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(771) Sexual reproduction
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non-local
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(771) Sexual reproduction

{Segregation (L loci)}
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(771) Sexual reproduction: example (Fisher (1919), Barton, Etheridge, and Véber (2017))
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(771) Sexual reproduction: example (Fisher (1919), Barton, Etheridge, and Véber (2017))

[Inﬁnitesimal model (L — o0) J

(o)

a6 G &G GGGy

o? = e? /2: parameter, constant

across families
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211 xual reproduction: exam Fisher (1919), Barton, Etheridge, and Véber (2017
Sexual reproduction: example (1919) (2017)

[Inﬁnitesimal model (L — oo) J

o
[Bg[n] (2) = / Go, o2 (Z . #) n(zl)"g\?) dz1 dzs
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(iv) Constraint by segregation : well-mixed populations ag op < 202

¢ Bo|Gy20] = Gi 26 => Gaussian equilibria under random
mating (Bulmer 1980)

o Evolution of niche width (sex vs asex, Roughgarden 1972),
weak selection (Turelli and Barton (1994))

o Contraction properties (G. Raoul (2017)):

Wy (By[n], Bo[m])? < =W, (n,m)>.

N |

o Perturbative analysis in the regime of small variance o < 1
(V. Calvez, Garnier, and Patout (2019)). Explicit math.
constraint on the distribution.
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(iv) Constraint by segregation : well-mixed populations 0'12) op =

Shape and influence of such constraint
with spatial structure?
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Scenery

CANE TOADS

THE CONQUEST
TAKING A LEAP IN 3

WARNING: LICKING THIS TOAD CAN BE HAZARDOUS TO YOUR HEALTH
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Scenery (Phillips et al. (2006), Urban et al. (2008))
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Cane-toads equation (t >0, zeR, zeR)

Reaction-diffusion with diffusion coefficient under evolution

competition

5 reproduction diffusion
—N— —N—
8—?(& x,z) = Bn(t,z,)](z) —n(t,z,z2) / ndz'"  +zAn(t,z, z).
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Cane-toads equation (t >0, zeR, zeR)

Reaction-diffusion with diffusion coefficient under evolution

. competition
mutations diffusion

on / 2 ™ , —_—————
a(t,:mz):n—&—aMAzn —n(t,xz,z) | ndz" +zA;n(tx,z2).

o Asexual reproduction$ ~ self-accelerating front | X (¢) oc t3/2| 1

§(Prevost 2004, Champagnat and Méléard 2007)
’T(Bouin, C. Henderson, and Ryzhik 2017; Berestycki, Mouhot, and Raoul 2017;
Calvez, Henderson, et al. 2022
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Cane-toads equation (t >0, zeR, zeR)

Reaction-diffusion with diffusion coefficient under evolution

competition ) )

9 w constant diffusion
n —_—N—
a(t,x,z) =n(t,z,z) -n(tx,z2) /ndz’ + 1A.n(t,z,2)

o Asexual reproduction’ ~ self-accelerating front | X (t) o 3219

o Constant diffusion (FKPP) ~» front at constant speed | X (¢) o< ¢

$(Prevost 2004, Champagnat and Méléard 2007)
’T(Bouin, C. Henderson, and Ryzhik 2017; Berestycki, Mouhot, and Raoul 2017;
Calvez, Henderson, et al. 2022
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Cane-toads equation (t >0, zeR, zeR)

Reaction-diffusion with diffusion coefficient under evolution

competition
5 Inf. model diffusion
—_— —_——
%(t,x,z) =|Bs[n(t,z,)](z)| —n(tz,2) /ndz' +zAn(tx,2).

o Asexual reproduction’ ~» self-accelerating front | X () o $3/2] 9

¢ And for sexually reproducing toads? (with infinitesimal model)

§(Prevost 2004, Champagnat and Méléard 2007)
’T(Bouin, C. Henderson, and Ryzhik 2017; Berestycki, Mouhot, and Raoul 2017;
Calvez, Henderson, et al. 2022

Chaire MMB Evolution of dispersal



Conjecture about long time asymptotics ([D. and Lavigne (2021)])

o Front position | X (t) = yt*/*|, 4. =1 (%) /2,
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Conjecture about long time asymptotics ([D. and Lavigne (2021)])

o Front position

X(t) =yt y— (9

/o

o Behind (z < X (¢)): mean dispersal trait

Zb

(l’) — 0_1,'361 '-31_2/5
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Conjecture about long time asymptotics ([D. and Lavigne (2021)])

/9

o Front position | X (t) = yt*/*|, 4. =1 (%) L

X ( )): stationary trait distribution for

o Behmd (a:
)| < 62°(x):

2z — 20(x)

=
<0

\ 1
n(t7 .'E,Z) = ng(a:)720,2(z) 1 + C) (()) + /S)X <>:| ’

6—0 /
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Conjecture about long time asymptotics ([D. and Lavigne (2021)])

1/2

o Front position | X (t) = yt*/*|, 4. =1 (%)

o Behind (z < X (t)): stationary trait distribution for
2 —2%(x)| < 62b(x):

n(t,z, z) = sz(a:),2a'2 (2) |~

0—0 t—00

i+ o0+,0. (Y]

o Ahead (x > X (t)): mean dispersal trait
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Conjecture about long time asymptotics ([D. and Lavigne (2021)])

/9

o Front position | X(t) = yot?t oy =4 (%) 12,

o Behind (z < X (t)): stationary trait distribution for
2 —2(x)| < 02b(x):

. ]
n(t,$72) = Géb(m),2a’2(z) X |1+ C) (()) + / (’) <>} .

5—0 t

o Ahead (x > X(t)): distribution for

z—2%t,x)| < 0z%x):

n(t7$7 Z) = e_c(t’%) x Gfa(t,x),2o'2 (Z)
X {1 o <o‘o‘—’{ ]} 3) o (})}
§—0 t t— o0
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Conjecture about long time asymptotics ([D. and Lavigne (2021)])

o Front position | X (t) = y.t°/* < t3/2| . — 1 (%)lz

o Behind (z < X(t)): stationary trait distribution for
z—20(x)| < 62b(x):

1
'I’L(t,l‘,Z) = GEb(x),20'2(Z) x |1 + C) ((5) -+ , (’) <>:| )

§—0 t

o Ahead (x > X (t)): distribution for |» — =“(f.x)| < 029(z):

n(t,l‘, Z) = 6—0(12%) x Gia(t,x),2a'2 (Z)

8/3 N
I+ O +[ 6+6% |- + 0 (H].
. 50 o L"l} fi,fx.(*)

[Constrained by segregation = slower than asexualj
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Sex vs asex (02 = o3,,t = 100)

1072

1000
Space x
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Scenery: patchy environment

(Quantitative trait |
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One-locus haploid model: stable dimorphism
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Major locus with small quantitative backgroundl: stability?

g g

Bt B m Bt B

Trait

lOrr (2001)
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Major locus with small quantitative background!: stability?




Quantitative trait with hybrid genetic architecture

L loci 1 (
oc Hybrid trait

quant. background z
—_——~

major effect

~~ = e
+n + T—
ZI

Ala

**haploid, unlinked loci, no mutations
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Quantitative trait with hybrid genetic architecture

L loci

Ala

major effect
~~
+n

Hybrid trait

quant. background z
—_——~

L €
4+
k; VL

[Asymptotics: £ = % <K 1]

**haploid, unlinked loci, no mutations
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PDE model

Dynamics of the 4 local (i,7 = 1,2) allelic (A/a) trait densities

reproduction selection compet. migration
% _ RALA a 2 A A A
5t (z)=B[n;,nil-|g(z+n-0;)"+ N; |n; +m<nj—ni>,
reproduction selection compet. migration
ong ——
[ _ ar. A a 2 a a a
SL(z) = Belnfng — | g(z—n—-0)"+ N, | n¢+m(ng—ng).
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PDE model

Dynamics of the 4 local (i,7 = 1,2) allelic (A/a) trait densities

reproduction selection compet. migration
i _ RrRALLA a 2 A A A
5t (z)=Bl[n;,nil-|g(z+n-0;)"+ N; |n; +m<nj—ni),
reproduction selection compet. migration
ong ~=
I3 _ a A a 2 a a a
5 (z) = BZ[ni,nil—|gz—n—-6;)"+ N; ni+m(njfni>.

Reproduction operators BZ, Bf?
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Genes and trait’s inheritance
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Genes and trait’s inheritance

o?: segregational variance,

parameter, constant across families
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Genes and trait’s inheritance

il

J

a A
BS [nA, n®)(z) = // Go.o2 {z _A ;—z2]n“(z1)n (22) j\_rn (22) dz1dza.
R2
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Genes and trait’s inheritance

If fixation of one allele in the population and loss of the other ~~
previous operator

B&[n" n%(z) = //RZGO,U2 [z - %] na(zl)na(zz)N dz1dza.

Chaire MMB

Gulliver against the Liliputians



Strategy ([D., Otto and Calvez (2022)))

P (nl")

1. Constraint by
seg within patches

Convex analysis
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Strategy ([D., Otto and Calvez (2022)))

P (nl")

1. Constraint by
seg within patches

Conver analysis

e—0
0 (%)

2. Separation eco-evo

(blending by migration.)

Slow-fast analysis
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Strategy ([D., Otto and Calvez (2022)))

P (ny)

1. Constraint by

seg within patches

Conver analysis

3. (Un)stability of
major polymorphism

e—0
v i)

2. Separation eco-evo

(blending by migration.)

Slow-fast analysis
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Stability of major dimorphism (Gulliver alone)

Stability of dimorp. (OLM)
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Stablhty of major diHlOI'phiSHl (Gulliver against the Lilliputians)

Stability of dimorp.
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Stablhty of major dimorphism (Gulliver against the Lilliputians)
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[Constrained by segregation = loss of major dimorp.j
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Perspectives

¢ Invasions and sexual reproduction: stochastic approach
(demographic fluctuations, imbreeding depression...)
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o Hybrid genetic architecture: mutation kernel on major locus.
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Perspectives

¢ Invasions and sexual reproduction: stochastic approach
(demographic fluctuations, imbreeding depression...)

o Hybrid genetic architecture: mutation kernel on major locus.

o Other gene-traits associations with sex: quantitative alleles
(Collet, Méléard, and Metz (2013), D. and Mirrahimi, (2022))
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Full analytical outcomes ([D., 2022])

Symmetrical monomorphic

Symmetrical polymorphism
25 Symmetrical monomorphism

B Asymmetrical monomorphism
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— —_ INY
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Small variance methodology

Introduced by Diekmann et al. (2005) for quantitative genetics
models'TH

[Diversity from reproduction} < [Selection pressure}

~ [Concentration on the fittest traits.]

~ [Unfold Dirac singularities: u. := &2 log (e na)j

t Geometric optics for reaction-diffusion (Freidlin 1986; Evans and Souganidis 1989)
¥ Asexual: constrained Hamilton-Jacobi (Perthame and Barles 2008; Barles, Mirrahimi,
and Perthame 2009; Lorz, Mirrahimi, and Perthame 2011; Mirrahimi 2017)
Sexual: Finite-difference term (V. Calvez, Garnier, and Patout 2019; Patout 2020)
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Small variance methodology

- Trait z

£2

Figure: Transform: n. = % exp <_M) .
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An example in homogeneous space, no major effects:
constraint on u. = £21og(e n.) (v. Calver, Garnier, and Patout 2019)

(i) If u. is smooth, then (Taylor expansions)

u-(z unlz 2 05 (5
ng(z)zéexp(—‘( )) =§exp<_ 0(2) +¢ ())

g2 g2
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An example in homogeneous space, no major effects:
constraint on Us = 52 log(€ ng) (V. Calvez, Garnier, and Patout 2019)

(i) If u. is smooth, then (Taylor expansions)

1 ug(z 205(2
O</Rn5(z)dz:/Rgexp (— of )+2€ ( )>dz<+oo

£

~ 10 is non-negative and cancels on a non-empty null set.
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An example in homogeneous space, no major effects:
COIlStl“aiIlt on u, = 82 10g<5 77/5) (V. Calvez, Garnier, and Patout 2019)

(i) If u. is smooth, then (Taylor expansions)

Ue\2 up(z 20 (2
ns(z):iexp(— 6(2)) :iexp<— o )+25 ())

3

~ 1 is non-negative and cancels on a non-empty null set.

(ii) Homogeneous space

reproduction compet. selection

20 (t, 2) = Be(na)(t, 2) — No(t)na(t, z) —m(2)na(t, 2) .
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An example in homogeneous space, no major effects:
constraint on Us = 82 log(€ ng) (V. Calvez, Garnier, and Patout 2019)

(i) If u. is smooth, then (Taylor expansions)

1 U2 1 uo(2) + €208 (2
ne(z) = £ exp () =gexp<— () + “)

e2

~ 10 is non-negative and cancels on a non-empty null set.

(ii) Homogeneous space

ek1?
—_——~
B:(n:)(t, 2)

526t log (ne) (t,2) = ne(t, z)

—N(t) —m(z).
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An example in homogeneous space, no major effects:
COIlStl“aiIlt on u, = 82 10g<5 77/5) (V. Calvez, Garnier, and Patout 2019)

(i) If u. is smooth, then (Taylor expansions)

Ue\2 up(z 20 (2
ns(z):iexp(— 5(2)) :iexp<— o )+25 ())

3

~ 1 is non-negative and cancels on a non-empty null set.

(ii) Homogeneous space and infinitesimal model

Belne)l) _ 1 ~(z = 22)°] . (z)ne(z2)
ns(z) - Jre /R2 eXp[ 2 2 ‘| na(z) N dz1dzs.
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An example in homogeneous space, no major effects:
COIlStl“aiIlt on u, = 82 10g<5 77/5) (V. Calvez, Garnier, and Patout 2019)

(i) If u. is smooth, then (Taylor expansions)

1 u-(z 1 un(z SQ,UEZ
nE(Z):Eexp(— 6(2)) :5eXp<_ o(z) + ())

e2

~> 1 is non-negative and cancels on a non-empty null set.

(ii) Homogeneous space and infinitesimal model

[uo(n)-ﬁ-uo(m)—(;_21;22)2_“’“(2) + (’)(1)]
Be(ne)(2) _ dz1dzo.

ne(z) R2 \/776/Rexp {_UO;QZ’) —1—0(1)} dz'

Chaire MMB Gulliver against the Liliputians



An example in homogeneous space, no major effects:
COIlStl"aiIlt on u, = 82 log(E ng) (V. Calvez, Garnier, and Patout 2019)

(i) If u. is smooth, then (Taylor expansions)

-z unl(z 21)82
na(z)zéexp<_ ~€(2)) =§exp<— o(2) +e ())

e2

~> 1y is non-negative and cancels on a non-empty null set.

(ii) Homogeneous space and infinitesimal model

Vz € R, max luo(zl) + up(22) — (2’ At zg)2 _ uO(g)} =0.

(21,22)
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An example in homogeneous space, no major effects:
COIlStl“aiIlt on u, = 82 10g<5 77/5) (V. Calvez, Garnier, and Patout 2019)

(i) If u. is smooth, then (Taylor expansions)

ne() =L e (<) =lew <_ua<z> +e ve<z>>

~> 1 is non-negative and cancels on a non-empty null set.

(ii) Homogeneous space and infinitesimal model

Vz € R, max lUO(ZI) +uo(z2) - (Z 2

21,22)

Convex analysis (E. Bouin et al. n.d.):

L %)\2
J:*€R, VzeR, uo(z):%,

2

and n. is Gaussian at first order, of mean z* and variance €

Gulliver against the Liliputians
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