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Introduction

Introduction

Utility Maximization: a fundamental concern in Mathematical
finance.

Usual assumption: the underlying model is known
Literature:there are 3 approaches

@ HJB Approach: Merton (1971): maximizing expected utility
from terminal wealth

@ Dual Approach: Kramkov and Schachermayer (1999-2001)
and many other references.

@ BSDE Approach: Schroder and Skiadas (1999, 2003,
2005) study the problem of maximization stochastic
differential utility.

El Karoui Quenez and Peng (2001) study the portfolio
consumption problem with a recursive utility with nonlinear
constraints on the wealth.
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Introduction

Introduction

Some authors studied the problem of utility maximization under
model uncertainty

find supigf U(r, Q)

@ U(m, Q) is the Q-expected utility.

@ w runs through a set of strategies (investment in risky
assets, consumption)

@ Q runs through a set of models Q
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Introduction

Introduction

@ Anderson Hansen and Sargent (2003): They study the
problem of robust utility maximization when model
uncertainty is penalized by a relative entropy term. They
derive formally the HJB equation and they provide the
optimal investment behaviour.

@ Quenez (2004): dual approach. She considered a set of
probability measures called priors and she minimizes over
this set.

Schied(2007): He considered a set of probability measures
such that the penalty term is finite and he minimizes over
this set the expected utility and the penalty term.
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Introduction

Introduction

@ Bordigoni, Matoussi and Schweizer (2007) proved the
existence of a uniqgue martingale measure, equivalent to
the historical probability measure, that minimizes the sum
of the utility and the penalty term.

@ Bordigoni (PhD Thesis (2005))solved partially the
maximization problem (in the criterion, she maximized the
consumption utility or the terminal wealth utility) by deriving
First Order Conditions of optimality.
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Introduction

In this talk:
— We will study a robust utility maximization problem from
terminal wealth and consumption

@ We extend the results of El Karoui Quenez and Peng
(2001)

@ We state a comparison theorem and a dynamic maximum
principle
@ We prove the existence of an optimal strategy

@ We characterize the optimal wealth and consumption rate
as the unique solution of a forward-backward system
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Problem formulation

Problem formulation

@ Uncertainty and information : (Q2, F,F, P) over a finite time
horizon [0, T].

@ The filtration F = (Ft)o<< 7 satisfies the usual conditions of
right-continuity and P-completeness.

@ Possible scenarios given by
Q = {Q probability measure such that Q < P on Fr}

@ The density process of Q with respect to P is the RCLL
P-martingale

_ da

Z' = 4p

= Eel gl
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Problem formulation

Problem formulation

Bordigoni, Matoussi and Schweizer (2007)

Ve = ess inf <s15 [/Tasgusdsms%ﬂr\ﬂ] (1)
t

+ BEq [Rf,r( Q)l#)),
aQ
Qr = {QIQ < P.Q = P on %y and H(QIP) := Egllog 5] < oo},

@ « and @ are non negative constants
t .
0 S =(8) = e Jo%%), .1 discount factor

o U= (Ut)oStST are progressively measurable processes,
Ut is a Fr-measurable random variable.
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Problem formulation

Problem formulation

o R{(Q)is the penalty term

sy z9
Ry = / 6sS2log =5 s ds+8—glog—.
(sum entropy rate and terminal entropy)
@ 3 € (0, 00) strength of the penalty
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Problem formulation

Problem formulation

We define the following spaces

L9F(FT) is the set of non-negative Fr— measurable random
variables

M (P) is the space of all P-martingales M = (M;)y 1 with
My = 0 and

Ep[ sup [MiP] < o0
0<t<T
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Problem formulation

Problem formulation

L®*P is the space of all Fr-measurable random variables X with
Ep[exp (7|X])] < o forallv >0

D§Xp is the space of all progressively measurable processes
X = (Xt)ogth with

Ep [exp (v ess SUPg< i< 71 Xt])] < o0 for ally > 0

D™ is the space of all progressively measurable processes
X = (Xt)o<t< 7 such that

;
Ep[exp(y/ | Xs|ds)] < oo forallv >0
0
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Problem formulation

Problem formulation

(H1) 0 < ¢ < |]¢]|oo for some constant ||4||cc-

(H2)U € DY and Ur € L®®.

Under (H1)-(H2), Bordigoni, Matoussi and Schweizer (2007)
prove that there exists a unique probability measure Q* that
attains the minimum in (1).
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Problem formulation

Problem formulation

They show that
@ the dynamics of (Y}):c(0, 77 satisfies the following BSDE

dy; = (6:Y:—aldt + ;Bd <MY > +dM) (2
Yr = aUr 3)
@ (Y,MY) e D x ME(P) is the unique solution of (2)-(3)
@ Y has a recursive relation
Y: = —(log Ep| exp 1 T((SSYS — aUS)ds — ;&L_/T Fi
B Jt
@ the density of the probability measure Q* is given by

Zto* = 5(_;Mty)- (4)
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Problem formulation

Problem formulation

@ a financial market consisting of a bond S° and d risky
assets S= (S', ..., 8%).

® H=((H},....H"tepp,7)" the investment strategy
representing the number of each asset invested in the
portfolio and S-integrable.

@ ¢ = (Ct)o<i<T the consumption rate of the investor.

[}
I

-
{c = (¢t)ieo,n F — adapted, ¢; > 0dt @ dPa.s./ cidt < oo}
0

{H = (Hy)tejo,n F — adapted , R valued and H € L*(S)}

T
I
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Problem formulation

Given an initial wealth x and a policy (¢, H) € C x H, the wealth
process at time t is given by:

t t
XXoH — x4 /0 HsdSs — /0 Csds. (5)

(H3)()) U: R, — Rand U: R, — Rare C' on the sets
{U < 0o} and {U < oo} respectively, strictly increasing and
concave.

(i) U and U satisfy the usual Inada condmons ie.

/

U (c0) = U (00) = 0.and U'(0) = U (0) =
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Problem formulation

Problem formulation

We define the set A(x) as the largest convex in C(x) x L(x) (
denoted by C(x) x L(x)) where C(x) x L(x)consists of all
processes (c, &) € C x L9 (Fr) such that there exists H € H

satisfying X3 = ¢ as well as the families

T ~
{exp(y /0 U(enlat) : c e (6)

{exp (7|U(€)]) : € € LY(F7)}, (7)

are uniformly integrable for all v > 0.
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Problem formulation

@ We assume that S is a continuous semimartingale with
canonical decomposition:

Si=8y+ M+ A, te[0,T].

< M > the sharp bracket process of M, is absolutely
continuous with respect to the Lebesgue measure on [0, T]

@ We define the predictable d x d-matrix valued process
o = (0t)o<t<T bY:

t
<M >f:/ oydu t e [0, T].
0
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Problem formulation

@ We assume that S satisfies the structure condition
(terminology of Schweizer (1994)), in the sense that there
exists a predictable R9-valued process A = (\t)o<t<T Such
that:

t
At:/ oyAydu, t€ [0, T].
0
@ We assume that
-
/ ?U)\tdt < 0
0

where * stands for the transposition and

ot is definite positive a.s., forall t € [0, T].
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Problem formulation

We assume that the market is complete i.e there exists a
unique equivalent local martingale measure (ELMM) P for the
risky assets S. We denote by Z = (Z;)c[o, 7] the density
process of P with respect to P.

Under the structure condition, Z is given by

Z = 5(—/)\dM).
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Problem formulation

Problem formulation

V(x)= sup Y5, (8)
(c€)eA(x)

.
A(x) == {(c,g) € A(x) st Epl¢ + / csds] < x}
0
yxel — (Y)Y, <7 is given by

]
dYF ot = (6 Y% — al(cy))dt + 379 < MYCE > +dMy°S (9)

Y7ot = aU(XF) (10)
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Problem formulation

Proposition

If the utility functions U and U are power functions, then
C(x) x L(x) is a convex set.
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Comparison theorem and Dynamic Maximum principle

Comparison theorem

Let (U, UL) and (U?, U2) be standard parameters of BSDE (2)
satisfying Assumptions (H1)-(H2) with

U < U?dtedPas. (11)
Ul < U2dPas. (12)

Let (Y1, MY") and (Y2, MY*) be the associated solutions, then
we have almost surely for any time t € [0, T]

Yl < Y2
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Comparison theorem and Dynamic Maximum principle

Dynamic Maximum principle

Proposition

We assume (H1) and (H2). Let (c,¢) € A(x) and (¢, €M) nen @

sequence of admissible strategies.

() IFE"\ ¢dPas. andcl \, ¢, 0<t<T,dt®dP a.s. when
n goes to infinity, then Y*:€"€" X\, YX:¢ when n goes to infinity.

(i) Ifg" ~&dPas.andcl /¢, 0<t<T,dt®dP a.s. when
n goes to infinity, then Y*€"€" » YX:¢£ when n goes to infinity.
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Comparison theorem and Dynamic Maximum principle

Dynamic Maximum principle

Let v be a positive constant, we consider the following
consumption-investment problem

sup  J(x ¢, v), (13)
(cE)EAM)

where the functional J is defined on A(x) by

)
J(X, 0,6, 0) = YEO 4y (x — Epf€ + / cectt)) (14)
0
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Comparison theorem and Dynamic Maximum principle

Dynamic Maximum principle

Under Assumption (H1), we have

sup J(x,c,&v) < o0 (15)
(c.£)eA(X)
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Comparison theorem and Dynamic Maximum principle

Dynamic Maximum principle

We recall the following result of convex analysis

Proposition

We assume (H1) and (H3).
(i) There exists a constant v* such that

V(x) = sup J(x,c,&v7). (16)
(cE)eAMX)

(ii) If the maximum is attained in (8) by (c¢*,&*), then it is

attained in (13) by (c*,&*) with Ep[¢* + [ crat] = x.

(iii) Conversely, If there exist a constant v* and (c*,£*) € A(x)
=X,

that achieve the maximum in (13) with Ez[¢* + [;] c;df]
then the maximum is attained in (8) by (c*,£*) .
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Comparison theorem and Dynamic Maximum principle

Dynamic Maximum principle

Theorem

We assume (H1) and (H3). Let (c*,£*) € A(x) be the optimal
consumption and investment strategy for (13). Let

(YXCHE MXC £ be the solution for the BSDE (9)-(10). Then
the following maximum principle holds:

)
GZ% exp (— / S, )T (€ = v*Zr dP as.
0

t ~
aZ; exp(—/ 5udU)U/(Cf) = V2, 0<t<Tdt®dP as.
0

where Z; = E(—~LM;°*") and Z, = £(-AM;), 0 < t < T.
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Optimum Strategy Plan

Existence of the optimum Strategy

Lemma

The sets A(x) and A(x) are closed for the topology of
convergence in measure.

Lemma

The functional J is strictly concave and upper-semicontinuous.

4
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Optimum Strategy Plan

Existence of the optimum Strategy

Let Assumptions (H1) and£H3) hold. There exists a unique
solution (c*,£*) € C(x) x H(x) of (13).
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Optimum Strategy Plan

Existence of the optimum Strategy

The dual function ¥/ defined on (0, ) by

-
V)= sup {ngc’f —vEp[¢ +/ Czdl‘]}
(c.H)eAX) 0
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Optimum Strategy Plan

Existence of the optimum Strategy

(1) We have the conjugate duality relation

V() = min { V(v)+ ux}, Vx>0

(2) Let v* be such that equality (16) holds. Let (c*,£*) be the
solution of the optimization problem (13), then the dual
functional V is differentiable at v* and

)
V(y*):—Ep(£*+/0 ¢ o) (17)

(3) The consumption-investment strategy (c*,£*) is the unique
solution of (8).
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Optimum Strategy Plan

Forward-Backward system

The optimal terminal wealth £* and the optimal consumption ¢
are given by we

ct

* t -
l(% exp(/ (Sudu)ZtZt’“’1), 0<t<Tdt®dP as.
0
* T N
& = J(VT exp(/ 5udu)ZTZ$1> dP a.s.
@ 0

where J is the inverse of (U)" and / is the inverse of U'.
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Optimum Strategy Plan

Forward-Backward system

Theorem

Assume that Assumptions (H1)-(H3) hold. Let

(Y,MY) € DJ® x M5, (c*,&*) € A(x) and ZY a density of a
probability measure. Then Y coincides with the optimal value
process given by Y*¢ ¢ (¢, Xt) coincide with (c*,£*) given by
(18)-(18) and ZY coincides with the density of the minimizing
measure Z* if and only if there exists a unique solution of the
following forward-backward system

dXt = thSt = Ctdt Xo =X _
dY: = (6:Yt — al(c))dt + g5d < MY > +dM Y7 = aU(Xr)
az) = —1zYaMmY zy =1
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Optimum Strategy Plan

Forward-Backward system

Corollary

Assume that Assumptions (H1)-(H3) . Let Y € DS,

Z = (Zt)iepo,m RY-valued adapted process satisfying

E[Jfy 1Zi[2at] < o0, (c*,¢*) € A(x) and Z¥ a density of a
probability measure. Then Y coincides with the optimal value
process given by Y*¢ ¢ (¢, X7) coincide with (c*,£*) given by
(18)-(18) and ZY coincides with the density of the minimizing
measure Z*if and only if there exists a unique solution of the
following forward-backward system

dXt = thSt = Ctdt Xo =X _
dY: = (6t Y — alU(cr)dt + 35| Zi[%)dt + ZdW; Y7 = aU(Xr
az) = —1zYaMmY zY =1
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Optimum Strategy Plan

If 5 =0, « =0 and @ = 1 then from the recursive relation , we
obtain

1
Y5 = —Blog Ep| exp ( - EU(ﬁ))},
Our stochastic control problem is related to the problem

Vm(x) = sup Ep|—exp (- S0()]

§ex(x)

where
X(x)={¢>0,6=x+ [} HdS;, He L(S)and Ep[¢] < x}.
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Optimum Strategy Plan

From Kramkov and Schachermayer (1999), the optimal
terminal wealth is given by

& =1"(yzr) (18)

where U™ (x) = — exp ( — %U(x)), I™(x) = ((U™)")~"(x) and
y = (V™)' (x). In the case of power utility function i.e.

- 1

U(x) = £, we have J(x) = x>=7. We obtain

Im(yZ7) = J(V*ZTZP) as. (19)
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Optimum Strategy Plan

In a markovian context and by the dynamic programming
principle, equality (19) holds for all t € [0, T] and so we deduce
the following equalities

vo= (O (M), (20)

e S S (21)

T T/ = v
(V) (I'm(y£r))
From equality (18), we deduce that

V(x) = Y5 = ~glog En[ exp ( ~ SU(E))]
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