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Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesRisk hedging : Why ?
⊲ Complete market, if L is measurable w.r.t. the market �ltration :L = E [L] +

∫ T0 φs .dSs , p.s.
⊲ In
ompleteness of energy markets (ele
tri
ity, gas, ...) and of�nan
ial marketssto
hasti
 volatility,spikes on day-ahead 
ontra
ts,
limati
 (like temperature) as a sour
e of randomness in theloss L or 
ontingent 
laim.
⊲ Solutions ? :Superhedging : N. El-Karoui, M.-C.Quenez, 1995, ...Maximization of expe
ted Utility : S.D. Hodges & al., 1989, I.Karatzas & al., 1991, N. El Karoui & al., 2000,...Minimization of quadrati
 risk : H. Foellmer, D. Sonderman,1986, M. S
hweizer, 1991, ...Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesFramework and notationsDis
rete times : t0 = 0 < t1 < · · · < tM = TSour
e of in
ompletenessL 
ontains a sour
e of randomness Z := (Zℓ)0≤ℓ≤M observable butnon-tradable on the market.
⊲ d assets X = (Xℓ)0≤ℓ≤M , Xℓ R

d -valued r.v.
⊲ Filtration : G = (Gℓ)0≤ℓ≤M , Gℓ := σ {Xi ,Zi ; 0 ≤ i ≤ ℓ}.
⊲ Example : energy providerbuys a quantity CM of gas at pri
e SgT ,sells it to 
onsumers at �xed pri
e K ,Z := (Zℓ)0≤ℓ≤M , temperature.L = (SgM−K )×CM , CM = a−bZM , dZt = −λ(Zt−µt)dt+σZdWt .
⊲ Risk is measured by CVaRα(L) := E [L|L ≥ ξ∗α], withVaRα(L) = ξ∗α, su
h that P(L ≤ ξ∗α) = α.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging
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Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesDynami
 risk : G-CVaRProposition : Ro
kafellar, Uryasev, (2000).
E [L+] < +∞ and FL (stri
tly) in
reasing.CVaRα(L) = inf

ξ∈R

ξ+
11− α

E
[
(L− ξ)+

]
= ξ∗α+

11− α
E
[
(L− ξ∗α)+

]and ξ∗α = VaRα(L).De�nition : Bardou, Frikha, Pagès (2009).Let L, su
h that E [L+ | Gℓ] < +∞ a.s.
Gℓ-CVaRα(L) := ess inf

ξ∈L0
R
(Gℓ)

ξ +
11− α

E
[
(L− ξ)+ |Gℓ

]
.sub-additivity, pos. homogeneity, Translation invarian
e andmonotoni
ity.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesCVaR hedging using self-�nan
ed strategiesDynami
 hedging vs. One step hedging
⊲ A = self-�nan
ed strategies θ = (θℓ)0≤ℓ≤M−1, θℓ ∈ L0

Rd (Gℓ, P) :Dynami
, adapted pro
ess with M trades, gain
∑M

ℓ=1 θℓ−1.∆Xℓ, with ∆Xℓ := Xℓ − Xℓ−1One step, one trades ℓ0 : θk ≡ θℓ0 , k = ℓ0, · · · ,M, gain
θℓ0 .(XM − Xℓ0).

⊲ Dynami
 hedging of stati
 risk :inf
θ∈A

CVaRα

(L− M∑
ℓ=1 θℓ−1.∆Xℓ

)

,

⊲ One step hedging of stati
 risk :inf
θℓ0∈L0Rd (Gℓ0 )

CVaRα (L− θℓ0 .(XM − Xℓ0)) ,

⊲ One step hedging of forward risk :inf
θℓ0∈L0Rd (Gℓ0 )

E [Gℓ0-CVaRα (L− θℓ0 . (XM − Xℓ0))] .Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesExisten
e of optimal strategiesThe 
ase of one step hedging
⊲ Let X = XM − Xℓ0 . Consider a regular version of the 
onditionallaw of (L,X ) given Gℓ0 : Π(ω, dy , dx).AssumptionsL ∈ L1

R
(P), X ∈ L

1
Rd (P)ess infu∈L0

Rd (Gℓ0 ,P), |u|=1 E [(u.X )+ | Gℓ0 ] > 0 a.s.V : Ω × R × R
d de�ned byV (ω, ξ, θ) =

∫

ξ +
11− α

(y − θ.x − ξ)+
︸ ︷︷ ︸v(ξ,θ,y ,x)

Π(ω, dx , dy)Existen
e of optimal strategiesThere exists an optimal strategies (ξ∗α,2, θ∗α,2) ∈ R× L0
Rd (Gℓ0) (resp.

(ξ∗α,3, θ∗α,3) ∈ L0
R
(Gℓ0) × L0

Rd (Gℓ0)).Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesWhy ?Sket
h of the proof
⊲ Classi
al sto
hasti
 
ontrol result :inf
θ∈L0

Rd (Gℓ0)
CVaRα (L− θ.X )

= inf
ξ∈R

E

[ ess inf
θ∈L0

Rd (Gℓ0 )
E

[

ξ +
11− α

(L− θ.X − ξ)+

∣
∣
∣
∣
Gℓ0]]

⊲ess inf
θ∈L0

Rd (Gℓ0 )
E

[

ξ +
11− α

(L− θ.X − ξ)+

∣
∣
∣
∣
Gℓ0] (ω) = min

θ∈Rd V (ω, ξ, θ)

= V (ω, ξ, θ̃α) p.s.V (ω, ξ, .) is 
onvex, Lips
hitz 
ontinuous,lim|θ|→+∞ V (ξ, θ) = +∞.
⊲ ξ 7→ E

[minθ∈Rd V (ξ, θ)
] is Lips
hitz 
ontinuous, 
onvex, andlim|ξ|→+∞ E

[minθ∈Rd V (ξ, θ)
]

= +∞ (uniformly w.r.t. θ !). Thereexists (ξ∗α,2, θ∗α,2) solution of the one step problem.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesWhy ?Sket
h of the proof
⊲ Classi
al sto
hasti
 
ontrol result :inf
θ∈L0

Rd (Gℓ0)
CVaRα (L− θ.X )

= inf
ξ∈R

E

[ ess inf
θ∈L0

Rd (Gℓ0 )
E

[

ξ +
11− α

(L− θ.X − ξ)+

∣
∣
∣
∣
Gℓ0]]

⊲ess inf
θ∈L0

Rd (Gℓ0 )
E

[

ξ +
11− α

(L− θ.X − ξ)+

∣
∣
∣
∣
Gℓ0] (ω) = min

θ∈Rd V (ω, ξ, θ)

= V (ω, ξ, θ̃α) p.s.V (ω, ξ, .) is 
onvex, Lips
hitz 
ontinuous,lim|θ|→+∞ V (ξ, θ) = +∞.
⊲ V (ω, ξ, .) is di�erentiable so :ArgminV (ω, ξ, .) =

{

θ ∈ R
d | ∇θV (ω, ξ, θ) = 0} 6= ∅,Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesDynami
 risk hedging of stati
 riskinf
θ∈A

CVaRα

(L− M∑
ℓ=1 θℓ−1.∆Xℓ

)

= inf
ξ∈R

inf
θ∈A

E



ξ +
11− α

(L−

M∑
ℓ=1 θℓ−1.∆Xℓ − ξ

)

+



AssumptionsL ∈ L
1
R
(P), ∆Xℓ ∈ L

1
Rd (P), ℓ = 1, · · · ,Mess infu∈L0

Rd (Gℓ−1,P), |u|=1 E [(u.∆Xℓ)+ | Gℓ−1] > 0 p.s.Existen
e of an optimal strategiesUsing the ideas of the dynami
 programming prin
iple (Bellmanfun
tions, ba
kward indu
tion, ...), one shows the existen
e of anoptimal strategy.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesHow does the risk evolves ?(Good) properties of G-CVaR
⊲ Risk of the holder at time tℓ :

Gℓ-CVaRα

(L− M∑k=1 θk−1.∆Xk) , ℓ = 0, · · · ,M.Supermartingale & Convergen
eLet M = +∞. Let L ∈ L1(G∞, P) where G∞ = ∨ℓGℓ.1 (Gℓ-CVaRα(L))ℓ≥0 is a (G, P)-supermartingale.2 Gn-CVaRα(L) a.s.
−→ L, n → +∞.The dynami
 risk is 
oherentThe estimation at time 0 of dynami
 risk : (E [Gℓ-CVaRα(L)])1≤ℓ≤Mde
reases with time ! The random risk de
reases till L.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesRisk evolution of hedged portfolioPropositionLet X (G, P)-martingale. Then
Gk -CVaRα

(L− M∑
ℓ=1 θℓ−1.∆Xℓ

)

=

k∑
ℓ=1 θℓ−1.∆Xℓ

+ Gk -CVaRα

(L− M∑
ℓ=k+1 θℓ−1.∆Xℓ

)

.and,
E

[

Gk -CVaRα

(L− M∑
ℓ=1 θℓ−1.∆Xℓ

)]

= E

[

Gk -CVaRα

(L− M∑
ℓ=k+1 θℓ−1.∆Xℓ

)]

.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging
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Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesNumeri
al methods : sto
hasti
 approximationOne step hedging of forward riskWe would like to solve the forward risk minimization problem usinga one step strategy :inf
θℓ0∈L0Rd (Gℓ0 ,P)

E [Gℓ0-CVaRα (L− θℓ0 . (XM − Xℓ0))] .AssumptionThe R
d × R

q-valued pro
ess (Xℓ,Zℓ)0≤ℓ≤M is Markov under G.We 
onsider that :XM−Xℓ0 = G (Xℓ0 ,Zℓ0 ,Uℓ0+1), and L = F (Xℓ0 ,Zℓ0 ,Uℓ0+1), Uℓ0+1⊥Gℓ0 .Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesMarkov property + ve
tor quantizationV (ξ, θ, x , z) =

E

[v(ξ, θ,U) := ξ + 11−α

(F (x , z ,U) − θ.G (x , z ,U) − ξ
)

+

].inf
θℓ0∈L0Rd (Gℓ0 ,P)

E [Gℓ0-CVaRα (L− θℓ0 . (XM − Xℓ0))]
= E












ess inf
θℓ0∈L0(Gℓ0 ,P),ξ∈L0(Gℓ0 )

E

[

ξ +
11− α

(L− θℓ0 . (XM − Xℓ0) − ξ)+ | Gℓ0]
︸ ︷︷

=
(min

(ξ,θ)∈R×Rd V (ξ,θ,x ,z))
|x=Xℓ0 ,z=Zℓ0

≈

Nℓ0∑j=1 min
(ξ,θ)∈R×Rd V (ξ, θ, x jℓ0 , z jℓ0)P ((Xℓ0 ,Zℓ0) ∈ Cj(xℓ0 , zℓ0))Optimal ve
tor quantizationThe global problem be
omes lo
al problems ! For ea
h nodes of thequantization tree, we solve a 
onvex optimization problem.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesThe lo
al problem and sto
hasti
 approximationV is 
onvex, di�erentiable,
∇(ξ,θ)V (ξ, θ) = E [(H1 (ξ, θ,U) ,H2:d+1 (ξ, θ,U))] .To 
ompute the zero of ∇(ξ,θ)V , we devise a Robbins-Monro :

ξn = ξn−1 − γnH1 (ξn−1, θn−1,Un) ,

θn = θn−1 − γnH2:d+1 (ξn−1, θn−1,Un) ,

⊲ We 
ompute the lo
al CVaR using a 
ompanion pro
edureCn = Cn−1 − γnHd+2 (ξn−1, θn−1,Cn−1,Un)H1 (ξ, θ, u) = 1− 11− α
1{L−θX≥ξ},H2:d+1 (ξ, θ, u) = −

X1− α
1{L−θX≥ξ}and Hd+2 (ξ, θ,C , u) = C − v(ξ, θ).Convergen
e

(ξn, θn,Cn) a.s.
−→

(

ξ∗α(x jℓ0 , z jℓ0), θ∗α(x jℓ0 , z jℓ0), inf
(ξ,θ)∈R×Rd V (ξ, θ, x jℓ0 , z jℓ0)) .Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesComputation of dynami
 strategiesCrude hedging (C.H.) inf
θ∈A

CVaRα

(L− M∑
ℓ=1 θℓ−1.∆Xℓ

)

,We 
onsider that :Xℓ−Xℓ−1 = Gℓ(Xℓ−1,Zℓ−1,Uℓ), and Zℓ = Tℓ(Zℓ−1,Uℓ), Uℓ⊥Gℓ−1,
⊲ Ve
tor quantization (Xℓ,Zℓ)1≤ℓ≤M .
⊲ For ea
h date and ea
h point of the quantization grid, strategie :
θjℓ, ℓ = 0, ...,M − 1, j = 1, ...,Nℓ.
⊲ VaRα and CVaRα do not depend of the 
onsidered node sin
ethe risk is �stati
�.Curse of dimensionWhen the dimension of the algorithm is low (≤ 100), it is verye�
ient : few dates and assets and few points of the quantizationgrid).Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesSeveral alternative methods : 1/3Ba
kward hedging (B.H.)At time M − 1. We solveinf
θ∈A

E

[

GM−1-CVaRα

(L− M∑
ℓ=1 θℓ−1.∆Xℓ

)]

= inf
θM−1∈L0

Rd (GM−1) E [GM−1-CVaRα (L− θM−1.∆XM)] .Solution θbM−1, then one step ba
kwardinf
θM−2∈L0

Rd (GM−2) E

[

GM−2-CVaRα

(L− θbM−1.∆XM − θM−2∆XM−1)] ,solution θbM−2, et
...Error propagationIt allows to 
ontrol the risk dynami
ally but there is propagation ofan error.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesSeveral alternative methods : 2/3Martingale De
omposition method (M.D.H.)We write L as a sum of martingale in
rementsL = E [L] +
M∑

ℓ=1 ∆̃Lℓ, ∆̃Lℓ = E [L| Gℓ] − E [L| Gℓ−1]inf
θ∈A

CVaRα

(L− M∑
ℓ=1 θℓ−1∆Xℓ

)

≤ E [L] +M∑
ℓ=1 inf

θℓ−1∈L0
Rd (Gℓ−1)CVaRα

(

∆̃Lℓ − θℓ−1∆Xand we solve ea
h problem using the minoration :inf
θℓ−1∈L0

Rd (Gℓ−1)E [Gℓ−1-CVaRα

(

∆̃Lℓ − θℓ−1∆Xℓ

)]

≤inf
θℓ−1∈L0

Rd (Gℓ−1)CVaRα

(

∆̃Lℓ − θℓ−1∆Xℓ

)

.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesSeveral alternative methods : 3/3Classi
al de
omposition hedging (C.D.H.)We write L as a sum of 
lassi
al in
rementsL = L0 +

M∑
ℓ=1 ∆Lℓ, ∆Lℓ = Lℓ − Lℓ−1inf

θ∈A
CVaRα

(L− M∑
ℓ=1 θℓ−1∆Xℓ

)

≤ E [L] +M∑
ℓ=1 inf

θℓ−1∈L0
Rd (Gℓ−1)CVaRα (∆Lℓ − θℓ−1∆Xand we solve ea
h lo
al problem :inf

θℓ−1∈L0
Rd (Gℓ−1)E [Gℓ−1-CVaRα (∆Lℓ − θℓ−1∆Xℓ)] ≤inf

θℓ−1∈L0
Rd (Gℓ−1)CVaRα (∆Lℓ − θℓ−1∆Xℓ) .Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesImportan
e Sampling and Linear Control Variate
⊲ α ∼ 1, slow and 
haoti
 
onvergen
e : rare events.
⊲ Two varian
e redu
tion te
hniques 
ombined adaptively with
(ξn, θn,Cn)n≥1 :1 un
onstrained re
ursive importan
e sampling : translate theloss distribution into the tail distribution.2 Linear Control Variate : X is a martingale so E [∆Xℓ] = 0.

∆Xℓ 
an be used as a 
ontrol variable.
Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging
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Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesNumeri
al examplesOne step hedging of stati
 risk of Spark Spread optionL =
(SeM − hRSgM − C)

+
,where M = 1 (an), hR = 4BTU/kWh, C=3$/MWh, σg = 0.4,

σe = 0.8, Se , Sg are two G.B.M. with Se0 = 40$/MWh,Sg0 = 3$/MMBTU.
⊲ M.C. method gives E [L] = 11.86 with a varian
e of 3692 using 3000 000 samples.(VRCVaR (LCV)≈ 2)No hedging Stati
 hedging

α VaR CVaR VaR θ∗α CVaR VRCVaR (IS)95% 65.1 114.4 63.1 7.8 98.3 16.799% 142.2 208.3 120.2 13.6 163.2 19.099.5% 183.1 257.8 146.8 16.4 190.2 20.2Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesHistogram of the loss with and without hedging
Histogram of Loss with and without CVaR hedge 95%
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Figure: Histogram of loss distribution with (dashed lines) and without(normal lines) hedging at level α = 95%.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesComparison using α = 95% and α = 99%.
Histogram of Loss with CVaR hedge 95 and 99%%
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Figure: Histogram of the loss distribution with α = 95% (normal lines)and α = 99% (dashed lines).Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesConsumption hedging
⊲ Gas provider :buys on spot market a quantity CM of gas at pri
e SgMsells it to 
onsumers at pri
e K = 11=C/MWh.
⊲ CM = a − b × TM is the 
onsumption at time M = 1 year witha = 100 Mwh and b = 3 MWh/C o .
⊲ The temperature is modelized using an O-U pro
ess,dTt = −λ(Tt −m)dt + σT dWt ,The two B.M. are 
orrelated with ρ = −0.8. The loss writesL = (SgM − K )CM .Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesResults
No hedging Stati
 hedging

α VaR CVaR VaR θ∗α CVaR95% 784.6 1226.3 259.6 81.6 366.599% 1452.4 2012.3 437.1 89.9 537.399.5% 1769.9 2382.8 505.7 92.3 608.6Table: Stati
 risk hedging of the 
onsumption using a one step strategy
Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesHistograms of losses
Histogram of Loss with and without CVaR hedge 95%
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Figure: Histograms of losses with (dashed lines) and without (normallines) CVaR hedging with α = 95%.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesDynami
 hedgingThree number of trades : M = 4 (ea
h quarter), M = 12 (ea
hmonth), M = 52 (ea
h week) and the 
on�den
e level α = 95% is�xed. 10 points for the quantization grids.C.H. B.H. M.D.H. C.D.H.M VaR CVaR VaR CVaR VaR CVaR VaR CVaR4 178.3 240.9 175.9 252.5 177.8 252.9 178.9 259.212 163.2 214.1 160.7 233.8 158.7 221.7 161.9 232.952 272.6 395.1 158 233.2 148.7 210.1 153.1 223.7Table: Dynami
 CVaR hedging at level 95% using 4 methods.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging
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 hedging
Histogram of CVaR hedged loss at level 95% using static and dynamic strategy

loss

Fr
eq

ue
nc

y

−500 0 500 1000

0
50

00
00

10
00

00
0

15
00

00
0

20
00

00
0

Figure: Histograms of CVaR hedged losses with α = 95% using a onestep (normal lines) and dynami
 (dashed lines) strategies (M.D.H.) with52 dates of trading.Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging



Introdu
tion Theoreti
al Aspe
ts Numeri
al Aspe
ts Numeri
al examplesCon
lusion
⊲ One 
an solve other 
ontrol problems like utility maximizationproblems using similar ideas.
⊲ Lp(P)-risk measure ρinf

θ∈A
ρ

(L− M∑
ℓ=1 θℓ−1.∆Xℓ

)

Noufel Frikha www.proba.jussieu.fr/pageperso/frikha CVaR hedging
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