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The cubic wave equation

D::ﬁ_AX’ tER,XGR
Study the (real-valued) solutions u of
ou

Ou =~u®, u(0,x) = up(x), at(O,X) = uy(x)
where v € {-1,1} .
Recall :
If v = —1: global existence of solutions with sufficiently

smooth data ug, uy (say up € H*(R3), u; € L*(R3)) .
If v =1 : existence of solutions which blow up in finite time,
except if the data are sufficiently small.
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» Problem. Description of nonlinear effects in the high
frequency limit 7



The critical regularity

Scale invariance u*(t, x) = Au(\t, Ax) ,
uy(x) = Aug(Ax) , u(x) = Nur(Mx) .
— Critical regularity of the data :

u € H2(R3) |, uy € H2(R®) |

HRY) = (e SR : o) € |67 LE)) | Js| < 2

If s < 1 : even for v = —1 (defocusing case),
3 arbitrary small data in H® x H5~1 such that (u(t), d,u(t)) is
large in Hs x Hs for arbitrarily small time t
(Lebeau 2001 , Christ—Colliander—Tao 2004)



The Strichartz inequality (Strichartz, 1977)
If Ov=0, v(0,.) = v, 0:v(0,.) = vy , then
[VI[smxmrey S [[(vo, vi)ll e (R3)x H—1/2(R3) -

Inhomogeneous version : if Ow = f , w(0,.) = 0;w(0,.) =0,

IWllesocrs) + sup l(w(t, ), Dew (. Dllrzxive S IFllon@xeey
te
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» Consequence Ja > 0 such that, if
| (o, ur)|| faj2 fy-172 < v, then the Cauchy problem

(=0 u(0,x) = to(x), 90,2 = tn(x)

admits a unique solution

ue L*(R x R®) N C(R, HY?(R?)), d,u € C(R, HV3(R?)) .



Linearizable data
We fix v € {—1,1}.
Definition _ _
Let (uf,u}) be a sequence in H'/? x H=/2, weakly convergent
100, with |(uf o) sy 112 < v
We shall say that (uf, u]) is linearizable if the solution u™ to

the cubic wave equation Ou™ = ~v(u")® with Cauchy data
(uf, uy) at t = 0 satisfies

[(u" — v, 0y (u" — Vn))HLoc(R,Hl/Zfolﬁ)

‘I‘HU” — Vn|’L4(R><R3) —0 s
where v" is the solution to the linear wave equation
Ov"=0

with the same Cauchy data (uf, u7) at t = 0.



Problem. Describe the non linearizable data (uf, u7), and the
corresponding solutions u".

Remark. Sufficient condition to linearizability :
||Vn||L4(]R><R3) — O .

Is it necessary 7
How to guess it on Cauchy data (uf, uy) ?



Example of non linearizable data : isotropic
concentration
Let (Up, Uy) € HY2 x HY2 (U, Uy) # (0,0). Set
. 1 X . B i X
uy(x) = B Uy (g) , ui(x) = = U, (8) e—0

is not linearizable.



Example of non linearizable data : isotropic
concentration
Let (Up, Uy) € HY2 x H=Y2 (U, Uy) # (0,0). Set
. 1 X . 1 X
G =2 U (Z) - i) =56 () o
is not linearizable.

» Indeed, by scale invariance,

ut(t,x) = —U(t X) , Ve(t,x) = lV<t X>

€ g€ 9 g€

where U, V are respectively the solutions to the cubic
wave equation and to the linear wave equation with
Cauchy data (Up, U;) at t = 0.
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where U, V are respectively the solutions to the cubic
wave equation and to the linear wave equation with
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» Linearizability would imply U = V hence U =0!



Other examples of non linearizable data ?
Notice that, for the quintic wave equation

Ou = yu®

all non linearizable data are obtained from scaling, combined
with space-time translations. More precisely, if Llv" = 0 with
(v"(0), 9;,v"(0)) bounded in H'(R?) x L?(R®), then

HVnHLs(RXR3) —0
if and only if
V(g") sequence of translations — dilations, g".v" — 0 .

(Bahouri—PG, 1999) (related to concentration compactness)



Concentration on a plane
Decompose x = (x,x') € R x R2,
Consider the solution of (v = 0 with

; 1
VO(va) WO < 5’ X) ) atvé(O,X) = 5 Wl (%7)(/) ) 60—0 )
with (Wo, W4) € AHY2(R, x R%) x HY2(R, x R?,) and

/ CIHWA(C, €) 2 d¢ e < +oo .
RxRR3



Concentration on a plane
Decompose x = (x,x') € R x R2,
Consider the solution of (v = 0 with
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RxRR3

:ZWi<(5t,Xl:Ft x’>,
a 5

$28582 W:t — AX/ W:t =0 R

» First ansatz

W, (0, )+ W.(0,.) = Wo , —0.W,(0,.) + 0, W.(0,.) =

Wi .



Another ansatz, using Lorentz transformations
For 3 €] — 1,1], define

t—ﬁxl ﬁt ,
ﬁﬁF(t, ) (\/1—62 \/1—62 )
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Another ansatz, using Lorentz transformations
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Another ansatz, using Lorentz transformations
For 6 €] —1,1], define

ﬁﬁF(t./X) = (\t/l__ﬁ)/;lz \/1 _ﬁ;z /)

> HEﬁF||L4(RxR3) = “F”L“(RXR3)
» Ov=0=0Lzv=0and E/(Lsv) = E1/»(v) with

Evja(v) = v (t, Mz + 10ev(t, )Gz -

» Leads to a new ansatz with “Lorentz” profiles,

V5:Z£imvi+0(1),
+

2

Vi(t,X) = W:t (:l:(Xl + t), al ,X/) s szt =0.



Proposition (nonlinear Lorentz profile)

Let V : OV =0, (V(0,.),8,V(0,.)) € HY? x H~Y/2 small
enough.

There exists a unique U : U = yU3, U € L*(R x R3),
(U,0.U) € C(R, HY? x H7Y/2), such that the solution of

Oug = uj , (us(0,.), 9eus(0..)) = (L5 V(0,.),0:L5V(0,.))
satisfies, as 3| — 1,
Ug = ,C‘QU + O(].)

for the L* and L®(R, HY/2 x H='/2) norms.
Basic ingredient: If f € L*3(R x R3) and Ow; = f € [*/3,
(Lswgs(0,.), 0. Lsws(0,.)) = (0,0), show that , as |3| — 1,

(ws(0,.), Bew;(0,.)) — (To(F), F1(f)) in HY2 x H7Y/2.



The nonlinear ansatz for concentration on a plane

Given Wy, W, with small norms, the solution of [lu® = ~(u?)3
with

5 5 _ X1 } X1
(u°(0, x), Oru (O,x))—<W0<5,x) : 5W1< ,x))
is given, as 0 — 0, by

U5 — ZﬁimUi +O(1)/
+

where U is the nonlinear Lorentz profile associated to V4.
Hence these data are not linearizable if (W, W;) # (0, 0).
Main observation: E\/@UJr and Lf\/@U_ do not interact
(concentration on two different hyperplane tangent to the
wave cone).



Concentration on null rays

By combining the previous concentration on a plane with an
isotropic concentration,

(4(0,%), 0eu(0,x)) = (iW‘) (23 ) el (5>>

one describes linear and nonlinear solutions which concentrate
on two generating lines {x; = £t,x’ = 0} of the wave cone as
0—0,e—0.

Once again such data are not linearizable if (W, W4) # (0, 0).



The main result

Denote by H the Hilbert space of solutions v to [Jv = 0, with
(v(0,.),0,v(0,.)) € HY? x H7'/2 equipped with the norm

\/ E1/2(v). Let G be the group of isometries of H generated
by space-time translations, dilations, Lorentz transformations
L3, rotations and symmetries in the x variable.

Theorem
Given a bounded sequence (v") of H, the following are
equivalent :



The main result

Denote by H the Hilbert space of solutions v to [Jv = 0, with
(v(0,.),0,v(0,.)) € HY? x H7'/2 equipped with the norm

\/ E1/2(v). Let G be the group of isometries of H generated
by space-time translations, dilations, Lorentz transformations
L3, rotations and symmetries in the x variable.

Theorem
Given a bounded sequence (v") of H, the following are
equivalent :

| 4 ‘|VnHL4(R><R3) — 0 .



The main result

Denote by H the Hilbert space of solutions v to [Jv = 0, with
(v(0,.),0,v(0,.)) € HY? x H7'/2 equipped with the norm
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» For every sequence (g") of G, g".v" — 0 weakly.



Profile decompositions : abstract setting

Let ‘H be a Hilbert space.

Let G be a group of isometries of H such that every sequence
of G which is not weakly convergent to 0 has a subsequence
which converges strongly in G.

Let us say that two sequences (g") ,(g") are orthogonal if

(g")*8" — 0 weakly .
For every bounded sequence v = (v") of H, we set
n(v) == sup{||V : 3(nk,g"),g".v™ — V} .

Claim, roughly speaking : Every bounded sequence of H can
be written, up to a subsequence, as an almost orthogonal
superposition of sequences g".V, where V € 'H and (g") is a
sequence of G, with a remainder term r” such that n(r) is
small.



Theorem ( Schindler—Tintarev, 2002)

For every bounded sequence (v") of H, there exist elements
(Vi)j>1 of H and pairwise orthogonal sequences ((g['));>1 of
G, such that, up to a subsequence, for every { > 1,

V—&—ré,

HMN

lv"||* = ZHVH2+\W\2+O( ), n—oo.

and n(r;) — 0 as { — .

Problem. Smallness of r; for some continuous norm
vi— N(v)onH?



Previous results in the literature.

» H=H(RY),0<s<d/2
G = translations—dilations :
N(v) = [[ul[pga), p=2d/(d — 2s).
(PG, 1998, ~ concentration-compactness).
» H={v:0Ov=0,(v(0),9v(0) € HY(R3?) x [2(R3)} ,
G = space-time translations—dilations :
N(v) = ||v||sxr3). (Bahouri-PG, 1999) and similar
results by Keraani (2000) for the Schrodinger equation.
» H={v:io,v+ Av =0,v(0) € L2(R?)},
G = space-time translations-dilations-Galilean
transformations :
N(v) = ||v||isrxr2). (Bourgain, 1998, Merle-Vega, 1998,
Carles-Keraani and Begout-Vargas (other dimensions)).



Corollary (sequences of H'/? solutions to Clu = yu?)

Every sequence (v") : Ov" = 0, sup, Ey/»(v") < oo, can be
written, , up to a subsequence, with LJV; =0,

¢
Ve>1, v" —Zgj Vi+r, limsup ||r)|| srxrsy — O .

_j 1 n—oo =

IFOu" = (a2, (u"(0), 5:u"(0)) = (v(0), Bv"(0)), then
€>1U—ZgJ i+ 1) +py s

where OJU; = yU? (nonlinear profile associated to V;), and

limsup || (7, atp()HLOO(R /25 fi-1/2) T HP@HL“ PR 0

n—oo



Consequence :

(v"(0), 0:v"(0))linearizable <=V}, V; = 0 <= ||v"|| 14 xr3) — 0



Consequence :

(v"(0), 0:v"(0))linearizable <=V}, V; = 0 <= ||v"|| 14 xr3) —0

» Corollary (a test using H-measures.)

Assume (v{], v{") supported in a fixed compact subset of R3
and for every pseudodifferential operator A of order 0,

(A|D|1/2 n |D|1/2 n)L2+(A|D|—1/2V1"D| 1/2 )
- O-O(A)(ng) d,u(xf) )

=00 Jr3xS2

then (v§, v{") is linearizable if the measure p is singular to the
following measures :

5(x — 30) do(€) . (1x — x| - R)5<§3FXRXO) |
((x — x0)-£0) (€ F &) , 0(x — x0) 0(€ — &) -



Sketch of proof (adaptation of arguments by
Bourgain, 1998 for Schrodinger).

Let v : iOyv +v—Av =0, v(0) = v.

We shall use three refinements of the Strichartz inequality on
v which correspond to

» Dilations
» Lorentz transformations

» Space-time translations



Step 1. Extracting dilations

2
gy S 3 ( / lliole) df)
20 <[g|<2pt1

PEZL

Slhals (s0 [ jline)rae)
peZ Jor<|g|<2pt1

(see Klainerman—Machedon, 1993-...)



Step 2. Extracting Lorentz parameters

Assume 1y supported in {1 < [¢] < 2}.
Let § € {27/,j € Z,} and Cs be a collection of tubes

T(w,0)={eR®:1<[¢<2,|= —w| <6}, weS?,

which covers {1 < |£| < 2} with bounded overlapping. Then,
with p =8/5, 6 = 1/20,

4
M <3 5 ( Ll )

5 TseCs ‘ 0"’

o 1 40
~ 114(1— ~
N HVoHLg ) (SI;PS#PW/T |V0’ df)

see Moyua-Vargas-Vega, 1999, for the case of 2D Schrodinger
(Cs is a collection of squares of size 9).



Step 3. Extracting space-time translations
Assume ¥y supported in {1 < |£] < 2}, and that

1ol =~ || %ol 2
Apply Wolff's restriction theorem (2001)
Vp >3, ||vlle@xrey S || Vollo(rsy -
therefore, for some 6 €]0, 1],
IVl srnre) S HVOHLP(R3 ”VHLoo(RxRa S HV0HL2(R3 HVHLeo (RxR3) -
Then observe that, for a bounded sequence (v") of such v,
lim sup [[v"|| oo rxr3) S

n—o0

sup{||V(0, )|l c2rsy = 3(nks t, xi), v (t + tie, x + x¢) = V} .



