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e
Market size

According to the Bank for International Settlements:

Jun 2006 Jun 2007 Jun 2008 Jun 2009

Foreign exchange 38,127 48,645 62,983 48,775
Interest rate 262,526 347,312 458,304 437,198
Equity-linked 6,782 8,590 10,177 6,619
Commodity 6,394 7,567 13,229 3,729
Credit default swaps 20,352 42 581 57,403 36,046
Unallocated 35,997 61,713 81,719 72,255
Total 370,178 516,408 683,815 604,622

Table: Notional amounts outstanding for OTC derivatives in billions of US$
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Interest rates
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Figure: Term structure of interest rates, Feb 17 2004
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Credit spreads
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Figure: Term structure of Euro corporate spreads, Dec 20 2002
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Evolution of interest rates

Figure: Evolution of interest rate term structure, 2003-2004
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Default-free rates

mTenor: 0< T < To <+ < Ty < Tyy1 = Ty, tenor length §
m B(t, T): value of a zero coupon bond for T, B(T,T) =1
m L(t, T): forward LIBOR rate for [T, T + 4]

1/ B(t,T)
1en =5 (s res )

m F(t, T,U): forward price for T and U; F(t, T, U) = 288

“Master” relation

F(t, T,T+5)=—B(Bt7(s’_?5) —146L(t,T) (1)

6/35



Defaultable bonds

m BO(t, T): value of a defaultable zero coupon bond with zero
recovery and maturity T

m 7: time of default
m B(t,T): pre-default value of the defaultable bond

= B%t,T)=14-4B(t,T), B(T,T)=1
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Defaultable rates and spreads

m The defaultable forward LIBOR rate for [Ty, Tx41] is

- 1/ B(t, T,
L(t, Ti) = < <(t’ K 1>
5 B(t7 Tk+l)
m The forward LIBOR spread is
S(t, Tk) = Z(t, Tk) — L(t, Tk)

m The (discrete-tenor) forward default intensity is

H(t, Tk) = M — L < E(t, Tk) B(t, Tk+1) — ].>

F(t, Tk, Tky1) O B(t, Tey1) B(t, Tx)

Aim: consistent modeling of default-free and defaultable rates
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Lévy processes

m A time-inhomogeneous Lévy process X = (Xt)o<t<T,
m R-valued stochastic process with independent increments

m the law of X; is

E[e™X] = exp ( /0 tns(iu)ds> (2)

where

ks(iu) = iubs — U2C5 + /(ei”X — 1 — jux)Fs(dx) (3)
R

with bs € R, ¢ € R>g and Fs are Lévy measures, Vs € [0, T.]

m Assumptions: exponential moments, abs. continuous characteristics
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Lévy processes

X is a special semimartingale

Xt:/bds+/ @dw+// v)(ds,dx)  (4)

W: P-Brownian motion

| |
m 1X: random measure of jumps of X
| |
| |

v: P-compensator of ;X
The predictable characteristics (B, C, v) are deterministic

t t t
B = / bsds, G = / cds, v([0,t] x A) = / / Fs(dx)ds
0 0 0o JaA
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The Lévy LIBOR model (BGM, ..., Eberlein & ézkan)

Tenor: 0 < T1 < To < +-- < Ty < Tyy1 = Ty, tenor length §

Associate forward measures Pr, to tenor dates Ty
m Relations:

dPr, | F(t, T, Tr1) -
dIPTkJrl Fi F(O, Tk, Tk+1)

m Model: dL = LdX
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The Lévy LIBOR model (BGM, ..., Eberlein & Ozkan)

B Tenor: 0< T < Th <+ < Ty < Tyy1 = Ty, tenor length
m Associate forward measures P, to tenor dates T
m Relations:

dPr, | F(t, T, Tr1) -
dIPTkJrl Fi F(O, Tk, Tk+1)

m Model: dL = LdX
m Problem: F =1+ JL yields

oL
<:>F—F6/ oL dX (6)
-0 1+4L
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The Lévy LIBOR model

Backward induction construction

The dynamics of the LIBOR rate L(-, Ty) under P, is
t t -
0 0

where X k1 is a P, -semimartingale

X T :/ \/EdWTk+1 // v Th1)(ds, dx) (8)
and

bL(s, Ty) = —%)\2(5, Tk)cs —/ (e’\(s’Tk)X —1— (s, Tk)x) FSTk“(dx).
R
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LIBOR models Default-free LIBOR model

The Lévy LIBOR model

The Pr,,-Brownian motion is

¢ N
5L(t*. T/)
W, = w — T M T ds,
I=k+1
and the Pr, ,-compensator of X
N SL(s—, T))
Trs1 ds.dx) = 1 ) ( As, Ti)x 1) T ds. dx).
v'k+1(ds, dx) H ( +—1+(5L(5—,T/) e v'*(ds,dx)
I=k+1 _
=B(s,x,T))
Problem 1: X has state-dependent characteristics under Pr,
Problem 2: The product term grows exponentially fast J
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The defaultable LIBOR model (Eberlein, Kluge & Schénbucher)

Aim: model default intensities (prespecification)
t

H(t, T) = H(0, Ty) exp (/t b (s, Ti)ds +

7(s,Tk)dXsTk“>. (10)
0 0
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The defaultable LIBOR model (Eberlein, Kluge & Schénbucher)

Aim: model default intensities (prespecification)
t t
H(t,Tx) = H(0, Tk) exp </ bH(s,Tk)ds—i-/ ’Y(S,Tk)dXSTkH). (10)
0 0

However, we cannot choose H and 7 independently
m time-t price of claim paying B( Ty, Tyx) = Lirs1y at T

B(t7 Tk)EPTk[]-{T>Tk} |"%t];

m on the other hand:  BO(t, T}) = 1{T>t}§(t, Tk).
m Hence, on {7 > t}

B(t, Tx) = B(t, Tk)Epy, [1irs 7,y | F¢]

m while

o 1 E(t, Tk) B(t, Tk+1) B
70 =5 (e T B(t, Tier) 1),
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The defaultable LIBOR model

Canonical construction of 7 such that H(-, Tx) meets (10)
X remains a Lévy process on the extended space
Arbitrage-freeness determines the drift bH(-, T}) ...

... which leads to an SDE (G := log H)

t

t
G(t, Tx) = G(0, Ty) —I—/ g(w;s, G(s—, Tk))ds +/ (s, Tk)dXsT"*1
0 0

g: locally Lipschitz 4+ growth condition = E & U of solution

The SDE must be solved numerically!
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The defaultable LIBOR model

Forward induction construction

The dynamics of default intensities H(-, Tx) under P7,,, is
t t -
H(. o) = HO. T ([ 6765, Tds + [ (s Tax). (1)
0 0

Tiet1 _ i i
where X is a P, -semimartingale

X T :/ N AL —I—/ /X(MX—UTk+1)(dS,dX) (12)
0 0o Jr

and

k

b (s T)—functionof(Z OH(t ZN: oL ) )
TR 1+ 0H(t—, T, ’,:k1+5L T)
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LIBOR models Defaultable LIBOR model

Complexity of the problem

H(t, TN)
H(t, TN—I) /‘I(t‘7 TN—I)
H(t, Tk) . ..
H(t, TQ) H(t, T2) H(t, T2) H(t, T2)
H(t7 Tl) H(t‘7 T1) H(t, T1) H(t, T1) H(t, T1)
H(t7 Tl) H(i‘7 T2) L H(t, Tk) H(t, TN_1) H(t, TN)
L(i‘7 TN) L(t‘7 TN) L. L(t, TN) L(t, TN) L(t, TN)
L(t, Ty—1) L(t, Ty—1) ... L(t, Tn—1) L(t, Tn-1)
L L. L(t‘7 Tk)
L(t, T2) L(i’7 T2)
L(t, Tl)

Table: Matrix of dependencies for defaultable LIBOR rates

m Forward—Backward dependence in rates and intensities!
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What does this mean in practice?

Consequences for LIBOR models
caplets can be priced in closed form ~» Black's formula
H swaptions and multi-LIBOR products cannot be priced in closed form

Monte-Carlo pricing is very time consuming ~> coupled high
dimensional SDEs!

Consequences for defaultable LIBOR models
even “caplets” cannot be priced in closed form!

H Monte-Carlo pricing is even more time consuming.
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Approximations methods Log-normal approximation

Log-normal approximation | (Schoenmakers et al)

Terminal measure dynamics

H(t, Ti) = H(O, Ty) exp (/Otb(& T)ds +/0

t

(s, Tk)/csd Ws> , (13)

where
_ 1 N
b(s, Tie) = =57(s; Ti)cs — (s, Ti)es Y VIN(s, T)) (14)
I=k+1
k
+ (s, Tk CSZ Ty(s, Ty) + (s, Tk)CSVk v Z Iy(s, T)),
s =1
with
(SH(S. T/) / (SL(S. T/)
Y = —2 d Vi=—1———"-.
ST 14 0HGT) M ST 1450, T)

Aim: normal approximation for the drift term b(-, Tj).
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Approximations methods Log-normal approximation

Log-normal approximation I

We describe how to treat the terms

A(s, Ty)cs V. Z fys 7).

Step 1: Introduce the process M = (Lk, H', Hk) € (0,00)3 and the
function C2 > f: (0,00)% — R by

0x1 0xo 14 6x3
f = . 1
(X) 1+ (5X1 1+ (5X2 5X3 ( 5)
Thus
1
f(Ms) = VEky! = Sy (16)
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Approximations methods Log-normal approximation

Log-normal approximation Il

Apply 1t6’s formula to f (and after some calculations):

t t
(M) = F(Mo) + [ To(H() L(s)ds + [ A(H(s). L(s)aWs,
0 0
where
Fo(H = 0if (Ms)MIAL + Z 9;f(Ms)MIMIBIBI,
i<3 /,_/<3
and

AS(H(S)7 L(S)) = Z 8,f(M5)Ms’B;

i<3

Here A’ = function of (H, L) and B’ = deterministic.

(17)

23/35



Log:normal approximation
Log-normal approximation IV
Step 2: Apply Picard iteration to f(M).

The first Picard iterate is

M) = () + [ TL(H(0). L(0))ds + / AL (H(0), L(0))d Wi,

where
1 S
F<(H(0),L(0)) = > 0if (Mo) M§A) + 5 > 0yf(Mo) MM BLBL,
i<3 ij<3
and
As(H(0), L(0)) = > 9;f (M) M§BL.
i<3

Hence f(I)(M,) is normally distributed.
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Log-normal approximation V

Step 3: Approximating the terms

k-1 k-1
CAk Z V¥ YSIW’Y/ = Ak Z fi(Ms)
I=1 s I=1
k-1 k-1
~ Y FD M)y =3 (Mg, (20)
=1 =1

and applying integration by parts
[ a0 mgas = [ wmyezco
0 0
= iM)=(0)+ | (2(6) = Z)T(H(O), LO)ds
+ /0 (21(t) — Z1(5)) As(H(0), L(0))dWs. (21)
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Approximations methods Log-normal approximation

Log-normal approximation VI

G(t, Tx) =~ G(0, Ty)

Step 4: Finally, we arrive at the log-normal approximation (G = log H)

t 1 ) N
- / §Csfy (57 Tk
0

)+ Y Z-EALGH, L)

I=k+1

26 /35
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Data for the example

Tenor structure: 10 years, semi-annual (N = 20)
A flat volatilities: \(-, T;) = 25%, (-, T;) = 8%
flat term structure of interest rates:

B(0, T;) = exp(—0.04T;) and B(0, T;) = exp(—0.02T;)

A Brownian motion
H Credit derivatives:

m Reference risk: defaultable FRA, CDS
m Counterparty risk: vulnerable call
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Defaultable FRA

Reference risk

Bank A 2

Defaultable FRA
m Payoff: L(Ty, Tx) — K
m Model-free price: L(-, Tx) € M(Pr,,,)
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D-FRA: numerical results

Price in bp
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Credit default swap (CDS)

fixed payments

Buyer A | Seller B

loss of buyer

Credit event: default of fixed coupon bond C

In case of default: A receives 1 — 7(1 + ¢) from B
Time-0 value of payments: S /_; B(0, Tx_1)
CDS rate

n

1-m(l+c) Z (B(O,Tk)5Eka[H(Tk—l’Tk—l)D'

T Y0 B(O.Th 1) =
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Approximations methods Numerical example

CDS: nume
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Vulnerable call option

Counterparty risk

Bank A 2

Vulnerable call
Call option written by default-prone issuer:

CTkl{T>Tk} + qCTkl{TSTk}7 (23)

where Cr, = (B(Tk, Tm) — K)™, g = recovery rate
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V-Call: numerical results

Terminal Measure ERRORS IN ATM VULNERABLE OPTIONS T.=Thes N=20
0.4 T T T T T T T

Price in bp
)
)
T

]

©

»
T

-0.6-

Maturity

33/35



Summary and Outlook

Summary and Outlook

We have presented ...
m approximation methods for LIBOR models
closed, or semi-closed, form solutions
applicable for many driving processes
empirical evidence supportive — more work needed
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Summary and Outlook

Summary and Outlook

We have presented ...
m approximation methods for LIBOR models
closed, or semi-closed, form solutions
applicable for many driving processes
empirical evidence supportive — more work needed

Z. Grbac, A. Papapantoleon, D. Skovmand

Valuation of derivatives with reference and counterparty default risk in
LIBOR models.

In preparation, 2011

Thank you for your attention!
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