
Dispersive Systems 
 

1) Schrödinger equation 
2) Cubic Schrödinger 
3) KdV 
4) Discreterised hyperbolic equation 
5) Discrete systems  
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Conservation laws 
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So by the conservation law, 
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Rankine-Hugoniot condition 
Example: 
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Entropy condition: u u>  e r
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Multiply equation 
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Which conservation law?? 
 







Goodman-Lax; in 
0t xu uu+ =   discretise space: 

( ) ( ), ku k t u tΔ  
Replace  byxu  symmetric difference 
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Dispersive Conservation form 
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Numerical experiments reveal oscillations 
and weak convergence for  critt t>
 
 
 











1. Explain oscillatory behavior 
2. Prove weak convergence 
3. Determine weak limit 
4. What equation does the weak limit 

satisfy? 
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But they are incompatible for 
discontinuous solutions. 
  



The solution of the difference equation 
desperately tries to satisfy two 
incompatible conservation laws. Hence the 
oscillations. 



Limits of Semigroups. 
( ),Denote by U t ε  the solution operator for 

the KdV equation 
                     0,t x xxxu uu uε =+ +              (1) 
that is, the operator 

( ) (             ) ( ), : ,0; , ;U t u x u x tε ε ε→  
that relates initial values of solutions of (1) 
to their values at t. Clearly, the operators 



( ),U t ε form a semigroup (even a group) in 
the parameter t: 

( ) ( ) ( ), , ,            U s U t U s tε ε ε          (2) = +
Lax & Levermore have shown that the 
limit ( )0 of ,U tε ε→  exits in the weak but 
for  not in the strong topology:  critt t>
             ( ) ( )0 0.,U t tu U uε →                     (3) 
Note that since equation (1), written in 
conservation form 
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is nonlinear, a weak limit of its solutions 
that is not a strong limit is not a solution of 
the limiting equation 
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( )So 0U t u  in (2) is not the solution of (4) 

with initial value . 0u
        Question. Do the limit operators ( )U t  
defined in (3) form a semigroup: 
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L & L have derived an explicit formula for 
( )U , which shows that (t )U  is not 

continuous in the weak topology. That 
makes it very dubious that the limit as 

t

ε  
tends zero of (2) is (5). The question can be 
easily decided by a single calculation. 
 
 



There is an analogue of this question in the 
theory of turbulence. Here operators to be 
considered are the solutions operators 
( ),U t R  for the Navier-Stokes equation. I 

surmise that as the Reynolds number 
R →∞, the operators ( ),U t R  tend weakly 
but not strongly to a limit ( )U t .  
 



Since the limiting Euler equations are 
nonlinear conservation laws, ( )U  is t not 
the solution operator for the incompressible 
Euler equation but a description of 
turbulent flow. In analogy with the zero 
dispersion limit of the KdV equation I 
would surmise that the operators ( )U , the 
limits of 

t
( ),U t R , do not form a semigroup, 

as conjectured by Heinz Kreiss. 



Compactness               
0,    0,u uu t                      t x = ≥  +

can be written as conservation law 
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(Initial value ) ( )0,0u x u x= , bounded and 
zero outside a finite interval. 
              Viscosity method                          

( ),    0, , ; ,  t x xxu uu u u u x tε ε ε+ = > =  
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boundedly, in 1L  norm. 
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Proof.  Integrate viscous equation: 
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as claimed. 

( )Let  be any sequence of initial date that 
tend weakly, that is in the sense of the 

0
nu

01
 nom, to u

−
; we saw that then ( ) ( ),nu x t  

tends weakly to ( ),u x t  for every  
( )

0.t >
      u  satisfy the basic differential 
equation 

 and nu



                       
( ) ( )( )

( )

2
1
2

21
2

0,

0.

n n
t

x

t x

u u

u u

+ =

+ =
 

( )n
tu  tends to  in the sense of distribution. 

Therefore (
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distribution. So ( )2nu  tends to 2u + const in 
the sense of distribution. Since both 

 and nu u tend to zero as ,x →∞  the 



constant is zero. But then  must tend to  
strongly, that is in the 1

nu u
L  norm. 

     Summary  If the initial values of ( )nu  
tend to the initial values of u  
weakly, ( ),nu x  tends to (t ),u x  strongly, 
for every  
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        The mapping from initial values ( ),0u x  
to their values ( ), ,  0,u x t  is a compact 
mapping. 
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