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@ Handling both an Index and its composing stocks is still dlehging
task.

e Standard approach : a model for the stocks (with smile) + eetagion
matrix. Then, reconstruct the index local/implied vélvéllaneda
Boyer-Olson, Busca, Friz [2002].ee, Wang, Karim [2003]...)

» Difficulty to retrieve the the index smild, than stock smile) by
historical estimation of the correlation matrix .

» Adjusting the correlation matrix is tedious (keep it pagtdefinite ?
implied correlation matrix ?).

Our objective : a new modeling approach allowing for a goodfftioth Index
and stocks.
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@ Another viewpoint : a factor model (the index representsntiagket and
influences the stocks).

@ (In discrete timeCizeau, Potters and Bouchaud [2008fow that it is
possible to capture the essential features of stocks carsslations by a
simple non-Gaussian one factor model, specially in extreraket
conditions : the daily return(t) = S?t(_t)l) — 1 of stockj is given by

ri(t) = Birm(t) + ¢(t)

wherery(t) is the market daily return angl(t) is a Student random
variable. The regression coefficiertisare narrowly distributed around 1

@ Our model can be seen as an extension in continuous time.

o Calibration to both index and stocks is feasible and leadsrtew
correlation structure.
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Consider an Index composed Mfstocks(S™M)1<j<w :
M .
j=1

where thew; are positive weights assumed to be constant.
In a risk-neutral world, we specify the following dynamics the stocks :

. dg" _ : _ M e M '
Vie{l,...,M}, S—M = (r—¢)dt+ gjo(t,1;")dB +771(t73 )dwW (1)
@ ris the short interest rate.

@ 4; € [0, co[ incorporates both repo cost and dividend yield of the sjock
o (3 is the usual beta coefficient of the stgck
o (Bicpo,)s Whiepo1)s - - - » (W)t jo,7) are independent BMs.
@ We assume that the functions
(Sl, s 7SM) eRM— (%U(t, Zjle\NJ%)v S7; (tv %))1§j§M are LipSChitZ
continuous and have linear growth unif.tin
= Existence and trajectorial uniqueness for the SDE (1).
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M .
Vjie{l,... .M ds?M = (r — &)dt+ 3 o(t, IM)dBy + 7;(t, ) dW

@ M-dimensional SDE driven by + 1 sources of noisB, W, ... WM :
incomplete market.

@ The dynamics of a given stock depends on all the other stocks
composing the index through the volatility teent, IM).

@ The cross-correlations between stocks are not constastdhastic :
BiGo(t 1)
\/ﬁ,azt IMY 4+ 72(t, M \/ﬁjazt M)+ n( t, g™

Note that they depend not only on the stocks but also on thexind
Nice feature when the systemic volatility (t, IM) raises, so does the
correlationp; (t).
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The indexIM = Zj'\ileé"‘" satisfies the following SDE

diM = rMdt - (Zjle 5jm3’M) dt

M M
+ Y awE™ | ot aMde + S wdMyt, §M)aw
=1 j=1
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The indexIM = Zj'\ilvxljé’M satisfies the following SDE

dift = nftde— (S o™ ) dt

M M
| o awsd™ | ot a8+ D S w e S aw
=1 =

~IM

Our model is inline withCizeau, Potters and Bouchaud [2001]
@ The beta coefficients are narrowly distributed around 1

M i,M
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The indexIM = Zj'\”:lvwé’M satisfies the following SDE

dift = nftde— (S o™ ) dt

M M
H| 2 A" | ot a8+ 3wt 9w
=1 =

~IM ~0

Our model is inline withCizeau, Potters and Bouchaud [2001]
@ The beta coefficients are narrowly distributed around 1
= ZjleﬁJ'WJ'SM ~ 1M,
@ For largeM, we will show that the teranM:leS"Mnj (t, ﬁ)dV\é can be
neglected.
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The indexIM = Zj'\”:lvwé’M satisfies the following SDE

dift = nftde— (S o™ ) dt

M M
H| 2 A" | ot a8+ 3wt 9w
=1 =

~IM ~0

Our model is inline withCizeau, Potters and Bouchaud [2001]
@ The beta coefficients are narrowly distributed around 1
= Zjleﬁjogt’M ~ 1M,
@ For largeM, we will show that the teranM:leS"Mnj (t, ﬂ)dV\é can be
neglected.
= 1j = G + AW + drift
wherer;j (resp.rym) is the log-return of the stogk(resp. the index).

The return of a stock is decomposed inteyatemic partriven by the index,
which represents the market, andeaidual part
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A simplified Model

We look at the asymptotics for a large numb&of underlying stocks.
Consider the limit candidaté )< (o, Solution of

dle
It
Theorem 1

Letpe N*. If
(H1) IKps.t.V(t,s), |o(t,s)| + |nj(t,s)] < Kp
Ko S.LY(L, 51, %), [s10(t, 1) — S20(t, )| < Ko|s1 — .
then, there exists a constant @epending o, d, Ky, K, but not on M such
that

. 2p
E ( sup [IM" — |t|2p> < Crmaxcjcm |§M % <<21M=1W1\/3j —/3|>
o<t<T
p 2p
+ ()" + (Sitawis - 01) ")

— (r — )dt+ Bo(t,1)dB; 1o =1 2

v
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Replacing™ by | in the dynamics of th¢-th stock, one obtains

% = (r — ¢;)dt + g5 o(t, Iy)dB + 7(t, §)dw

Theorem 2

Under the assumptions of Theorem 1 and if

(H2) 3K, s.t.V] < M, V(t, 51, %), [s1(t,s1) — 27 (t, 82)| < Ky|s1 — S|
IKiip S.LV(, 81, %), |o(t,s1) — o(t, 2)| < Kiip|s1 — 2|

then,vj € {1,...,M}, there exists a constaﬁl‘T depending on

8,3, 3, 6, Ko, KU, Ky, KLip andmaxi<j<m Sﬂb but not on M s.t.

[E(OthSpTIQ’M - Silzp> < ¢ <(ZjM:1Wj|ﬂj - ﬂl)zp
+ (Zj“ilez)p + (ZjM:ﬂVM - 5\)2p>
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Three different indexes

Original index : IM = ZjleVVjét’M where(SM); <<y solves (1).
Simplified limit index : Iy solving 3t = (r — §)dt + Bo(t, 1;)dB,

It

Beware, in generdl # zj“ilvw's{ where
&= (= d)dt+ 4 o (t, 1) dB: + 7 (t, AW

Reconstructed index ity &' Zj'v':lvvjsi

Theorem 3
Under the assumptions of Theorem 2,

[E( sup |1 — T{\"Fp> < max<j<m C; <ZjM=lWJ')2p
o<t<T
2 2
X ((Zj“ilvwlﬂj —5|> = (Zjhilez)er (Zfilv\/jl5j - 5I> p)

v
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In Theorems 1,2 and 3 the upper-bound is small ., w?, >, w|3 — 3|
andy_"; wj|¢ — d] are small.
o For uniform weightsy = &, Y™, w? = i is small as soon ad is
large.
o LetD be a random variable such that

vie{1,...,M}, P(D=4) W

T w

One hasy "} wj|j — 6| = (Zl':"zl wk) E|D — 6] — the value of the
dividend ratey of the index minimizingsz:lvv”éj — 0| is the mediard,
of the random variabl®.

@ idem forzj“"zlvvjwj — | but, because of the interpretation of theas
regression coefficients, we rather have to take 1.

Smaw? [ (SLawilg —1)? | infs(ot wilg — 8)7 | B
0.026 0.0174 0.0173 0.975

TABLE: Example of the Eurostoxx index at December 21, 2007 (M=50.F are
estimated on a two year history.
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To sum up, under mild assumptions, when the number of uridgrtocks is
large, our original model may be approximated by

dd N )
q9- (r — &)dt+ G o(t, 1t)dBy + n;(t, §)dWi

vie{1,...,M},
We end up with
@ Alocal volatility model for the index

@ A novel stochastic volatility model for each stock, decosgmbinto a
systemic part driven by the index level and an intrinsic .part
Beware! Our simplified model is not valid for options written on theléx
together with all its composing stocks since the limit inédeRro longer an
exact, but an approximate, weighted sum of the stocks.ddstene should

consider the reconstructed indl_qhﬁl( = Zj'v':leé or use the original model.

Mohamed Sbai (UPE-CERMICS) Coupling Index and Stocks Paris, 10-13 Jan. 2011 13/3



Outline

© calibration

Mohamed Sbai (UPE-CERMICS)

Coupling Index and Stocks



Calibration of the simplified model

% = (r — §)dt+ o(t, I)dB
d5 (4)
s (r=9)dt+ Bo(t,l)dB + n(t, S)dW.

o We first fit the index smile : standard calibration of a locdktitity
model— o (t, X).

@ Fitting an individual stock smile is more complicated. Thgnession
coefficients is estimated historically.

=- Our model gives an advantage to the fit of index option prigetek
options are usually more liquid than individual stock opsip
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Calculation ofy
Let vioc(t, K) be the square of the local volatility fitting the stock smibeem
by Dupire’s formula [3] :
oC(t,K) + (r — §) Kok C(t,K) + 0C(t,K)
K202, C(t,K)

V|oc(t, K) == 2

whereC(t, K) : market price of the Call option with maturityand strkeK
written onS.
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Calculation ofy
Let vioc(t, K) be the square of the local volatility fitting the stock smibeem
by Dupire’s formula [3] :
oC(t,K) + (r — §) Kok C(t,K) + 0C(t,K)
K202, C(t,K)

V|oc(t, K) == 2

whereC(t, K) : market price of the Call option with maturityand strkeK
written onS.

According toGyodngy [1986] if E(5202(t, It) + 7%(t, S)|S = K) = Viee(t, K),
thenvT,K > 0, E (e (St — K)™) = C(T,K). Hence we want to compute

1t K) = Vlac(t, K) — B2 (0%(t,1) | & = K) (5)
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Calculation ofy
Let vioc(t, K) be the square of the local volatility fitting the stock smibeem
by Dupire’s formula [3] :
oC(t,K) + (r — §) Kok C(t,K) + 0C(t,K)
K202, C(t,K)

V|oc(t, K) == 2

whereC(t, K) : market price of the Call option with maturityand strkeK
written onS.

According toGyodngy [1986] if E(5202(t, It) + 7%(t, S)|S = K) = Viee(t, K),
thenvT,K > 0, E (e (St — K)™) = C(T,K). Hence we want to compute

1K) = yVoc(t, K) — 2E (02(t,1) | § = K) (5)

@ In practice,vioc can be calibrated with the best-fit of a parametric form
the stock market smile.

o Estimating the conditional expectation is more challegdindepends
implicitly on n as it is the case for the law 08§, 1))
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Non-parametric estimation of
If we plug expression ofy (5) in the dynamics of the stock we obtain

ds

= (r —&)dt+ Bo(t, 1)dB + \/Viec(t, §) — B2E (a2(t, Iy) | S)dW
diy

Iy

= (r —§,)dt+ o(t, I;)dB

@ This SDE is non-linear in the sense of McKean.
@ The conditional expectation may be approximated by Kersinators
of the Nadaraya-Watson type :

N .
>tk (33)
; hn
()
2K (%
— N
whereK is a non-negative kernel s.f, K(x)dx =1 andN lim hy = 0.
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A system of interacting particles

Replacing the conditional expectation by its non-paraimetstimator yield
the following system V1 <i <N,

%iTN =(r — §)dt+ B o(t, 1HdB +1/Viee(t, §V) — o2(t, SN)dWi
S Ny ﬂzzwzlaz(t,lb)K<$’N|;ﬁ<’N>
7 (t7S )_ N #7N7§<,N

()

A — (r = &)dt+ o(t, I})dB}

|
It

(B',W);>1 is a sequence of independent two-dimensional Brownianamsti
This 2N-dimensional linear SDE may be discretized using a simplerEu
scheme!
o K— E(o?(t, 1t)|S = K) may be computed by spatial interpolation of th
(02(t. S™))1<i<n — approx ofy(t, K)
o the particle system may be used directly for pricing in thécated
model : Monte Carlo estimate of the price of the option witlggieth
written onS— €= SN h(SN),
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An acceleration technique

@ The simulation of the particle system is time consuming gl
complexity of ordetO(nN?) wheren is the number of time steps in the
Euler scheme.

@ A possible acceleration technique : neglect particles whre far away
from each other.

@ How ? Sort the particles and stop the estimation of the cimmdit
expectation whenever the contribution of a particle is lothan some
fixed threshold.

@ We lose in precision but we gain much more in computation time
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A similar problem : calibration of a Stochastic Volatility
Local Volatility model

d§ = n(t, S)f (Y)SAW + rSdt

According toGydngy [1986] if E (n%(t, §)f?(Y1)|S = K) = Viec(t, K) then

, d < W, B >= pdt
VT,K >0, E (e (St —K)*) = C(T,K).
One looks for

_ Vloc(tst
{ds mit e (WSAW St

dYt = a(Yy)dB + b(Yy)dt
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Calibration of the original model

;M . : M .
% = (r — &)dt+ G o (t, 1M)dB + 75t M)W with 11 = ;WJ'S’M
<

@ A perfect calibration of both the index and the individuacts is
complicated... but we can

» take forg the calibrated local vol of the index and then calibraterthe
coefficients in order to fit all the individual stock smilesthe index is not
perfectly calibrated but the error should be small (Theot¢m

» take fore andr; the calibrated coefficients in the simplified moéglthe
index and the stocks are not perfectly calibrated but ther sitould be
small (Theorems 1 and 2).

@ We allow for slight errors in the calibration but the addigvconstraint
is observed.

o Similarly, the reconstructed indég'\(' = Ej'v':lvwﬂ in the calibrated
simplified model does not prefectly fit the market index smile

Mohamed Sbai (UPE-CERMICS) Coupling Index and Stocks Paris, 10-13 Jan. 2011 21/3



Outline

© Numerical experiments

Mohamed Sbai (UPE-CERMICS)

Coupling Index and Stocks



Data :

o Local volatilities of the Eurostoxx index and of CarrefouDeecember

21, 2007.

Beta coefficient estimated on a two years histgty=0.7).
Short interest rate and dividend yields as of December 217.20

[~}
[~}
o Maturity T = 1.
[~}

Threshold for the accelerated techniqug. :

Smoothing parameterhy = N~ 1.
Number of time steps for the Euler schenre== 20.

Moneyness §)

0.5

0.7

0.9

1

11

1.2

15

2

Error : [Gsimul — Texact

36

8

2

1

2

9

32

56

TABLE: Error (in bp) on the implied volatility of Carrefour witN = 200000

particles.
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- Exact Implied Vol.

0.38- +-++N=10000
N ¢+ #N=200000

0.5 0.6 0.7 0.8 0.9 1.0 11 12 13 14 15

Moneyness

FIGURE: Convergence of the implied volatility of carrefour obtaineith
non-parametric estimation.
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CARREFOUR

0.7
: vV Vioe (T, K)
i 00 (T,K)
0.6 et o (1K)
1 o5 5 JE(2(T, Ir) ISy = K) for s =
. A‘
0.5+ R
J +
0.4+
0.3+
0.2+
7 L 000 --on Gnnnees Oneeen O-neee <
J 8
0.0 0.5 1.0 15 20
Moneyness
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AXA

i - \/Vloc(T! K)

0.9 * MR

i T Bo (1K) (Bhist = 14)

08 o e85\ [E(@2(T, In)Isy = K) forn =

01 T T T T
0.0 0.5 1.0 15 2.0 25

Moneyness
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[llustration of Theorems 1, 2 and 3
@ The original model

Vie{l,...,M}, ‘g;ﬂ” = rdt + o (t, IM)dB + 7(t, §™) W
! :Zj'vlzl""jng'

@ The simplified model

= rdt + o (t, I1)dB; + n(t, §)dW
= rdt + o(t, It)dBx.

Vie{l,...,M},

—IE‘ML&_

Reconstructed indel{’ = Z{\"zl wiS.
© The constant-correlation market model

el Mb E =ty voclt, S) W

Vi£j,d < W,HW >= pdt.
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o M, lg, andwy, ..., wy — values for the Eurostoxx index at December
21, 2007.

S§=..=g =53
r = 0.045

o(t,i) — calibrated local vol of the Eurostoxx.

We choose an arbitrary parametric form for the vol coefficign

e © ¢ ¢ ¢

We evaluateyo S.t. the constant-correl market model with local vol
/Vioc Yields the same implied vol for individual stocks as the difigol
model— Vic(t, s) = 72(t, 8) + E(c?(t, 1)|S = ).

@ We fix the correlation coefficient s.t. the constant-correl market model
and the simplified one yield the same ATM implied vol for thdex.

@ Number of simulated paths : 100 000.
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— Simplified
""" Market

0.38-] —-=" Original

0.36—

0.34—

0.324

0.30

0.28—

0.26—

0.24—

0.224

0.20 | |
0.5 1.0 15 20

Moneyness

FIGURE: Implied volatility of an individual stock at = 1.
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""" Simplified
— Market
""" Original

""" Simplified Reconstructed

Moneyness

FIGURE: Implied volatility of the index aT’ = 1.
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Moneyness%) 05/08{09| 1 |105{11|13|155| 2
|3reconstruct_ Zforiginal | 10 5 4 2 1 2 4 1 0

TABLE: Difference (in bp) between the index (resp. the reconstdirtdex) implied
volatility obtained with the simplified model and the oneaibed with the original

model.
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. : : g +
Pricing of a worst-of option : payo(mlnlngM 4~ K)

Price
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— Market

—== Original

""" Simplified

T T T
0.9 1.0 11

Strike

FIGURE: Worst-of price.
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@ We have introduced a new model for describing the joint eiatuof an
index and its composing stocks.

@ The index induces some feedback on the dynamics of its stocks

o Forlarge number of underlying stocks, the model reduceddoa vol
model for the index and to a stochastic vol for each individiack with
volatility driven by the index.

o We favor the fit of the index smile.

@ We have proposed a simulation based approach allowing totfitthe
index and the stocks smiles.

Mohamed Sbai (UPE-CERMICS) Coupling Index and Stocks Paris, 10-13 Jan. 2011 34/3



We thank Lorenzo Bergomi and Julien Guyon, Société @G#egfor fruitful
discussions.

Mohamed Sbai (UPE-CERMICS) Coupling Index and Stocks Paris, 10-13 Jan. 2011 35/3



References |

[@ M. Avellaneda, D. Boyer-Olson, J. Busca, and P. Friz.
Reconstructing volatilityRisk pages 87-91, October 2002.

@ P.Cizeau, M. Potters, and J-P. Bouchaud.
Correlation structure of extreme stock retur@slantitative Financge
1(2) :217-222, February 2001.

[ B. Dupire.
Pricing with a smileRisk pages 18-20, January 1994.

[ 1. Gyongy.
Mimicking the one-dimensional marginal distributions obpesses
having an 1td differentialProbab. Theory Relat. Field31(4) :501-516,
1986.

[@ P.Lee, L. Wang, and A. Karim.
Index volatility surface via moment-matching technigueisk pages
85—-89, December 2003.

Mohamed Sbai (UPE-CERMICS) Coupling Index and Stocks Paris, 10-13 Jan. 2011 36/3



Volatilité Implicite

50
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FIGURE: Index smile is steeper than stocks smile.
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