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The models

We consider an infectious disease which spreads in a human
population ;

D ⊂ Rd (d=1, 2 or 3) ;

Grid Dε := [0, 1]d ∩ εZd ;

Total population size : Nε−d .
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The deterministic model

Sε(t, xi ) : susceptible, Iε(t, xi ) : infectious, Rε(t, xi ) : removed

(1)

d Sε
dt (t, xi ) = µS ∆εSε(t, xi )−

β(xi ) Sε(t, xi )Iε(t, xi )
Sε(t, xi ) + Iε(t, xi ) + Rε(t, xi )

d Iε
dt (t, xi ) =µI ∆εIε(t, xi ) + β(xi ) Sε(t, xi )Iε(t, xi )

Sε(t, xi ) + Iε(t, xi ) + Rε(t, xi )
− α(xi ) Iε(t, xi )

d Rε
dt (t, xi ) = µR ∆εRε(t, xi ) + α(xi ) Iε(t, xi ), (t, xi ) ∈ (0,T )× Dε

Sε(t, xi ) = Sε(t, yi )
Iε(t, xi ) = Iε(t, yi )

Rε(t, xi ) = Rε(t, yi )

 for xi ∈ ∂Dε, xi ∼ yi and yi ∈ ∂~n.outDε

Sε(0), Iε(0),Rε(0) ≥ 0, 0 < Sε(0) + Iε(0) + Rε(0) ≤ M
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The limiting system

(2)



∂ s
∂t (t, x) =µS ∆s(t, x)− β(x) s(t, x)i(t, x)

s(t, x) + i(t, x) + r(t, x)
∂ i
∂t (t, x) =µI ∆i(t, x) + β(x) s(t, x)i(t, x)

s(t, x) + i(t, x) + r(t, x) − α(x) i(t, x)

∂ r
∂t (t, x) =µS ∆r(t, x) + α(x) i(t, x), (t, x) ∈ (0,T )× D

∂ s
∂nout

(t, x) = ∂ i
∂nout

(t, x) = ∂ r
∂nout

(t, x) = 0, for x ∈ ∂D

s(0), i(0), r(0) ≥ 0, 0 < s(0) + i(0) + r(0) ≤ M

X = (s, i, r)T
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Theorem

Sε(t, x) =
ε−d∑
i=1

Sε(t, xi )1Vi (x), Iε(t, x) =
ε−d∑
i=1

Iε(t, xi )1Vi (x),

Rε(t, x) =
ε−d∑
i=1

Rε(t, xi )1Vi (x), Xε =
(
Sε, Iε,Rε

)T
.

Theorem 1.1

Let us consider an initial condition X (0) ∈
(
L∞(D)

)3. For all T > 0,
sup

t∈[0,T ]

∥∥∥Xε(t)− X (t)
∥∥∥
∞
−→ 0, as ε→ 0.
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The stochastic model

(3)

SN,ε(t, xi ) = SN,ε(0, xi )−
1
N Pinf

xi

(∫ t

0
N β(xi )SN,ε(r , xi )IN,ε(r , xi )

SN,ε(r , xi ) + IN,ε(r , xi ) + RN,ε(r , xi )
dr
)

−
∑
yi∼xi

1
N Pmig

S,xi ,yi

(∫ t

0
N µS

ε2 SN,ε(r , xi )dr
)

+
∑
yi∼xi

1
N Pmig

S,yi ,xi

(∫ t

0
N µS

ε2 SN,ε(r , yi )dr
)

IN,ε(t, xi ) = IN,ε(0, xi ) + 1
N Pinf

xi

(∫ t

0
N β(xi )SN,ε(r , xi )IN,ε(r , xi )

SN,ε(r , xi ) + IN,ε(r , xi ) + RN,ε(r , xi )
dr
)

− 1
N Prec

xi

(∫ t

0
Nα(xi )IN,ε(r , xi )dr

)
−
∑
yi∼xi

1
N Pmig

I,xi ,yi

(∫ t

0
N µI

ε2 IN,ε(r , xi )dr
)

+
∑
yi∼xi

1
N Pmig

I,yi ,xi

(∫ t

0
N µI

ε2 IN,ε(r , yi )dr
)
,

(t, xi ) ∈ [0,T ]× Dε.
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Law of Large Numbers ( N →∞, ε being fixed )

Theorem 2.1

Let ZN,ε denote the solution of the SDE and Zε the solution of the ODE
dZε(t)
dt = bε(t,Zε(t)).

Let us fix an arbitrary T > 0 and assume that
∥∥∥ZN,ε(0)− Zε(0)

∥∥∥ −→ 0, as
N → +∞.
Then sup

0≤t≤T

∥∥∥ZN,ε(t)− Zε(t)
∥∥∥ −→ 0 a.s. , as N → +∞ .

{ k/N , 0 ≤ k ≤ N }
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LLN in sup-norm : N →∞ & ε→ 0

SN,ε(t, x) =
ε−d∑
i=1

SN,ε(t, xi )1Vi (x),

IN,ε(t, x) =
ε−d∑
i=1

IN,ε(t, xi )1Vi (x),

RN,ε(t, x) =
ε−d∑
i=1

RN,ε(t, xi )1Vi (x),

XN,ε = (SN,ε, IN,ε,RN,ε)T .

Recall that Xε = (Sε, Iε,Rε)T and X = (s, i, r)T .
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Law of Large Numbers : N →∞ & ε→ 0

Theorem 3.1 (Law of Large Numbers in Sup-norm)

Let us assume that N →∞ and ε→ 0, in such way that

(i) N
log(1/ε) −→∞ ;

(ii)
∥∥∥XN,ε(0)− X (0)

∥∥∥
∞
−→ 0 in probability.

Then for all T > 0, sup
t∈[0,T ]

∥∥∥XN,ε(t)− X (t)
∥∥∥
∞
−→ 0 in probability .

(i) : D. Blount (1992).
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Central Limit Theorem

ΨN,ε(t) =


UN,ε(t)
VN,ε(t)
WN,ε(t)

 ,
where

(∗) UN,ε(t) =


√
N
(
SN,ε(t, x1)− Sε(t, x1)

)
...√

N
(
SN,ε(t, x`)− Sε(t, x`)

)
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CLT : N →∞ , ε being fixed

Theorem 4.1
Assume that
(i)

∥∥∥ZN,ε(0)− Zε(0)
∥∥∥ −→ 0, as N → +∞ and

(ii)
√
N
(
ZN,ε(0)− Zε(0)

)
−→ 0, as N →∞ .

Then, as N → +∞ ,
{
ΨN,ε(t), t ≥ 0

}
=⇒

{
Ψε(t), t ≥ 0

}
,

for the topology of locally uniform convergence, where the limit process

Ψε(t) =

 Uε(t)
Vε(t)
Wε(t)

 satisfies, t ≥ 0

(4) Ψε(t) =
∫ t

0
Ozbε

(
r ,Zε(r)

)
.Ψε(r)dr +

kε∑
j=1

∫ t

0

√
βj
(
r ,Zε(r)

)
dBj(r).
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Limit as ε→ 0

Uε(t, x) = 1
εd/2

ε−d∑
i=1

Uε(t, xi )1Vi (x),

Vε(t, x) = 1
εd/2

ε−d∑
i=1

Vε(t, xi )1Vi (x),

Wε(t, x) = 1
εd/2

ε−d∑
i=1

Wε(t, xi )1Vi (x),

and Ψ̃ε(t) =

 Uε(t)
Vε(t)
Wε(t)

 .
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Limit as ε→ 0 ?

α >
d
2 + 1,

{
Ψ̃ε(t), t ≥ 0

}
=⇒

{
Ψ̃(t), t ≥ 0

}
in C

(
[0,T ] ;

(
H−α

)3)
,

where the limit Ψ̃ is solution of the stochastic differential equation

∂ Ψ̃

∂t (t, x) = Oxb
(
t,X (t, x)

)
.Ψ̃(t) + dM(t, x)(5)
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SIS Epidemic Patch Model

Total population size : N
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The deterministic model

(6)



d S
dt (t, xj) = −λj

S(t, xj)I(t, xj)
S(t, xj) + I(t, xj)

+ γj I(t, xj)

+ νS
∑̀
k=1

(
akjS(t, xk)− ajkS(t, xj)

)
d I
dt (t, xj) = λj

S(t, xj)I(t, xj)
S(t, xj) + I(t, xj)

− γj I(t, xj)

+ νI
∑̀
k=1

(
akj I(t, xk)− ajk I(t, xj)

)
j = 1, · · · , `.

Allen et al. (2007)
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The stochastic model
(7)

SN(t, xj) = SN(0, xj)−
1
NPinf

xj

(∫ t

0
Nλj

SN(t, xj)IN(t, xj)
SN(t, xj) + IN(t, xj)

dr
)

+ 1
NPrec

xj

(∫ t

0
Nγj IN(r , xj)dr

)
−
∑̀
k=1

1
NPmig

S,xj ,xk

(∫ t

0
NνSajkSN(r , xj)dr

)

+
∑̀
k=1

1
NPmig

S,xk ,xj

(∫ t

0
NνSakjSN(r , xk)dr

)

IN(t, xj) = IN(0, xj) + 1
NPinf

xj

(∫ t

0
Nλj

SN(t, xj)IN(t, xj)
SN(t, xj) + IN(t, xj)

dr
)

− 1
NPrec

xj

(∫ t

0
Nγj IN(r , xj)dr

)
−
∑̀
k=1

1
NPmig

I,xj ,xk

(∫ t

0
NνIajk IN(r , xj)dr

)

+
∑̀
k=1

1
NPmig

I,xk ,xj

(∫ t

0
NνIakj IN(r , xk)dr

)
, j = 1, · · · , `.
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LLN

Theorem 5.1
Let ZN denote the solution of the SDE (7) and Z the solution of the ODE
dZ (t)
dt = b(t,Z (t)).

Let us fix an arbitrary T > 0 and assume that
∥∥∥ZN(0)− Z (0)

∥∥∥ −→ 0, as
N → +∞.
Then sup

0≤t≤T

∥∥∥ZN(t)− Z (t)
∥∥∥ −→ 0 a.s. , as N → +∞ .

akj = a , νS = νI , λj = λ, γj = γ, for all k, j

(∗∗) Var
(∑̀

i=1
IN(t, xi )

)
≈ 1

N
γ

λ

(
1− e−2t(λ−γ)

)
.
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Set-up

For φ ∈ ACT ,2`, A2`(φ) denotes the set of functions c ∈ L1(0,T ; Rk
+
)

such that

c j
t = 0 on the set

{
t, βj(φ) = 0

}
and dφ

dt =
k∑

j=1
c j

t (t)hj .(8)

We define the rate function

IT (φ) :=

 inf
c∈Ak(φ)

IT (φ | c), if φ ∈ ACT ,2`

∞, otherwise,
(9)

where

IT (φ | c) =
∫ T

0

k∑
j=1

g
(
c j

t , βj(φt)
)
dt,(10)

g(x , y) = x log(x/y)− x + y .(11)
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Large Deviations Principle

Theorem 5.2 (Lower bound)
Let set ZN(0) = zN and Z (0) = z
For every open set O ⊂ D

(
[0,T ] ; R2`), if zN −→ z as N →∞, then

lim inf
N→∞

1
N logP

(
Z zN

N ∈ O
)
≥ − inf

φ∈O,φ0=z
IT (φ).(12)

Theorem 5.3 (Upper bound)

For every closed set F ⊂ D
(

[0,T ] ; R2`
)
, if zN −→ z as N −→∞, then

lim sup
N→∞

1
N logP

(
Z zN

N ∈ F
)
≤ − inf

φ∈F ,φ0=z
IT (φ).(13)
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Time of extinction

A =
{

(ui )1≤i≤2` : ui ≥ 0,
2∑̀

i=1
ui ≤ 1

}
,(14)

V = inf
z∈(0)`×[0,1]`

V (z∗, z),(15)

where

V (z , z ′,T ) = inf
φ∈DT ,A,φ0=z,φT =z ′

IT (φ),(16)

V (z , z ′) = inf
T>0

V (z , z ′,T ).(17)
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Time of extinction in the SIS model

Theorem 5.4
Let TN

Ext := inf{t ≥ 0, IN = 0} be the extinction time in the SIS model.
Given η > 0, for all z ∈ A ,

lim
N→∞

P
(

exp{N(V − η)} < TN,z
Ext < exp{N(V + η)}

)
= 1,(18)

and for N large enough,

exp{N(V − η)} ≤ E
(
TN,z

Ext

)
≤ exp{N(V + η)}.(19)

Homogeneous case : V = log(λ/γ) + γ

λ
− 1.
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Time of extinction in the SIS model

Theorem 5.4
Let TN
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Numerical methods

λ = 1.5, γ = 1 : V = 0.07213177477

"Bocop"

λ1 λ2 γ1 γ2 νI νS V
1.5 1.5 1 1 0.1 0.1 0.0721371028211974
1.5 1.5 1 1 0.5 0.5 0.0721371450282178
2 1 1 1 0.1 0.1 0.0886235309304135
2 1 1 1 0.1 0.5 0.0706046844173944
2 1 1 1 0.5 0.5 0.0830048116870205
2 1 1 1 0.5 0.1 0.0986088149145697
2.5 0.5 1 1 0.1 0.1 0.12876843629610
2.5 0.5 1 1 0.5 0.5 0.10666120710127
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Thank you for your attention !
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