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Motivation

Motivation

m Consider the following general dynamics for a diffusive stochastic volatility

model:
ix, = —%gidt +VEAWE, Xo=—a (1)
dé‘f = A(t7 u, gt) : th? 65 = y’U«
| Xt =In St

m & = (&, ¢ < u): instantaneous forward variance curve from ¢ onwards.
For a given maturity u, £“ is a driftless process whose initial value is read

on the market prices of variance swap contracts: &} = ﬁ (&?ﬂ), where 6.,
is the implied variance swap volatility for maturity u.

m A= (A1,...,Aq): volatility of forward instantaneous variances.

= W= (W'...,W?% is a d-dimensional Brownian motion. The first

component of the Brownian motion, W*, drives the spot dynamics.

m No dividend. Zero rates and repos (for the sake of simplicity)

Julien Guyon Société Générale

tochastic Volatility Models



Motivation

= No closed-form formula is available for the price of vanilla options in
Model (1).

m In a few particular cases of “first generation” stochastic volatility models,
like the Heston model, some approximations of the price of vanilla options
have been suggested in the literature.

m Here, we aim at finding a general approximation of the smile of implied
volatility which does not depend on a particular specification of the
model, i.e., on a particular choice of A.

m = We will derive general asymptotic expansion of the smile, for small
volatility of volatility, at second order.

m We introduce a scaling factor w for the volatility of instantaneous forward
variance: A — wA. Abusing language, we will speak of w as the *“vol of
vol.” X and £ then depend on w: X — X and £ — &£~

m Our derivation relies on the fact that in Model (1), the volatility of the
asset is an autonomous stochastic process, meaning that it incorporates
no local volatility component, and that )\ does not depend on the
asset value.
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Expansion of the smile
[ Jelelele]ele)

Expansion of the price

Expansion of the price of a vanilla option

m Consider the vanilla option delivering g(X%) at time T'.

m Its price is a function P¥ of (¢, X{°,&,*). We write P* (t,z,y): the
variable y = (y*,t <u < T) is a curve.

m P* solves the PDE (9; + L*) P* = 0 with terminal condition
P*(T,z,y) = g(z), where L = Lo +wL1 + w?L2 with

— _1 t 1 t a2
T
Ly = / du p(t, u,y) aiyu
t
I, = 1 Td Td ! ' y) &
2 = 5 ) u i u v(t,u,u’,y) g
u E | Ltdet|e, =
E dX d = S t t Yy
wty) = oy = PlAXede& =yl [ ‘ ]
dt dt
: ~ o E [dgrdet’ & = y]
V(L‘yu,uﬂl) = ; i(t,u7y) i(t,uyy) — o
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Expansion of the smile
[e] lelele]ele)

Expansion of the price

The perturbation equations

m Assume that P¥ = Py + wPy + w?Ps + w*Ps 4 - -

0 (s + Lo + wLy + w’Lo) (P + wPi + w’ P+ w’ Py + -
= (0t + Lo)Po+w((0: + Lo) PL + L1 Po)
+w? ((0¢ + Lo) Po+ L1 Py, + Lo Py)

+w3 ((8t + Lo) Ps+L1P> + L2P1) —+ -

m = We need to solve the following equations:

(8,5 —+ L()) Py, = 0, PO(TwTvy) = g(I)
(Oc+Lo)Pr+LiPy = 0, Pi(T,z,y)=0
(6t + Lo) P+ LiPp_1+ L2P,—2 = 0, Pn(T7ac,y) =0, Vn > 2
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Expansion of the smile
[e]e] lele]ele)

Expansion of the price

m Lo is the infinitesimal generator associated to X°, the unperturbed
diffusion for which w = 0. It is the standard one-dimensional
Black-Scholes operator with deterministic volatility 1/y* at time ¢.

m Each P, is solution to the traditional one-dimensional diffusion equation
with a source term H,, = L 1P, 1 + LaP,_o:

(0 + Lo) Pu + Hy =0
m Feynmann-Kac theorem =-
Po(t,z,y) = E[g(X2"%)],

Pu(t,z,y) = U H, (s, X2"" 4)ds| , Vn > 1

where X% is the unperturbed process where w = 0, starting at log-spot
T at time ¢:

1
dx0hT = —5y5ds + VY dWy, X0hT — g
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Expansion of the smile
[e]e]e] le]ele)

Expansion of the price

The price at order 0

m P, is just the Black-Scholes price with time-dependent volatility \/y*:

T 1 /7 T
Py(t,z,y) =E {g (as —|—/ VySdWy — 5/ y5d5>} = Pgs (x,/ ysds>
t t t

where
Pps(z,v) = E {g (H\/ch %v)} G~NO1) (2

V= ftT y*ds is the total variance of X integrated from t to 7.
m Py(t,z,y) depends on the curve y = (y°,¢t < s < T) only through v.
m Ppgg is solution to the PDE
1
8y,Pps = 3 (02 — 0.) Pas, Pps(z,0) = g(z) 3)

Links the vega and gamma of a vanilla option in the unperturbed state.
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Expansion of the smile
[e]e]e]e] lele)

Expansion of the price

The price at order 0

An important observation:

m Because Ly incorporates no local volatility, Lo and 9, commute so
(at + Lo) 0P Py = 0% (Bt =+ Lo) Py, =0.

s = 0YPps (X?,ftT ysds) = 0P Py(t, X?,v) is a martingale for all integer

m Equation (3) then shows that for all integers m,n,
oror Pes (X?, ftT ysds) is a martingale.

m This is crucial in the computations of P, and Ps.
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Expansion of the smile
0000080

Expansion of the price

The price at order 1

m Let us define the integrated spot-variance covariance function C; % (y):

CXE(y) = /ds/ du (s, u,y) = /ds/ dssdf;'és_y}

m We then have

T
Pi(t,z,y) = E / LiPy(s, X207 )ds}

T
= E / ds/ du p(s,u,y) Oyu (&;PBS <Xg’t’z,/ yrdr>>]
. S
= E / ds/ du pu(s,u,y) 92, Pps <X0tw / yrdr>]
o
= / ds/ du p(s,u,y)E { 02, Pas <X2’t’z,/ der)]
t s s
T
— ) s (o [ var)
t
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Expansion of the smile
000000e

Expansion of the price

The price at order 2

A similar result holds for the second order correction:

P
Py (t, 2, y)
P2LlP1

Py (t,,y)

Py (t2,y)

P2LQP0 +P2Llpl

1 ee 2 T

50,5 (y) 0, Pps x,/t y dr
P;:épl +P2LjP1

1 . xe, \2 4242 T
SO W 0k0tPas (o [ ar)

T
Ct(y) 820, Pps <x,/ yrdr)
¢

T T T T r v E [dﬁ;‘d{#/\gs = y]
CHf(y) = / ds/ du/ du' v(s,u,u’,y) = / ds/ du/ du/ I
t s s t s s

ctw = [ ds [ duntsiu) o (X50))
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Expansion of the smile

[ Jelele]e}

Expansion of the implied volatility

Expansion of the implied volatility

m We write CX¢ = CX¢(y), C% = C§(y) and C* = C4(y).
= In the general diffusive stochastic volatility model (1), at second
order in the vol of vol w, the implied volatility for maturity 7" and

strike K is quadratic in L = In (;.{—0):

I°(T,K) = I#"™ 4+ SpIn KN frrm? (B +0W% (4
So SO

m Coefficients are

+ w+
T 4T 3205/2\/T

X¢€
™ Y ¢ L (120X§2 — C*v (v +4) +4CH* (v — 4)) w?

CX& 1 XE2 2
Sy = 4CHy — 3CX¢
’ 20T ST (40 )
- 1 m g6 arXE2) 2
e i (40 v+ C%y — 6C )w

V= fOT y"dr = integrated variance.
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Expansion of the smile

[e] lele]e}

Expansion of the implied volatility

Comments

ATM implied volatility:

AT [V c w+ 1 (12C’X52 —C%0 (v +4) 4+ 4C*v (v — 4)) w?
4 VT " sl " 3205/2VT

m ATM implied volatility = variance swap volatility + spread. At first order,
spread = %w.

= Typically, on the equity market, C** < 0: the ATM implied volatility lies
below the variance swap volatility.

m When spot returns and forward variances are uncorrelated, CX¢ = C* =0

so that
IATM_ v ng (’l)+4) 2
T =\ —F=w
VT 3203/2yT

Because C*¢ > 0, the ATM implied volatility lies again below the variance
swap volatility. The higher the volatility of variances, the smaller the ATM
implied volatility.
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Expansion of the smile

[e]e] Tele]
Expansion of the implied volatility

Comments (continued)

ATM skew: St = -5 —w + b (4070 — 3C¥€2) o

m The ATM skew St is of order w. It has the sign of CX&. St vanishes
when spot returns and forward variances are uncorrelated, even at second
order. The skew is produced by the spot-variance correlation.

m If 4 <0, St <0 at first and at second order.

m At first order in w, the ATM skew has the same sign as the difference
between the ATM implied volatility and the variance swap volatility.

ATM convexity: k7 = (40" + Oy 6CX§2) W2

VT
m The convexity k7 is of order w?. It is an increasing function of C¢¢ and of

C*, and a decreasing function of the absolute value of the spot-variance
covariance [C*¢|.

m If spot and variances are uncorrelated,
(653
=—w
8v5/2y/T

The convexity is positive, and produced by variance-variance correlation.

Julien Guyon
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Expansion of the smile

[e]e]e] o]
Expansion of the implied volatility

Another derivation which stays at the level of operators

m Recall that the price P“ of the vanilla option is solution to
(8 + LY) P¥ =0 with LY = Lo+ + wL1+ +w”Lay, and terminal
condition P* (T, z,y) = g(z).
m The price can be expressed in terms of the semigroup (Us,0 <s<t<T)
attached to the family of differential operators LY: P“(t,-) = Uirg.
m The semigroup is defined by
t —
Ug = lim (1—6tLy)) (1 —6tLy)--- (1 —0tLy, ), ot= - 5t = stidt

n—oo

m It satisfies Uyy = U, Ug; for 0 < r < s <t <T, hence the notation
: exp (f: L‘T“dr) :, where :: denotes time ordering.
m We can directly expand Ug; in powers of w. This is the usual

time-dependent perturbation technique in quantum mechanics. UY, is
called the free propagator.
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Expansion of the smile

[e]e]ee] }

Expansion of the implied volatility

m Consider the general situation where a differential operator L; is perturbed
by another operator H;: L = Ly + eH;

m From the definition of the semigroup, US, = US(?) + EUS(tl) + 52Us<t2) .
with

t
vy = / dr U, H,U°,
St t

Us(?) = / dTl/ dTQ U\STlHTlUBszHtQUSZt
S T1
m=PY=P +wP,+w?Py+---, with

T
P = /dT UprL1,-Ulrg
t

T T T
P = / dr Up Ly -Ulrg + / dr / drs Upn L1, UL 1y Ly Uy g
t t T1

m We recover the expressions of P; and P». Quicker.
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Heston model

First example: a Heston-like model

AXP = VAt VAW, XS =2 (5)
AVE = —k(VE — o) dt +w (V¥ (def 1= p2th2) R 7

m The instantaneous forward variance reads
B Z B VE V] = veo + (Vi — va0) e 70

and has dynamics

e = we ™ Fu—t) (ff’w)w (detl + MthZ)

m The initial term-structure of instantaneous forward variances is

Y=Y = Voo 4 (v —voo) e

m Like in all classic “first generation” stochastic volatility models, this
term-structure is determined by the model parameters, and the current
value of the instantaneous volatility.
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Heston model

m The volatility A(¢,u,y) of instantaneous forward variances depends on the
instantaneous forward variance curve y = (y°,¢t < s < T') only through the
instantaneous spot variance y':

Mtwy) = py) et

Xo(tuwy) = /1—p2 (yf)7 e H

m As a consequence,

T
X _ P s\otd (1 —k(T—s)
c - k/o ds (y°)°"2 (1 e )

= 22:/Tds /Td“*i(s wi)) = i/Tds (') (1- e )

=1 0 S T k2 0

> T -

o = (ewg) T a @t [Cawy e (Loenr)

2) & J, i

m This coincides with Equations (3.7) to (3.10) in Lewis [5], where
J = cX¢, J®) — %C&, and J@® = o~
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Bergomi model

Second example: the Bergomi model

1
dXP = &Vt g AWy

def = weian ((1-0)e X 0aw 4 gem Oany)
= wA(t,u, &) dW,
AW WX, = psxdt, dWS, WYY, = psydt, d(WX, W) = pxydt.
m The normalizing factor

ap = ((1-0)>+2pxy0(1—0)+06°) "

is such that the very-short term variance £/’ has log-normal volatility w.

m We pick kx > ky, 0 is a parameter which mixes the short-term factor
W™ and the long-term factor WY .

Julien Guyon Société Générale
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Bergomi model

m After a Cholesky transform, this can be restated using independent
Brownian motions W', W2 and W3 as follows:

w® = w!

w psx W'+ /1 — p2 W?

WY = psy W' 4 xxvy/1—pdy W2+ \/(1 —Xkv) (1= p&y)W?
h — _PXY _PSXPSY
Y T Sy
® psx, psy and pxy define a correlation matrix < xxy € [—1,1].
m The volatility of variance A = (A1, A2, A3) reads

A1 (t, u, y) — y"a9 ((1 _ 0) pSXeikX (u—t) + opsyefky(uft))
Aa(t,w,y) = Yo <(1 —0)\J1— pEye txmD 4 9XXY\/@67’W<“%)>
As(t,u,y) = yuagﬂ\/(l — X?XY) (1- p?gy)efky(uft)

m We write A; (t,u,y) = y“ o (wixefk"(“*t) + wiyefk"("ft))

Julien Guyon Société Générale
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Bergomi model

The covariance functions read

T u
/ du/ dt\/yt A (t, u, y)
0 0
T u
= (1—0)psx/ du y“/ dty/yte Fx =t
0 0
T u
+a99psy/ du y“/ dt\/ytefk”("ft)
0 0

3 T T 2
g — Z/ ds </ du)\i(s,u,y)>
i=1 0 s
3 T T T 2
= a%Z/ ds (U}iX/ du yte Fx =2 —|—in/ du y“e_k"(“_s)>
i=170 s

T T
ct = / ds/ du/ys i (s, u, y" ( / dt)i (u,t,y
; i ( N "
“ A
A ey

cx¢

Julien Guyon Société Générale
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Bergomi model

In the case of a flat initial term structure of variance swaps (y§ = &), this reads

C* = ap®? (uix T (kx,T) +wiy T (ky,T))
C* = a0 (woT + wxI(kx,T) +wyZ(ky,T) +wxxI(2kx,T)
+wyyZI(2ky,T)+wxyZ(kx +ky,T))
1
cr = adé? <§A1 +A2>
with
—ku
T(k,u) = /0“ ape—ku—t) _ 1 7‘;
—kT
T(k,T) = /OT du /0” dt e~ k(u—t) _ Mﬂ_%
_ T L —k(T—s) _ (T ke 1— (14 kT)e kT
Kk, T) = /0 ds (T — s)e 7/0 ds se -
3. (wix ww)Q 3. wix (“’iX in)
w = —_—t+ — s w = -2 —_— + —
0 1§1( kx ky X 7:;1 kx kx ky
o _2§H(M+M) wxx = 3 ix
Y i=1 ky kx ky )’ xx =1 k%
3 wlZY 3 Wi X Wy
Yy 1';1 k2 ' Xy :21'21 kxky

n Société Générale

Stochastic Vola



Bergomi model

and
W%X “’%Y ’ ’
A = ——=K(kx,T)— K(ky,T)+wxJ (kx,T) +wy J (ky,T)
kx ky
—kxT —ky T
_wixwry  —kxrloe X7 gyrloe TV
kx + ky k% k2
—2kxT (1 _ ekaT> 4 e—2kyT (1 _ ekaT>
kxky
Ay = wRT (kx,T)+wi T (ky T) +wx T (2kx,T) + wyy T (2ky, T) + wiy T (kx + ky, T)
with
/ wiy | wixwiy / wly wixwiy
wy = + = wy = AL == =T
kx ky ky kx
2 2
w wW1X Wiy w wixX Wiy
w’)’( = 1x , “1xX 7y wg; — 1y, IX7IY
kx ky ky kx
2
" wix ” Y1y " wix w1y wyx Wy
wxx = = » o Wyy = & WXy =T T
kx ky kx ky
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Numerical experiments
[ Jelelele}

First order

Numerical experiments

We pick the Bergomi model with a flat initial term structure of variance swap
prices and

0 kx | ky | psx | psy | pxv | xxy | §
0.25 | 8 035 | -08 | -048 | 0 -0.73 (0.2)2

ATM implied volatilty

20.2%
20.0% [mpy—y

19.8% | A ——

b —+—omega = 20%, order 1
19.6% —=—omega = 20%, MC
19.4% omega = 60%, order 1

omega = 60%, MC
—*—omega = 200%, order 1
—e—omega = 200%, MC

19.2%
19.0%
18.8%
18.6%

18.4%
0 2 4 6 8 10
maturity in years
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First order

First order

Numerical experiments
[e] lelele}

4.5%
4.0%
3.5%
3.0%
2.5%
2.0%
1.5%
1.0%
0.5%
0.0%

ATM skew

0 2 4 6 8 10

maturity in years

—e—omega = 20%, order 1
—#—omega = 20%, MC
omega = 60%, order 1
omega = 60%, MC
—*%—omega = 200%, order 1
—e—omega = 200%, MC
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Numerical experiments
[e]e] Io]e}

First order

First order

smile, omega = 60%
24%

23%

—e—1Y, order 1

—#—1Y,MC
3Y, order 1
3Y,MC

—*%—8Y, order 1

22%

21%

20% | —e—8Y, MC
0,
19% \ —
18% - . . "
0% 50% 100% 150% 200% 250%

strike as percentage of initial spot
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Numerical experiments
[e]e]e] le}

First order

First order

smile, omega = 200%

40%
35%
30% —e—1Y, order 1
—=—1Y,MC
3Y, order 1
25%
3Y,MC
—*%—8Y, order 1
0
20% —e—38Y,MC

15% I\

10% T T "
0% 50% 100% 150% 200% 250%
strike as percentage of initial spot
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Numerical experiments
[e]e]e]e] }

First order

First order

m The ATM skew is very sharply estimated by the first order expansion,
even for large values of the volatility of variance w.

m The ATM volatility is well captured by the expansion at first order in
w only for small values of w (say, up to 60%).

m True ATM implied volatilities are below their first order approximates =
the ATM volatility is a very concave function of w, around w = 0. In view
of the expression for I#7™  this means that, for the set of parameters
picked,

120X — C%u (v +4) +4C*v (v —4) <0

m The global shape of the smile is well captured by the first order
expansion: the true implied volatility for strike K is indeed approximately
affine in In(K/So),

m But the level of the smile is well captured only for small valus of w.
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Numerical experiments

®00000000
Second order

Second order

We first consider the situation when spot returns and forward variances are
uncorrelated. In this case, the ATM skew vanishes, and so does its expansion at
second order in w. We pick

0 kx | ky | psx | psy | pxv | §
0258 [035]0 0 0.6 | (0.2)°

at-the-money implied volatility

20.50%
20.00% | Ty —
—e—omega = 60%, order 2
—8—omega = 60%, MC
19.50%
omega = 120%, order 2
omega = 120%, MC
19.00%
—%—omega = 200%, order 2
—e—omega = 200%, MC
18.50%
—+— omega = 400%, order 2
——omega = 400%, MC
18.00% NcN——  ——
17.50%
0 2 4 6 8 10

maturity in years
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Second order

Second order

Numerical experiments

O®@0000000

22.0%

21.5%

21.0%

20.5%

20.0%

19.5%

smile, omega = 120%

0%

50% 100% 150% 200% 250%

strike as percentage of initial spot

300%

—— 1Y, order 2

—&— 1Y, MC

3Y, order 2

3y, MC

—%—8Y, order 2

—e—38Y, MC
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Second order

Numerical experiments

0O0@000000

Second order

smile, omega = 200%

26%
25%
24%
—e—1Y, order 2
23% —&—1Y, MC
3Y, order 2
22%
3Y,MC
21% —*—8Y, order 2
—e—38Y, MC
20%
19%
18% " " "
0% 50% 100% 150% 200% 250% 300%

strike as percentage of initial spot
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Numerical experiments

000800000

Second order

Second order

smile, omega = 400%

29%
27%
—e— 1Y, order 2
25% —=—1Y, MC
3Y, order 2
23% 3Y,MC
—*—8Y, order 2
21% —e—8Y, MC
19%
17% " v -
0% 50% 100% 150% 200% 250% 300%

strike as percentage of initial spot
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Second order

Second

Julien Guyon

Numerical experiments

0O000@0000

The ATM implied volatility is very sharply estimated by the second
order expansion, even up to w = 400% and to long maturities. For

T = 15 years, the estimate is less than 15 bps above the true ATM
volatility.

Looking at the whole smile: the second order expansion of the implied
volatility is excellent around the money, but becomes too large for strikes
far from the money.

Not surprising, because no arbitrage requires that for very small and very
large strikes, the implied volatility squared I(T, K)? grows at most linearly
with In(K/Sy) (see Lee [4]), whereas the second order estimate for

I(T, K)? grows like In*(K/So), see (4). This means that the remainder
O(w?*) = R(w, T, K) is large for large K, for finite w.

Nevertheless, even for w = 400%, a maturity of 8 years and a deep
out-the-money strike of 250%, the error is only 1.5 point of volatility.
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Second order

Second order

Numerical experiments

000008000

We now check numerically the accuracy of the second order expansion of the
smile in the general case of correlated spot returns and variances.

20.00%

ATM implied volatility, omega = 120%

19.90%

19.80%

\
A

19.70%

19.60%

19.50%

19.40%

19.30%

19.20%

—e—order 1
—=—order2

MC

maturity in years
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Second order

Second order
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Numerical experiments

O00000e00

20.2%

ATM implied volatility, omega = 200%

20.0%

19.8% \

19.6%

19.4% a

19.2% -

19.0% -+

\Q\.‘ —¢—order 1

~—order 2
mcC

18.8%

18.6%

18.4%

maturity in years
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Asymptotics
o

Short-term asymptotics of implied volatility

Short-term asymptotics of implied volatility

Assume d&f = - - - dt + w(&))?dB,

Let psv be the correlation between S: and instantaneous variance V; = §f
Heston: ¢ = 1, psv = p;

Bergomi: ¢ =1, psv = ap (1 — 0)psx + Opsy)

Then for short maturities

pPsv (]ATM) T T (IATM)4

AT M
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~ /&8 + w+
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m = Short-term ATM skew does not depend on short-term ATM vol iff
@ =1 (observed in equity markets)
m = Short-term ATM convexity does not depend on short-term ATM vol iff

¢=23.And (Vpsv, kr > 0) < ¢ >3
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Asymptotics

[ ]
Long-term asymptotics of implied volatility

Long-term asymptotics of implied volatility

m Assume the term-structure of variance swaps volatilities is flat: &5 = €.
m Assume that for large u —t, pu(t,u,y) o< (u — )™, a > 0.
Then at higher order in w, for long maturities,
Sr x T7¢ ifa<1
St o« T7'  ifa>1
Cf Bergomi, Smile Dynamics 4 [2], for the link with the skew-stickiness
ratio.
m Assume that for large u — ¢t and v’ — ¢,
v(t,u,u',y) o< (u—t) " (' —t)~%, a > 0.
Also assume that spots and volatilities are uncorrelated (u = 0). Then at
higher order in w, for long maturities,
ke o T2 fa<l1
ke o T? ifa>1
m Exponential decay < a > 1.
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Skew and skewness

Remember Sr = 3/2fw+0( )

m Let us now compute the skewness st of log-returns:
E [x3 T
= % Xr = Xr —E[Xr] = / W)
E [X7] 0

We have E [X7] = [ E[¢/*] dt = [ €dt and

E [X%] =3wCX¢ + 0 (w2)

m At first order in the vol of vol, the skewness of (the distribution of)
In (ST/S()) is thus
B 3wCX¢

ST

m The ATM skew St simply reads

ST

St =
T eVT

+O(w?)
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Conclusion

Conclusion

m We have considered general “second generation” stochastic volatility
models and derived an expansion of the smile of implied volatility at
second order in the volatility of variance.

m At this order, the smile is quadratic in L = In(K/S).

m This expansion shows that the smile is driven by three
model-dependent quantities:

m CX¢, the integrated spot-variance covariance function,

m C¢, the integrated variance-variance covariance function,

m CH, which, like CX¢€, depends only on the instantaneous spot-variance
covariance, but in a more complex way.

m C*¢ drives the ATM implied volatility and ATM skew, at first order.
When spot returns are uncorrelated with variances, the smile is U-shaped,
C*¢ = C* =0 and C*¢ drives both the ATM implied volatility and ATM
convexity.

m In the general case where spot returns are correlated with variances, the
second order correction for ATM implied volatility, the second order
correction for the ATM skew, and the ATM convexity are all driven by a
linear combination of (CXE)Z, C*¢ and C*.
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Conclusion

m Our derivation relies on the fact that in Model (1), the volatility of the
asset is an autonomous stochastic process, meaning that it incorporates
no local volatility component, and that \ does not depend on the
asset value.

m These three fundamental covariance functions are computed for
Heston-like traditional stochastic volatility models (In particular we give a
new derivation of A. Lewis’ results [5]).

m They are also computed for the Bergomi model with two factors on the
variance curve. In this case, numerical experiments show an excellent
agreement between the estimate and the true quantity at first order for
the ATM skew, and at second order for the ATM implied volatility,
hence for the whole smile, up to typical values of the volatility of variance
(say, 400% in the equity market).

m We have given short-term and long-term behaviour of the smile.

m We have also rederived that the ATM skew is just the skewness of the
distribution of the log-spot, divided by 6 times the square root of maturity,
at first order in the volatility of variance.

Julien Guyon Société Générale

tochastic Volatility Models



Conclusion

Bergomi L., Smile Dynamics 2, Risk Magazine, pages 67-73, October
2005.

Bergomi L., Smile Dynamics 4, Risk Magazine, December 2009.

Backus D., Foresi S., Li K. and Wu L., Accounting for Biases in
Black-Scholes, unpublished.

Lee R., The moment formula for implied volatility at extreme strikes,
Stanford University and Courant Institute, 2002.

) ) @) R (=)

Lewis A., Option valuation under stochastic volatility, Finance Press, 2000.

Julien Guyon Société Générale

The Smile in Stochastic Volatility Models



	Motivation
	Expansion of the smile
	Expansion of the price
	Expansion of the implied volatility

	Heston model
	Bergomi model
	Numerical experiments
	First order
	Second order

	Asymptotics
	Short-term asymptotics of implied volatility
	Long-term asymptotics of implied volatility

	Skew and skewness
	Conclusion

