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Definition of the process (νs)s≥0

Type = (size,position,gender,...) ∈ X ⊂ Rd.

Xv
s Y1 YN

B (Xv
s ,νs, s)

νs =
∑

u∈G(s)

δXu
s νs+ = νs − δXv

s
+

N∑
i=1
δYi

Notations

Offspring size : N ∼ (pn (X
v
s ,νs, s))n≥0.

Type distribution at birth :

(Y1, · · · ,Yn) ∼ Kn (X
v
s ,νs, s, ·) .

Deterministic dynamics between jumps : ẋs = µ (xs,νs, s).
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Size-biased trees and Many-to-One formula

Size-biased tree [CR88], [LPP95]
We assume the following parameters to be constant :

Branching rate ; B(x, ν, t) = B,

Reproduction law ; for all k ≥ 0, pk(x, ν, t) = pk

P(”having k children”) = pk

p̂k = P̂(”having k children”) :=
kpk
m

where m :=
∑

k≥0 kpk is the mean number of children.

Spine → p̂k

Other individuals → pk

Type at birth of the k children ∼ Kk(xt,νt, t, ·)
Deterministic dynamics between jumps : ẋt = µ (xt,νt, t)
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Size-biased trees and Many-to-One formula

Spinal process

∅

•

•

•

0

p̂k

T1 ∼ E(B) Time
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Size-biased trees and Many-to-One formula
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Size-biased trees and Many-to-One formula

Spinal process

∅

•

•

•

BP (B, pk)

BP (B, pk)

0 T1 Time

⊥⊥ Branching property

Charles Medous (Institut Fourier) MMB Aussois 2023 4 juillet 2023 4 / 11
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Size-biased trees and Many-to-One formula

Spinal process

∅

•

•

•

•

•

•
•

•

BP (B, pk)

BP (B, pk)

BP (B, pk)

BP (B, pk)

BP (B, pk)

Many-to-One formula without interactions, [BDMT11]

E

 ∑
u∈G(t)

F
(
(Xu

s )0≤s≤t

) = E
[
eB(m−1)tF

(
(Ys)0≤s≤t

)]
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Spinal trees and Many-to-One formula

Type space X finite or countable

µ(x, ν, t) = 0

B(x, ν, t) = B(x, ν)

For all n ≥ 0, pn(x, ν, t) = pn(x, ν) and Kn(x, ν, t, ·) = Kn(x, ν, ·)

Many-to-One formula with interactions, [Ban21]

E

 ∑
u∈G(t)

F
(
(Xu

s )0≤s≤t

) =

CE

[
1

ψ (Yt,χt)
exp

(∫ t

0

Gψ (Ys,χs)

ψ (Ys,χs)
ds

)
F
(
(Ys)0≤s≤t

)]
.
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Spinal trees and Many-to-One formula

Type space X finite or countable

µ(x, ν, t) = 0

B(x, ν, t) = B(x, ν)

For all n ≥ 0, pn(x, ν, t) = pn(x, ν) and Kn(x, ν, t, ·) = Kn(x, ν, ·)

Many-to-One formula with interactions, [Ban21]

With ψ ≡ 1

E

 ∑
u∈G(t)

F
(
(Xu

s )s≤t

) = E

e
∫

t

0
B(Ys,χs)(m(Ys,χs)−1)ds

F
(
(Ys)s≤t

) .
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Spinal process (Yt,χt)t≥0

We denote χ+ the new population after a branching event

Biased distributions using ψϕ(x,χ, t) := ψ(x, ⟨χ, ϕ(·, t)⟩, t)
Spine

p̂∗k (xe,χ) ∝
∑k

i=1 ψϕ (yi,χ+)

ψϕ (xe,χ)
pk (xe,χ) .

The j-th child becomes the new spine with probability

ψϕ (yj ,χ+)∑k
i=1 ψϕ (yi,χ+)

.

Outside the Spine

p̂k (x, xe,χ) ∝
ψϕ (xe,χ+)

ψϕ (xe,χ)
pk (x,χ) .
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Spinal process (Yt,χt)t≥0

We denote χ+ the new population after a branching event

Biased distributions using ψϕ(x,χ, t) := ψ(x, ⟨χ, ϕ(·, t)⟩, t)
Spine

p̂∗k (xe,χ) ∝
∑k

i=1 ψϕ (yi,χ+)

ψϕ (xe,χ)
pk (xe,χ) .

Outside the Spine

p̂k (x, xe,χ) ∝
ψϕ (xe,χ+)

ψϕ (xe,χ)
pk (x,χ) .

If ψt
ϕ ≡ 1,

p̂k (x, xe,χ) = pk (x,χ) et p̂∗k (xe,χ) =
kpk (xe,χ)

m (xe,χ)
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Many-to-one in general case

For a given function ψϕ, we denote (Yt,χt)t≥0 the associated spinal
process.

Theorem

Under non-explosion assumptions for both processes, for all t ≥ 0, for every
initial population z and every positive function F ,

Ez

 ∑
u∈G(t)

F
(
(Xu

s )0≤s≤t

) =

C(z)Ez

[
1

ψϕ (Yt,χt, t)
exp

(∫ t

0

Gψϕ (Ys,χs, s)

ψϕ (Ys,χs, s)
ds

)
F
(
(Ys)0≤s≤t

)]
.
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Yule process with growth and loss events

Type = mass x ∈ R∗
+ of each individual, growing as ẋ = µ(t)x.

Branching events :

x r(t)x Λx

(1− Λ)x

x d(t)Nt

(1−Θ)x

Λ is a random variable in [0, 1]

Θ is a random variable in (0, 1)

Charles Medous (Institut Fourier) MMB Aussois 2023 4 juillet 2023 8 / 11



Yule process with growth and loss events

We assume

Kdiv : = E

[
1

Λ(1− Λ)

]
< +∞, Kloss := E

[
1

Θ

]
< +∞.

We take ψ(x, y, t) := xe−y and ϕ(x, t) := ln (xKdivr(t)). We thus get

ψϕ(x, νt, t) =
x∏

u∈G(t)X
u
t Kdivr(t)

Branching rates of the associated spinal process

x 1 Λ̂x

(1− Λ̂)x

x Klossd(t)Nt

(1− Θ̂)x
xe d(t)Nt

(1− Θ̂∗)xe
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Yule process with growth and loss events

Kdiv := E

[
1

Λ(1− Λ)

]
, Kloss := E

[
1

Θ

]
, ψϕ(x, νt, t) =

x∏
u∈G(t)X

u
t Kdivr(t)

.

Branching rates of the spinal process

x 1 Λ̂x

(1− Λ̂)x

x Klossd(t)Nt

(1− Θ̂)x
xe d(t)Nt

(1− Θ̂∗)xe

Gψϕ(x,νt,t)
ψϕ(x,νt,t)

= µ(t)+
[
1− ṙ(t)

r(t) − µ(t) + d(t)(Nt − 1) (Kloss − 1)
]
Nt−r(t)Bt
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Yule process with growth and loss events

Kdiv := E

[
1

Λ(1− Λ)

]
, Kloss := E

[
1

Θ

]
, ψϕ(x, νt, t) =

x∏
u∈G(t)X

u
t Kdivr(t)

.

Algorithm’s sketch
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