Reconstruction of Small Multiple
Inhomogeneities

Hyeonbae Kang

Seoul National University
(Jointly with H. Ammari, E. Kim, M. Lim)

Nédélec Conference
June 18 - 20, 2003




Configuration of Medium

D=U"" Dy =U", (U D) = U, (e U B+ z).




Conductivity Profile of ():

kL, reD., I=1,...,m,, s=1,...,m,

Tle) = 1, reQ\D.

Neumann Problem:

y

V- (y(x)Vu) =0 1in €,

| P
( vlea 7

Inverse Problem: Detect the inclusion D by means of finitely many g

and u|sn where u is the solution.




Asymptotic Expansion in Free Space

Suppose that B = U7" ; B; and the conductivity of B; is k;, and consider

/

V- (X(Q \ B) + f: ksx(BS))Vu =0 in R?,

| ue) - H(z) = O(l2]™) as |a| — oo,

where H is a harmonic function in R¢.




The solution u is represented as
u(z) =H(z)+ Y SpeW(x), xR
=1
where o) € L2(0B;), 1 =1,...,m, is the solution of the integral equation

* l —
()‘ZI_’CBZ)SO() — E Vk(l) ’aBl — V(l)‘aBz on 0B;, [=1,....,m.

k£l

Here v denotes the outward unit normal to dB; and

ki +1

=
"ok — 1)

[=1,...,m.




Layer Potential : Let I'(z) be the fundamental solution of the Laplacian
A:

(1
— In ||, d =2,
2T
F(CIZ) = 1 ;
2
x : d> 3,

where wy is the area of the (d — 1)-dimensional unit sphere. The single

layer potential of the density function ¢ on D is defined by

Spi(x) == /a Tla—y)ow)do(y), @€Y

and K% is the L?-adjoint of p where

Koo(o) = —pav. | <Tx‘_y’y‘”;>¢<y>da<y>, v € oD.




Let a = (a1,...,0q),8=(51,...,34) € N be multi-indices. For
[=1,...,m let 9059 be the solution of

ox™

(k)
(NI — K )pl0 — 3 ABure

)
o PO ‘8Bl ~ 5,0 }8Bl on 0B

Since H(z) = >

absolutely on any compact set, we get

N %aaH (0)x® where the series converges uniformly and

1 (87
PO =3 —0 H0)p", 1=1,...,m.

|| >1

By Taylor expansion, we have

1
[z —y) = Z @Gﬁf(a;)yﬁ, y in a compact set, |z| — oo.
5 0!




for |z| large. Since

> om0 [ e =Y [ Vet = o

a|>1 =17 9B =1

Asymptotic Expansion:

)+ 30 Y O HOPT@mas, el oo,

la|>1 |B|>1

where

Mag —Z/ y o (y)do(y). (1)

0B,




The asymptotic expansion formula shows that the perturbation of the
electric potential in R? due to the presence of inclusions are completely

described by mqg3.

This mag, o, 3 € N is called the generalized polarization tensor (GPT)
associated with the inclusions U, B;. It should be observed that m.,g also

depends on the conductivities k;.

If || = |B| =1, we denote mqg by m;j, ¢,5 =1,...,d. We call m;; the

first-order polarization tensor.




Remark.
e The first order PT was introduced by Pdlya-Schiffer-Szego.
e Low frequency asymptotic of waves: Kleinman and Senior.
e Inverse Problems: Cedio.Fenya-Moskow-Vogelius, Friedman-Vogelius.

e Our definition includes higher order tensors as well as multiple

inclusions.




Theorem 1 (Single Inclusions). [Ammari-K]

(1) (Symmetry) Suppose that a, and bg are constants such that ) a,y®
and Zﬁ bgyﬁ are harmonic polynomaials. Then

Z aabgmag = Z aabgmﬁa.

o, a,f
(2) (Positivity) There exists a constant C' depending only on the Lipschitz
character of B such that if ) . aax® is a harmonic polynomial, then
k +1
/ \V aax®)|*dx < } Z aaaﬁmag‘
oacl o,pel

<C’/ ]V aax®)|?dx.
acl

In particular, if |a| = |B| = 1, then

kE+1
B < 7l 2 aadsmas| < C1B|
a,Bel




(3) (Dirichlet-to-Neumann map) Let ) be a domain compactly containing

B. Then the GTP uniquely determines the Dirichlet-to-Neumann map
on 0X), and hence k and B.

Remark.

e It would be interesting to find out what kinds of geometric information

each mqg carries.

e There is one-to-one correspondence between the class of ellipses and
Mmag, |a] = |68 =1 (Brithl-Henke-Vogelius, Movchan-Serkov).




Electromagnetic Polarization Tensors for Multiple Inclusions

Define

maﬁ—Z/ v’ ol (y)do(y),

0B

where gog) be the solution of

(K ) o
(NI K ) - 3 AOmee ) o

o o) ‘(‘BBZ G0 }8Bl on 0B;.




Overall conductivity k of B = U™ B:

—1 & k-1
_— B;| = B;| Harmonic Average.
+1;’ | Zkzl—l—l‘ | &

=1

ol

ol

Center z of B = U" | B;:

~1_ < = kl—lf
Z Bl = xdx.
1 ;| 1 Zkl+1 N

=1

ol

ol

Note that if k; is the same for all [ then k = k; and Z is the center of mass

of B.




Visualization of PT
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Figure 1: When the two disks have the same radius and the conductivity of
the one on the right-hand side is increasing, the equivalent ellipse is moving

toward the right inclusion.
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Figure 2: When the conductivities of the two disks is the same and the
radius of the disk on the right-hand side is increasing, the equivalent ellipse

is moving toward the right inclusion.




Theorem 2 (Ammari-K-Kim-Lim). (1) The polarization tensor M is

symmetric.
(2) Suppose that either k; —1 >0 ork; —1 <0 foralll=1,...,m. Let

] 1
K

K = Inax
1<l<m

For any ao such that ) a,y® is harmonic,

1]
Zaaaﬁmaﬁ > ——" Z\kl—1|

aaﬁ l:]_

(3) Let Q be a domain with smooth boundary such that U™ B; C Q). Then
mapg uniquely determines the Neumann-to-Dirichlet map on (), and
hence U™ By and ki, ..., k.




Explicit Representation of Electric Potentials




Suppose that B; is a disk and let

B r?(x —27)

B |z — 2|?

(Rif)(x) = f(Ri(z)), Ri(z): + 21,
For[=1,...,m, let
SZI{@:(k1,°“,kn)|n€N, kiE{l,"',M}, kl#l, kz#kﬁ_l}

For © = (k1, - ,k,) € 5, let

& 1
R@ — RkleQ . "Rkn and A@ = H (——) .
i1\ 2Ak




Theorem 3 (A-K-K-L).

uz) = H(x) + Y 85,9 (a), =R,
j=1

where

1 OH

1 0
0= = N Ao (RoH ‘ 297
7 )\l Z Gﬁyl( © )8Bl )\l (9Vl 8Bl’

Ocs;

provided that

min  dist(B;, B;) > (Vm —1—1) max r;.

1<i#j<m 1<i<m

The series converges absolutely.

=1,

7m7

It would be very useful in computation of electric fields in the presence of

closely spaced inclusions to remove the assumption and to derive

convergence estimates (Cheng-Greengard).




Asymptotic Expansion- Boundary Value Problem

( m L
( UD ix(D ))Vu—O in €,
< j=1 j=1
ou
\ 8—|8Q = 9.
clal+|8|+d—2
Z Z (0°U)(2)0° N (z, 2)mag + O(€29)
la|=1|B|=1
AU:O n Q, 88—U|89_g)
. ON 1
Aa;N(CC,Z):—dz 11 Q, %‘89:_m

mqg: GPT for UYL, B;.




Detection of Inclusions

e Single Inclusion:

— Conductivity: Ammari-K, Ammari-Seo,
Cedio.Fenya-Moskow-Vogelius, Friedman-Vogelius, K-Kim-Kim,
Kwon-Seo-Yoon,

— Maxwell: Ammari-K, Ammari-Vogelius-Volkov

— Elasticity: Ammari-K-Nakamura-Tanuma, K-Kim-Lee

e Multiple Well-Separated Inclusions: Ammari-Moskow-Vogelius,
Bruhl-Hanke-Vogelius




For g € L(09), define

Hlg|(z) := =Sa(g)(z) + Da(ulan)(x), =R\ Q.
Then,

€|a|+|ﬁ|+d 2 o
(0O‘U)(z)(’9ff‘(aj — 2)mqap + O(€°7).

Y

[a|=1]8]=1

First order term,
Hlgl(z) = —€?VU(2)MV,T(x — 2) + O(e*T1), (2)

where M = (my;) is the polarization tensor associated with UF_, B'.
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Figure 3: Reconstruction of closely spaced small inhomogeneities. The dash
line is the equivalent ellipse and the dash-dot line is the detected ellipse.




s
-2.2
-2.1 1.1
10 -1.6833
5
>
= \

-10 : : : -4.9833
-10 -5 0 5 10 0.8167 4.1167




10

ol

-10
-10

10

10

-10
-10

10

-0.95
-5.05
3.475 7.575
6.2333
Qo
3.4333
4.1667 6.9667




Thank you.
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