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A V ARIA TIONAL SETTING F OR NON-LINEAR E-MA GNETISM

W e lo ok for electromagnetic �elds (E (t ; x ); B (t ; x )) , where x 2 R 3

, sub ject

to the di�eren tial constrain ts

@t B + r � E = 0; r � B = 0;

that satisfy the follo wing stationary action principle

d

d" " = 0

Z
f L (E (t ; x ) + " � (t ; x ); B (t ; x ) + " � (t ; x )) � L (E (t ; x ); B (t ; x )) gdx dt = 0;

for all compactly supp orted p erturbation (�; � ) compatible with the

di�eren tial constrain ts. Here L de�nes the mo del and is a giv en real

function of (E ; B ) 2 R 6 ; stricly con v ex in E , and dep ending on (E ; B ) only

through E 2 � B 2

and E � B .

The simplest mo del, giv en b y

L (E ; B ) =
1
2

(E 2 � B 2 );

leads to the classical linear (homogeneous and normalized) Maxw ell's

equations.
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THE HAMIL TONIAN F ORMULA TION

In tro ducing the partial Legendre transform:

h(D ; B ) = sup
E 2 R 3

E � D � L (E ; B ); 8 D 2 R 3 ; 8 B 2 R 3

W e get the 'Hamiltonian form'

@t B + r � (h 0
D (D ; B )) = 0; r � B = 0;

@t D � r � (h 0
B (D ; B )) = 0; r � D = 0;

with the additional 'energy-momen tum' conserv ation la ws (pro vided b y

No ether's theorem)

@t (h (D ; B )) + r � (D � B ) = 0;

@t (D � B ) + r � (� (D ; B )) = 0;

where the �ux � can b e computed explicitly .

cf. C. Dafermos, Hyp erb olic conserv ation la ws in con tin uum ph ysics, Springer 2005,

D. Serre, Hyp erb olicit y of the nonlinear mo dels of Maxw ell's equations, ARMA (2004).
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MAXWELL AND BORN-INFELD'S MODELS

The simplest mo del, giv en b y

L (E ; B ) =
1
2

(E 2 � B 2 ); h (D ; B ) =
1
2

(D 2 + B 2 );

corresp onds to the classical Maxw ell's equations. A non-linear correction,

suggested in 1934 b y Max Born and Leop old Infeld, is obtained with

L (E ; B ) = �
q

1 � E 2 + B 2 � (E � B )2 ; h (D ; B ) =
q

1 + D 2 + B 2 + ( D � B )2

and leads to the BORN � INFELD system . The Maxw ell system is

reco v ered as the lo w �eld limit of the BI system, as B ; D << 1 .

In the electrostatic case, B = 0 , w e get

L (E ; 0) = �
p

1 � E 2 ; r � E = 0:

Then, the electric �eld E is cuto� b y 1, in appropriate ph ysical units.

(With Born's scaling BI �ts Maxw ell do wn to 10� 15

meters.) This w as

Born's original motiv ation for a non-linear theory , in the spirit of sp ecial

relativit y where no sp eed is allo w ed to exceed the sp eed of ligh t.

(cf. Born and Infeld, Pro c. Ro y . So c. London, A 144 (1934), Born, Ann. Inst. H.

P oincaré, 1937)
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THE BORN-INFELD SYSTEM

The Born-Infeld system reads:

@t B + r � (B � v +
D
h

) = 0; r � B = 0;

@t D + r � (D � v �
B
h

) = 0; r � D = 0;

where

h =
q

1 + D 2 + B 2 + ( D � B )2 ; v =
D � B

h
:

This system is h yp erb olic and linearly degenerate. Global smo oth

solutions ha v e b een pro v en to exist for small lo calized initial conditions b y

Chae and Huh, J. Math. Ph ys. 2003. The additional conserv ation la w

@t h + r � (hv ) = 0;

pro vides an 'en trop y function' h whic h is a con v ex function of the

unkno wn D ; B only in a neigh b orho o d of (0; 0) .

cf. G. Boillat, in Boillat, Dafermos, Lax, Liu, CIME 1994-Springer lecture notes 1640.
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THE A UGMENTED BORN-INFELD (ABI) SYSTEM

The 10 � 10 augmen ted Born-Infeld system (ABI) is made of the original

BI system augmented b y adding the 4 'energy-momen tum' conserv ation

la ws:

@t (hv ) + r � (hv 
 v �
B 
 B + D 
 D

h
) = r (

1
h

); @t h + r � (hv ) = 0

to the 6 original BI ev olution equations

@t B + r � (B � v +
D
h

) = 0; r � B = 0;

@t D + r � (D � v �
B
h

) = 0; r � D = 0;

while DISREGARDING the algebraic constrain ts

h =
q

1 + D 2 + B 2 + ( D � B )2 ; v =
D � B

h
;

whic h de�ne the 6 dimensional BI MANIFOLD : F or smo oth solutions,

THE BI SYSTEM IS JUST EQUIV ALENT TO THE A UGMENTED

SYSTEM RESTRICTED TO THE BI MANIF OLD.

cf. YB, Arc h. Rat. Mec h. Analysis 2004
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SOME PR OPER TIES OF THE A UGMENTED BI SYSTEM

The 10 � 10 ABI (augmen ted Born-Infeld) system

@t B + r � (B � v +
D
h

) = 0; r � B = 0;

@t D + r � (D � v �
B
h

) = 0; r � D = 0;

@t (hv ) + r � (hv 
 v �
B 
 B + D 
 D

h
) = r (

1
h

); @t h + r � (hv ) = 0;

is h yp erb olic, linearly degenerate, and admits

� (h ; hv ; D ; B ) =
1 + D 2 + B 2 + ( hv )2

h
;

as a con v ex en trop y function.

It lo oks lik e classical MHD equations and enjo ys classical Galilean

in v ariance:

(t ; x ) ! (t ; x + U t ); (h ; v ; D ; B ) ! (h ; v � U ; D ; B );

for an y constan t sp eed U 2 R 3

!
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THE NON-CONSER V A TIVE VERSION OF THE ABI SYSTEM

@t b + ( v � r )b = ( b � r )v � � r � d ; @t d + ( v � r )d = ( d � r )v + � r � b ;

@t � + ( v � r )� = � r � v ; @t v + ( v � r )v = ( b � r )b + ( d � r )d + � r �;

where

� =
1
h

; b =
B
h

; d =
D
h

:

This system is quadratic, symmetric and w ell de�ned for ALL real v alues

of � (including � < 0 , � = 0 ).

It is useful for a rigorous asymptotic analysis of the �high �eld regimes�

h � 1 , whic h include Shallo w-w ater MHD equations (without gra vit y),

strings etc..., at least when the limit solutions are smo oth.

In non-conserv ativ e v ariables, the Born-Infeld Manifold is de�ned b y:

� > 0; � 2 + v 2 + b 2 + d 2 = 1; � v = d � b :

cf. YB, W en-an Y ong, Deriv ation of particle, string and mem brane motions from the

Born-Infeld Electromagnetism, J. Math. Ph ysics 2005
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THE FIELD-MA TTER INTERA CTION AND THE WEAK BI

MANIF OLD

The 10 � 10 ABI (augmen ted Born-Infeld) system is linearly degenerate and

stable under w eak con v ergence: w eak limits of uniformly b ounded

sequences in L 1

of smo oth solutions dep ending on one space v ariable only

are still solutions.

(This can b e pro v en b y using the 'div-curl' lemma, while the problem is

op en in higher dimensions.)

Th us, the CONVEX HULL of the BI � MANIFOLD can b e conjectured to

b e the natural set for in tial conditions to the ABI system, attainable b y

oscillations of the original BI system. (As a matter of fact, the di�eren tial

constrain ts r � D = r � B = 0 m ust b e tak en in to accoun t.) This con v ex h ull

has full dimension and w as computed b y D. Serre:

h �
q

1 + D 2 + B 2 + ( hv )2 + 2jD � B � hv j:

cf. D. Serre, A remark on Y. Brenier's approac h to Born-Infeld electro-magnetic �elds,

Con temp. Math., 371, Amer. Math. So c., 2005.
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PR OPER TIES OF THE WEAK BI MANIF OLD

The w eak BI manifold

h �
q

1 + D 2 + B 2 + ( hv )2 + 2jD � B � hv j

can b e also de�ned b y

� � 0; � 2 + v 2 + b 2 + d 2 + 2jd � b � � v j � 1; � =
1
h

; b =
B
h

; d =
D
h

:

On this manifold:

1) The electromagnetic �eld (D ; B ) and the 'densit y and v elo cit y' �elds

(h ; v ) can b e c hosen independently of eac h other, as long as they satisfy the

required inequality . There is no longer an y algebraic dep endence b et w een

them! So, through this w eak con v ergence viewp oin t, w e get a coupled

system b et w een a '�uid' and an 'electromagnetic �eld', just as in classical

MHD.
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PR OPER TIES OF THE WEAK BI MANIF OLD, con tin ued

2) 'Matter' ma y exist without electromagnetic �eld: B = D = 0 , whic h

leads to the Chaplygin gas (a p ossible mo del for 'dark energy' or 'v acuum

energy')

@t (hv ) + r � (hv 
 v ) = r (
1
h

); @t h + r � (hv ) = 0

(for whic h the pressure is negativ e=-1/densit y and the sound

sp eed=1/densit y),

3) V elo cities are 'subluminal': jv j � 1 and 'mo derate' Galilean transforms

are allo w ed

(t ; x ) ! (t ; x + U t ); (h ; v ; D ; B ) ! (h ; v � U ; D ; B )

(whic h is imp ossible on the original BI manifold). This is left from sp ecial

relativit y under w eak completion ('subrelativistic' conditions.)

cf. YB, Non relativistic strings ma y b e appro ximated b y relativistic strings, Metho ds

Appl. Anal. 12 (2005)
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INTEGRABILITY OF THE ABI SYSTEM IN 1 SP A CE DIMENSION

In one space dimension (sa y x1 ), in tro ducing

z =
q

b 2
1 + d 2

1 + � 2 ; u = (
b 1

z
;

d 1

z
;

�
z

) ; w = ( b 2 + ib 3 ; d 2 + id 3 ; v 2 + iv 3 ) ;

using a Lagrangian co ordinate s, and de�ning X ; U ; W b y:

@t X (t ; s) = v 1 (t ; X (t ; s)) ; @sX (t ; s) = z(t ; X (t ; s)) ;

U (t ; s) = u(t ; X (t ; s)) ; W (t ; s) = w (t ; X (t ; s)) ;

the one-dimensional ABI system reduces to

@tt X = @ss X ; @t U = 0; @t W = A (U )@sW ;

where

A (U ) =

0

B
B
@

0 � iU 3 U1

iU 3 0 U2

U1 U2 0

1

C
C
A

The only propagation sp eeds of this system are 0; +1 ; � 1.
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SINGULARITIES AND VISCOSITY SOLUTIONS

The linear w a v e equation do es not preserv e the in v ersibilit y condition

@s X (t; s ) > 0 in the large (large data or large times). This sho w that

SINGULARITIES ma y dev elop in �nite time for the ABI system.

This also corresp onds to the CONCENTRA TION of the Eulerian densit y

�eld h(t; x ) as a singular measure.

Solutions can b e extended b ey ond singularities b y adding the unilateral

constrain t @s X (t; s ) � 0, whic h can b e done easily in the framew ork of

MAXIMAL MONOTONE OPERA TORS IN L2. The resulting dissipativ e

solutions no longer preserv es energy . In Eulerian co ordinates, this amoun t

to add a v anishing viscosit y to the momen tum equation

@t (hv 1 ) +
@

@x 1
(hv 2

1 ) + � � � = �
@2

@x 1 2
v 1 ; � ! 0;

Notice that this is a REALISTIC (Na vier-Stok es st yle) viscosit y .

A similar idea w as used recen tly to pro vide a COMPLETEL Y

HILBER TIAN form ulation of MUL TIDIMENSIONAL NON-LINEAR

SCALAR CONSER V A TION LA WS (not relying on L1 and BV spaces).

cf. YB W ell-ordered vibrating strings, Metho ds Appl. Anal. 2004,

Y.B. L2-form ulation of m ultid scalar conserv ation la ws, 2006,

h ttp://arxiv.org/p df/math.AP/0609761
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1D Chaplygin gas

T ra jectories of the gas particles (v ertical time, horizon tal space). Observ e the

concen tration e�ect.
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1D Chaplygin gas

Dissipation of the total energy and ev olution of the kinetic energy .
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PRESSURELESS SHALLO W-W A TER MHD

If w e set d = � = 0 in the non-conserv ativ e form of the ABI system, w e get the

pressureless v ersion of the Shallo w w ater MHD system

@t b + ( v � r )b = ( b � r )v ; @t v + ( v � r )v = ( b � r )b :

This system w as also in tro duced for 'optimal transp ortation of curren ts' (a

generalization of the optimal transp ortation of densities).

cf. YB A note on deformations of 2D �uid motions using 3D Born-Infeld equations. Monatsh.

Math. 142 (2004), no. 1-2, 113�122
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SW-MHD

Dra wing of the magnetic lines.
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