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j x j 2 is not bounded below.
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Spectralmeaningof the inequalities

In some sense, the fact that we have a Hardy inequality
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is equivalent to saying that the operator � � controls the potential V ,

and also potentials like V + W where W is a potential less singular than V .

In the sequel we are interested on potentials with a single singularity, like for instance
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or more generally, multi-polar potentials like
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Why is the multi-polar caseinteresting?

1) In the study of crystalline matter.

2) In the study of stability of matter.

3) In general, in solid state physics problems, band gaps, etc.

But of course, only as an intermediate technical tool, since the problem we look at
corresponds to only 1 electron.
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The caseof the Dirac operator

What is the free Dirac operator (N=3) ?:

H 0 = � i � � r + � ; with � 1 ; � 2 ; � 3 ; � 2 M 4� 4 (CI )

� =

 
1I 0
0 � 1I

!

; � i =

 
0 � i

� i 0

!

Pauli matrices:

� 1 =

 
0 1
1 0

!

; � 2 =

 
0 � i
i 0

!

; � 3 =

 
1 0
0 � 1

!

Remark. Note that H 0 acts on functions  : R3 ! CI 4 ;

H
2

0 = � � + 1 ; � (H 0) = (�1 ; � 1] [ [1; + 1 )
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Hardy inequalities for Dirac operators

Here the maximal tractable singularity is V = 1
j x j .

The optimal inequality is given by the following theorem :

Theorem [Dolbeault, E., Séré]. For all � 2 H 1(R3; C2), and a large class of V 's (the
operator H � V has to be selfadjoint!),

Z
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�
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Z

R3
V j� j2 dx ;

for all � � � 1 (H 0 � V ) ,

and � 1(H 0 � V ) is the largest � for which the above inequality holds (as long as it
belongs to the spectral gap (� 1; 1).

In particular, for V = �
j x j ; � 2 (0; 1) ;

Z

R3

 
j� � r � j2

1 +
p

1 � � 2 + �
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1 � � 2
�

j� j2
!

dx � �
Z

R3

j� j2

jx j
dx :
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Somecommentson Hardy-lik e inequalities for Dirac
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Algorithm to computethe �rst eigenvalueof Dirac operators

In the same theorem we prove that the �rst eigenvalue of H � V in the gap (� 1; 1) can
be characterized as

� 1 (V ) = inf
� 6=0

sup
�

( ; (H � V ) )
( ;  )

;  =
�

�
�

�

and

� (� ) := sup
 =

�
�
�

�

� 2 C 1
0 (I R 3 ; C2 )

( ; (H � V ) )

( ;  )

is the unique � such that

Z

IR 3

� j� � r � j2

� + 1 + V
+ (1 � V )j� j2

�
dx = �

Z

IR 3
j� j2dx :

So, �nally ,

� 1 (V ) = inf
� 6=0

� (� ) ;
Z

IR 3

� j� � r � j2

� (� ) + 1 + V
+ (1 � V � � (� )) j� j2

�
dx = 0 :
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Analytical proof of Hardy-Dirac inequalities

Consider the orbital angular momentum operator L = � i x ^ r . L acts only on the
angular variables.

The spectrum of the operator 1 + � � L is the discrete set f� 1; � 2; � � � g ( 0 not
included!). We denote by P� the projector related to 1 + � � L on ZZ � .

Take g =
�
1 +

p
1 � � 2 + �

j x j

� � 1=2 and a “good" h in

(�� )
Z

R3

�
�
�
p

g (� � r )P� � �
(� � x ) h

p
g

P� �
�
�
�
2

dx � 0 ;

develop the two squares and add them up.

We get (Dolbeault - E. - Loss - Vega) :

(� )
Z

R3

 
j� � r � j2

1 +
p

1 � � 2 + �
j x j

+
�

1 �
p

1 � � 2
�

j� j2
!

dx � �
Z

R3

j� j2

jx j
dx :

Since L acts only on the angular variables, we can add up the two inequalities (�� )
without getting extra cross terms, only if g and h are radially symmetric! And we get (� ).

But multipolar potentials are not radially symmetric!
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without getting extra cross terms, only if g and h are radially symmetric! And we get (� ).

But multipolar potentials are not radially symmetric!
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Magnetic case

The Dirac magnetic operator is given by

H B = � i � � r B + �

where r has been replaced by r B = r � iA B , and curl A B = B .

For “admissible" electrostatic potentials V and smooth magnetic potentials B , the
spectrum of the operator H B � V is the equal to

(�1 ; � 1] [ [1; + 1 )

plus a sequence of eigenvalues in the spectral gap (� 1; 1). As in the non-magnetic
case, if V is not too singular (too strong), we have :

� 1(B ; V ) = inf
� 6=0

� B (� ) ;
Z

IR 3

� j� � r B � j2

� B (� ) + 1 + V
+ (1 � V � � B (� )) j� j2

�
dx = 0 :

QUESTION: Does � 1(B ; V ) leave the spectral gap (� 1; 1) ? and if yes, for which
intensities of B ?
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For a given V , 0 < B 1 < B 2 < B (� ) :

1-1

B=0

B=B1

B=B2

-1                                                             1

B=B(n)

TOOL :

Z

IR 3

j(� � r B )� j2

1 + � 1 (B ; V ) + V
dx + (1 � � 1 (B ; V ))

Z

IR 3
j� j2 dx �

Z

IR 3
V j� j2 dx
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Physical relevance

Very strong magnetic �elds could play an important role in :

– destabilizing matter and modifying big molecules to create very elongated polymer like
matter,

– facilitate the apparition of big quantities of electron-positron pairs,

The best candidates for this kind of phenomena are magnetars (neutron stars),

Earth's magnetic �eld = 1 Gauss

Maximum �eld (RMI) = 1 Tesla = 104 Gauss

Deathly �eld = 105 Tesla = 109 Gauss

In young neutron stars one expects �elds of strength = 1011 Tesla. In more recent
theories in astrophysics, people expect up to 1016 Tesla in the heart of the start.
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Various attempts have been made in order to produce models creating these
phenomena :

– relativistic electron models (Dirac) with homogenoeus magnetic �elds and anomalous
magnetic momenta (V. Canuto, H.-Y. Chiu; R.F. O'Connell),

– hydrogenoid atoms in a curved universe (Nowotny),

– intense electrostatic �elds (..., Brodsky, Mohr,...),

– heterogeneous magnetic �elds (P. Achuthan et al),

Excellent synthesis made by R.C. Duncan and C. Thompson.

In the framework of both electrostatic and magnetic �eld we are aware only of a work by
Schlutter et al, where they consider the same problem as us, in some asymptotic
(simpli�ed) limits.
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Recentsresults(Dolbeault - E. - Loss)

Let

V (x) =
�

jx j
; B (x) :=

0

B
@

0
0
B

1

C
A ; A B (x) :=

B
2

0

B
@

� x2

x1

0

1

C
A

and for � 6= 0 de�ne

E� (� ) =

R
V � 1 j� � r 1 � j2dx �

R
V j� j2dx

R
j� j2dx

=
1
�

R
jxjj � � r 1 � j2dx � �

R 1
j x j j � j2dx

R
j� j2dx

where r 1 := r � iA 1. Then, if we de�ne

� (� ) := inf
� 6=0

E� (� ) ;

we have

B (� ) =
4

(� (� )) 2
:
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Proof

Z

IR 3

j(� � r B )� j2

1 + � 1(B ; V ) + V
dx + (1 � � 1 (B ; V ))

Z

IR 3
j� j2 dx �

Z

IR 3
V j� j2 dx

if for B = B (� ) , � (B ; V ) = � 1

EB ;� [� ] =
Z

3

jxj
�

jPB � j2 d3x �
Z

3

�
jx j

j� j2 d3x ; (1)

and observe that scaling the function � according to

� B := B 3=4 �
�

B 1=2 x
�

preserves the L 2 norm, and yields

EB ;� [� B ] =
p

B E1;� [� ] :

Paris, July 5th, 2007 – p.15/19



Proof

Z

IR 3

j(� � r B )� j2

1 + � 1(B ; V ) + V
dx + (1 � � 1 (B ; V ))

Z

IR 3
j� j2 dx �

Z

IR 3
V j� j2 dx

if for B = B (� ) , � (B ; V ) = � 1

EB ;� [� ] =
Z

3

jxj
�

jPB � j2 d3x �
Z

3

�
jx j

j� j2 d3x ; (1)

and observe that scaling the function � according to

� B := B 3=4 �
�

B 1=2 x
�

preserves the L 2 norm, and yields

EB ;� [� B ] =
p

B E1;� [� ] :

Paris, July 5th, 2007 – p.15/19



Proof

Z

IR 3

jx j
�

j(� � r B ( � ) )� j2 dx + 2
Z

IR 3
j� j2 dx � �

Z

IR 3

j� j2

jx j
dx

or what is equivalent,

(� ) inf
� 6=0

R
R3

j x j
� j � � r B ( � ) � j2 dx �

R
R3

�
j x j j � j2 dx

R
R3 j� j2 dx

= � 2 :

The scaling � B := B 3=4 �
�

B 1=2 x
�

preserves the L 2 norm and

EB ;� [� B ] =
p

B E1;� [� ] :

Hence (*) is equivalent to

� (� ) = inf
� 6=0

R
R3

j x j
� j � � r 1 � j2 dx �

R
R3

�
j x j j � j2 dx

R
R3 j� j2 dx

= �
2

p
B (� )

:
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First Landau level reduction

� (x1; x2 ; x3) =

p
B

p
2�

e� B s 2
4

�
0

f (x3)

�
; s2 = x2

1 + x2
2

R � (f ) :=
1
�

Z 1

0
bf 02 dz � �

Z 1

0
a f 2 dz ;

b(z) =
Z 1

0

p
s2 + z2 s e� s 2

2 ds and a(z) =
Z 1

0

s e� s 2
2

p
s2 + z2

ds :

The in�m um of R � (f )=kf k2 is denoted by � R (� ) and naturally � (� ) � � R (� ) :

Another related functional

R �
� (f ) :=

1
�

Z 1

0

1
a

f 02 dz � �
Z 1

0
a f 2 dz ( � R� (f ) ) ;

with corresponding in�m um � �
R (� ) .

For � small,

� �
R (� + � 3=2) � � (� ) � � R (� ) ) B �

R (� + � 3=2) � B (� ) � B R (� ) :
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Somecomputations
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THE END
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