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No Good Deal

Introduction

No Good Deal
Good Deal : portfolio with a “too good” Sharpe ratio :

Sharpe Ratio is a performance ratio that measures the degree to
which the expected return of the claim is in excess of the risk free
rate, as a proportion of the standard deviation.

Cochrane-Saá-Requejo (2001), Björk-Slinko (2006),
Klöppel-Schweizer (2007),...

Motivation : basis risk management

Hedge a derivative written on V , which is not liquid, via a liquid and
well correlated asset S → Incomplete market.

Examples : hedging an option on

stock via the associated index ;
FO SR 0,5% via FO 1% or Brent.
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Cochrane-Saá-Requejo (2001), Björk-Slinko (2006),
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Introduction

Objectives

Define Sharpe ratio for a process.

Show that the “right NGD” price is greater than the one previously
compute in the literature.

Find a hedging strategy.

Show numerically the NGD efficiency.
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The model

No Good Deal : the model

Non risky asset : dS0
t = S0

t rdt.

Exchangeable asset : dSt = St(µSdt+ σSdWt).

Non exchangeable asset : dVt = Vt(µV dt+ σV (ρdWt +
√

1− ρ2dW ∗t ).

M2(P) := L2(P) ∩
{
Q ∼ P : S/S0 is a Q martingale

}
=

{
Q | ∃λ s.t.

dQ
dP

= ZλT

}
6= ∅ with,

• ZλT = exp
(
−hSWT − 1

2
h2
ST +

∫ T
0
λsdW

?
s − 1

2

∫ T
0
λ2
sds
)

,

hS = µS−r
σS

Sharpe ratio of S.



Introduction No good deal definition Main results on NGD pricing Hedging

The model

No Good Deal : the model

• Non risky asset : dS0
t = S0

t rdt.

Exchangeable asset : dSt = St(µSdt+ σSdWt).

Non exchangeable asset : dVt = Vt(µV dt+ σV (ρdWt +
√

1− ρ2dW ∗t ).

M2(P) := L2(P) ∩
{
Q ∼ P : S/S0 is a Q martingale

}
=

{
Q | ∃λ s.t.

dQ
dP

= ZλT

}
6= ∅ with,

• ZλT = exp
(
−hSWT − 1

2
h2
ST +

∫ T
0
λsdW

?
s − 1

2

∫ T
0
λ2
sds
)

,

hS = µS−r
σS

Sharpe ratio of S.



Introduction No good deal definition Main results on NGD pricing Hedging

The model

No Good Deal : the model

• Non risky asset : dS0
t = S0

t rdt.

Exchangeable asset : dSt = St(µSdt+ σSdWt).

Non exchangeable asset : dVt = Vt(µV dt+ σV (ρdWt +
√

1− ρ2dW ∗t ).

M2(P) := L2(P) ∩
{
Q ∼ P : S/S0 is a Q martingale

}
=

{
Q | ∃λ s.t.

dQ
dP

= ZλT

}
6= ∅ with,

• ZλT = exp
(
−hSWT − 1

2
h2
ST +

∫ T
0
λsdW

?
s − 1

2

∫ T
0
λ2
sds
)

,

hS = µS−r
σS

Sharpe ratio of S.



Introduction No good deal definition Main results on NGD pricing Hedging

The model

No Good Deal : the model

• Non risky asset : dS0
t = S0

t rdt.

Exchangeable asset : dSt = St(µSdt+ σSdWt).

Non exchangeable asset : dVt = Vt(µV dt+ σV (ρdWt +
√

1− ρ2dW ∗t ).

M2(P) := L2(P) ∩
{
Q ∼ P : S/S0 is a Q martingale

}
=

{
Q | ∃λ s.t.

dQ
dP

= ZλT

}
6= ∅ with,

• ZλT = exp
(
−hSWT − 1

2
h2
ST +

∫ T
0
λsdW

?
s − 1

2

∫ T
0
λ2
sds
)

,

hS = µS−r
σS

Sharpe ratio of S.



Introduction No good deal definition Main results on NGD pricing Hedging

The model

No Good Deal : the model

• Non risky asset : dS0
t = S0

t rdt.

Exchangeable asset : dSt = St(µSdt+ σSdWt).

Non exchangeable asset : dVt = Vt(µV dt+ σV (ρdWt +
√

1− ρ2dW ∗t ).

M2(P) := L2(P) ∩
{
Q ∼ P : S/S0 is a Q martingale

}
=

{
Q | ∃λ s.t.

dQ
dP

= ZλT

}
6= ∅ with,

• ZλT = exp
(
−hSWT − 1

2
h2
ST +

∫ T
0
λsdW

?
s − 1

2

∫ T
0
λ2
sds
)

,

hS = µS−r
σS

Sharpe ratio of S.



Introduction No good deal definition Main results on NGD pricing Hedging

The model

No Good Deal : the model

• Non risky asset : dS0
t = S0

t rdt.

Exchangeable asset : dSt = St(µSdt+ σSdWt).

Non exchangeable asset : dVt = Vt(µV dt+ σV (ρdWt +
√

1− ρ2dW ∗t ).

M2(P) := L2(P) ∩
{
Q ∼ P : S/S0 is a Q martingale

}
=

{
Q | ∃λ s.t.

dQ
dP

= ZλT

}
6= ∅ with,

• ZλT = exp
(
−hSWT − 1

2
h2
ST +

∫ T
0
λsdW

?
s − 1

2

∫ T
0
λ2
sds
)

,

hS = µS−r
σS

Sharpe ratio of S.



Introduction No good deal definition Main results on NGD pricing Hedging

Sharpe ratio

No Good Deal : Sharpe ratio

Global Sharpe ratio

Let X be a contingent claim and Q ∈M2(P) :

SR2(X,Q) = E(X)−EQ(X)√
Var(X)

Proposition : Klöppel-Schweizer (2007)
Let Q ∈M2(P) then supX “admi” SR

2(X,Q) =
√

VarZT .

NGD Assumption

There exists Q ∈M2(P) and β > 0, such that ∀X, SR2(X,Q) ≤ β.

Proposition NGD Assumption ⇐⇒
M2,β(P) :=

{
Q ∈M2(P) : ‖ZT ‖L2(P) ≤

√
1 + β2

}
6= ∅.
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Pricing rule

No Good Deal pricing

Assume that 1
T ln(1 + β2) ≥ h2

S and λmax =
√

1
T ln(1 + β2)− h2

S .

Cochrane-Saá-Requejo and Björk-Slinko NGD price

p̃0(H) = supλt(ω)∈[−λmax,λmax] E
[
ZλT

H
S0
T

]
.

Pricing via coherent measure of risk

p0(H) = inf

{
m ∈ R | ∃Φ s.t. inf

Q∈M2,β(P)
EQ

[
Xm,Φ
T −H
S0
T

]
≥ 0

}

= sup
Q∈M2,β(P)

EQ
[
H

S0
T

]
.

Klöppel-Schweizer (2007) or Cherny (08)

Remark : There is no natural hedging strategies associated to this notion
of NGD.
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Klöppel-Schweizer (2007) or Cherny (08)

Remark : There is no natural hedging strategies associated to this notion
of NGD.



Introduction No good deal definition Main results on NGD pricing Hedging

Comparaison

No Good Deal : Sharpe ratio and No Good Deal Pricing

Instantaneous Sharpe ratio

• Let Xt be the value of a self-financed strategy :

SR1(Xt) =
1
dt

E
(
dXt
Xt

/Ft
)
−r

1
dt

√
Var

(
dXt
Xt

/Ft
) .

For a strategy based on S0 and S : SR1(Xt) = hS .

Link between NGD CSR(01) or BS(06) price and Sharpe ratio

Equivalence between bounding SR1 and bounding λ : no

|SR1(Xt)| = |hS | ≤ |(−hS , λt)|R2 ,

Equivalence between bounding SR2 and bounding λ : no unless, λ is
deterministic

Var(ZλT ) = eh
2
STEQ̃

(
e
∫ T
0 λ2

sds
)
− 1,

A bound on λ implies a bound on |SR1(Xt)| or |SR2(Xt)| but the
converse does not hold true.

p̃0(H) ≤ p0(H) and is not related to the NGD principle.
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converse does not hold true.

p̃0(H) ≤ p0(H) and is not related to the NGD principle.
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Main result

No Good Deal

p0 = supQ∈M2,β(P) EQ
[
H
S0
T

]
is more complex to compute than p̃0.

We propose to compute an upper and a lower bounds for p0(H) :

• pUB0 : suppress the non negativity and relax the martingale
assumption on ZλT .

• pLB0 : λ is assume to be independent of W : explicit computation of
p0 is possible when relaxing the positivity assumption on ZλT .

Theorem

Assume that H = (VT −K)+ and there is NGD. Then

pUB0 ≥ p0 ≥ pLB0 ≥ p̃0.

In some cases, pLB0 > p̃0.

p̃0 = e
−rT

BS(V0, T,K, µV − σV ρhS + σV λ
max

√
1− ρ2, σV ),

p
LB
0 = εp̃0 + (1− ε)e−rTE(Z

0
TY

down
H), ε ∈ (0, 1),

p
UB
0 = E((Z

0
T + e

h2
ST/2β̄

H − E(H | FWT )√
E[H2 − E(H | FWT )2]

)H), β̄ =

√
(1 + β2)e−h

2
S
T − 1.
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Numerical results

No Good Deal Pricing : numerical results

Assume the following market conditions :

µV σV V0 µS σS S0 r T
0.04 0.32 15 0.0272 0.256 100 2% 0.25

Example

If K = 15, ρ = 0.8, β = 2 then our lower bound is 8.4% higher than
“NGD-CSR”. The difference can reach 25% in other market conditions.
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Numerical results

No Good Deal Pricing : numerical results

NGD Price ↓ when ρ ↑
(OK theoretically for “NGD-CSR” but not

for “NGD-LB” and ‘NGD-UB”).

NGD Price →
“MV-Price” when ρ → 1
(OK theoretically).

The following items are

not always true :
“V-BS Price” is near
“MV-Price”,

“S-BS Price” is very

low.
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Numerical results

No Good Deal Pricing : numerical results

NGD Price ↑ when β ↑
(OK theoretically for “NGD-CSR” and

“NGD-UB”, but not for “NGD-LB”),

NGD Price →
“MV-Price” when
β →

√
eh

2
ST − 1

(OK theoretically).
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Hedging criterium

Pricing needs Hedging

Pricing via this NGD criteria does not implies a natural hedging
strategy in our context.

Proposed solution

Compute explicitly the strategy in exchangeable assets that minimize
the quadratic error under the historic probability when starting with
an initial capital equal to NGD price.

Comparaison

with other hedging strategy.
with other initial wealths.
according to several risk measures.
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Hedging criterium

Pricing needs Hedging

Methodology

Solve :

vα(H) = inf(Φ0,Φ1)∈A2 E
[
H −

(
X0 +

∫ T
0

(Φ0
tdS

0
t + Φ1

tdSt)
)]2

Föllmer-Sonderman (86), Duffie-Richardson (91), Schweizer (92).

We follow the approach of Gouriéroux-Laurent-Pham (98)

Via a change of numéraire, we transform the initial problem in order
to obtain (locals) martingales and perform a projection argument
thanks to the Galtchouk-Kunita-Watanabe theorem
Contributions of the proof :

explicit solution for basis risk
show directly that the martingale property of the risky assets implies
a particular form for the numéraire with no use of the so-called
optimal variance measure.
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Theorem

No Good Deal : hedging

Theorem
Let H = (VT −K)+, the solution of the preceding problem is given by

Φ
0,H
t =

Ut

S0
t

[
σS + hS

σS

(
X0 +

∫ t

0

(
hSKl + ρ

Ll

Ul

)
dW

U
l

)
−

1

σS

(
hSKt + ρ

Lt

Ut

)]
,

Φ
1,H
t =

Ut

σSSt

[(
hSKt + ρ

Lt

Ut

)
−hS

(
X0 +

∫ t

0

(
hSKl + ρ

Ll

Ul

)
dW

U
l

)]
.

The minimum is equal to

vα(H) = e
(2r−h2

S)T

[(
e
−rT

BS(V0, T,K, µV − σV hSρ, σV )−X0

)2

+ (1− ρ2)EQ
U
(∫ T

0

(
Lt

Ut

)2

dt

)]
,

Ut = e
−hSWt+(r−3/2h2

S)t

Kt =
e−r(T−t)

Ut
BS(Vt, T − t,K, µV − σV hSρ, σV )

Lt = σV e
−r(T−t)+(µV −σV hSρ)(T−t)VtN (d1(Vt, T − t,K, µV − σV hSρ, σV )),

WU
t = Wt + 2hSt and W∗,U

t = W∗
t are brownien motions under QU .
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Numerical results

No Good Deal : comparaison avec d’autres stratégies de
couverture

Strategies XStrat starting from X0 ∈
{“MV Price”,“NGD-CSR”,“NGD”=“(NGD-UB+NGD-LB)/2”} and
following “Strat” :

• “BaHCash” : X0 all in cash.
• “BaHS” : XBaHS

T = X0ST /S0

• “BS” XBS
T =

(
V0
S0
ST −K

)
+

+ (X0 − S-BS0)e
rT .

• “NGD”

Risk measures

• Super-replication probability, SRP : P[XStrat
T ≥ (VT −K)+],

• Expected loss, EL : E[
(
XStrat
T − (VT −K)+

)
−].

• Value at Risk at 99 %, i.e. v s.t.
P [XStrat

T − (VT −K)+ ≥ −v] = 99%.

The best situations are those where sur-replication probability is
near 1, expected losses are small and VaR is low.
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Naives strategies : BaHCash and BaHS :
ρ ↑ ⇒ SRP↓, EL ↑ and VaR ↑,
because ρ only appears in X0 and “NGD-CSR”, “NGD” and “MV” ↓
when ρ ↑.



Introduction No good deal definition Main results on NGD pricing Hedging

Numerical results

3

3,5

4

4,5

4

5

6

7

M
V

 P
ri

c
e

VaR, MV Price, K=15

1

1,5

2

2,5

3

0

1

2

3

4

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

M
V

 P
ri

c
e

V
a

R

Rho

BaHCash

BaHS

BS

NGD

MV Price

3

3,5

4

4,5

4

5

6

7

N
G

D
 P

ri
c
e

VaR, NGD Price, K=15, Beta=2

1

1,5

2

2,5

3

0

1

2

3

4

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

N
G

D
 P

ri
c
e

V
a

R

Rho

BaHCash BaHS

BS NGD

NGD Price

More elaborated strategies : minimum variance “NGD” and “BS ”,
those strategies approximate H :

When ρ ↑, S ∼ V from a risk perspective ⇒ SRP ↑, EL ↓ and VaR ↓.
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