation satisfied by the value function v in the
discontinuous viscosity sense. In section 5, the terminal condition of the problem is
characterized by a first order variational inequality again in the discontinuous viscos-
ity sense. Finally, in section 6, we apply our results to the problem of superreplication
under portfolio constraints in a large investor financial market.

2. Stochastic target problem. In this section, we define a nonstandard stochas-
tic control problem.

Let T > 0 be the finite time horizon, and let W = {W(t), 0 < ¢t < T} be a
d-dimensional Brownian motion defined on a complete probability space (92, F, P).
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We denote by F = {F(t), 0 < t < T} the P-augmentation of the filtration generated
by W.

We assume that the control set U is a convex compact subset of R? with a
nonempty interior, and we denote by U the set of all progressively measurable pro-
cesses v = {v(t), 0 <t < T} with values in U.

The state process is defined as follows: given the initial datum z = (z,y) € R xR,
an initial time ¢ € [0,7], and a control process v € U, let the controlled process
Zy, = (X{,,Y}".) be the solution of the SDE

dXt",x(u) = pu (u, sz(u), V(u)) du+ o* (u, sz(u)7 V(u)) dW (u), u e (t,T),

dyy, ,(u) = b (u, Zy (u), y(u)) du +a* (u, Zy (u), l/(u)) dW (u), u € (¢,T),
with initial data

Xia(t) = =, Yiey) = v

where M™ denotes the transpose of the matrix M, and u, o, b, a are bounded functions
on [0,T] x R* x U (k = d or d+ 1) satisfying the usual conditions in order for the
process Z; , to be well defined.

Throughout the paper, we assume that the matrix o (¢, z,r) is invertible and the
function

re otz r)a(t,z,y,r)
is one to one for all (¢, z,y). Let ¢ be its inverse; i.e.,

(2.1) o Mt ralt,z,y,r) = p < r = P(tz,y,D).

This is a crucial assumption which enables us to match the stochastic parts of the X
and the Y processes by a judicial choice of the control process v. Similar assumptions
were also utilized in the backward-forward SDEs. See also Remark 2.2.

Now we are in a position to define the “stochastic target” control problem. Let
g be a real-valued measurable function defined on R?. We shall denote by Epi(g) :=
{(z,y) €RY xR : y > g(x)} the epigraph of g. Let

(2.2) o(t,z):=inf{yeR : Iveld, z{,,T) € Epi(g) P—as.}.

In some cases, it is possible to find initial datum and a control so that Y;",  (T) =
g(X{,(T)). In that case, this problem is equivalent to a backward-forward SDE; see
the discussion in our introduction. In particular, when U = R%, the corresponding
backward-forward SDE has a solution (see, e.g., [21]), and it is equal to v. However,
when the control set U is bounded, in general there is no solution of the backward-
forward equation, and v is the natural generalization of the backward-forward SDE.
An alternative generalization can be obtained by involving a nondecreasing process,
as discussed in the introduction; see [7].

We conclude this section by introducing several sets to simplify the notation. Let

Atz y)={velu : z{,,T) € Epi(g) P—as.}.
Note that A(t, x,y) may be empty for some initial datum (¢, z,y). Next we define
Y(t,z)={yeR : A(t,z,y) #0}.
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Then the stochastic target problem can be written as
v(t,z) = infY(t,z) =inf{yeR : ye Y, x)}.
Remark 2.1. The set Y(t,x) satisfies the following important property:
forall y e R, ye Y(t,z) = [y,00) C V(t,z).

This follows from the facts that Xy, is independent of y and Y}, ,(T') is nondecreasing
in y.

Remark 2.2. A more general formulation of this problem, as discussed in our ac-
companying paper [24], is obtained by defining the reachability set of the deterministic
target Epi(g):

V(t):={z e R : ZY (T) € Epi(g) P — as. for some v € A}.

From the previous remark, the set V' (t) is “essentially” characterized as the epigraph
of the scalar function v(¢,.). A standing assumption in [24] is

N(t, z,p) = {uERd . [ola)(t, z,v) [ fl } :0} £ 0

i.e., since we wish to hit the deterministic target Epi(g) with probability one, the
diffusion process has to degenerate along certain directions captured by the kernel \V.
This degeneracy assumption is directly related to our condition (2.1).

3. Dynamic programming. In this section, we introduce a new dynamic pro-
gramming equation for the stochastic target problem. This will allow us to charac-
terize the value function of the stochastic target problem as a viscosity solution of a
nonlinear PDE. For the classical stochastic control problem, this connection between
the dynamic programming principle and the PDEs is well known (see, e.g., [14]). The
chief goal of this paper is to develop the same tools for this nonstandard target control
problem. Namely, we will formulate an appropriate dynamic programming principle
and then derive the corresponding nonlinear PDE as a consequence of it.

A discussion of general dynamic programming of this type is the subject of an
accompanying paper by the authors [24].

THEOREM 3.1. Let (t,z) € [0,T] x R<.

(DP1) For any y € R, set z := (z,y). Suppose that A(t,z) # 0. Then, for all
ve At z) and a [t, T)-valued stopping time 0,

thl,/z,y(a) 2 v (Q,X;I(Q)) P — a.Ss.

(DP2) Set y* :=wv(t,x). Let 0 be an arbitrary [t,T]-valued stopping time. Then, for
all veld and n >0,
PYY

tx,y*—n

0) > v(0,X7,.00)] <1

Proof. 'We provide only the main idea of the proof. We refer to [24] for the
complete argument. Let z = (x,y) and v be as in the statement of (DP1). By the
definition of A(t, 2), Z} (T') € Epi(g). Since Z} (T') = Zg v (0)(T), it follows that

v(-) € A(O(w), Z{ ,(t + 6(w))) for P almost every w € §2 .
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Then, again for P almost every w € Q, Y/, (0(w)) € ¥ ((w), X{,(0(w))), and, by
the definition of the value function, v (6(w), X7, (6(w))) < Y, (6(w)).

We prove (DP2) by contraposition. So, toward a contradiction, suppose that
there exists a [t, T)-valued stopping time 6 such that

v
thy*—n

0) > v(0,X7,(0)) P—as.

In view of Remark 2.1, this proves that Y}, ,. . (0) € ¥ (0,X/,(f)). Then there
exists a control 7 € U such that

Yeffzv o0(T) = 9(X3 x

tx,y*—n

(9)(T)) P —as.

x

Since the process (Xg’ X7, (0)° Yoﬁzy (0)) depends on 7 only through its realizations
e, tw,y*—n

in the stochastic interval [¢, 6], we may chose ¥ so that ¥ = v on [t,0]. (This is the
difficult part of this proof.) Then Zg’Zf,"m.u*_n(e) (T) = 27, ,(T), and therefore
y* —n € Y(t,x); hence y* —n < v(t,z). Recall that, by definition, y* = v(t,z) and
n > 0. 0

The dynamic programming principle stated in Theorem 3.1 does not require all
of the assumptions made in the first section. Namely, the control set U does not need
to be convex or compact, and the function o~1(¢, x,7)a(t, z,y,r) is not required to be
one to one in the r variable.

For completeness, we mention that the statement of Theorem 3.1 is equivalent to
the following, apparently stronger but more natural, dynamic programming principle.

COROLLARY 3.1. For all (t,z) € [0,T) x R? and a [t, T]-valued stopping time 6,

we have
o(t,z)=inf{yeR : Jveld, V), ,0) > v(0,X{,(0) P—as}.

4. Viscosity property. In this section, we use the dynamic programming prin-
ciple stated in Theorem 3.1 to prove that the value function of the stochastic target
control problem (2.2) is a discontinuous viscosity solution to the corresponding dy-
namic programming equation.

Following the convention in the viscosity literature, let v, (resp., v*) be the lower
(resp., upper) semicontinuous envelope of v; i.e.,

vi(t,z) := liminf o(#,2’) and ov*(t,z) := limsup o(¥,2’).
(#,2") = (t,x) (t ,@")—(t,x)

Let 6y be the support function of the closed convex set U:

Su(¢) =sup (V°(), CEeR™
velU

We shall denote by U the effective domain of 8y and by U; the restriction of U to the
unit circle:

U= {CeR?: 6y(Q)eR}and U, = {CeU : [(|=1}

so that U is the closed cone generated by U;. Under our assumptions, since U is a
bounded subset of R¢,

U=RlandU; = {(eR? : |(|=1}.
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Remark 4.1. The compactness of U is only needed in order to establish some
results which require us to extract convergent subsequences from sequences in U.
Therefore, many results contained in this paper hold for a general closed convex
subset U. For this reason, we shall keep using the notation U and U;.

Remark 4.2. For later reference, note that the closed convex set U can be char-
acterized in terms of U (sece, e.g., [22]):

veUiff inf (6p(¢) —C"'v) > 0,
ceu

iff inf (6u(¢) —Cv) = 0;
Cels

the second characterization follows from the facts that U is the closed cone generated
by Uy and dy is positively homogeneous.

_Remark 4.3. We shall also use the following characterization of int(U) in terms
of Ull

v e int(U) iff inf (6y(¢) —C'v) > 0.
CeUL

To see this, suppose that the right-hand side infimum is zero. Then, for all ¢ > 0, there
exists some (o € Uy such that 0 < 6y(Co) — (v < €/2. Then 6(Co) — G (v +Co) < 0,
and therefore v+e(y € U by the previous remark. Since ¢ > 0 is arbitrary, this proves
that v ¢ int(U). Conversely, suppose that ¢ := inf 5 (6u(¢) — ¢(*v) > 0. Then, by
the Cauchy—Schwarz inequality and the characterization of the previous remark, it is
easily checked that the ball around v with radius ¢ is included in U.

Remark 4.4. Let f be the function defined on R? by

f(v):= inf (6v(¢) = ¢v).

Cely

Then f is continuous. Indeed, since Uy is a compact subset of R?, the infimum in the
above definition of f(v) is attained, say, at ((v) € U;. Then, for all v,/ € R?,

FO) < 6u(w) = C0)v +{w) (v =) = f) + ) (v =) < f)+ vV

by the Cauchy—Schwarz inequality. By symmetry, this proves that f is a contracting
mapping.

Finally, we introduce the Dynkin second order differential operator associated to
the process X":

du

LYu(t,x) == 5

(t,z) + u(t,z,v)* Du(t,z) + %’Hace (D*u(t,z)o*(t, z,v)o(t,z,V)),
where Du and D?u denote, respectively, the gradient and the Hessian matrix of u
with respect to the x variable.

THEOREM 4.1. Assume that pu, o, a, b are all bounded and satisfy the usual
Lipschitz conditions and that v*, v, are finite everywhere. Further assume (2.1) and
that U has a nonempty interior. Then the value function v of the stochastic target
problem is a discontinuous viscosity solution of the equation on [0,T) x R?,

(4.1)  min{—L"u(t,z) + b (t, z,u(t,x),vo); H(t, z,u(t,x), Du(t,x))} =0,
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where
(4.2) vo(t,x) := v (t, x,u(t,x), Du(t,x)),
(43) H(t7$’u(t7 x)vDu(t7x)) = inf (6U(C) - C*llo(t,l')) 5

Cel,

i.e., v, and v* are, respectively, viscosity supersolution and subsolution of (4.1).

Remark 4.5. In view of Remark 4.2, H > 0 iff vy € U. Since U has a nonempty
interior, it follows from Remark 4.3 that H > 0 iff v € int(U).

The proof of Theorem 4.1 will be completed in the following two subsections. The
supersolution part of the claim follows from (DP1) and a classical argument in the
viscosity theory which is due to P.-L. Lions. We shall take advantage of the fact that
the inequality in (DP1) is in the a.s. sense. This allows for suitable change of measure
before taking expectations. The subsolution part is obtained from (DP2) by means
of a contraposition argument.

The above result will be completed in Theorem 5.1 by the description of the
boundary condition. The reader who is not interested in the technical proof of The-
orem 4.1 can go directly to section 5.

4.1. Proof of the viscosity supersolution property. Fix (¢9,zq) € [0,T) x
R?, and let ¢ be a C2([0,T] x R?) function satisfying

0 = (va — @) (to, o) = i . — ).
(v« — ) (to, o) (t7$)€%{%w(v )

Observe that v > v, > ¢ on [0,T) x R%
Step 1. Let (tn,7n)n>1 be a sequence in [0,T) x R? such that

(tn,xn) — (to,zo) and v(t,, x,) — v«(to,xo)-

Set ¥y, := v(tn, xn)+(1/n) and z, := (2, yn). Then, by the definition of the stochastic
target control problem, the set A(t,,2,) is not empty. Let v, be any element of
A(tn, zn)-

For any [0,T — t,,)-valued stopping time 6,, (to be chosen later), (DP1) yields

)@’j;j% (tn +6n) > v (ty + 0n, X4, 2, (tn +65)) P — a.s.

Set B, := yn —p(tn, Tn). Since, as n tends to infinity, y, — vi(to, xo) and @(t,, Tn) —
©(to, x0) = v«(to, z0),
Bn — 0.

Further, since v > v, > ¢, we have v (t, + 05, X4, 2, (tn +0n)) > @(tn + 00, Xt 2.
(tn + 0,)) P-a.s. Then

ﬂn + [}/tl::zn (tn + en) - yn] - [QO (tn + ena th,mn (tn + en)) - Sp(tny In)] Z O P — a.s.
By It6’s lemma,

tn+6n
0< B, + / [0 (s, 27, (s),vn(s5)) — L (s, XP7, (s))]ds
t

n

O
+/t [a (8727;/"2, (s), Vn(8)>

n

(4.4) — o (s, X{", (8),vn(s)) Dy (s, X{" . (s))] “AW (s).

tn,Tn tn,Tn
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Step 2. For some large constant C, set

O, :=inf {s >t, : |X;", (s)|>C}.

tn,Tn

Since U is bounded in R? and (t,,,7,) — (to, 7o), one can easily show that

(4.5) liminf¢t A 6, > tg for all t > tg.

n—oo

For £ € R, we introduce the probability measure P$ equivalent to P defined by the
density process

tAO,,
be(t) =& <§/t (a —oDy) (s, Ztl'ﬁzn(s), 1/,,,(5)) dW(s)) , t>t,,

where £(.) is the Doléans—Dade exponential operator. We shall denote by ES the
conditional expectation with respect to 3, under PS.

We take the conditional expectation with respect to F;, under P§ in (4.4). The
result is

0< B, + ES

tn-+hAO
/t (b (s, Z;’:,Zn (s), 1/”(3)) — L”"(S)go (s, X;’:Jn (s)))ds]

n

tn+hAO,
e ES /t la (s, 207, (5),va(s))

n

o (5K ($)on(3)) D (52X (5) |2ds]

for all h > 0. We now consider two cases:

e Suppose that the set {n > 1: 8, = 0} is finite. Then there exists a subse-
quence, renamed (f,,)n>1, such that 3, # 0 for all n > 1. Set h,, = +/|Bx]
and ky, := 0, A (tn, + hp).

o If the set {n > 1: B, = 0} is not finite, then there exists a subsequence,
renamed (3,)n>1, such that 8, = 0 for all n > 1. Set h, := n~! and
kpn :=0p A (tn + hy).

The final inequality still holds if we replace t A 6,, with k,. We then divide this
inequality by h, and send n to infinity by using (4.5), the dominated convergence
theorem, and the right continuity of the filtration. The result is

tn"rhn
0 S lim inf hi/ [b (S, ZVn (8)7 Vn(S)) _ ;CV”(S)(P (S,XV" (S))

tn,2n to Ty
n— oo n Jt,
—¢£ |a (s, Z,Zj,zn(s), l/n(s)) -0 (s, X;:,xn (s), Vn(s)) Dy (s, X (s)) |2]ds.

We continue by using the following result, whose proof is given after the proof of the
supersolution property.

LEMMA 4.1. Let ¢ : [0,T] x R¥*1 x U — R be locally Lipschitz in (t,z) uniformly
in r. Then

1 tn+hn
h—/ [z/) (s, Zt'jf)z"(s), I/n(s)) — 1 (to, 20, Vn(s))} ds — 0 P—a.s.
n Jit,
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along some subsequence.
In view of this lemma,

1 tn+h
0 S hm 1nf —_— / [b (to, 20, Vn(s)) — ,CV"(S)(,O (t(), x())
t

n—oo
n

— & a(to, 20, vn(8)) — 0 (to, 20, vn(s)) D (to, z0)|*] ds.

Then, since h,,! fnthn g = =1,
1 tn+hn

(4.6) — - [b (to, 20, v (8)) — Lo (o, 20)
n tn

— & la(to, z0,vn(s)) — o (to, o, vn(s)) Do (to, xo)\Q]ds € coV(to, 20),
where coV(tg, z0) is the closed convex hull of the set V(to, z9) defined by
V(to, z0) := {b(to, 20, v)—L" ¢(to, x0)—E |a(to, z0, V) — o (to, zo, V) Dp(to, mo)|* + v € U}.
Therefore, it follows from (4.6) that

0< sup ¢
PpeCOV

(4.7) = sug{f |—al(to, z0,v) + o(to, xo, Z/)D(p(to,l‘o)|2 — LYp(to, xo) + b(to, 20, 1/)}
ve
for all £ € R.

Step 3. For a large positive integer n, set £ = —n. Since U is compact, the
supremum in (4.7) is attained at some 7, € U, and

—n |a(to, 20, on) — o(to, o, 9n)D<P(t0,$o)|2 — L7 p(to, 20) + b(to, 20, ) > 0.

By passing to a subsequence, we may assume that there exists # € U such that
Uy — 9. Now let n to infinity in the last inequality to prove that

(4.8) |a(to, 20, ) — 0 (to, @0, ) Dip(to, z0)|* — 0
and
(4.9) —L"p(to, zo) + b(to, 20, v0) > 0.
In view of (4.8), we conclude that
(4.10) vo = 1 (to, 20, Dp(to, o)) -
Since vy € U, it follows from Remark 4.2 that
(4.11) inf (6v(¢) — o) =
¢etn

The supersolution property now follows from (4.9), (4.10), and (4.11). O
Proof of Lemma 4.1. Since 9(t, z,r) is locally Lipschitz in (¢, z) uniformly in r,

1 tn+hn
i [ (5.2 (51 (9) =t ()]

1 tn+hn
gKh—/ (Is —to| + |27, (s) — 20]) ds
n Jt,
K (hn+|tn_t0|+ sup ’Zn,zn )_ZO‘>
tn <5<tn+hn
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for some constant K. Thus, to complete the proof of this lemma, it suffices to show

sup ’Z ’n

e () — 20| — 0 P —as.
tn<s<tn+hn

along a subsequence. Set

Yt 2y, 1) = (b““’“)) ) and a(t,z,y,r) = ( ot z,7) )

(t,z,y, 7 a*(t,x,y,r)

Functions a and + inherit the pointwise bounds from p, b, o, and a. We directly
calculate that, for t,, < s <t, + h,,

Zi7 2 (8) = 20 < |zn = 20| + [[V[loohin +

)

/S a (87 Z::,z" (8)7 Vn(s)) dW(S)

tn

and, therefore,

sup |2y, (s) = 20| < |z — 20l + [[7]loohn
tn<s<tn+hn

+ sup
tn<s<tn+hn

/ts o (s, Zt”:’zn (s), un(s)) dW (s)

The first two terms on the right-hand side converge to zero. We estimate the third
term by Doob’s maximal inequality for submartingales.
)]

The result is
tnthn )
/ a (s, 2", (s),vn(s))" ds
t

/ts o (s, Z}/’:’Zn (s), l/n(S)) dW (s)

E ( sup
tn<s<tn+hn
<4F

< 4ol hn.
This proves that

sup  |Z{", (s)— 20| >0 in L*(P),
tn<s<tn+hn

and, therefore, it also converges P-a.s. along some subsequence. 1]

4.2. Subsolution property. We start with a technical lemma which will be
used both in the proof of the subsolution property and also in the next section on
the characterization of the terminal data. We first introduce some notation. Given a
smooth function ¢(¢, ), we define the open subset of [0, 7] x R%:

Mo(p) == { (t,z) : inf (6p(¢) — C*wo(t,x)) > 0 and

¢el;
L 0,5) + (11,0002 2
= {(t,z) : w(t,z) € int(U) and — LD p(t, x)

+b (¢, z,o(t,x),vo(t,x)) >0},
where  vo(t,x) = ¥(t,z,0(t,x), Do(t,x)) .
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LEMMA 4.2. Let ¢ be a smooth test function, and let B = Bgr(xo) be the open
ball around xq¢ with radius R > 0. Suppose that there are t1 < to < T such that

(M) C Mo(p), where M = (t1,t3) X B.
Then

sup (v — ) = max (v* — @),

M cl(M)

where O, M is the parabolic boundary of M; i.e., OpM = ([t1,t2] x OB)U({t2} x B).
Proof. We shall denote M := cl(M). Suppose, to the contrary, that

max (v* — ) — sup (v— ) = 26 >0,
M pM

and let us work toward a contradiction of (DP2).
Choose (to,9) € M so that (v — ¢)(to, z0) > —F + maxy(v* — »), and

(4.12) (v —¢)(to, x0) > B+ sup (v— ).

Op

Step 1. In view of Remark 4.5, inf. 5 (6v(¢) — (*vo) > 0 is equivalent to vy €
int(U). Set

N = {(t,z,y) : o(t,x,y) € int(U) and — L7V p(t,2) + b (¢, 2,9, 0(t, 2,y)) > 0},
where U(t,z,y) = (¢, z,y, Do(t,x)), and, for n > 0,
My ={(tz) + (tzotz)—n)eN}.

Note that this definition of Mg := Mg(¢) agrees with the previous definition. More-
over, in view of our hypothesis, for all sufficiently small n, M C M,. Fixn<g
satisfying this inclusion.

Step 2. Let 1) be as in the previous step. Let (X,,Y;) be the solution of the state
equation with initial data X, (to) = xo, Y;(to) = ¢(to, o) —n and the control v given
in the feedback form

V(t7 Z‘) = ¢(t7 €T, @(tv l‘) - D(p(t, Jf))

Set
v(t) == v(t, X,(t))
so that
(Xn’ Yn) = Ztyo,:vow(to,:ro)*ﬁ = (Xtyo,wo’ K‘Zwom@o@o)*ﬁ)'
Set

Yn(t) = QD(LXﬂ(t)) -n+ (1) - w)(thxO)a

and observe that Y;,(0) = }A’n (0) = v(tg, xo) — 1. In the next step, we will compare the
processes Yy and Y5,.
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Step 3. By Ito’s rule,
dYy,(t) = LD p(t, X, (8))dt + Dep(t, X,y (£)) - 0™ (8, X,y (8), v () dW (t).
In view of (2.1) and the definition of v(¢),
Dp(t, X, (1)) - 0™ (8, X,y (1), v (1)) = a* (1, X (), ¥y (8), v (1))

Hence

ay, (t) = b(t)dt + a*(t, X, (%), f’n (t),v(t)dW(t),
where
b(t) == L Dp(t, X, (1))
Recall that Y;, solves the same SDE with a different drift term:
dY,(t) = b(t)dt + a™(t, X, (), Yy (1), v(t))dW (t),
where b(t) := b(t, X,,(t), Y, (2), v(1)).
Let 0 be the stopping time
O:=inf {s>0 : (to+s X,(to+s)¢gM}.

Since M is an open set containing (o, Zg), the stopping time 6 is positive a.s.
Now, from the definition of , we have M C M,,. It follows that, for ¢ € [to, to+0),

(t, X, (t)) € M, as.; e, (t,X,(t),Y,(t)) € N as. by definition of M,,. Hence
b(t) > L"Op(t, X, (1) = b(t), t € [to,to+6), P —as.

Since Y;,(0) = Y;,(0) = v(to, xo) — 1, it follows from stochastic comparison that

Yn(t) < Yn(t)7 te [t(],t(] + 9)7 P —a.s.

Step 4. We now proceed to contradict (DP2). First, observe that, by continuity
of the process X, (to + 8, X, (to +6)) € Op M. Also, from inequality (4.12), we have
v< @ — B+ (v—)(to, zo) on 9pM. Therefore,

Yy (to +0) —v(to + 0, Xy (to + 0)) > B+ Y, (to +0) — (to + 6, Xy(to +0))
+ (v — ¢)(to, o)
=(B—n)+Y,(to+0) =Y, (toc +6)
>p6-n =0
from step 3. By (4.12) and the definition of (X,,Y;), we have Y, = Y o w(tor0)—1
and X, = X}/ . . Then the previous inequality contradicts (DP2). 0

Proof of the subsolution property. Fix (to,r9) € [0,T) x R and let ¢ be a

C?([0,T] x R?%) function satisfying

* — )(to, z0) = (strict *— ).
(0" = @) (to.0) = (srict) | max (" ~¢)

Set zo = (zg, ¢(to,z0)). Let Mo := Moy(p) be as in the previous lemma. Since
(to, o) is a strict maximizer of (v* — ¢) and since M, is an open set, by the previous
lemma we conclude that (zg,y0) € Mo. Then, by the definition of My,

min{ inf (5(](() — C*ﬁ(to,Z())), —Eﬁ(to’zo)tp(to,xo) + b(to,Zo,ﬁ(to,Zo)) } S 0,
cely

and therefore v* is a viscosity subsolution. |
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5. Terminal condition. To characterize the value function as the unique so-
lution of the dynamic programming equation, we need to specify the terminal data.
The definition of the value function implies that

(5.1) (T, z) = g(x), zeR.
However, it is known that

:= liminf !
G(x) i inf v(t,z")
may be strictly larger than g(x) (see, for instance, [4] and Lemma 5.1 below).

In this section, we will characterize G as the viscosity supersolution of a first order
PDE. We will also study

G(x):= limsup o(t,2')
tTT, 2’/ —x

and prove that G is a viscosity subsolution of the same equation. More precisely, we
have the following theorem.

THEOREM 5.1. Let the assumptions of Theorem 4.1 hold, and assume that G
and G are finite for every x € R, Suppose, further, that (g.)* > g. Then G and G,
respectively, are viscosity super- and subsolutions of the following equations on R¢:

min{G(z) — g.(z); H (T,z,G(x), DG(x))} = 0,
min{G(z) — ¢*(z); H (T,z,G(z), DG(z))} < 0.

In most cases, since a subsolution is not greater than a supersolution, this char-
acterization implies that G < G and therefore that G = G. In the next section,
we provide examples for which this holds, and we will also compute G := G = G
explicitly in those examples.

The rest of this section is devoted to the proof of Theorem 5.1.
Remark 5.1. In the definition of G, we may replace v by v*:

G(z) = limsup v*(¢,2').
T, z’'—x

Similarly,

G(z) := liminf w.(¢,2).

1T, ' —x

We start with the following lemma.
LEMMA 5.1. Suppose that G(x) and G(z) are finite for every x € R:. Then

G(z) > g.(x) for all z € R™

Proof. Take a sequence (2, t,) — (z,T) with t,, < T. Set y,, := v(tn, )+ (1/n).
For each n, there exists a control v,, € U satisfying
Yo (T)>g (X, (T)) P-—as.

tn,Tn,Yn tn,Tn

Since a and b are bounded,

y 1
E [ Ytny:zn,yn(T) } <yn+ ”bHOO(T - tn) = v<tmmn) + n + ||b||00(T - tn)~
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We continue by using the following claim, whose proof will be provided later:
(5.2) {Yt’;’:xmyn (T), n >0} is uniformly integrable.
Then

lim inf v(t,, z,) > liminf E [ Y (T)

tn,T
Nn— 00 N— 00 nsTn ,Yn

]
—E { liminf V)" . (T) }
)

tn,T
N 00 nsTn;Yn

> E [ liminfg (X}, (T)

n—oo } ’

Since U is compact and (t,,x,) converges to (T,xz), Xy, (T) approaches z as n
tends to infinity. The required result then follows from the definition of the lower
semicontinuous envelope g, of g.

It remains to prove claim (5.2). Since b is bounded,

T
Y (D] < Jynl + (T = t0) [blloo + /t a(u, Z{" o (), vn(u)” dW (u)

n

ST([blloc + [0(tn, zn)| + :

T *
/t a(u, Z;“znyﬂ(u),un(u)) dW (u)

n

Now observe that lim sup v(t,, z,) < limsup v*(t,, x,) < G(x) and liminf v(t,, x,) >
liminf v, (t,,z,) > G(x). This proves that the sequence v(t,,x,) is bounded. In
order to complete the proof, it suffices to show that the sequence

{Un = /t a(u,Z{", .. (u),un(u))* dW (u), n > 0}

n

is uniformly integrable. Since a is bounded,

sup F [Uﬁ] <sup(T — tp)||a*a|loo < Tlla*a||oo-
n>0 n>0
Hence {U,,, n > 0} is bounded in L?, and, therefore, it is uniformly integrable. O
Next, we will show that G is a viscosity supersolution of H > 0, where H is as in
(4.3).
LEMMA 5.2. Suppose that G(x) is finite for every x € RY. Then G is a viscosity
supersolution of

H(T,z,G(x), DG(x)) > 0.

Proof. By definition, G is lower semicontinuous. Let f be a C?(R?) function
satisfying

0 = (G = f)lwo) = min(G — f)

at some o € R?. Observe that G > f on R%.
Step 1. In view of Remark 5.1, there exists a sequence (s,,&,) converging to
(T, z) such that s, < T and

lim v (sn,&n) = G(x0).

n—o0
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For a positive integer n, consider the auxiliary test function

T—-1

pult) = f(a) = 3lo = a0l + sy

Let B := Bj(x) be the unit open ball in R? centered at zq. Choose (t,,z,) €
[$n, T] x B, which minimizes the difference v, — ¢, on [s,,, T] x B.

Step 2. We claim that, for sufficiently large n, ¢, < T, and x,, converges to zg.
Indeed, for sufficiently large n,

1

(v« = n)(5n,&n) < AT sy

On the other hand, for any = € B,
1
(v = n) (T, 2) = G(2) = f(x) + 5l = wo|” > G(x) - f(2) 2 0.
Comparing the two inequalities leads us to conclude that t,, < T for large n. Suppose

that, on a subsequence, x,, converges to «*. Since t,, > s,, and (t,, z,) minimizes the
difference (vi — n),

(G = )@) = (G = f)(xo)

1

< liminf(ve — @n)(En, Zn) — (Ve — ©n) (S, En) — §|$n — x|
. 1

< imsup(v, — ) (b ) — (02 — @0)(50. ) — 5[ — 20

1
< —Zlx* =zl
<5 |z* — 2o
Since zy minimizes the difference G — f,
* 1 *
0< (G- ") = (G~ flzo) < —gla" = ol
Hence z* = xy. The above argument also proves that

0= nlggo(”* - <)0n)(tn,xn) - (’U* - Sﬁn)(smfn)
(T —sn) = (T' = tn)
(T — sp)?

= —G(zg) + lm v, (ty,zn) +

> —G(x9) + lim sup vy (tn, zp).
n—oo
This proves that limsup, . vi(tn,2n) < G(zp). Since limsupw(tn,zn) >
liminf v, (¢, xn) > G(x0), by definition of G, this proves that

(5.3) Hm v, (tn, z,) = G(zg).
n—oo
This implies that, for all sufficiently large n, (t,,z,) is a local minimizer of the
difference (vi — ¢n). In view of the general theory of viscosity solutions (see, for
instance, Fleming and Soner [14]), the viscosity property of v, holds at (¢, ).
Step 3. We now use the viscosity property of v, in [0,T) x R%: for every n,

H(tnu (L’n71)*(tn,$n)7DS0n(xn,tn)) Z O
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Note that Dy, (xn,tn) = Df(xn,tn) — (x, — o), and recall that H is continuous; see
Remark 4.4. Since (t,,xy) tends to (T, xo), (5.3) implies that

H(T,x0,G(x0), Df(20)) > 0. O
These results imply that G is a viscosity supersolution of
(5.4) min {G(z) — g.(z); H(T,z,G(z), DG(x))} > 0,

proving the first part of Theorem 5.1. The following result concludes the proof of the
theorem.

LEMMA 5.3. Suppose that G(z) and G(z) are finite for every x € R and that
(g+)* > g. Then G is a viscosity subsolution on R? of

min {G(z) — g*(x); H(T,z,G(x), DG(z))} < 0.

Proof. By definition, G is upper semicontinuous. Let zo € R? and f € C?(R9)
satisfy

0 = (G- f)(z0) = max(G — f).

z€R4
We need to show that, if G(zg) > g* (o), then
(5.5) H(T,z0,G(z0), DG(z0)) < 0.

So we assume that

(5.6) G(x0) > g" (o).

For a positive integer n, set

and consider the auxiliary test function
1
on(t,z) == f(x) + §|:c — o2 +n(T —t), (t,x) € [sn, T] x RY.

In order to obtain the required result, we shall first prove that the test function ¢,
does not satisfy the condition of Lemma 4.2 on [s,, T] x Br(zg) for some R > 0, and
then we shall pass to the limit as n — oo.

Step 1. By definition, G > G. From Lemma 5.1, this provides G > ¢, and then
G > (g+)* by upper semicontinuity of G. Hence, by assumption of the lemma,

(5.7) G>g.

This proves that (v — ¢,)(T,2) = (g — f)(z) — |[v — 20/?/2 < (G — f)(z) < 0 by
definition of the test function f. Then, for all R > 0,

sup (v —n)(T,.) <0.
Br(zo)

Now suppose that there exists a subsequence of (,,), still denoted (¢,,), such that

lim sup (v—,)(T,.) =0,

% Br(zo)
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and let us work toward a contradiction. For each n, let (%), be a maximizing sequence
of (v —n)(T,.) on Br(xp); i.e.,

lim lim (v — @,)(T,2%) = 0.

n—o0 k—oo
Then it follows from (5.7) that (v — ¢, )(T,z¥) < —|z¥ — 1|?/2, which provides
lim lim xfl = xg.
n—oo k—oo

Therefore,

0 = lim, oo limg oo (v — ) (T, 2F) = lim,, oo limg_00 g(zF) — f(20)
< limsup, ., 9(z) = f(z0) = (9" = [)(x0) < (G = [f)(20)

by (5.6). Since (G — f)(xg) = 0, this cannot happen since (G — f)(zg) = 0. The
consequence of this is

(5.8) limsup sup (v—¢,)(T,.) <0 for all R > 0.

n—oo  Br(xo)

Step 2. Let (tn, Tn)n be a maximizing sequence of (v* —y,) on [$,, T| x 0BRr(xg).
Then, since T —t, <T — s, =n"2

3

1
lim sup sup (v = ) < Timsup (" (t, @n) = f(wn)) = 5B

n—o0  [s,,T]XxOBRr(zo) n— oo

Since t,, — T and, after passing to a subsequence, x,, — z* for some z* € dBg(xy),
we get

— 1 1
lim sup sup (v* —n) < (G = fz*) — §R2 < —§R2.

n—00  [s,,T]xdBr(w0) -

This, together with (5.8), implies that, for all R > 0, there exists n(R) such that, for
all n > n(R),

max{ (v—¢n) : Op((sn,T) x Br(zo)) } <0 = (v" —¢n)(T,20).
Hence it follows from Lemma 4.2 that
(5.9) (sn,T) x Br(zo) is not a subset of Mo(p,) for all n > n(R).

Step 3. Observe that, for all v € U and (¢, x,y),
1
—LYon(t,x) = n—LYf(x) — plt,z,v)" (x —xo) — §Trace[o*a}(t,x, v) > b(t,z,y,v),

provided that n is sufficiently large. Then, for large n,

Mo(pn) N ((sn, T) x Br(wo))
={ (t,z) € (sn,T) x Br(xo) : H(t,x,pn(t,x), Dop(t,z)) >0 }.

In view of this, it follows from (5.9) that there is a sequence (t,,x,) converging to
(T, zp) such that

H(tn, @n, on(tn, Tn), Don(tn, zn)) < 0.

We now let n tend to infinity to obtain (5.5). a
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6. Application: Superreplication problem in finance. Consider a financial
market consisting of
e a nonrisky asset with price process X0 normalized to unity,
e a risky asset X defined by a positive price process with dynamics described
by an SDE.

A trading strategy is an F-adapted process v = {v(t), 0 < ¢t < T’} valued in the
closed interval [—{,u] with £,u € [0,00) and £ + u > 0. At each time ¢t € [0,T],
v(t) represents the proportion of wealth invested in the risky asset X. The set of all
trading strategies is denoted by U.

Given an initial capital § > 0 and a trading strategy v, the wealth process Y is
defined by

dX(t)
X

YY(0) = gand dYy(t) = Y} (t)v(t)

We shall consider a “large investor” model in which the dynamics of the risky asset
price process may be affected by trading strategies. Namely, given a trading strategy
veu,

XV(O):(fXV(O) — €X(0), Xy(t> _ eXu(t)7
AXV(t) = p(t, XV (), v(t)) dt + o (t, XV (t), v(t) dW (1),

where W is a one-dimensional Brownian motion. Define the log-wealth process:
YY(0) = y = In(§) and Y (¢) = In (Y (t)).
Then a direct application of It6’s lemma provides

dY,/(t) =b(t, X" (t),v(t)) dt +v(t)o (t, X" (t),v(t)) dW (t),

where
L 5 Lo o
b(t,z,r)=7rp+ 29 (t,z,7)— o (t,z, 7).

Let f be a positive function defined on [0, 00). The superreplication problem is defined
by

(0, X(0)) == inf{g >0 : Jvel, VI(T)> f(X¥(T)) P- a.s.}.

Here f (X¥(T)) is a contingent claim. The value function of the above superreplication
problem is then the minimal initial capital which allows the seller of the contingent
claim to face the promised payoff f (X (7)) through some trading strategy v € .

To see that the superreplication problem belongs to the general class of stochastic
target problems studied in the previous sections, we introduce

v(0,X(0)) := In9(0,X(0)) and g := In f.
Then

v(0,X(0)) :=inf{yeR : Iveld, Y/(T)>g(X"(T)) P—as}.
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Remark 6.1. Assume that function g is bounded. Then the value function v is
bounded. Using the notation of previous sections, we also have that v,, v*, G, and G
are bounded functions.

Let us introduce the support function of the interval [—¢=1, u=1]:

h(p) :=u'p" + £'p7,

with the convention 1/0 = +o00, and the usual notation p™ := pV 0 and p_ = (—p)t.
Observe that h is a mapping from R into RU {4o0c0}. We also denote by F and F the
functions

F := e = limsup 0(t,2') and F := e = liminf o(t,2').
t1T,z' —x 1T,z —x
Applying Theorems 4.1 and 5.1, we obtain the following characterization of the super-
replication problem v by a change of variable.
THEOREM 6.1. Let p and o be bounded Lipschitz functions uniformly in the t
variable, and o > 0. Suppose further that g is bounded and satisfies (g«)* > g. Then
(i) D is a discontinuous viscosity solution of

1
min{ —0(t,x) — 502 (t, 2,0, (t,2)) Vpr(t, ) 5 O(t, ) — h (Ve (t, ) } =0
on [0,T)xR.
(ii) The terminal value functions F and F satisfy in the viscosity sense

min{ F — f.; F —h(F,) } >0,
min{ F — f*; F—h(F,;)} <0 on R.

The rest of this section is devoted to the characterization of the terminal functions
F and F. It is known that the first order variational inequality appearing in part (ii)
of the above theorem could fail to have a unique bounded discontinuous viscosity
solution: under our condition (f.)* > f, all viscosity discontinuous bounded solutions
have the same lower semicontinuous envelope; see Barles [3]. Therefore, we do not
have much to say in the case where the payoff function f is not continuous.

We provide a characterization of the terminal condition of the superreplication
problem in the case of Lipschitz payoff function f.

PROPOSITION 6.1. Let the conditions of Theorem 6.1 hold. Assume, further, that
the payoff function f is Lipschitz on R. Then

F(z) = F(x) = f(z) = Slégf(ﬁy)e“s(y),

where 6 := by is the support function of the interval U = [—¢,u).
Proof. From Theorem 6.1, functions F and F are, respectively, upper and lower
semicontinuous viscosity sub- and supersolutions of

(V) min{u— f; u—h(uz)} =0 on R.

In order to obtain the required result, we shall first prove that f is a (continuous)

viscosity supersolution of (VI) (step 1). Then we will prove that F > f (step 2). The

proof is then concluded by means of a comparison theorem (Barles [2, Theorem 4.3,

p. 93]); since f is Lipschitz, conditions (H1), (H4), and (H11) of this theorem are easily

seen to hold. Since F > F by definition, the above claims provide f >F>F> f .
Step 1. Let us prove that f is a continuous viscosity supersolution of (VI).
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(i) f is a Lipschitz function. To see this, observe that, since § is a sublinear

function, it follows that f = f , where f is defined by the same formula as f
with f substituted to f. Then, since f and ¢ are nonnegative,
fla+y) — f@) < flz+y)(1—e @) forall yeR
< fl@+9)6(y) < | flloo max(u, €)[yl.

(ii) f is a supersolution of (VI). To see this, let 2o € R and ¢ € C*(R) be such

that 0 = (f — ¢)(z¢) = min(f — ¢). Observe that f > ¢. Since f > 0, we
can assume without loss of generality that ¢ > 0. By definition, we have

f(xo) > f(zo). .
It remains to prove that (¢'/¢)(zo) € [=£,u). Since f = f, we have

p(z0) = flwo) > fzo+h)e ™ > p(xg + h)e *™)
for all h € R. Now let h be an arbitrary positive constant. Then

h) — 1—cuh

and, by sending h to zero, we get ¢'(x9) < up(xo). Similarly, by considering an
arbitrary constant h < 0, we see that ¢'(xg) > —lp(z).

Step 2. We now prove that F > f . From the supersolution property of F, we
have that F > f, and, for all y € R, F satisfies in the viscosity sense

By an easy change of variable, we see that G = In F satisfies in the viscosity sense

This proves that the function  — §(y)z—yG(z) is nondecreasing (see, e.g., Cvitanié,
Pham, and Touzi [9]), and therefore

o)z +y) —yG(z+y) = o(y)r —yG(x) forall y>0,
o(y)(x+y) —yG(z+y) <é6(y)r —yG(x) forall y<O0.

Recalling that F' > f, this provides

F(z) >supE(z+y)e* > sup f(w+y)e*W = f(z). O
yER yER
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