Spine constructions for branching populations with
interactions. Application to a Yule process
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Definition of the process (v)s>0

Type = (size,position,gender,...) € X C R%.

N
vi= 3, Oxu Ve =Vs—0xv + Y0y,
u€G(s) . i X i:Zl Vi

o Offspring size : N ~ (pn (X7, Vs, 8)),50-
@ Type distribution at birth :

(y17"'7yn) K (X Vg, S a')-

@ Deterministic dynamics between jumps : &5 = p (s, Vs, S).
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Size-biased trees and Many-to-One formula

Size-biased tree [CR88], [LPP95]
We assume the following parameters to be constant :

e Branching rate; B(x,v,t) = B,
@ Reproduction law; for all k > 0, pg(z,v,t) = pg

P("having k children”) = py,

P = P("having k children”) := %
where m := ", - kpy, is the mean number of children.
@ Spine — ﬁ/:
e Other individuals — py
Type at birth of the & children ~ Ky (z,v4,t,-)
Deterministic dynamics between jumps : &; = p (x4, vy, t)
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Size-biased trees and Many-to-One formula

Spinal process

T
0 Ty ~ E(B) Time

Charles Medous (Institut Fourier) MMB Aussois 2023 4 juillet 2023



Size-biased trees and Many-to-One formula

Spinal process
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Size-biased trees and Many-to-One formula

Spinal process

BP (B, p1)
. 1 Branching property
BP (B.pr)
Il \
I T 7
0 Ty Time
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Size-biased trees and Many-to-One formula

Spinal process
BP (B.pr)

BP (B.pr)

\. BP (B.pr)

BP (B,pi)

N

0 Ty b Time
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Size-biased trees and Many-to-One formula

Spinal process

E Z F ((Xg)ogs§t> =E [eB(m_l)tF ((Yh)ogsgtﬂ

ueG(t)

™ = — — SRl
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Spinal trees and Many-to-One formula

@ Type space X finite or countable

o u(x,v,t) =0

e B(z,v,t) = B(z,v)

e Foralln >0, py(x,v,t) = pp(x,v) and K, (z,v,t,-) = K,(z,v,")

Many-to-One formula with interactions, [Ban21]

uezG:(t) F <(Xg)0§s§t>
e ([ ShEan) F (09ness)]-

v

ot
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Spinal process (¥, X;)t>0

We denote x+ the new population after a branching event

Biased distributions using ¥4(x, x,t) := ¥(x, (x, o(, 1)), 1)

Spine

k .
Zi?jzify;;@r)pk (es x) -

The 3-th child becomes the new spine with probability

~~k

P (e, x) o

Vg (U5, X+) _
Zf:l ¢¢ (yla X+)

Outside the Spine
¢¢ ("I)(:) X+)

Pk (-7;7'1'(%’ X) X mpk (Q?, X) o
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Spinal process (¥, X;)t>0

We denote x 1 the new population after a branching event

Biased distributions using v

Spine

“—~k

k .
Dg (.1.” X) X Zi:l w¢ (yz, X+)

Dolrer) P

Outside the Spine

R Yo (Te, X+)
Pre (%, e, x) o = = =Pk (2, X) -
k ( ) wd) (v[‘m X) g ( )
If ¢fb =1,
R ) 3 5 _ kfpk (J‘(:?X)
Pi (@000 =pe(@) et Bi(ve,X) = =50
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Many-to-one in general case

For a given function 14, we denote (17, x;):>0 the associated spinal
process.

Under non-explosion assumptions for both processes, for all £ > 0, for every
initial population z and every positive function F,

E. Z F((X:)O§s§t> =

ueG(t)
1 t y:‘? S e
)exp< Mds) P (QS)OSSQ)} -
0

C( ) |:¢¢( /’Xta ¢¢' (YMsts)
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Yule process with growth and loss events

Type = mass x € R*_ of each individual, growing as & = u(t)x.
Branching events :

z r(t)x O Ax
O—
O -z

@ A is a random variable in [0, 1]

z  d(t)Ny
Q—»O (1-0)x

@ O is a random variable in (0,1)
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Yule process with growth and loss events

We assume

1

1
Kgiv:=E |:A(1—A):| < 400, Kioss := E |:®:| < +o00.
We take ¢(x,y,t) := xze™ ¥ and ¢(x,t) := In (x Kg;y7(t)). We thus get

T

[Tueow Xi' Kaivr(t)

Branching rates of the associated spinal process

%5(37; Vtat) =

€ Klossd(t)Nt

z Ao O——OQua-on
Q_1> O A Z d(t)Ny O | )
@a-2: @Q—Q@Qu-6.
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Yule process with growth and loss events

1 1

Kdiv =E |:A(1—A):| 5 Kloss =E |:6:| ) %ﬁ(% Vtat) = >

HueG(t) Xi Kaivr(t)

Branching rates of the spinal process

€z Klossd(t)Nt

v (@R O—0Oa-éx
Le d(t)Nt
@ao-1 @——@ -6

Gralnn) — u(t)+[1 = 23 — u(t) + AN, = 1) (Kioss — 1)| Ni—1(t) By
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Yule process with growth and loss events

T

1 1
Koiv =B ||, Kiss =E|<], U t) = :
¢ [A(l - AJ : [@] Yol 1:) [Tco Xt Kawr ()
Algorithm’s sketch
6] %) %)
| 5 SR
i
- Al A
A A
A A
o ATe
(b) Step 2 (c) Step 3

a) Step 1
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