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The models

@ We consider an infectious disease which spreads in a human
population;

o DCR?(d=L, 2 or 3);

e Grid D. :=[0,1]9 NneZ9;
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The models

@ We consider an infectious disease which spreads in a human

population; ® o o o [
o DCRY (d=1, 2 or 3); PY ®
e Grid D, :=[0,1] nez?; ® PS
e Total population size : Ne—9. ® ®
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The deterministic model

o S.(t,x;) : susceptible, I.(t,x;) : infectious, R-(t,x;) : removed
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The deterministic model

o S.(t,x;) : susceptible, I.(t,x;) : infectious, R-(t,x;) : removed

(1)
ds

dt
dl.

“(t,xi) = ps ASe(t, x7) —

dt (t X:) =My Ae/e(taxi) =+

ﬁ(X,') Sg(t,X,')/g(t,X,')
Sg(t,X,') + Ia(t,X,') + Rg(t,X,')
6(X,') S&‘(t’Xi)I&‘(t’Xi)
So(t,xi) + 1(t, x;) + Re(t, x;)

— a(x) k(t, xi)

dR:
o “(t,x;) = pr AR(t, x;) + a(x) I(t, %), (t,x;) € (0, T) x D-
Sc(t, x;) = S:(t,yi)
Is(t XI) =1 (t yl) for x; € OD:, x; ~ y; and y; € 05 oyt D:
Re(t, xi) = Re(t, yi)
5:(0), 1=(0), R-(0) > 0, 0 < 5.(0) + I=(0) + R(0) < M
b
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The limiting system

Os
E(LX) =Hs AS(t,X)

B(x)s(t, x)i(t, x)
s(t, x) +i(t, x) + r(t, x)

Q;(nx) At x) + LIS 0i(E X)

9 (e %) + (e x) +r(ex) 20
%(t,x) =ps Ar(t, x) + a(x)i(t,x), (t,x)€(0,T)x D
8‘:;(15,@ 6(30“( x) = OUt( ,x) =0, forxedD

s(0),i(0),r(0) > 0, 0 < s(0) +i(0) + r(0) < M
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The limiting system

X —

Os
E(LX) =Hs AS(t,X)

B(x)s(t, x)i(t, x)
s(t, x) +i(t, x) + r(t, x)

Q;(nx) At x) + LIS 0i(E X)

9 (e %) + (e x) +r(ex) 20
%(t,x) =ps Ar(t, x) + a(x)i(t,x), (t,x)€(0,T)x D
8‘:;(15,@ 6(30“( x) = OUt( ,x) =0, forxedD

s(0),i(0),r(0) > 0, 0 < s(0) +i(0) + r(0) < M

(s,i,r)7

Ténan YEO (AMU) Spatial Epidemic Model Aussois, May 19th-23rd 2019 5/24



e—d

S:(t,x) = ZSE(t,X,-)l\/,.(X), I(t,x) = Z I (t, %) 1y, (x),
i=1 i=1

e—d
Re(t,x) = 3 Re(t,x)1y,(x), Xe = (8-, T, R.) .
i=1
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Let us consider an initial condition X(0) € (L°°(D))3. For all T >0,
X-(t) — X(t)H —40, a5 €— 0.

sup
te[0,T]
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The stochastic model

3)

YirXj

2 mlg
+ N / Vi Xi
Yir~Xi

(t,Xi) S [07 T] X De.

Ténan YEO (AMU)

inf ‘ ﬂ(Xi)SN,s(r, Xi)IN,s(r7 Xi)
Sn,e(t,xi) = Sn,(0, %) — —P (/0 N5Ns( ) dr)

r, Xi) + IN E(I’,X,') + RN,E

i s pi ps
_ZNPSfy</N Sn,e(r, xi)d ) ZN sfx</ N525N,s(h)’i)dr)

Yirexi

N ) 1 inf ‘ 5(Xi)SN,s(raXi)IN,S(’UXi)
Ine(t,xi) = Ine(0, ) + NPX’ (/O N G X’)dr

Sne(ryxi) + Ine(r, xi) + Rn,e

1 rec ‘ mi ' Hi
,NPXI_ </0 Na(xi)Ine(r, xi)d ) Z NP,jy/ </ NE—le@(r,x,-)dr

YirXi

t
</ NgIN,E(nyi)dr) )

e
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Law of Large Numbers ( N — oo, ¢ being fixed )

Theorem 2.1

Let Zy . denote the solution of the SDE and Z. the solution of the ODE
dZ.(t
;E ) _ b.(t, Z.(t)).

Let us fix an arbitrary T > 0 and assume that HZN,E(O) - ZE(O)H — 0, as
N — +o0.

Then sup HZN,s(t) - Zg(t)H —0as., as N — 400 .
0<t<T
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Law of Large Numbers ( N — oo, ¢ being fixed )

Theorem 2.1

Let Zy . denote the solution of the SDE and Z. the solution of the ODE
dZ.(t
;E ) _ b.(t, Z.(t)).

Let us fix an arbitrary T > 0 and assume that HZN,E(O) - ZE(O)H — 0, as
N — +o0.

Then sup HZN,s(t) - Zg(t)H —0as., as N — 400 .
0<t<T

o {k/N, 0< k< N}
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LLN in sup-norm : N - o0 & ¢ — 0
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LLN in sup-norm : N - o0 & ¢ — 0

SN,E(t7X) = Z SN,s(taXi)]'Vi(X)7
=1

€
IN,s(tax) = Z IN,E(ta X,')l\/l.(X),

e—d

RNE t X ZRNE t XI)]-V,(X)
i=1

XN,e = (SN,aIN,eaRN,e)T-

o Recall that X; = (SE,IE,Rg)T and X = (S, i r)T.
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Law of Large Numbers : N — 00 & ¢ — 0

Theorem 3.1 (Law of Large Numbers in Sup-norm)

Let us assume that N — oo and € — 0, in such way that

N
O iog1e)
(i1) | Xne(0) - X(O)HOO — 0 in probability.

—00;

Then for all T >0, sup HXN’S(t) - X(t)” — 0 in probability .
te[0,T] 00
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Law of Large Numbers : N — 00 & ¢ — 0

Theorem 3.1 (Law of Large Numbers in Sup-norm)

Let us assume that N — oo and € — 0, in such way that

N
O iog1e)
(i1) | Xne(0) - X(O)HOO — 0 in probability.

—00;

Then for all T >0, sup HXN’S(t) - X(t)” — 0 in probability .
te[0,T] 00

(i) : D. Blount (1992).
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Central Limit Theorem

U/\/vg(l')
SpN,e(t) = VN,g(t) s
WN,&‘(t)

where

VA(Swe(t.) — S.(t.))
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CLT : N — oo, € being fixed

Theorem 4.1
Assume that

) HZN,E(O) - Zs(O)H —0, as N — 400 and

(ii) m(zN,a(O) - 25(0)) —50,as N — oo .

Then, as N — +oo , { Un(t), t >0 } = { ¥(t), t >0 },

for the topology of locally uniform convergence, where the limit process
Us(t)

U.(t)=| V(t) | satisfies, t >0
W(t)

(4) wa(t):/otvzb (r, (1) e( dr—i—Z/ \/mdB
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N >g+1, {T(1),t >0} = {#(r).e >0} in C([0, T]: (H-0)*),

where the limit ¥ is solution of the stochastic differential equation

(5) %f(t,x) = va(t,X(t,x)).f/(t)+dM(t,x)

Ténan YEO (AMU) Spatial Epidemic Model Aussois, May 19th-23rd 2019 14 /24



SIS Epidemic Patch Model
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SIS Epidemic Patch Model

o Total population size : N
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The deterministic model

Ténan YEO

dS Ny, S(t,Xj)/(t,Xj) . .
I(RXJ)_ )\JS(t,XJ)+I(t,XJ) +7J I(t7XJ)
l
+vs Y (a4 S(t,xk) — axS(t, x;))
k=1
dl N S(t, x;)I(t, x;) . '
l
+ v Z <akjl(t,xk) — ajkl(t,xj))
k=1
/= 17' 7£

Spatial Epidemic Model Aussois, May 19th-23rd 2019 16 /24



The deterministic model

dSs
I(t,xj)

o Allen et al. (2007)

— S(t,Xj)/(t,Xj)
75ty x;) + 1(t, x;)

¢
+vs Z (akJ-S(t,xk) — aij(t,Xj))
k=1
S(t, %) 1(t, x;)

= . . ./ '
AJ‘S‘(txj)‘i‘I(t")(j) Vi (t,XJ)

+y zz: <akj/(t,xk) - ajkl(t’xf))

k=1

+ 7 1(t, ;)
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The stochastic model

(7)
Sn(t, x;)In(t, x;)
N - pinf N J)IN J
Sn(t, x;) = Sn(0, x;) P (/ NA Sn(t, %) + In(t, Xj)dr>

+ = Prec (/ N’YJIN r, X dr) Z Prsmxgj’xk (/0 Nl/saijN(ran)dr>

+ Z NPE’E}(’XJ </ NusakjSN(r,xk)dr)
k=1 0

Sn(t, x) In(t, x;)
inf . N J J
() = (0, %) + P </o M Sultg) + Ine)

1 t ‘1 prmi
- NPISC (/0 N’YJ/N(f,Xj)df> -y N Ixjg:Xk (/ Nvjajn(r, XJ)df>

k=1

¢
1 . t
~pris //\/ y ) 1.0
+kz::1N /,xk,xj( A viagiIn(r, xi)dr ), j oo 0 —
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LLN

Theorem 5.1

Let Zy denote the solution of the SDE (7) and Z the solution of the ODE
dZ(t)
——= = b(t, Z(t)).

L)
Let us fix an arbitrary T > 0 and assume that HZN(O) - Z(O)H — 0, as
N — +oo.

Then sup HZN(t) - Z(t)H —0as., as N — 400 .
0<t<T
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LLN

Theorem 5.1

Let Zy denote the solution of the SDE (7) and Z the solution of the ODE
dZ(t)
——= = b(t, Z(t)).

L)
Let us fix an arbitrary T > 0 and assume that HZN(O) - Z(O)H — 0, as
N — +oo.

Then sup HZN(t) - Z(t)H —0as., as N — 400 .
0<t<T

oakj:a’ vs =V, )\J:>\, ’yJ:’y,fora||k,j
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LLN

Theorem 5.1

Let Zy denote the solution of the SDE (7) and Z the solution of the ODE
dZ(t)
——= = b(t, Z(t)).

L)
Let us fix an arbitrary T > 0 and assume that HZN(O) - Z(O)H — 0, as
N — +oo.

Then sup HZN(t) - Z(t)H —0as., as N — 400 .
0<t<T

oakj:a’ vs =V, )\J:>\, ’yJ:’y,fora||k,j

l
V)~ L7 ~2t(3—)
(**) Var(leN(t,X,)> ~ Nx(l—e )
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o For ¢ € ACT 2, Aoi(¢) denotes the set of functions ¢ € L1(0, T ; R%)
such that

. d k
(8) ¢ =0 on the set { Bi(¢) = 0} and — ¢ Z
j=1

We define the rate function

9 Ir(9) ;:{ L ir@le, ifeeACTa

o0, otherwise,
where
T Kk )
(10) (1) = [ Y elchpo0)de
(U
(11) g(x,y) = xlog(x/y) —x+y. e
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Large Deviations Principle

Theorem 5.2 (Lower bound)

Let set Zn(0) = z, and Z(0) = z
For every open set O C D([0, T]; R?), if zy — z as N — oo, then

(12) minfi logP(Zy' € 0) > — inf  I7(9).

li
N—oo N »€0,p0=2z
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Large Deviations Principle

Theorem 5.2 (Lower bound)

Let set Zn(0) = z, and Z(0) = z
For every open set O C D([0, T]; R?), if zy — z as N — oo, then

(12) minfi logP(Zy' € 0) > — inf  I7(9).

li
N—oo N $€0, o=z

Theorem 5.3 (Upper bound)

For every closed set F C ]DD([O, Uk R”), if zy —» z as N — oo, then

1
(13) lim sup logP(Zy' € F) < — inf I7(9).

N—oo ¢€ F7¢0:Z
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Time of extinction

20

(14) A= {(Ui)lgigzz Ui >0, Y ui < 1},
i=1

15 V= inf V(2),

( ) ze(O)Ignx[O,l]‘ (Z z)

where

16 V(z,Z,T) = inf / ,

( ) (Z i ) d)EDT,Ay(;’O:Ld)T:Z/ T((b)

no_ - ’
(17) V(z,2') = %n>fOV(z,z , T).
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Time of extinction in the SIS model

Theorem 5.4

Let TN :=inf{t > 0,Iy = 0} be the extinction time in the SIS model.
Givenn >0, forallz€ A,

(18) lim P(exp{N(V —n)} < TE7 < exp{N(V+n)}) =1,
and for N large enough,

(19) exp{N(V — n)} <E(TE7) < exp{N(V +n)}.
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Time of extinction in the SIS model

Theorem 5.4

Let TN :=inf{t > 0,Iy = 0} be the extinction time in the SIS model.
Givenn >0, forallz€ A,

(18) Jim P(exp{N(V —n)} < TEF < exp{N(V +n)}) =1,

and for N large enough,

(19)  exp{N(V —n)} <E(TL) < exp{N(V +n)}.
b
e Homogeneous case : V = log(\/v) + 3 —1.
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Numerical methods

e | A=15 ~v=1:V =0.07213177477

IIBocopll

15 | 15 1 1 0.1 | 0.1 | 0.0721371028211974
15 | 15 1 1 0.5 | 0.5 | 0.0721371450282178
2 1 1 1 0.1 | 0.1 | 0.0886235309304135
2 1 1 1 0.1 | 0.5 | 0.0706046844173944
2 1 1 1 0.5 | 0.5 | 0.0830048116870205
2 1 1 1 0.5 | 0.1 | 0.0986088149145697
25 | 05 1 1 0.1 | 01 0.12876843629610
25 | 05 1 1 05 | 05 0.10666120710127
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Thank you for your attention !
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