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We consider the problem of evolution of an isolated mass of a viscous incom-
pressible self-gravitating liquid without taking into account the surface tension
at the free boundary. In this problem unknown are a bounded domain ; C R3,
filled with the liquid, the vector field of velocities v(z,t) = (v1,v2,v3) and a
scalar pressure p(x,t), © € {1, satisfying the following relations:

v+ (v V)v — vV + Vp = kVU(z,t),

V.-v=0, x€Q, t>0,
T(’U,p)n:O, Vn:'U'TI,, IGFtE(?Qt.,

v(z,0) = vo(z), x € Q.

U(‘Tvt):/ | d_Z
Q 1X 2|

is the Newtonian potential depending on an unknown domain 2, T'(v,p) =

—pl + vS(v) is the stress tensor, S(v) = (gzi + %’;) i is the doubled
i/ §k=1,2,3

rate-of-strain tensor, n is an exterior normal to I'y, V,, is the velocity of evolution
of T’y in the normal direction. The density of a liquid is assumed to be equal to
one. The domain Q is given.

By introducing a new pressure p — kU instead of p we can write the above
problem in the form

Here v, k = const > 0,

vi+ (v -V)v—vVu+Vp=0, V- -v=0, rey, t>0, (1)

T(v,p)n =rU(z,t)n, V,=v-n, el =0,

v(z,0) = vo(z), x € Q.



We are interested in the stability of a special solution of problem (1) corre-
sponding to a rigid rotation of the liquid around a fixed axis (x3-axis). In this
case the velocity and the pressure are given by

V(a) = wles x @) =w(-az,21,0),  Pl)="gla'P+p ()

where ¢’ = (21, 22,0), po = const, es is a unit vector directed along the zz-axis
and w is the angular velocity of rotation. When we plug these functions into
the boundary conditions, we obtain the equation that determines the domain
F filled with the rotating liquid; it is referred to as equilibrium figure. The
equation reads

2
%|I/|2+I€U+po=0, z€g=0F, (3)

Equilibrium figures of uniformly rotating self-gravitating liquid were stud-
ied by many great mathematicians, beginning with I.Newton (see for instance
[1,2]). By analogy with classical mechanics the following criterion of stability
was generally accepted: the figure F is stable, if the second variation of the
energy functional, i.e. the quadratic form

8*Rlp] =/gb(:v)p2(:v)ds+fjrrzui,zpdz(/gIy’lr"p(y)ds)2

—m//MdeS ()
glg ly—=z 777

where

with
U (x)

ON
where IV is an exterior normal to G is positive definite for arbitrary function p
given on G and satisfying the conditions

b(z) = —w?x’ - N(z) — & >by>0 (5)

/ p(x)dS =0, /p(m)xids =0, i=1,2,3, (6)
g g

and unstable, if 0 R can take negative values. But this criterion was never proved
rigorously, and it is the aim of the present work to fill this gap. In the case when
the surface tension is taken into account this has been done earlier [6-8].

Let us describe briefly our main result. We assume that the equilibrium
figure defined by (3) is a given bounded domain with a smooth boundary, axially
symmetric with respect to the x3-axis, whose barycenter is located at the origin.
Hence, the relations

/xid:c:O, /xngd:c:(), i=1,2,3, =12
F F



hold. Further we assume that the form (4) is positive definite, i.e.

cillpl .6 < 8 Rlp) < eallpll, o) @

for arbitrary p satisfying (6). Thus, the function b(z) should be strictly positive.
At the initial moment ¢ = 0 we prescribe a small perturbation of V', vo(x), given
in a domain ) sufficiently close to F, so that the boundary I'y of ¢ can be
determined by the equation

z=y+N®ypoly), yeg (8)

with a small function py(y). Moreover, we assume that

|Q] = |F| = mesF, x;dr =0,

Qo
/lo vo(x)dz = /f V(x)dz = 0, )

¢
[ o) mios = [ Vi) miods = [ me) mei

where n,(z) = e; x ®, e; = (0;5)j=1,2,3, ¢ = 1,2,3, and that the compatibility
conditions
V- Vo = 0, S(’UQ)’I’LO - ’l’Lo(’l’LQ . S(Uo)’nolro =0 (10)

hold; by ny we mean the exterior normal to I'g. Finally, we assume that the
smallness condition

||UO - V||W21+1(QO) + Hp0||W21+3/2(g) < €, le (25 5/2)

is satisfied (here W} are Sobolev-Slobodetskii spaces defined below). Under
these assumptions we prove that problem (1) is solvable in the infinite time
interval ¢ > 0, the surface I'; is representable in the form (8), i.e.

r=z+N(z)p(z,t), z€G (11)

and
[v(-t) — V||W2l+1(gzt) + ||p('7t)HW2l+1(g) —0

as t — oo, which means stability of the solution (2) of problem (1).
The proof is based on the analysis of the problem for perturbations

v (2,t) = v(z,t) = V(2), pr(2,t) =p(z,t) - P(z)

written in the coordinate system rotating around the x3-axis with the angular
velocity w. It has the form

wi + (w - V)w + 2w(ez x w) — vViw + Vs = 0,



V-w=0, yeq, t>0,

2
T(w,s)n' = (S ly'[* + wU'(y,) + po)r, (12)
Vi=w-n/, yely,
w(y,0) = vo(y) = V(y) = woly), v e,

where
w(y,t) = Z7 (whv(Z(wt)y, 1),  q(y,t) = pr(Z(wt)y,1),

cosf —sinf O
Z(0) =1 sinf® cosé 0 |,
0 0 1

Q) = Z7Hwt)Qy, T, = 09}, n’ is the exterior normal to I';, and

U' = ly — 2| tdz.
Q

Conditions (9) are transformed into

wo(x)dz =0,
Qo

wolz) -, (a)ds +w [

[ o) ey = [ ) -t

Qo

and it is easily verified that they are satisfied for arbitrary ¢ > 0:

/ zidr =0, w(z,t)dr =0,
Q; o

w(z,t) - n,(x)de + w/

o ns(z) - ;(v)dr = w /f773($) -m;(z)dz,

Q
i=1,2,3.
As usual, we write free boundary problem (12) as a nonlinear problem in a

fixed domain. We pass to the Lagrangian coordinates £ € €y that are related
to the Eulerian coordinates x € ) by

:1::§—|—/0 u(&, 7)dr = X (€,1), (13)

where
u({, t) = w(X(gv t)a t)'

Omitting primes, we can write (12) in an equivalent form
us + 2w(es X u) — l/Viu +Vug =0,

Vu-u=0, e, t>0,



Tu(u,g)n =M, t)n, € €Ty, (14)

U(é,O):wo(f), § € Qo,

where ¢q(§,t) = s(X(&,t),t)), V, is a transformed gradient with respect to z,
T, is a transformed stress tensor, i.e.

V.= AV, Tu(ua Q) = —ql +vS,, Su(u) = (vuu) + (vuu)Ta

V = (%’%’%) = V¢, A = (A)i;, Aij is a co-factor of the element

aij = 0ij + fot %é’ﬂdT of the Jacobi matrix of the transformation (13) ( the

determinant of this matrix equals one); n = n(X) = Any(£)/|Ang|. finally,

M(E1) = ’U(X(&,0) + 51X+ po. (15)

The function p in (11) can be expressed as a function of £ € Qq:

p(z,t) = R(X(E,1)), (16)
where

R(z) = tdist(z,G),
the sign 7 — 7 corresponds to the case x € F and the sign ” + 7 to the case

x € R3\ F. The function R(z) is smooth in a certain neighborhood of G, and
VR(z) = N(z),
where 7 =  — R(z)VR(z) is the closest to = point of G. Hence, z = X and
Ri(X)=VxR(X) - X; = N(X)-u(&,t). (17)

By (3), we have
M:H(U(X)—U(X))Jr%(lX/IQ—IX’IQ)- (18)

Let us make one more change of coordinates in (14). We have assumed that
the surface Ty is given by equation (8) (hence, y = £). We extend N and pg
inside F and consider the mapping

§=y+Nypoy) =ep(y) : F — Qo
For small pg, this mapping is invertible, and it transforms (14), (17) into
w; + 2w(ez x u) — vV3u + Vg =1,
Vou=Il=V-L yeF, t>0,
T(u,q)N — MN =13, (19)
r(y,t) = N(y) - u=1l, yeg,



u(y7 0) = wo(epo(y)) = Uo(y), yeF, T(yv 0) = pO(?J)? Y€ g,

where 7(y,t) = R(X (ep,(y),t)) ( we have conserved old notations for the trans-
formed functions w and q), and Iy, la, L, ls, l4 are nonlinear functions of the
solution whose explicit form we do not write here; M is defined in (18).

We consider problem (19) in weighted anisotropic Sobolev-Slobodetskii spaces.
By W(Q) where [ > 0 and Q is a domain in R we mean the space with the
norm

> [ IDut)Par,

||U||12/V21(Q): Z ||Dju||2L2(Q) o

0<|4]<! 0<lj1<!

if I = [I], i.e. [ is an integral number, and
) . dxdy
jl=ll

if I =[]+ X X e (0,1). By Diu we mean, as usual, a partial derivative
aldl
8‘7111...(1;71&071

Wé’l/Q(QT), Qr =Q x (0,T) can be defined as

where j = (j1,72,..-n) and |j| = j1 + ... + jn. Anisotropic space

La((0,T), W) N Wy *((0,T), L2($2))

and supplied with the norm

There exist many other equivalent norms in WQI’Z/ 2(QT). Sobolev spaces of
functions given on smooth surfaces, in particular, on G and on G x (0,T), are
introduced in a standard way, with the help of local maps and partition of unity.
We also find it convenient to introduce the spaces

W% (Qr) = La((0,T), W),  Wy'*(Qr) = Wo/?((0,T), La(2));

the squares of norms in these spaces coincide, respectively, with the first and
the second term in (20). Finally, following Y.Hataya, whose paper [4] is devoted
to the study of the viscous flow over a rigid bottom without surface tension, we
introduce weighted spaces WQZ’ZQ(QT), [ >1,T < o, as the sets of functions
u € Wé’lﬂ(QT) such that tu € Wzlfl’(lfl)/z(QT), and we define the norm in

W% (@Qr) by

+ Htuﬂivé—l,u—l)/z

2 _ 2
||u||’W/2l’l/2(QT) - HUHWQL’Z/Z(QT) (Qr)

In the same way spaces Wé’lﬂ (Gr) are introduced.
By interpolation inequalities,

[[(1+ t)’yu||w2l*%(l*7)/2(QT) < CHUHW;UQ(QT)v vy € [0,1]



Our main result is as follows.
Theorem 1. Let vy € W T (Qo) with | € (2,5/2) and let the surface Ty be

given by (8) with po € WQHB/Q(Q). Assume also that conditions (9), (10) hold
and that
oz gy + 1901172 g < €

where € is a sufficiently small positive number. Finally, let condition (7) be sat-
isfied. Then problem (12)-(14)-(19) has a unique solution u € W2l+2,l/2+1(Q00)’
Vq € Wé’l/z(Qoo), Qo = F x Ry, defined in an infinite time interval t > 0,
Ty is representable in the form (11), v € WiTY(G), ¥t > 0, moreover, r €
ﬁ//QHl/z’O(GOO), Goo =G xRy, and

|‘UHWQL+2,1/2+1(QOO) + HVqHWQL‘Z/Z(Qm) + ||q||W21+1/2,L/2+1/4(G°0)

Hlrlige oGy + sup (s )i gy + iggtHr(-, llwico)

< c(lwollyirs iz + Ioollwisg) ) < e(lvollwger oy + leollwgr ) )-

Let us give a very general scheme of the proof of Theorem 1. It is based, in
particular, on the estimates of solutions of non-homogeneous linear problems

vy + 2w(es x v) — vV + Vp = f(y, 1),

V-v(yt)=f(y,t), yeF, t>0,
T(v,p)N + N Bo(y)r = d(y, ), (21)
re—N(y)-v(y,t)=9(y,t), yeg,
v(y,0) =wvo(y), yeF, 10 =ro(y), yeg.

and
v, —vV0 +Vp = f(x,t), V-v=f(z,t) x e F,

T(v,p)N = d(z,1), (22)
v(z,0) = vo(z), zeF.
The expression
r(2)dS,
ly — 2|

—Bow)r(y) = —b(y)r(y) + /g

with b(y) defined in (5) is a linear part (the first variation) of M = x(U(X) —
UX)) + ‘“72(|X'|2 — |X’|?) with respect to r.

Theorem 2. Letl € (1/2,5/2), Qr =F x (0,T), T < o0, Gr =G x (0,T)
and let the data of problem (22) possess the following regularity properties: f €



Wy%(Qr), f € Wy™(Qr), f= V- F, Fr € W'*(Qr), vo € W3™(F),
de W2l+1/2’l/2+1/4(GT) ; moreover, let the compatibility conditions

V-vy = f(z,0), zeF, IgSw)N =Igd(z,0), z€G

be satisfied where
Illga=a— N(a-N)

1s a projection of the vector field a given on G on the tangential plane to G. Then
problem (22) has a unique solution v € WQZH’HZ/Q(QT), Vp e Wé’lﬂ(QT) with
Plar € W2l+1/2’l/2+1/4(GT), and the solution satisfies the inequality

||’U||W22+l,1+l/2(QT) + ||vp||W2l,L/2(QT) + ||p||W2l+1/2,L/2+1/4(GT)

< o(T) (1 g2y + 1 oy + 1Fellygaraqoy

ol + ||d||W21+1/2,l/2+1/4(GT)). (23)

Theorem 3. Let f, f,vo,d satisfy the assumptions of Theorem 2 and g €
W2l+3/2’l/2+3/4(GT) with 1 € (1/2,5/2). Then problem (21) has a unique solution
v € W22+l’1+l/2(QT), Vp € Wzl’l/Q(QT), r € W2l+1/2’0(g), such that plg, €
W2l+1/2’l/2+1/4(GT), (-, t) € Wit (G) for arbitrary t € (0,T), and

Y(T) = ||'U||W22+z,1+1/2(QT)—|—||Vp”sz,z/z(QT)—|—||p||W21+1/2,1/2+1/4(GT)+||T||W21+1/2,U(GT)

T 2 2 1/2
FsuplirCs Hllwg g < C(N+ (/0 (o1l ) + ||T||w;1/z(g))dt> ) (24)

where
N = ||f||W2l’l/2(QT) + ||f||W21+1,0(QT) + HF”W;’IH/Z(QT)

—|—||1)0||W21+L(g) + ||d||W21+1/2,l/2+1/4(GT) + ||g||W21+3/2,l/2+3/4(GT).

Moreover, if f € Wy'?(Qr), d € Wy T2V (G, g e Wy 214834 Gy,
f e Withh(Qq), F e WS’IH/Q(QT) (this means that f € Wy TH0(Qq), tf €
Wh(Qr)), F e W ™2(Qp), tF e WD/2(Qp)) with 1 € (3/2,5/2), then

Y(T) = ||'U||W22+z,1+l/2(QT)+||Vp”WZZ,L/Q(QT)+||p||WQL+1/2,Z/2+1/4(GT)+HT||W21+1/2,0(GT)
+sup ||r(-,t 141,y +supt|r(-, ]
sup I, )1 + Sup 1) o

B T 1/2
gc(fw(/o A+ )0l + 72 o g)dt) ) (25)

where _
N = ||f||w2l,l/2(QT) + ”f”Wé“’O(QT) + ||F||W20v1+l/2(QT)



+||'UO||W21+L(Q) + ||d||W2l+l/2,l/2+l/4(GT) + ||g||ﬁ721+3/2,l/2+3/4(GT).

The constants in (24) and (25) are independent of T

Inequalities (24, (25) hold without additional terms containing ||’U||2L2( A+
||r||€v,1/2(g) in the right hand side but then ¢ = ¢(T).
2

The norm ||7||;,~1/2 , is defined in a standard way as
2

9)

’ fg r(z)e(x)dx
= sup ————".

[Irllyyav2
O ewirg 19l

Since we are going to apply inequalities (24) and (25) to the solution of
problem (19), we need estimates of the nonlinear terms in (19) and of the norms
) and [y, 2

Proposition 1. Assume that u € W;H’HZ/Q(QT), Vq € WQZJN(QT), r €
ﬁ/’2l+1/2,l/2+l/4(GT)

and that the smallness conditions

||u||W22+l,1+l/2(QT) + ||T||W2l+1/2,1/2+1/4(GT) S 51, ||p0||W2z+3/2(QO) S 51 (26)

are satisfied with a certain small 6y > 0. Moreover, let py € Wé”’”(g) be
extended into F so that

||Po||W2%+1(f) < C||P0||W2§+3/2(g)- (27)
Then
1l g + Nallipirogry + [ Ellgpo.anre g,

+||l3||W2l+1/2,z/2+1/4(GT) + ||l4||ﬁ721+3/2,l/2+3/4(GT)

< by (||u||wz2+l,1+l/2(QT) + HVq”ng’Lm(QT) + ||T||W21+1/2,l/2+1/4(GT)) (28)

with the constant c independent of T' > 1.
Moreover, if w, u' r, r' satisfy (26), then

01— lll”Wz”l/z(QT) + [l — l/2||17v’21+l,0(QT) + I — L/||w20,<1+1)/2(QT)
+||l3 — l3||W2l+1/2’l/2+1/4(GT) + ||l4 — lzl||ljvf2l+3/2,l/2+3/4(GT)

S 651 (HU—UIHWSH,lH/z(QT) + ||V(q—q/)||w2l,1/2(QT) + ||’I”—7°/||W2l+1/2,1/2+1/4(GT)) N
(29)
where I} =1, (u',q') etc.

The norms ||lul|L,7) and [[rlly,-1/2 ) are estimated due to the following
2

(4
propositions.



Proposition 2. Assume that the solution of problem (12) is defined for
t € (0,T), is square integrable together with the derivatives entering in (12),
and Ty is representable in the form (11) with p(z,t) satisfying

sup [p(-,t)|c1(g) < 02 < 1.
t<T

Then there exist two positive functions, E(t) and E1(t), such that

%it) + Ei(t) =0, (30)

e1 (Il )1, ) + 1 DIl (q)) < BE) < o (w813 + G D) )
(31)
and
E(t) = ea(IS@(, )30, + 00,12, 112 ):

with the constants independent of w, p, T.
Proposition 3. If the solution of (19) is defined in the time interval t €
(0,T) and u satisfies (26), then

[ )l o) < ellw Ol < cllul ), (32)

”T('vt)HW;lﬂ(g) < CHP('at)”W;V?(g) < CHT('at)”W;l/?(g)'

The idea of construction of the function F satifying (30) and (31) is due to
Professor M.Padula [5].

Theorem 3 and Propositions 1-3 allow us to obtain the following uniform
estimate of the solution of Problem (19).

Theorem 4. Let the solution of (19) be defined for t € (0,T) and

Y(T) < 6 (33)
where §1 is sufficiently small positive number (}N/(T) is defined in (25)). Then
Y (T) < N, (34)

where
Ny = ||'Uf0||W2l+1(]:) + ||p0||W2l+1(Q)'

Proof. It follows from (30) and (32) that

T T
|l gyt < [ Bre)it < eB(0) < el oIl o)
Hence, making use of (24) and (28) we obtain

Y(T) < c(6:Y(T) + No). (35)

10



Now, we multiply (30) by 2 which leads to

2
C”sz(t) + 2By (t) = 2tE(t),

and, as a consequence, to

t*E(t) +/Ot By (1)dr = 2/(: TE(T)dr < 2\//; T2E(T)d7\//0tE(T)dT

< o(NoY (T) + 6:Y*(T)).

By (25), (35), we have

?Q(T) < 0161}72(11) + CQNO?(T),

and if 1
6 < —
1> 2017
then B
Y(T) S 2CQNO,
q.e.d.

Let us turn to the question of solvability of problem (19), at first in a finite
time interval ¢ € (0,1). We assume that po is extended in F as indicated
in Proposition 1. Then it is easily verified that the norms HUHW“(QO) and

2
||u(ep0(~))||Wz1(f) are equivalent to each other for arbitrary I3 € [0,2 + 1], i.e.
2

C3||u||W211(QO) < Hu(epo('))szll(g) < C4||u||W211(QO)'

Therefore we can consider problem (14) that is equivalent to (19).
We write the function M (15) in the form

M = w(U(X) = U(©) + - (X' = 1€P) = My (u) + Ma(po)

where
w2
M; = k(U(X) = Us(€)) + - (IX']2 = €12, (36)
Mj = K(Uo(§) —U(©) + (I = |'1),
_ dn
Go®) = / =k

and we represent the difference of the volume potentials in (36) as

_ dn ~ g _ 10U,
U(X>‘U°(5)‘/QO XG0~ X0 /Q |s—n|‘/o 35 °

11




_ U,
T Os

1 2
0%Us
1—5)—=-d
5_0+/0 (1=s) 9s2

B D (n, t)dn
Us(§:1) = /Q X (€,1) — Xs(n,8)]

Xs(&,t) =&+ fot u(§, 7)dr, Dy is the Jacobian of the transformation X (we
note that Dy, =1 for s =1 and s = 0.) A simple calculation shows that

L 5—77 ' t . t ds
= / e / w(E,T)dr + / () / (. )=

is the first variation of U(X) — Up(§) with respect to u, and fol (1—23) B;gs ds is
a nonlinear remainder. Problem (14) can be written in the form

where

ou.
Js

wy + 2w(ez x u) — vV3u + Vg = my(u,q),

V~u:m2(u), 5690, t>0, (37)
T'(u, q)no — noAi(u) = ms(u) + noMz(po),
’u(§,0)='w0(§), 56907

where

oU
A = —
1(w) s

and m,; are expressions of the same type as [; in (19).

In comparison with the Neumann problem (21), (37) contains extra terms
2w(es x u) and Aj(w). Since they are of a lower order, Theorem 2 still can be
applied. Nonlinear terms satisfy inequalities of the type (28), (29), and

¢
- + w3’ -/0 u(&, 7)dr

||M2(po)||W2l+1/2(g) < CHpOHWéJrl/Z(g).

Making use of these inequalities, one can prove the following theorem.
Theorem 5. Let Q% = Qg x (0,T), G% =Ty x (0,T). There exists such
€ > 0, that if
||'w0||W21+1(QO) + HpOHW21+1(g) <6

problem (87) has a unique solution u € WQQH’HI/Q(Q?), Vg € WQI’Z/Q(Q?), and

||u||W22+Lv1+l/2(Q(1)) + HVq”Wzlvl/?(Q(l)) + HQHWQHI,(HI)M(G?)

< c(lwollyis oy + 190l g )- (38)

We should also consider the problem of extension of the solution of (19) given
in the time interval [0, T of arbitrary length T into a larger interval [T, T + 1].

12



This can be done again by solving problem (14). This time we represent the
function M in a different way, namely,

M = H(U(X(évt))—u(ff(é,T)))+%(|X’(€7t)IQ—IX’(&T)IQ) = Mj(u)+Ma(p1)

where p1(2) = p(z,T),
Mz = r(U(X(&,1)) = Ui(X(E,T))) + %(|X’(§,t)|2 —[X'(6. 1)),

My = w(UL(X (&, 7)) —UX(E,T))) + %(IX’(&T)IQ — X', 1T)P),

U()—/ _dp
N ol —al

If the norm ||U||W2+L,1+L/2( ) 1 small, then the transformation X (¢§,T) = o
2

Q%
establishes one-to one correspondence between €y and 7, and we have

t t

u(&,7)dr =0 —I—/ uq (o, 7)dr =Y (0,t),
T

X(6.1) = X(6.T) + /

T

where ¢t > T and
uy (X(gv T)v t) = u({, t)
Hence,

= ds
Qr lo — p o Os

vEn - e = [ g [ =

IV, ! 9V,
= 1- d
0s ls=o0 +/0 (1= gs2

where Da(ut)d
s\, L)ap

v = [ ,

0= Jo, Walon) — Ya(uoh)

Yi(o,t) =0 +s f; uq (0, 7)dr, Dy is the Jacobian of the transformation Yy and

t
o—p
(u):—/ 7d,u-/ ui (o, 7)dT
s=0 ar lo—pf? T

+/FT nl(ﬂ)'/tul(ﬂuT)dT i

T lo — pl

ov,
Os

(nq is the normal to T'r).

We introduce the functions ug and ¢¢ that coincide with w and ¢ for t < T
and are extended to ¢ € [T, T + 1] with the preservation of class, and we set
v=1u—1ug, p=¢q— qo. Problem (14) can be written as
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v; 4 2w(es x v) — vV + Vp = m| + f(,1),
V-v=mh+ f(&1), EeQy, t>T,
T(v,p)ng — nore(v) = mjs +d(E,t), € €T, (39)
v(&,T) =0, &€,
where
v, t

Ao(v) = B Szo(v)—i-wQU'-/Tvl(o,T)dT,

m} are again nonlinear terms and f, f, d are functions depending on wu, qo.

Theorem 6. Assume that the solution of problem (14) is given fort € (0,T)
and that inequality (33) holds with a small 61. Then problem (39) is uniquely
solvable in the interval (T, T + 1), and

||UHW22+Z’1+Z/2(QOT,T+1) + ||vaW2L,l/2(Q ) + ||p||W21+1/2,L/2+1/4(G

0 0 )
T, T+ T,T+1

+T(”v||W21+LY1/2+Z/2(Q%‘,T+1)+HVp”WéilYl/Qil/Q(Qg‘,T+1)+Hp||W571/2Y1/271/4(G%,T+1))
< C(HU’HW;“J“/Z(QT) + ”quWQL‘Z/Z(QT)

ol Tl gy + TloC Dllwyca) ).

where Q% ry = Qo x (T,T+1), G py =To x (T,T +1).

Theorems 4-6 permit us to construct the solution of (19) in an infinite time
interval. By Theorem 5, the solution wu, ¢ exists for ¢ € [0, 1] and satisfies (38).
By (17), the function

R(X):R(§)+/O N(X)-u(&, )dr

satisfies the estimate

t
VRO s gy < IRO a0y + ¢ / o7 s oy 7

< C(||w0||w2l+1(gzo) + HPOHwéﬂ(g))-

This implies the solvability of Problem (19) and the estimate (34) for T = 1.
If € is sufficiently small, then condition (33) is satisfied, and we can extend
the solution to the interval ¢ € [1,2]. Assume that the solution is defined for
t € [0,T] and that inequality (34) holds. Then, by virtue of Theorem 6,

HuHW22H’1H/2(QOT+1) + ||VqHW21,z/2(QOT+1) + ||q||W21+1/2,L/2+1/4(GOT+1)
< ||U0||’W’22+l,1+l/2(Q0T+1) + HVCIOHWQL,l/z(Q ) + ||QO||W21+1/2,L/2+1/4(G

0 0 )
T T+1
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+||’UH17V'22+1,1+1/2(Q0T+1) + ||VU||W2Z,L/2(Q(%+1) + H’U||W2z+1/2,1/2+1/4(G0T+1)

< C(||u||’W’22+l,1+l/2(Q%) + ”quWQL‘Z/Z(QOT) + ”q”Wé“/Q’l/Hl/‘L(G%)

e Dl + el Dllwyca) )

It can be shown that

oG Dl + Tlel Dllwyco)
< (IR Ty gy + TIROXC T lwyery) )

< e(IrC Dllwzrgy + Tl Dlwyca) )-

It follows that the solution wu, ¢, r of (19) is defined for ¢ € [0, T + 1] and satisfies
in this time interval inequality (34), maybe with another greater constant c;
than ¢g in Theorem 4. But if we impose on € one more last restriction cie < 1,
then, according to Theorem 4, it will satisfy (34) with the constant ¢y. So we
can extend the solution step by step to the infinite time interval and obtain
estimate (34) for T' = oo. This completes the proof of Theorem 1.

Let us say a few words about the case when the equilibrium figure F is
not axially symmetric. In this case equation (3) defines a one-parameter family
of equilibrium figures, Fy, obtained by rotation of one of them, Fy, about the
x3-axis through the angle 6. Functions (2) given in F 4, represent a periodic
solution of problem (1). Criterion of stability (7) is conserved but it should
be verified in the set of functions p satisfying (6) and one more orthogonality
condition

/gp(y)h(y)ds =0

where h(y) = N(y) - (es x x) (for axially symmetric F, h(y) = 0). It can be
proved that §R[h] = 0.

In this case problem (1) has a unique solution belonging to the weighted
Sobolev space and as t — oo, it tends to the solution (2), whereas T'; tends to
a certain Gy.

Finally, if 62R can take negative values for some ”admissible” p, then the
solution (2) of problem (1) is unstable. The proof relies on the analysis of a
linear spectral problem

w + 2w(ez x w) — vVw + Vp =0,
V- w(y,t)=0, yeF, (40)
T'(w,p)N + NBo(y)p =0,
Ap=N(y) -w(yt)=0 yeg,
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considered in the space of complex-valued functions satisfying the orthogonality

conditions (6) and
/ wdy = 0,
_’F

/w-nidy—l-w/png-nidS:O, 1=1,2,3.
F g

The equilibrium figure is assumed to satisfy the condition

min / ((x cos @ + w9 sin )% — 23)dS > 0.
0elo,2n] J £

One can show that the spectrum of problem (40) consists of a countable
number of eigenvalues of a finite algebraic multiplicity with the accumulation
points infinity and zero. There are no non-zero purely imaginary eigenvalues. If
5?R can take negative values, then problem (40) has a finite number of eigen-
values with positive real parts. This fact can be deduced from the Pontriagin-
Krein-Langer-Azizov theorem about the spectrum of dissipative operators in
the Hilbert space with indefinite metrics [3]. With the problem (40) one can
associate operators A and J defined in a Hilbert space H whose elements are
vector-valued functions V' = (v(y), r(y)) (v is given in F and p on G), possessing
the following properties:

1. J is a bounded self-adjoint operator, and the quadratic form (JV,V)
is positive in the subspace H, and negative in the complementary subspace
Ho Hy = H_, of a finite dimension m.

2. A is densily defined in H, it satisfies the condition

Im(JAV,V) > 0.

and has a discrete spectrum.

Then, according to the theorem cited above, it has a finite dimensional
invariant subspace, and its eigenvalues in this subspace have the property ImA <
0. For problem (40) this implies the existence of finitely many eigenvalues with
ReA > 0. But since they can not be purely imaginary, their real parts are
positive.

With this information, the proof of instability of the solution (2) can be
carried out by standard methods.
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