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) A posilive answer n the s'ha\a Cormulat o
imples 3 potilive answer in the weak one,

i) For Givew 9N, the answea in He . L.
may depecd (ond aclually dees) on m

iii) hat 3bout the distauce fumetom
F(xy: = diet(xE) 7

Thiz is nal diffeve Wl sble at xe £ f and Onla i
X is & porosily peint of E : 3 x4=> X, >0
s.b. B¢, ra) NE = ¢ and \x,-x\- Q).

But theve exigt null sels with no poro&fﬁ,
Poirﬁ’s.... N
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Answers (so far.)

I1¢ h=l, Mm=z| the answer 'S pos]'ﬁllre (to both q»uedi'ms)

If n=2, m:=i the answer may be hegalive (strong q)

I¢ h=2, m any , the gnswer is posilive (bkoth q.)
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A Construction for n=|

A ssuwme E cCompact.

Since Q'(E)-:o, theve exists open sels
A, s.t. . A, N E

. L'(A,) £ 2" &' (1)
V I connected componert of Ay,

Fov every n, toKe 9 S.t+. 32: :‘[ﬂh
Set

f x) := g (")n ﬂh (x)

h=Q
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L. Tangenwt FleLp OF A NULL SET

DEFINITION

Let E be 3 set in the plane.

Let " assign b eschk xX€E a [ine
Then T is 3 weak Taugeut field of E f
Por Lvery  Cuvve C o{ cleass C! theve heolds

)= Taw(C,x) for a.e. xe ENC
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THEOREM

E vevy null set E in the plane admits o +au3u+ g‘eld (o

ufs



PROOF (-for E Compa.c't)

Write E =E%* 0EV

€c -.:i
al cY i xe EV\E*

90’/

> <

\

> <
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PROOF (for E compact) y y
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PROOF (for E compact) y y
A A
Write E =E% OEY
and set ch e xeE®l as; =
8(7(]'.-':{ y e e \ > X 7 > X
CY i xeE'\E CS2aN

Then the cove- field %(X) iIs tongeut to E in the
semse  thet o Cuevy cuvve C of clase €'

Touw (C,x) CBWK) FPor s.¢. xeENC.
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CoroARY

Let
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Thew
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5. LACZKOVIEH PRORLEN

@ L{eST\'OT] :

Lelt A be a set with poctive measuve v R,
Is there §: R"—R" Lipscwtz s.t. F )
has non - empty intevior )

Answevs (so for..) :

If n=\ the oaswnswev is Po&iuue,

If n=2 the answer is positive.

I¢ h23 Y\O"'\nfna is Knewn.



G©. ProoF OF THE MVERING THEOREM

A Coveving vesul ¥or discrete sets ('Dil\uoorﬂx's levnma)

Let E be a finte set in the plare.. Set nh:= H#E.

Then E coan be coveved log Vn  vevtiesl graphs and

Vn hovfscmfal 9raph5 )
4

%
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PROOF OF THe CoVERING THEORENH
Cnot complete , and yust for E Comracf)

Disevelze E as follows :
for Cuevy §>0, Eg ave the cewlerns
of the squaves in the Mmesh that

inteveect E . Thew #E¢ = 0(1/S9. ﬁ—t =

L +-=u-4._rm4-— s
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PrROOF OF THe CoVERING THEOREH
Cnot complete , and yust for E Comrac’r)

| Disevellte E as follows : |
for Cuevy §>0, Eg ave the cewlews 1
of the squaves in the Mmesh that

intevrsect E . Thew HE¢ =0(1/S?.

Cover €5 with 0(/s) hovis. —
gvaphs f. and vevtical 9vaphs 9
using _D“chw“\ s lewma.
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PROOF OF THe CoVERING THEORENH
Cnot complete and yust for E Camracf)

Disevellte E as follows : |
fOY eu-evg gs,.o) ES ave the c@wreys 17
of the Squaves m fue Mmesh that
'ln\'-ersecf' E . Thm :“:Es = O-(I/SZ). iy

Covey Es with O(I/S) l')ovl'\}.
gvaphs f. and vevtical 9vaphs 9
Using DNlworth’s lewmma.

Cover E with T (£, ,28) ond TV(SJ-,zS). Thew
Sum @ thickness = (1) 2§ = o(9)
- Chocse $S s.t. o(®) s &.

6/3



7. Open ProsLems (ExTENSION To HIGHER DIM./n = 3)

NOTATION for sets W the space

x=4(y,2)

Y

suvface of typex
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NOTATION for sets W the space

X=4(y,2) X ’)

Y y {

Ssuvface of typex cuvve of typex
and Lipsc\aifj comst.L  and Lip. Const. L

I.e. gvaph & 3 i.e. gveph of 2
Pumeti on x-_=§(y,z) M 2p (y,z) - c{)(x)
with Lip(§)sL  with Lip(g) L
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3. Open PRoBLeEMs (EXTENSION TO HIGHER DIM./ N = 3)

NOTATION  for sets i the Space

%= £(y,2) X ,__)

Y y !

suvface ce Tgp-e.x cuvve of type x S lab of. 1-3|-ex
and Uipschits const. L and Lip. Comst. L and...

l.e. graph d 2] i.e. gvaPh 0:? 2 i.e.V"(;)g):.:

Pumetion X=£(v,2) map (v,2) = $ () g \*-f(Y,%)Iiﬁg
with Lip(§)sL  with Lip(p) sL 2
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F. Opren PrRoBLeMs (EXTENSION TO HIGHER oM./ < 3)

NOTATION  for sets i the Space

X=4(y,2) X ,)

Y [

suvface of typex cuvie of Typex Slob of typex  tube of 1'8|=e, X
and Lipschits const. L and Lip. Comst. L and... and...
i.e. graph of 3 j.e. gvephof 2 i.e-Vx(i:,S)-‘: i.e.Ux(¢,S)'

Pumetion X=£(v,2) map (v,2) = ¢ &) i o,3)- ;
with Lip (F)SL  with Lip($) L 3 Ix 52| <5f 1 b)l<s {
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STATEHENT

Let E be 3 null set in R3. Then E = E*UF*
where

i) fov evevy £ >0, Ex is coveved \o-d Slabs \/t with
Lip. const. 4 thickness & s.T. 2 S <E.

it) Cov &)cha €0, F* is covered b«d Tubes U’:- withe
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STATEHENT

Let E be 3 null set in R3. Then E = E*UF*
whevre

1) fov evevy €>o0, Ex is coveved by slabs \/’:: with
Cip. Const. 1, thickness §; s.T. 2 S £
it) Cov a)evca g0, F* is covered b«d Tubes U’:- withe
Ciy. const. i, thickness ”\l s.t 2 /V]?' <<,
] )

but the res| qM.es'tt'an IS "

Qiven 2 null  set E wRd can We Cover it
with slabs V. of Type X,¥,2 and Up.Cmst L,
thiek ness §; s.t. 28 s 7
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In R the requived version of Dillworik’s lemmo aile (ACP)

STATEMeNT A. YV L Mcra, T EcR?® ((n:=4E) thst

cannol be Coveved by H.mY3 suvfaces of type x,y,2

/A awd Urgchlfj Constant L

NSTATG Hent B, VL<*°°, S)O, 3 ECR3 (V\2‘='<|=|-'E)

such that Gx,L () , Gv,L(E) ; G{.,L(E) < smB

U sTATE HENT C. Vi<, 3 ECR’ (m=#€E)
Such Wit G (E) ; s, (8) ; 6, (5 < m¥?



In R} the requived version 0{ Dillweri’s lemma Fils (HCP)

STATEMeNT A. V L Mcra, T EcR?® ((n:=4E) thst

cannol be Coveved by H.mY3 suvfaces of type x,y,2

1 awd Urschlfj Comstant L

‘STaTe Hent B, VYV L<+a%, $>0, 3 E CcR3 (n:—:'ﬂ'E)

such that Gx,L () ,; Gv,L(E) ; G{.,L(E) < smB

ASTAT€ Hewt <. Y L< +oo, J E cp? (M:=‘#=E)_
%‘
STATEMeNT D. VL <+, 3 ECR® (w:=#E)

such that 6, (E)- 6, ,(E) - G,,(E) < m*
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Thete s an easg exam ple +ha+ almect proves
STATENENT D.

et E =E, X% Ey *E, b roduct O€ three sets W R

Thew, for @erd L, Syl (E) = # (E,) - #(E,;)
Sy,L(E) = # (Ex)- #(Eq)
Sa,L (E) = # (Ex) # (E)

and then &, () -,  (E) 6, [(E) = (WE)*=r?

Hb
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83 pevltrbalion we oObtah gn excwmple that preves
STATEMENT D

—
B jzk
< . . : 2 H ° ! " ,__;,’83
A X « . 1 » o - 11 ™ |
L L ‘--F
= ‘ ‘ ‘i o ¢ T ’ : ) ii’-
— 71‘ | [ iégd
/——)z > 2 w R
y Ky K,l
Then n=(My). (g2
8,“) (—Siﬂ-l)

Choosina 'qu_ param ctevs n.,nz ,S.,S,,Ss Care{?uluj
che obtaing that

Sy (E) = KiKe 6, (E) = 2K, S, (E)< 2K, |
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The Vectuivecl caveviu% result &y dicavete gets
Joes no T hold in climengiom 3.

But what sbout the Cooevika vesuét -for
hull sets 7

Discrete Cou,wteyemeles do wet @eod to
Conli nuesws omeys....

O'H\Qf Couev\'-.a vew .eov diswrete ots
could be helpﬁul (oud True...)
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