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Definition of the Model

o Biological motivation:
Capturing the genetic composition of a population of cells during carcinogenesis.

o Trait space:
a finite oriented graph (V, E), 0 € V: 0 represents wild-type cell, v € V\{0}

represents mutant cells,
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o Biological motivation:
Capturing the genetic composition of a population of cells during carcinogenesis.
o Trait space:
a finite oriented graph (V, E), 0 € V: 0 represents wild-type cell, v € V\{0}
represents mutant cells,

o Birth and death dynamics:
(Z,(t))t>0: Continuous time multitype branching process.
Division and death at rate «y and (3, for individuals of trait v.
The growth rates are
Av = ay — By.

Assumption: Ao > 0.
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Definition of the Model

o Biological motivation:
Capturing the genetic composition of a population of cells during carcinogenesis.
o Trait space:
a finite oriented graph (V, E), 0 € V: 0 represents wild-type cell, v € V\{0}
represents mutant cells,

o Birth and death dynamics:
(Z,(t))t>0: Continuous time multitype branching process.
Division and death at rate «y and (3, for individuals of trait v.
The growth rates are
Av = ay — By.
Assumption: Ao > 0.
o Mutations:
Division event of a cell of trait v: independent mutation to trait u over the two
daughter cells with probability 1¢(, ,)cgyu(v,u) .
o Initial condition: Z,(0) = 1;,—o}-
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o Biological context:
o tumour size ~ 10° cells,
e mutation rate per base pair per cell division ~ [10_10, 10_8],
= tumor size X mutation rate & constant!
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Large Population Rare Mutation Limit

o Biological context:
o tumour size ~ 10° cells,

e mutation rate per base pair per cell division ~ [10_10, 10_8],
—> tumor size X mutation rate & constant!

o Rare mutation regime:

Y(v,u) € E, u" (v, u) ~ “(Vn’ u). (1)

(n) ; (n)
— a sequence of (ZV )nEN with (,u (v, u))neN'
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Large Population Rare Mutation Limit

o Biological context:

o tumour size ~ 10° cells,
e mutation rate per base pair per cell division ~ [10_10, 10_8],
—> tumor size X mutation rate & constant!

o Rare mutation regime:

“(Vv u). (1)

n

Y(v,u) € E, " (v, u) =

(n) ; (n)
— a sequence of (ZV )nEN with (,u (v, u))neN'

o Biological relevant times:

Ugn) =inf{s>0: ZZ\EH)(S) >nt s,
veV (2)

ngn) = inf {s >0: Zé")(s) > nt} .
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Results from the Literature

Theorem ( Number of mutants at time /)("))

Let v € V such that (0, v) € E. Conditioning on p(") = crg") or n§") < oo,

1 .
Z (p(ln)) ~ ZYf(sf),
i=1

K™ is Poisson distributed, Y; are i.i.d. birth and death processes, £; are i.i.d. exponential distribution.

D.Cheek and T.Antal (2018) and (2020)
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Theorem ( Number of mutants at time /)("))

Let v € V such that (0, v) € E. Conditioning on p(l") = crg") or n§") < oo,
K*
Z (P(ln)) ~ E Yi(&i),
i=1

K™ is Poisson distributed, Y; are i.i.d. birth and death processes, £; are i.i.d. exponential distribution.

D.Cheek and T.Antal (2018) and (2020)

A )
Z
(G B
K™ mutations
&; exponential time
o(n)
B Q: What happens at larger times ?
£ p™
< > |

no mutation
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Results from the Literature

Theorem ( Number of mutants at time /)("))

Let v € V such that (0, v) € E. Conditioning on p(l") = crg") or n§") < oo,
K*
Z (P(ln)) ~ E Yi(&i),
i=1

K™ is Poisson distributed, Y; are i.i.d. birth and death processes, £; are i.i.d. exponential distribution.

D.Cheek and T.Antal (2018) and (2020)

A )
Z
(G B
K™ mutations
&; exponential time
o(n)
/
pd Q: What happens at larger times ?
£ p™
< > |

no mutation

— understand the dynamics of Z,E") (p(tn)), Vt > 1 7 And for non neighbouring vertices ?
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Approximating Deterministic Time-scale

Lemma (Control Wild-Type Population)

Forall 0 < T1 < Ty,

log(n) __ log(n)
X0) 2 N0)

Vs € [Tl } , 280 (s) ~ wetos,

where W :’2/ Ber (2—8) ® Exp (i‘(—g) .
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Approximating Deterministic Time-scale

Lemma (Control Wild-Type Population)

Forall 0 < T1 < Ty,

log(n) __ log(n)
X0) 2 N0)

Vs € [Tl } , 280 (s) ~ wetos,

where W :@/ Ber (2—8) ® Exp (:‘C—g) .

_ tlog(n) Iog(W)-

Wetos = pt «— s
Ao Ao

(n)

Proposition ( Deterministic Approximation of 7; )

Conditioning on W >0,V0 < T; < Ty

log(n) _ log(W)

Vt € [T1, T, 0" ~ o o
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Approximating Deterministic Time-scale

Lemma (Control Wild-Type Population)

Forall 0 < T1 < Ty,

log(n) __ log(n)
X0) 2 N0)

Vs € [Tl } , 280 (s) ~ wetos,

where W :@/ Ber (2—8) ® Exp (:‘C—g) .

_ tlog(n) Iog(W)-

Wetos = pt «— s
Ao Ao

(n)

Proposition ( Deterministic Approximation of 7; )

Conditioning on W >0,V0 < T; < Ty

log(n) _ log(W)

Vt € [T1, T, 0" ~ o o

= First Step:
understand the growth dynamics of Z‘Sn) in the time scale (tlog(")

Ao >te\Pr'
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@ Stochastic Exponent:

log (1 + Zé") (t%.ﬂz))

log(n)

B(t) = = z{" (t—loi(n)) — "0 1,

0
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Result on the Stochastic Exponent

o Bibliography:
R.Durrett, J.Mayberry (2011)
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M. Esser, A. Kraut (preprint, 2021)

@ Stochastic Exponent:

log (1 + Zé") (t%?))

log(n)

= z" (t—log(n)> =270 1,

(M sy .—
A = s

o Convergence result:

6‘(/")(t) X positive deterministic non-decreasing piecewise linear continuous function.
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o First occurrence time:
For a path ~, define t(v) := # of edges on ~.
For v € V\{0}, define t(v) := min{t(y),7:0 — v}.

= Vi < t(v), B(t) = 0,Vt > t(v), 8" (t) > 0.
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Result on Stochastic Exponent

o First occurrence time:
For a path ~, define t(y) := # of edges on ~.
For v € V\{0}, define t(v) := min{t(v),v:0 — v}.
= Vvt < t(v), B"(t) = 0,vt > t(v), B(t) > 0.
o But what about:

(i) Stochasticity ?

260 (et + ) w0020,
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Result on Stochastic Exponent

o First occurrence time:
For a path ~, define t(y) := # of edges on ~.
For v € V\{0}, define t(v) := min{t(v),7y:0 — v}.
= Vvt < t(v), B"(t) = 0,vt > t(v), B(t) > 0.
o But what about:
(i) Stochasticity ?
'08(”) B (t(v)+1)
(t(v) +t)——= ) = X;n"v .

(ii) Factor depending on n but not as power of n ?

z{" ((()+t)|°§5,n)) Xepe(nynP (€040,
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Result on Stochastic Exponent

o First occurrence time:
For a path ~, define t(y) := # of edges on ~.
For v € V\{0}, define t(v) := min{t(v),7y:0 — v}.
= Vvt < t(v), B"(t) = 0,vt > t(v), B(t) > 0.

o But what about:
(i) Stochasticity ?

| n
20 (¢ + 08 ) x50,
(ii) Factor depending on n but not as power of n ?

z{" ((()+t)loin)) Xepe(nynP (€040,

(iii) Characterisation of pathes contributing to the size of the trait v ?

= getting results directly on the first asymptotic order of Z‘E") (t%).
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Result on Stochastic Exponent

o First occurrence time:
For a path ~, define t(y) := # of edges on ~.
For v € V\{0}, define t(v) := min{t(v),7y:0 — v}.

= Vvt < t(v), B"(t) = 0,vt > t(v), B(t) > 0.

o But what about:
(i) Stochasticity ?

| n
20 (¢ + 08 ) x50,
(ii) Factor depending on n but not as power of n ?

z{" ((()+t)loin)) Xepe(nynP (€040,

(iii) Characterisation of pathes contributing to the size of the trait v ?
= getting results directly on the first asymptotic order of Z‘E") (t%).
Disclaimer: needs the non-increasing growth rate condition

Vv eV, A\ < Ao.
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Assumption: A\; = Ap.

O(n1+t)

z"(#)

( log(n) )
1+ u‘ t-u time with 1 ’+ t /\(0) >0

exponential

/

. growth,\((]) y
o)== O(tlog(n)n')

eru
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Results for Non-increasing Growth Rate Condition

o For v a path on the graph,
0() := # of edges pointing to a neutral vertex.
e For v € V\{0},

O(v) :=max{0(y) : v: 0 — v, t(y) = t(v)},
A(v) :={y:0— v, t(y) = t(v) and 8(y) = 6(v)}.
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Results for Non-increasing Growth Rate Condition

o For v a path on the graph,
0() := # of edges pointing to a neutral vertex.
e For v € V\{0},

O(v) :=max{0(7) : v:0 = v, t(y) = t(v)},
A(v) :={y:0— v, t(y) = t(v) and 8(y) = 6(v)}.

Theorem (First Asymptotic Order of Mutants)

Assume Vv € V, A\, < A\g. Forallt >0
log(n
z{m ((t(v) + t)%) ~ ntWiog?™¥)(n) Z w(y)h (1),
YEA(v)
and

20 (W) = rLo-aod ) 3 i)

YEA(v)

Stochastic time-scale: J. Foo, K. Leder (2013)
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(i) Without any condition on the growth rate function J, is it possible to get

asymptotic results directly on Z,sn) (tbwg%'%) ?

IOiIO



Different Perspectives

(i) Without any condition on the growth rate function J, is it possible to get

asymptotic results directly on Zé") (t%) ?

(if) What would happen if the number of traits in the population is growing with n ?
(vin, E ")) of finite oriented labeled graph such that

o |V is non-decreasing,
o EW C EMY — EC{(i,)).Vi#) € No},
n— oo

Assume that
[V ~e(V)nt or £(V)logt(n),

Y(v,u) € E, " (v, u) = ,u(\; u)

10/10
Vianney Brouard Genetic composition supercritical branching populations rare mutation rates



