
Differential-geometric and

invariance properties of the

equations of MP



I would appreciate if my talk is considered

not as a report on some recent results in

optimal control, but rather as a lecture on

its foundations, a modest offering to the

jubilee of Andrey’s 60–th anniversary, and

hopefully, for a possible use in his future book

on Sub-Riemannian geometry.



1. MP and the Pontryagin derivative PX.

The time-optimal problem and invariance of
its formulation:

dx

dt
= X(x, u), x ∈M, u ∈ U ;

x(t), u(t), t ∈ J,
d

dt
x(t) = X(x(t), u(t)), u(t) ∈ U,

x(t1) −→ x(t2) =⇒ t2 − t1 = min,

∀t, t1, t2 ∈ J.

The problem is completely defined by the
family of vector fields X ∈ V ectM .

Hence our goal consists in representing the
equations of MP as canonical invariants of
the vector field X ∈ V ectM .



Preliminary constructions:

ψ = (ψ1, . . . , ψn),

(O, x), O ⊂M, X =
∑
α
Xα ∂

∂xα
.

The Hamiltonian lift (in a noninvariant form,
depending on the choice of the neighborhood
(O, x)),

X =
∑
α
Xα ∂

∂xα
7→ H =∑
α
ψαX

α(x, u) 7→ PX ,

PX =
∑
α

∂H

∂ψα

∂

∂xα
−
∑
α

∂H

∂xα
∂

∂ψα
.


(1)

The maximum condition (for parameter eli-
mination),

H(ψ, x, u) = max
v

H(ψ, x, v).



MP asserts:

Nontrivial extremals of the problem,

(ψ(t), x(t)), ψ(t) 6= 0, t ∈ J,

are trajectories of the Hamiltonian field PX
(with parameter u) generated as a result of
“dynamical elimination” of the parameter by
the maximum condition, as we proceed along
the trajectory. Every solution to the time-
optimal problem is represented as a projection
onto the x-space of a nontrivial extremal.

Thus the “Pontryagin derivative” PX should
be considered as the main ”variational deriva-
tive” of the problem that contains, together
with the maximum condition, complete first
order information about the time-optimal pro-
blem.



Our goal consists:

In presenting the sequence (1),

X =
∑
α
Xα ∂

∂xα
7→ H =∑
α
ψαX

α(x, u) 7→ PX ,

as a canonically invariant construction and
expressing the Pontryagin derivative PX as a
natural R-linear correspondence — a “Hamilt-
onian lift to T ∗M over the vector field X ∈
V ectM”,

X 7→ PX ∈ V ect T ∗M, PλX+µY = λPX + µPY ,

from which the basic properties of PX autom-
atically follow. This also provides an invariant
representation of MP.

Finally, we shall identify the Hamiltonian vec-
tor field PX with basic differential-geometric
objects on M .



2. The Hamiltonian lift :

X 7→ PX ∈ H(T ∗M) ⊂ V ect T ∗M

The R-algebras C∞(T ∗M), C∞(TM) as modu-
les over the “ring of scalars” C∞(M):

T ∗M π−→M, TM
pr−→M ;

aH ′+ bH ′′
def
= π∗a ·H ′+ π∗b ·H ′′,

∀a, b ∈ C∞(M), H ′, H ′′ ∈ C∞(T ∗M).

Basic submodules of C∞(T ∗M), C∞(TM):

Q,P ⊂ C∞(T ∗M), Q, Q̇ ⊂ C∞(TM);

Q =
{
q = π∗a

∣∣∣∣ a ∈ C∞(M)
}
,

Q =
{
q = pr∗a

∣∣∣∣ a ∈ C∞(M)
}

;

P =
{
p ∈ C∞(T ∗M)

∣∣∣∣ p∣∣∣T ∗xM ∈ L(T ∗xM,R) ∀x ∈M
}
,

Q̇ =
{
q̇ ∈ C∞(TM)

∣∣∣∣ q̇∣∣∣TxM ∈ L(TxM,R) ∀x ∈M
}
.

Canonical identifications:

P
∼
= V ectM, Q̇ ∼= Λ1M.



Canonical embedding of V ectM into P:

V ectM ⊂ P ⊂ C∞(T ∗M), Z : x 7→ Zx ∈ TxM,

HZ(σ)= < σ,Zπσ > ∀σ ∈ T ∗xM,x ∈M.

Hamiltonian lift to T ∗M over Z ∈ V ectM :

Z 7→ HZ 7→ DZ, iDZω = −dHZ,
Z ∈ V ectM, HZ ∈ P, DZ ∈ H,

V ectM −→ H ⊂ V ect T ∗M :

DZ preserves the submodule P ⊂ C∞(T ∗M)

and DZ
∣∣∣∣
P
, is a derivation over Z of the C∞(M)-

module P, i.e. it is R-linear and satisfies the
Leibnitz identity,

DZ · ap = Za · p+ a(DZ p) ∀a ∈ C∞(M), p ∈ P

⇓

the corresponding flow etDZ on T ∗M is a lift
over the flow etZ,

etDZ
∣∣∣∣
T ∗xM

: T ∗xM −→ T ∗
etXx

M.



3. Invariant representation of PX

Apply the Hamiltonian lift to the family X ∈
V ectM (for every fixed u), then

X 7→ HX 7→ PX , iPXω = −dHX ,
X ∈ V ectM, HX ∈ P, PX ∈ H.

Indeed, in canonical coordinates (q, p) on T ∗M
over an arbitrary coord. nghb. (O, x), O ⊂M ,
the Hamiltonian HX ∈ PX has the expression,

H =
∑
α
pαXα = pX,

(
π−1U, (q, p)

)
, q = π∗x, p =

∂

∂x
, U ⊂M,

HX(σ) =< σ,X

∣∣∣∣
πσ

>=

∑
α,β

< pα(σ)dxα
∣∣∣
πσ
, Xβ ∂

∂xβ

∣∣∣∣
πσ

>=

∑
α
pα(σ)Xα(πσ) =

∑
α
pαX

α
∣∣∣∣
σ
∀σ ∈ T ∗M.

Explicit expression for PX in canonical coordi-
nates

PX =
∂(pX)

∂p

∂

∂q
−
∂(pX)

∂q

∂

∂p
= X

∂

∂q
− p

∂X

∂x

∂

∂p



4. The Lie derivative LX.

A standard lift to the tangent bundle TM
over X of “every-day usage” is the Lie deriva-
tive LX ∈ V ect TM :(
etX

)
∗

= etLX , etLX
∣∣∣∣
TxM

: TxM −→ TetXxM.

The adjoint flow
(
etLX

)# def
= etL

#
X is a lift to

T ∗M over e−tX:

< etL
#
X θx, Ye−tXx >=< θx, e

tLXYe−tXx >

∀θx ∈ T ∗xM, Ye−tXx ∈ Te−tXxM.

 (2)

The dual flow to etLX ,(
etL

#
X

)−1
= e−tL

#
X = e

tL#
−X ,

— a lift to T ∗M over etX. Respectively, the
dual field L#

−X to the Lie derivative LX is a
lift to T ∗M over X.

Our basic conjecture — is Pontryagin derivative
identical with the dual to the Lie derivative?

PX = L#
−X ?



5. Identification of the Pontryagin derivative.
Computing explicitly the dual L#

−X requires
to consider relation (2) between the adjo-
int flows of diffeomorphisms as a relation
between the corresponding flows of algebra
automorphisms, which is easily expressed as

< exp(tLX)θ, Y >= exp(tX) < θ, exp(tL#
X )Y > .

Differentiating the obtained expression with
resp. to t and then putting t = 0 yields,

X < θ, Y >=< LXθ, Y > + < θ,L#
−XY >,

∀θ ∈ Λ(1)(M), X, Y ∈ V ectM
m
X < θ, Y >=< LXθ, Y > + < θ, adXY >,

⇓

L#
−X = adX

?
= PX .

This was an unexpected but easily verifiable
conjecture since a short computation yields,

PXHY = HadXY = H[X,Y ] ⇒ PX
∣∣∣∣
P

= adX ,

hence PX is a Hamiltonian extension of adX.



6. Formulation of the final result:

The Pontryagin derivative PX is a Hamiltoni-
an lift to T ∗M over the vector field X ∈
V ectM , invariantly derived from X by the
canonical sequence,

X 7→ HX ∈ P ⊂ C∞(T ∗M) 7→ PX ,
iPXω = −dHX ,

and the natural correspondence X 7→ PX is
R-linear. Hence the corresponding flow etPX
is a Hamiltonian lift to T ∗M over etX.
The Hamiltonian vector field PX is dual to
the Lie derivative LX ∈ V ect TM and is an
extension of the Lie bracket adX, where adX
is considered as a derivation over X on the
submodule P ⊂ C∞(T ∗M) of fiberwise linear
functions (vector fields on M).

Thus the whole computational power of MP
is based, via the “dynamical elimination procedure”,
on two rudimentary differential-geometric notions
— the Lie derivative, (the infinitesimal variations
of the optimal system), and its dual — the
Pontryagin derivative, which, in fact, coincides
with the Lie bracket.



7. Two remarks.

I would like to finish my talk with two final
remarks, the first of which concerns Hamilto-
nians of variational problems, as they are pre-
sented in Physics and Mechanics texts, where
the Hamiltonians are considered rather as sac-
red objects, expressing the energy of the syst-
em. The authors always try to give more or
less convincing physical arguments that could
predict at least the general properties of the
Hamiltonian for the variational problem under
consideration, whereas in mathematics texts
one can never find similar, but purely mathe-
matical, arguments. One can easily give such
arguments, if we consider the invariant repre-
sentation of MP described above. Indeed, if
the initial optimal problem is canonically redu-
ced to a time-optimal problem with the corre-
sponding vector field X on the configuration
space M , then the Hamiltonian of the initial
problem is uniquely defined as the vector field
X itself,

X
∼
= HX ∈ P ⊂ C∞(T ∗M).



My second remark concerns the time-optimal
problem with restricted phase coordinates.
The problem was already considered in our
book in 1962, in form of a MP with some
modifications, which took into account the
motion on the boundary of the region. Since
then, the problem was reconsidered several
times, the latest publications, as far as I know,
appearing quite recently. The search always
was towards the most simple and perfect ana-
log of MP. And as always in such situati-
ons, every author considered his own version
as the most perfect. I think, if we consider
the problem from the viewpoint adopted in
this talk, and succeed in finding an invariant
formulation of the corresponding MP, the res-
ult should definitely be the best possible, reg-
ardless of tastes of individual authors. It see-
ms that the only, though essential, difference
from our considerations should consist in the
assumption that the configuration space of
the problem M is not a closed manifold, but
rather a manifold with boundary.

Thank you for attention!


